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HW 2 (Notes, books, and calculators are not authorized)

Show all your work in the blank space you are given on the exam sheet. Always justify your answer. Answers with
no justification will not be graded.

Question 1: Let D = (—2,1). Consider the boundary value problem —0,(k(z)0,T(z)) = f(z) for z € D with the
boundary conditions with T'(—2) =0, 9,T7(1) = —m, and

) -2n x € (—2,0), 7 oz e (-2,0),
fuﬂ_’{mﬁgn@m) ze0,1) kmﬂ_’{Q z € [0,1).

(i) What should be the interface conditions at = 0 for this problem to make sense?

The function T and the flux k(z)9, T (x) must be continuous at z = 0. One should have T'(0~) = T(0") and k£(07)9,T(0~) =
k(07)8,T(0"), where k(0~) = 7 and k(0") = 2.

(ii) Solve the problem.

On the interval (—2,0) we have k(x) = 7 and f(z) = —2m; hence, —7w0,,T = —2m. Using the fundamental theorem twice
we obtain
T(x) = 2% + ax +b.

Using the boundary condition T'(—2) = 0, we obtain 4 — 2a + b = 0.

On the interval [0,1) we have k(z) = 2 and f(z) = 2n%sin(rz); hence, —20,,T = 2n%sin(rz). Using the fundamental
theorem twice we obtain
T(z) = sin(mz) + cx + d.

Using the boundary condition 9, T(1) = —m, we obtain —7 + ¢ = —; hence, ¢ = 0.
Now we enforce continuity of 7" at 0: b =d.
The continuity of the flux k0T gives ma = 27; hence, a = 2.

Finally we have a =2, b =0, ¢ =0, d = 0. Hence

T(z) = 2?2 4+2z2 € (-2,0),
= sin(mz) x €10,1).

Question 2: Let k, f : (—1,2) — R be such that k(z) =2, f(z) =0if z € (-1,0) and k(z) =1, f(z) =2 if z € [0,2).
Find T so that —0,(k(x)0,T(x)) = f(z) with T'(=1) = =2 and T'(2) = 2.

On the interval (—1,0) we have k(z) = 2 and f(z) = 0 which implies —0,,T(x) = 0. This in turn implies T'(z) = ax + b.
The Dirichlet condition at z = —1 implies that T'(—1) = —2 = —a +b. This givesa = b+ 2 and T(z) = (b + 2)x + b for all
z € (—1,0).

We proceed similarly on the interval [0,+2] and we obtain —8,,T(x) = 2, which implies that T'(z) = —2% + cx +d. The
Dirichlet condition at z = 2 implies 7'(2) = 2 = —4 + 2c + d. This gives c =3 — 4 and T(z) = —2% + (3 — %)z + d for all
z €10,1).

The interface conditions 7'(0~) = 7'(0%) and k(07)0,T(0~) = k(0%)9,T(0F) give b =d and 2(b+2) = 3 — &, respectively.
In conclusion b = —%, d= —% and

T(z) =

{§x—% if € (—1,0),

—2? 4+ 8x -2 ifzrel0,2).
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Question 3: Consider the following problem: For a,3 € R, find u in C?([0,1];R) so that d,,u = 0 and 9,u(0) = «,

Oyu(l) = B.
(a) Prove that this problem is solvable if and only if oo = §.

(i) Assume that the problem is solvable. Let u € C?([0,1]; R) be a solution. Then

1
0= / Ozzudr = Opu(l) — 0xu(0) = 8 — a.
0

This proves that a = .

(ii) Conversely, let us assume that o = 8. The equation O, u(z) =0, x € (0,1), implies that u(x) = ax + b for some a,b € R.
The boundary conditions imply that
Ou(0)=a=a, Oyu(l)=a=p0=a.

Hence u(z) = ax + b, where b is arbitrary. As u is clearly in C?([0,1];R), this proves that the problem is solvable.

(b) Assume o = 8 = 1. Is the solution to the problem unique?

We have established above that the solution is u(x) = « 4 b where b is arbitrary. Hence the solution is not unique.

(¢) Is the problem well-posed in Hadamard’s sense for all («, 5) € R?

The problem is not well-posed in Hadamard's sense because there are no solution if o £ .

Question 4: Let D be a domain in R? with a smooth boundary. Let g : 9D — R and assume that g € C°(0D;R). Give
one condition on g so that the following problem cannot have a solution: Find u € C?(D) so that Au(x) = 0 for all x € D
and Jnhu(x) = g(x) for all x € 0D. (Hint: Think of the divergence theorem)

Applying the fundamental divergence theorem we obtain
0= / Audz = / V-Vudx = Onu(x)ds.
D D aD

Hence, the problem is not solvable if [, g(x)ds # 0.
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Question 5: Consider the following problem: For all (o, 8) € R?, find u in C%(]0, L]; R) so that d,,u = 0 and u(0) = «,
u(L) = B. We set G := R? and define the norm in G to be ||(o, 8)||¢ = max(|al, |8]). We set U := C?([0, 1]; R) and define
the norm ||ul|y := max,ep(L?|0zpu| + L|0,u| + |u(z)]). Prove that this problem is well-posed in the Hadamard sense.

As O;,u = 0, the solution must be of the form u(x) = ax + b. The boundary conditions imply that « = b and 8 = aL + b.

Hence a = Bz“, b=a, and

_ L—
u(:v):ﬂLax—i—a:ﬂ%—i—a Lx.

This proves that there is always existence of a solution.

The problem is clearly linear.

Because the problem is linear we just need to establish the boundedness

lille = max( L2 use] + LlOyu] + u(@)]) = max L|272| + 5% + aLz=]

The function 37 + aLZI is linear. Its maximum is either at x = 0 or at z = L. Hence

lullo < LIFZ2 |+ max(|], |a]) < 2max(|5], |al) +max(|], |a]) < 3max(|5], o).

Hence, we have

lullo < 3l[(ev, B)le-

Note that uniqueness follows from the boundedness.

In conclusion, the problem is well-posed in Hadamard's sense: there is existence, uniqueness and stability (i.e., boundedness
implies stability because the problem is linear).
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Question 6: Assume that the following equation has a smooth solution: —8,((3 + cos(2))0,T(z)) + 20,T(z) + T(x) =
sin(z), T(a) = V5, T(b) = 7, x € (a,b), t > 0, where b > a. Prove that this solution is unique by using the energy
method. (Hint: Do not try to simplify the expression —9, ((3 + cos(2))0,T)).

Assume that there are two solutions 77 and T5. Let ¢ =15 — T7. Then
— 32 ((3 + cos(2))02(x)) + 20,0(x) + ¢(z) =0, ¢(a) =0, @(b) =0

Multiply the PDE by @, integrate over (a,b), and integrate by parts (i.e. apply the fundamental theorem of calculus):
0= /ab (= 02 ((3 + cos(2))du(2)) () + 2(0u(w))p(x) + (¢(x))?)dz
= /ab ((3+ cos(2))(920(2))* + Du(¢(2)?) + (9(2))*)dz
= /ab ((3+ cos(@))(0x())* + (6(x))*)dz > /ab ((Ou¢(@))* + (¢(x))?)dz

because 3 + cos(z) > 2 > 0 for all € (a,b). This implies ff(qb(m))de =0, i.e. ¢ =0, meaning that To =T.
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Question 7: Assume that the following equation has a smooth solution: —a,((1 + sin(z)?)9,T(z)) — 70, T(x) + (1 +b—
z)T(x) = cos(z), € (a,b), t >0, with T'(a) = 1, T'(b) = m, a < b. Prove that this solution is unique by using the energy
method. (Hint: Do not try to simplify —,((1 + sin(z)?)9,7T).

Assume that there are two solutions 77 and T5. Let ¢ =15 — T3. Then

~0x((1 +sin(2)*)0:6(2)) — m0ud(@) + (1 +b—2)d(z) =0, ¢(a) =0, ¢(b) =0

Multiply the PDE by ¢, integrate over (a,b), and integrate by parts (i.e. apply the fundamental theorem of calculus):
0= /ab (= 92 ((1 +sin(2)?)0,0(x)) $(x) — 7(8pp(x))d(x) + (1 + b — ) (¢(2))?)da
= (@)1 + sin(@, o)L+ [ (14 sin())0:6(2)) — 70, (20(0)) + (145 - ) 9(e))da.
But ¢(a) = Th(a) — T1(a) = 0 and ¢(b) = Th(b) — T1(b) = 0. Hence,
0= /ab (1 + sin(@)?)(9:¢(2))* + (1 + b — ) (¢(x))?)dz > /ab ¢*(z)dz,

since 1 +b—x > 1 for all z € [a,b]. This implies f;(gb(:c))de =0, i.e.,, ¢ =0, meaning that Ty = T7.




