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HW 7

Show all your work in the blank space you are given on the exam sheet. Always justify your answer. Answers with
no justification will not be graded.

Question 1: State the shift lemma. (Do not prove it.)

The following holds true for all integrable functions over R (i.e., f € L(R)), and all real numbers 3 € R:

F(fl@ =) w) = F(HHw)e’, vweR

Question 2: Use the Fourier transform technique to solve the following PDE:

Opu(z, t) 4 cos(t)Opu(z,t) + sin(t)u(z,t) =0 Vo € Rt >0, with u(z,0) = up(z) VzeR.

Applying the Fourier transform to the equation gives
O F (u)(w, t) 4 cos(t)(—iw)F (u)(w, t) + sin(t)F(u)(w,t) =0
This can also be re-written as follows:
O (u)(w, t)
F(u)(w,t)

Then applying the fundamental theorem of calculus over the interval (0,¢), we obtain

= iw cos(t) — sin(t).

log(F(u)(w,t)) — log(F(u)(w,0)) = iwsin(t) + cos(t) — 1.
This implies N
F(u)(w, t) = Flug)(w)e™sin® gcost) =1,

Then the shift lemma gives
F(u)(w, t) = Flug(x — sin(t)) (w)e>O 1,

We finally obtain
u(z,t) = ug(z — sin(t))esH 1,
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Question 3: Use the Fourier transform technique to solve the following PDE:

Opu(x,t) — Opgu(z,t) + cos(t)Opu(z,t) + (1 + 2)u(z,t) =0 z € Rt >0, with u(z,0) = ug(x).

(Hint: use the definition F(f)(w) := 5 _4-;0 f(z)e™*dx; the result }'(e—agc?)(w) =2 e_%; the convolution theorem

and the shift lemma. Go slowly and give all the details.)

N
;
Q

Applying the Fourier transform to the equation gives
Op F(u)(w, t) + w?F(u)(w, t) + cos(t)(—iw) F(u)(w, t) + (1 + 2t) F(u)(w,t) =0

This can also be re-written as follows:

OpF (u)(w, t)

Flu)(w.1) = —w” + iwcos(t) — (1 + 2t).

Then applying the fundamental theorem of calculus over the interval (0,t), we obtain

log(F(u)(w,t)) — log(F(u)(w,0)) = —w?t +iwsin(t) — (t + t2).

This implies
2 . . 2
.F(u)(wyt) = ]-'(uo)(w)e*w telwsm(t)ef(H»t )
Using the result (™) (w) = \/417716_% where ov = 7, this implies that

™ z2

.F(U) (UJ, t) = ?]:(UQ) (w)]:(e_ b3 ) (w)eiw Sirl(t)e—(t+t2)

_ I.F(’ILQ % e_%xw)eiw sin(t)e—(t-i-tz).
t

12 . - -
Then setting g = ug *x e~ 4t the convolution theorem followed by the shift lemma gives

Flu)(w,t) = ;T\/f}'(g(x — sin(t))) (w)e” ),

1 ; C(6t?) _—(t4t?) e — lemsin@)=y)?
u(z,t) = rmg(x — sin(t))e = dy.

This finally gives
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Question 4: Solve the following integral equation. (Hint: (a + b)? = a® + 2ab + b?):

Foo oo 9 4
| rwse-pw=2 [ ey 2n g =0

Vo € R.

This equation can be re-written using the convolution operator:

4
—2(——— 2r———=0.
ol =2Agmg) e 4 2m

We take the Fourier transform and use the convolution theorem to obtain

2nF(f)? — AnF(f)e”“l + 2me 2l = 0
F(f) —2F(fe ™ + el =0
(F(f)—e )2 =0

This implies

Taking the inverse Fourier transform, we obtain




Last name: name:

Question 5: Solve the following integral equation:

+oo +o0 42 2
/ f@) f(r—y)dy — 2\/5/_ e 2 f(x—y)dy = —2me” i Vz eR.

— 00

This equation can be re-written using the convolution operator:
22 22
f=f—- 2V/2e” 57 * f=—2me 4r.
We take the Fourier transform and use the convolution theorem and obtain

1 —w? L 1 _w?
e daw = -2 4

omF(f)? — 2m2V2F(f)

This implies
2

Taking the inverse Fourier transform, we obtain
2
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Question 6: Let o > 0 and ¢ > 0. Let g € L*(R). Consider the telegraph equation
Oru + 200u + a*u — 0ppu =0, wu(z,0) =0, Owu(r,0)=g(xr) VaxecRt>0,

and boundary condition at infinity u(£oo,t) = 0. Solve the equation by the Fourier transform technique. Hint: the
solution to the ODE ¢ (t) + 2a¢’ (t) + (a® + A2)¢(t) = 0 is ¢(t) = e~ *!(acos(\t) + bsin(\t)) and the Fourier transform of

1 sin(\
_ _ Lsinw) g crw 0. 1)
0 otherwise w

Sx(@z{l PN AW

Applying the Fourier transform with respect to = to the equation, we infer that
0 = 0p F(u)(w,t) + 200, F (u) (w, t) + & F(u) (w, t) — *(—iw)?F(u)(w, t)
= 0uF (u)(w, t) + 200 F (u) (w, t) + (a2 + czwz)]—'(u)(w, t)

Using the hint, we deduce that
F(u)(w,t) = e *(a(w) cos(wet) 4 b(w) sin(wet)).
The initial condition implies that a(w) = 0 and F(g)(w) = web(w); as a result, b(w) = F(g)(w)/(wc) and

sin(wct)

F(u)(w,t) = e F(g)

wc

Then using (1), we have
Flu)(w,t) = ~e " F(g)F(Sa).

The convolution theorem implies that

[e.°]

u(z,t) =e tQ—Cg*SCt =e tQ—C/ 9(y)Set(x — y)dy.

Finally the definition of S.; implies that S..(z — ) is equal to 1 if —ct <  —y < ¢t and is equal zero otherwise, which finally
means that
1 x+ct
u(et) =t [ gl

2¢ r—ct




