Part I, Chapter 4

Distributions and duality in Sobolev spaces

The dual space of a Sobolev space is not only composed of functions (defined
almost everywhere), but this space also contains more sophisticated objects
called distributions, which are defined by their action on smooth functions
with compact support. For instance, the function % is not in L'(0,1), but

the map ¢ — fol %cp(x) dx can be given a meaning for every smooth function
that vanishes at 0. Dual Sobolev spaces are useful to handle singularities
on the right-hand side of PDEs. They are also useful to give a meaning
to the tangential and the normal traces of R%-valued fields that are not in
W*P(D;R?) with sp > 1. The extension is done in this case by invoking
integration by parts formulas involving the curl or the divergence operators.

4.1 Distributions

The notion of distribution is a powerful tool that extends the concept of
integrable functions and weak derivatives. In particular, we will see that every
distribution is differentiable in some reasonable sense.

Definition 4.1 (Distribution). Let D be an open set in RY. A linear map
T:C5°(D)3¢p — (T,90) :=T(p) €R or C, (4.1)

18 called distribution in D if for every compact subset K of D, there exist an
integer p, called the order of T, and a real number ¢ (both can depend on K )
s.t. for all p € C§°(D) with supp(¢) C K, we have

(T, )| <c max (5116%0 | oo (i) ) - (4.2)

al

Let T be distribution of order p. We henceforth abuse the notation by using
the symbol T to denote the extension by density of T' to C§ (D).
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Example 4.2 (Locally integrable functions). Every function v in L] (D)
can be identified with the following distribution:

T, : C5(D) > ¢ — (T, ) ::/ v dz.
D

This identification is possible owing to Theorem 1.32, since two functions
v,w € L (D) are such that v = w a.e. in D iff [, vpda = [, wedz for all
v € C§°(D). We will abuse the notation by writing v instead of T,,. Notice
that the identification is also compatible with the Riesz—Fréchet theorem
(Theorem 1.41) in L?(D), which allows one to identify L?(D) with its dual
space by means of the L?-inner product. a

Example 4.3 (Dirac mass or measure). Let a be a point in D. The Dirac
mass (or Dirac measure) at a is the distribution defined by (dq, ¢) = ¢(a)
for all ¢ € C§°(D). There is no function f € L{ (D) such that §, = T¥.
Otherwise, one would have 0 = [}, foda for all ¢ € Cg°(D\{a}), and owing
to Theorem 1.32, this would imply that f = 0 a.e. in D\{a}, i.e., f =0 a.e.in
D. Hence, 04 & T(LL (D)). This example shows that there are distributions

that cannot be identified with functions in L (D). O

Definition 4.4 (Distributional derivative). Let T be a distribution in D
and let i € {1:d}. The distributional derivative 0;T is the distribution in D
such that (O;T, ) := —(T,0;) for all ¢ € C§(D). More generally, for a
multi-index o € N, the distributional derivative 0T is the distribution in
D acting as (0°T, @) = (=1)\*N(T,0%¢). We set conventionally O°T = T,
and VT = (O, T,...,0,T)".

Example 4.5 (Weak derivative). The notion of distributional derivative
extends the notion of weak derivative. Let v € L{ (D) and assume that v

has a weak a-th partial derivative, say v € L] (D). Just like in Exam-
ple 4.2, we can identify v and 0%v with the distributions T}, and Ty«, such
that (T,,,¢) := [, v¢dz and (They, @) = (=1)l° [ vd%pdz. This implies
that (Thay, ) = (=1)1°NT,,0%p), which according to Definition 4.4 shows
that 0°T, = Tyay, i.e., the distributional derivative of T, is equal to the

distribution associated with the weak derivative of v. O

Example 4.6 (Step function). Let D := (—1,1). Let w € L'(D) be
defined by w(z) := —1if x < 0 and w(x) := 1 otherwise. For all ¢ € C§°(D),
we have — [, wdpde = ffl Orpdx — fol Orpdx = 2¢p(0) = 2(dg, ¢). This
shows that the distributional derivative of w is twice the Dirac mass at 0, i.e.,
we write d,w = 20g. As established in Example 4.3, §y cannot be identified
with any function in L{ (D). Hence, w does not have a weak derivative
but w has a distributional derivative. Consider now the function v(z) :=
1 — |z| in LY(D). By proceeding as in Example 2.5, one shows that v has a
weak derivative and d,v(z) = 1 if z < 0, and 9,v(x) = —1 otherwise. As
established in Example 4.5, the distributional derivative of v and its weak
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derivative coincide. Notice though that the distributional second derivative
of v is 0,,v = —28y which is not a weak derivative. O

Example 4.7 (Dirac measure on the unit sphere). (i) Let a € R
Definition 4.4 implies that (3%04, ) = (—1)*10%¢(a). (i) Let u : R* — R
be such that u(x) := 1 if |||,z < 1 and u(x) := 0 otherwise. Let B(0,1)
and S(0,1) be the unit ball and unit sphere in R?. We define the Dirac
measure supported in S(0,1) by (ds(0,1), ) = fs(o,1)9"d3' Let e; be one
of the canonical unit vectors of R Then (O;u,p) = _fB(O,l) Oipdxr =
— J5(0.1) V- (ve:) dz, which proves that (Jiu,¢) = — [g ;) n-€ip ds. Hence,
Vu = —65(071)”1. O

Definition 4.8 (Distributional convergence). Let D be an open set in
R?. We say that a sequence of distributions {T}, },en converges in the distri-
bution sense if one has limy, oo (Th, @) = (T, ) for all p € C°(D).

Example 4.9 (Oscillating functions). Let D := (0,1) and f,(z) =
sin(nz) for all n > 1. This sequence does not converge in L'(D), but
(Ty,,p) = fol sin(nx)pdr = fol L cos(nz)¢’ dz, so that lim, o0 (T}, , ) = 0
for all ¢ € C§°(D), i.e., Ty, — 0 in the sense of distributions. Up to an
abuse of notation we say that f,, converges to 0 in the sense of distribu-
tions. Likewise one can show that cos(nz) — 0 in the sense of distributions.

Let us now consider g,(z) := sin®(nz) for all n > 1. Using the identity
sin®(nx) = % — %cos(2nx) and the above results, we conclude that g, — %
in the sense of distributions. O

4.2 Negative-order Sobolev spaces

Equipped with the notion of distributions we can now define Sobolev spaces
of negative order by duality using W;* (D).

Definition 4.10 (W~*?(D)). Let s > 0 and p € (1,00). Let D be an open
set in RY. We define the space W—*P(D) := (W (D))I with % + ﬁ =1
(for p =2, we write H=*(D) := W=52(D)), equipped with the norm

ITNlw-sp(Dy == sup M (4.3)
wGW[f’p/(D) ||wHWSwP’(D)

Identifying LP(D) with the dual space of L? (D) (see Theorem 1.41), we

infer that L?(D) — W~*P(D) (and both spaces coincide for s = 0 since

Wg’p/ (D) = L*' (D) by Theorem 1.38). Moreover, any element T’ € W52 (D)

is a distribution since, assuming s = m € N, we have
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m—l—d)ﬁ

N
(T < [Tl (™

max (50l (r),  (4.4)
for all compact subset K C D and all ¢ € C§°(D) with supp(¢) C K. The
argument can be adapted to the case where s =m+ o, o € (0,1).

Example 4.11 (Dirac measure). Some of the objects in W~*?(D) are not

functions but distributions. For instance, the Dirac mass at a point a € D is
in W=P(D) if sp’ > d. O

Theorem 4.12 (W~2?(D)). Let p € (1,00). Let D be an open, bounded set
in R%. For all f € W=P(D), there are functions {g;}ic(o.ay, all in LP (D),
s.t. ||f||W71,p(D) = MaX;c(0: d} ||gi|\Lp/(D) and

(f,v):/ govdz + Z /gi(’“)ivdx, Yo € W, P(D). (4.5)
D D

ie{l:d}

More generally, for all m € N, one has v € W=™P(D) if and only if v =
> o <m 0% where go € LP (D),

Proof. See Brezis [48, Prop. 9.20] for the case m = 1 and Adams and Fournier
[3, Thm. 3.9]. O

Example 4.13 (Gradient). Let s € (0,1),p € (1,00),and sp # 1. If D is a
Lipschitz domain in R, then the linear operator V maps W*?(D) boundedly
to Ws=LP(D), i.e., we have V € L(W*P(D); W*~LP(D)); see Grisvard [110,
Thm. 1.4.4.6]. 0

Remark 4.14 (Interpolation). Assuming that D is a Lipschitz domain,
an alternative definition of negative-order spaces relies on the interpolation
theory between Banach spaces (see §A.5). Let p € (1,00) and s € (0,1).
Recalling the space W~1P(D) from Definition 4.10, let us set

W_SW(D) = [W_l’p(D)v LP(D)]I—s,p'

Theorem A.30 and the definition (3.6) of Wosépl (D) imply that

_s ! o s,p’ /
W=*#(D) = [L7 (D), Wy " (D), = (Woi" (D))"
The arguments from Remark 3.23 imply that H—*(D) = H=*(D) if s # 3
since Hiy(D) = Hg(D) in this case (see (3.7)). (One can also infer that
W=*P(D) = W=5P(D) for sp # 1, if WP (D) = W5’ (D), as conjectured in
Remark 3.23.) 0
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4.3 Normal and tangential traces

The goal of this section is to give a meaning to the normal or tangential
component of R%-valued fields for which we only have integrability properties
on the divergence or the curl, respectively, but not on the whole gradient.
The underlying idea is quite general and consists of defining the traces in
a Sobolev space of negative order at the boundary by extending a suitable
integration by parts formula valid for smooth functions. Recall that for any
field v = (vi)ieq1:ay € Liyo(D) := Li,.(D;R?), the divergence is defined by

Vo= Z 81"01', (46)

ie{l:d}

and for d = 3, the curl Vxwv is the column vector in R? with components
(Vxwv); = Zj,ke{l:3} €4j60;v for all i € {1:3}, where ¢, denotes the Levi-
Civita symbol (g5 := 0 if at least two indices take the same value, €193 =
€931 = €312 := 1 (i.e., for even permutations), and €133 = €913 = €321 = —1
(i.e., for odd permutations)). In component form, we have

Vv := (821)3 — 831)2, 831)1 — 811)3, 811)2 — 821)1)T. (47)
Recall also that the following integration by parts formulas hold true for all
v,w e C*(D) and all ¢ € C*(D):
/ (vxn)wds = / v-Vxwdzr — / (Vxv)wdez, (4.8a)
oD D D
/ (vn)gds = / v-Vgdx +/ (V-v)gde. (4.8b)
oD D D

Let p € (1,00) and let us consider the following Banach spaces:

Z?(D) :={v € LP(D) | Vxv € L?(D)}, (4.9a)
Z4P(D):={v € LP(D) | Vv € LP(D)}. (4.9b)

For p = 2, we write
H (curl; D) := Z%*(D), H (div; D) := Z%?(D). (4.10)

Let (-, -)gp denote the duality pairing between Wfi’p((?D) and Wr ¥ (OD).
The trace operator 48 : W' (D) —s WP (0D) being surjective (see The-
orem 3.10), we infer that there is ¢ such that for all I € W (0D), there

is w(l) € W' (D) s.t. v (w(®) = Land [w(l) w1y < el

We then define the linear map ¢ : Z?(D) — Wﬁi’p(aD) by
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(), Do = /

'U-wa(l)dx—/(va)-w(l)dx, (4.11)
D

D

for all v € Z%P(D) and all I € W (0D). Note that (4.8a) shows that
7¢(v) = vjgpxn when v is smooth. A direct verification invoking Hélder’s
inequality shows that the map ~° is bounded. Moreover, the definition (4.11)
is independent of the choice of w(l); see Exercise 4.5.

We also define the linear map 74 : Z4?(D) — Wﬁi’p(aD) by

(@), o = /

v-Vq(l) dx—i—/ (V-v)q(l) de, (4.12)
D

D

forallv € Z4P(D) and alll € W%’p,(aD), where ¢(I) € W' (D) is such that
~v8(q(1)) =1, and (-, -)sp now denotes the duality pairing between W*%’p(aD)
and Wr?' (D). Reasoning as above, one can verify that: v4(v) = vjspn

when v is smooth; the map 79 is bounded; the definition (4.12) is independent
of the choice of ¢(I).

Theorem 4.15 (Normal/tangential component). Let p € (1,00). Let
D be a Lipschitz domain in R?. Let 4¢ : ZSP(D) — W_%’p((?D) and v4
Z4P(D) — Wﬁi’p(aD) be defined in (4.11) and (4.12), respectively. The
following holds true:

(i) 7°(v) = vjgpxn and v (v) = v|yp-n whenever v is smooth.

(ii) v4 is surjective.

. . —————2Z°?(D)
(iii) Density: setting Zg* (D) := C§°(D)

we have

. ——2"7(D)
, Zy*(D) = C5°(D) ,

ZSP(D) = ker(7%),  Z§P(D) = ker(y9). (4.13)

Proof. Ttem (i) is a simple consequence of the definition of v¢ and 4. See
Tartar [189, Lem. 20.2] for item (ii) when p = 2. See [96, Thm. 4.7] for item
(iii) (see also Exercise 23.9). O

Example 4.16 (Normal derivative). In the context of elliptic PDEs,
one often deals with functions v € H'(D) such that V-(Vv) € L*(D). For
these functions we have Vv € H (div; D). Owing to Theorem 4.15 with p = 2,
one can then give a meaning to the normal derivative of v at the boundary
as 74(Vv) € H™2(8D). Assuming more smoothness on v, e.g., v € H*(D),
5 > %, and some smoothness of 9D, one can instead invoke Theorem 3.16
to infer that 4% (v) € H* 3(8D) < L2(AD), i.e., the normal derivative
is integrable. However, this smoothness assumption is often too strong for
elliptic PDEs, and one has to use v¢(Vv) to define the normal derivative. O

Example 4.17 (Whitney’s paradox). Let us show by a counterexample
(see [199, p. 100]) that the normal component of a vector field with integrable
divergence over D may not be integrable over 9D. The two-dimensional field
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vlan,ae) = (572, 25) in D = (0,1)% satisfies [o(@)e = o]z
v € LP(D) for all p € [1,2), and V-v = 0. However, v-n is not integrable,
ie., vn ¢ LY(OD). O

Remark 4.18 (2D). In dimension two (d = 2), the tangential component
is defined using the linear map ¢ : Z%?(D) — Wﬁi’p(aD) as follows:

(7 (), o = /

V- LU) X v)w X
vV () d —I—/(VX Yyw(l) da,

D

for all v € Z9P(D) and all [ € WP (D), where w(l) € Wh#' (D) is such
that v&(w(l)) = . Here, V*v := (=0yv,01v)" and V xv := 9;vy — Gav;. Note
that V4v = Rz (Vv) and Vxv = —=V-(Rz (v)), where Rz is the rotation of
angle % in R? (i.e., the matrix of Rz relative to the canonical basis of R? is
(975)). Whenever v is smooth, we have v¢(v) = vjgp-t where t := Rz (n)
is a unit tangent vector to dD. O

Exercises

Exercise 4.1 (Distributions). Let D be an open set in R?. Let v be a
distribution in D. (i) Let ¢ € C°°(D). Show that the map C§°(D) > ¢ —
(v, %) defines a distribution in D (this distribution is usually denoted by
Yv). (ii) Let o, 3 € N9 Prove that 9%(0%v) = 9%(0%v) in the distribution
sense.

Exercise 4.2 (Dirac measure on a manifold). Let D be a smooth
bounded and open set in R?. Let u € C?(D;R) and assume that ujpp = 0. Let
@ be the extension by zero of u over R%. Compute V-(Vii) = O11u+. ..+ 0qqu
in the distribution sense.

Exercise 4.3 (P.V. 1). Let D := (—1,1). Prove that the linear map 7" :
C&° (D) — R defined by (T, ¢) := lim._,o f\w\>\6\ 1o(x)dx is a distribution.

Exercise 4.4 (Integration by parts). Prove the two identities in (4.8) by
using the divergence formula [}, V-¢dz = [, (¢-n)ds for all ¢ € C'(D).

Exercise 4.5 (Definition (4.11)). Verify that the right-hand side of (4.11)
is independent of the choice of w(l). (Hint: consider two functions wy, ws €
WP (D) s.t. 48(w;) = 7&(ws) = I and use the density of C$°(D) in
W, (D))



