Part 111, Chapter 16

Local interpolation in H(div) and H (curl) (I)

In this chapter and the next one, we study the interpolation operators asso-
ciated with the finite elements introduced in Chapters 14 and 15. We con-
sider a shape-regular sequence (75)nen of affine simplicial meshes with a
generation-compatible orientation (this is possible owing to Theorem 10.8).
In the present chapter, we show how the degrees of freedom (dofs) attached
to the faces and the edges can be extended by using the scale of the Sobolev
spaces. On the way, we discover fundamental commuting properties of the
interpolation operators embodied in the de Rham complex. In the next chap-
ter, we study a different way of extending the dofs attached to the faces and
the edges by requiring some integrability of the divergence or the curl.

16.1 Local interpolation in H(div)

The goal of this section is to extend the dofs of the RT}, 4 finite element intro-
duced in Chapter 14 and to study the properties of the resulting interpolation
operator.

16.1.1 Extending the dofs

Let K € 7, be a simplex in R¢ with d > 2. We generate a RTy, 4 finite

element in K from the RT}, 4 finite element in the reference cell K by using
Proposition 14.19. Hence, the dofs in K consist of the following face dofs and
cell dofs (if k£ > 1): For all v € RT}, 4,

s 1
a%_’m(v) = T /F(v-up)(gm OTI;,lF) ds, VF e Fkg, (16.1a)

¢ 1 _ -1 ——
0% (v) = W/K(v-um)wmoz}( Vde, Vje{l:d),  (16.1b)
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where {Cm}me{l:nih}v {U’m}me{l:n;h} are bases of Py g—1, Pr_14 (k> 1), re-
spectively, vp is the normal vector orienting F, {vkj = |Fj|np; }jcq:qy are
the vectors orienting K, and Tk r : Sd-1 F, Tk : K — K are geometric
mappings. The local dofs in K are collectively denoted by {ok.;}icn-

We are going to extend the above dofs to the following functional space:

VYK):=W*P(K), sp>1,pe(l,00)ors=1p=1, (16.2)

recalling that W*P(K) := W*P(K;R?). The idea behind (16.2) is to invoke
a trace theorem (Theorem 3.15) to give a meaning to the face dofs. Fixing
the real number p in (16.2), one wants to take s as small as possible to make
the space V4(K) as large as possible. Thus, we can assume without loss of
generality that s < 1. We can also take p = oo and s = 1 in (16.2).

Proposition 16.1 (Extended dofs). Let V(K) be defined in (16.2). Let
Vd(IA( ) be defined similarly. Then the contravariant Piola transformation 1/:%
is in L(VY(K); VI(K)). Moreover, the local dofs are in L(VI(K);R) and
there is ¢ s.t. for allv € VY(K), all K € Ty, and all h € H,

d—1-4
max |og,i(v)| < chy 7 (lvllLey + Piclolwerx))- (16.3)

Proof. (1) Let v € V4(K). Since the mesh is affine and ¥¢- (v) := A% (voTk)
with A% := det(Jx)J ", we can apply Lemma 11.7 to obtain

_d
P

_1 d—1
195 ()l Lo () < A llezldet )77 [0l Loy < € hye " llvllLoge),s
where the second bound follows from the regularity of the mesh sequence.

Moreover, letting v = |det(Jx )| ' Tk ||% if s <1 and ygx :=1if s =1, as
in Lemma 11.7, we obtain

_1
P |U|WS~P(K)

1
|’P?<(U)|Ws,p(f() < evEA% e | Tk |I2|det (T )
d—1—2+4s5
<dhg " |vlwerk),

where the second bound follows from the regularity of the mesh sequence.
The above bounds show that ¥% € L(V4(K); V4(K)) with

s d—1-% s
15 ) o i) + E5 5 ) oy < bl * (0l + iclolwen ).

where £ := 1 is a length scale associated with the reference cell K.

(2) Since the local dofs in K are s.t. ok ; := 0; 0 % for all i € N, we need
to bound the reference dofs {7;}icn. Let © € VY(K). If 7; is a cell dof,
we have |0;(0)] < am”m(}?)v whereas if 7; is a face dof, we have |7;(v)| <
vl oy + 4% 10lywen()) oWing to Theorem 3.15 since sp > 1if p € (1,00)
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and s = 1 if p = 1. The above bound on 1/1?‘{ shows that the local dofs in K
are in £(V4(K);R) and that (16.3) holds true. O

16.1.2 Commuting and approximation properties

In this section, we study the properties of the local Raviart—-Thomas inter-
polation operator

¢ VYK) - RTy 4 (16.4)
with V4(K) defined in (16.2). Recall that for all v € V4(K), T& (v) is defined
as the unique polynomial in RT}, 4 s.t. the function (Z%(v) — v) annihilates
all the RT}, ¢ dofs. Let us start with an important commuting property. Let
Z% : VP(K) := LY(K) — Py q be the L2-orthogonal projection onto Py, 4, i.e.,
[5 (T2 (¢) — ¢)gdz =0 for all ¢ € L*(K) and all ¢ € Py, 4; see §11.5.3.

Lemma 16.2 (Commuting with V). The following diagram commutes:

) v
VY(K) VP(K)
Tk Iy
v.
RT, 4 Py a

)

where VI(K) := {v € VY(K) | V-v € V?(K)}. In other words, we have
V(Z&(v)) = IR (Vv), Vv e VI(K). (16.5)

Proof. Let v € V4(K). Since the divergence operator maps RT}; 4 to Py, q by
Lemma 14.9, we have V-(Z%&(v)) € Py 4. Therefore, it suffices to show that
[ (T3 (V) = V(I (v)))gda = 0 for all ¢ € Py 4, and by definition of I},
this amounts to [, (V-¢)gdz = 0 for all ¢ € Py q where ¢ := v — Tk (v).
Note that by definition ¢ annihilates all the dofs of the RT}, 4 element in K.
Integrating by parts and decomposing the boundary integral over the faces
in Fg, we infer that

/K(VC)qu——L{C-qu:rﬂLF;K/FC'anqwds,

where n is the outward unit normal to K. If k > 1, we use that {vr ;}je(1:a}
is a basis of R? and {U’m}me{l:ngh} is a basis of Py_1 4 to infer that there

are real numbers o, s.t. Vg = Zje{l:d} Zme{l:nch} @i, (Ym0 Tich).
Recalling that ¢ annihilates all the cell dofs, we obtain

/ ¢-Vgdz = 0.
K
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If £ = 0, this equality is trivial. Let us now consider the integrals over the
faces of K. For all ' € Fg, we use that vp = |F|np and nrp = +ngr,

qF© lelF € Py, 4—1 owing to Lemma 7.10, and that ¢ annihilates all the face
dofs attached to F' to infer that

/ ¢ngpqrds =0.
F

O

This concludes the proof.

Example 16.3 (Gradient interpolation). Let usset s =p:=1in (16.2
Let ¢ € W2Y(K). Then V¢ € WhY(K) = VI(K), and since V-(V)
LY(K), we have V¢ € V4(K). Lemma 16.2 implies that V-Z{-(V¢)
T4 (A0). 0

Theorem 16.4 (Approximation, 7 > 1). Let Z4 be the RTy 4 interpo-
lation operator in K. There is ¢ s.t. for every integers r € {1:k 4+ 1} and
m e {0:r}, allp € [1,00], allv e W"P(K), all K € Ty, and all h € H,

~

I m

v — Ild((v”WWP(K) < Ch}ﬂ(im|’0|wr,p(1{). (16.6)

Moreover, for every integers r € {0:k + 1} and m € {0:r}, all p € [1,00], all
v € VYK) such that V-v € W™P(K), all K € Ty, and all h € H, we have

|V(’U — I?{(’U)”me([() S Ch%_m|V"U|WT,p(K). (167)

Proof. Let us start with (16.6). We apply Theorem 11.13. The contravariant
Piola transformation 9. is of the form (11.1) with A%, := det(Jx)J ", which
satisfies the bound (11.12) with v := 1. Moreover, we can take [ := 1 in
Theorem 11.13 since W?(K) < V4(K). Since | < k + 1, we can apply the
estimate (11.14), which is nothing but (16.6). Finally, to prove (16.7), we use
Lemma 16.2 to infer that V-(v —Z%(v)) = V-v — Z%(V-v), and we conclude
using Lemma 11.18 (Px = Py 4 since the mesh is affine). O

Remark 16.5 (Error on the divergence). It is remarkable that the
bound on V-(v — Z%(v)) only depends on the smoothness of V-v. This is
a direct consequence of the commuting property stated in Lemma 16.2. O
Theorem 16.6 (Approximation, r > 1—17) The estimate (16.6) holds true
for all r € (%, 1), m=0, allp € (1,00), allv € W™P(K), all K € Ty, and
all h € H, and ¢ can grow unboundedly as r | %.

Proof. We first prove the following stability property:
IZ5% ()|l Loy < e(l[vllLoir) + R [olwrr (i), (16.8)

for allv € W™P(K), all K € Ty, and all h € H (notice that v € V4(K) since
rp > 1). The triangle inequality, Proposition 12.5, and the regularity of the
mesh sequence imply that
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dy1-d
1T (0)|oa) < Y lowi(@) 18kl < chfe Y loki(@)].
iEN iEN

Hence, (16.8) follows from the bound (16.3) on the local dofs in K. Since
Py 4 C RT, 4 is pointwise invariant under I?{, we infer that

v — I (v) || r(x) < qgl},gd (Ilv = gllzr () + 1T (v = @)l Lo (x))

<c inf (Jv—qllze) + Pilv — @lwre)
q€Py g4
S Clth|v|WT,p(K)7

where we used (16.8), [v — qlwr»(x) = |v|wrr (k) since q is constant on K,
and the fractional Poincaré-Steklov inequality (12.14) in K. O

16.2 Local interpolation in H (curl)

The goal of this section is to extend the dofs of the Ny 4 finite element intro-
duced in Chapter 15 for d = 3 and to study the properties of the resulting
interpolation operator.

16.2.1 Extending the dofs

Let K be a simplex in RY with d = 3. We generate a Ny, 4 finite element in K

from the Ny, 4 finite element in the reference cell K by using Proposition 15.20.
Hence, the dofs in K consist of the following edge dofs, face dofs (if k& > 1),
and cell dofs (if k£ > 2): For all v € Ny, 4,

1 _
U%_’m('v) = E /E(v-tE)(um o TK}E) dli, VE € &k, (16.9a)
1 _ .
o () = T /F(v.tpyj)(gm o Til)ds, VF e Fi, Vj € {1,2}, (16.9b)
C 1 — .
on0) = e [ (@m0 T e, ¥ € (1,2.3), (16.9¢)

where {Nm}me{l:ngh}a {<m}me{1;n£h}7 and {wm}me{lzngh} are bases of Pk,lu
Pr_12 (kK > 1), and Pr_o3 (k > 2), respectively, tg is the tangent vec-
tor orienting E, {tr;}jcf1,2y the two tangent vectors orienting F', and
{trj}jeq1,2,3) the three vectors orienting K, and Tk g : L E, Tk :
52 F,and Ty : K — K are geometric mappings. The local dofs in K are
collectively denoted by {0k ;i }ien

We are going to extend the above dofs to the following functional space:

VK):=W?*P(K), sp>2,pe(l,00)ors=2p=1, (16.10)
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The idea behind (16.10) is again to use a trace theorem (Theorem 3.15)
to give a meaning to the edge (and face) dofs. Fixing the real number p
in (16.10), we want to take s as small as possible to make the space V¢(K)
as large as possible. Thus, we can assume without loss of generality that
s<1lifpe(2,00) and s <2if p € [1,2]. We can also take p = oo and s =1
in (16.10). We consider the norm ||-||yy=.»(x) defined as follows: If s € (0, 1]
(i.e., if p € (2,00]), we set

5:=0, lvllwer k) = lvllLe k), (16.11a)

whereas if s € (1,2] (i.e., if p € [1,2]), we set

s:=1, HvHWg,p(K) = H’UHLp(K) + hK|’U|W1,p(K). (16.111:))

Proposition 16.7 (Extended dofs). Let V°(K) be defined in (16.10). Let

o~

V¢(K) be defined similarly. Then the covariant Piola transformation v, is

in LIVS(K); V(K)). Moreover, the local dofs are in L(V°(K);R), and there
is ¢ s.t. for allv e VS(K), all K € Ty, and all h € H,

1-4 s
mas o (0)] < ehic * ([0llwancr) + hiclolw-o). (16.12)
Proof. (1) Let v € V°(K). Since the mesh is affine and 9§ (v) := A% (voTk)
with Ag = JI(, we can proceed as in the proof of Proposition 16.1 and invoke
Lemma 11.7 to show that ¢ € L(V(K); V*(K)) with [|9% (v)[lyye0 ) +

1—4d
U5 (V) lwen (i) < chg ([[vllwse(ry + Bic|vlwer(k)), where the norm
||'HW§,p(f() is defined similarly to ||||yys.»(x) using £z := 1.
(2) To bound the local dofs, we invoke Theorem 3.15 and proceed again as
in the proof of Proposition 16.1. O

16.2.2 Commuting and approximation properties

In this section, we study the properties of the local Nédélec interpolation
operator
I% : VC(K) — Nk,d (16.13)

with V°(K) defined in (16.10). Recall that for all v € V°(K), Z% (v) is
defined as the unique polynomial in Ny, 4 such that the function (Z§ (v) — v)
annihilates all the N, 4 dofs.

Lemma 16.8 (Commuting with Vx). The following diagram commutes:

V x

V(K) VY(K)
T Tk

V x
N4 RT, 4

)
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where VO(K) :={v € V¢(K) | Vxv € VY(K)}. In other words, we have
V(T4 (v) = I8 (Vxwv), Vv e V(K). (16.14)

Proof. Let us first observe that VXN, 4 C P g C RTy, 4 (see Lemma 15.10),
which implies that V x maps Nj, 4 to RT}, 4. Note also that Vx maps VC(K)
to V4(K) by definition of these spaces. Let v € V¢(K). The proof of (16.14)
consists of showing that & := Vx(Z%(v)) — Z&(Vxv) € RT 4 annihilates
all the dofs of the RT}, 4 finite element in K. Let us set ¢ := v — Z%(v) and
£ := Vxv — I (Vxw), so that we have

8 = Vx(T4(v) — Vxv + Vxv — I (Vxv) = € — Vx(.

(1) Let us consider first the dofs attached to K for k& > 1. Let e be a unit
vector in R? and let ¢ € P;—1,4. We want to show that fK d-erpdz = 0. Since
£ annihilates all the cell dofs of the RTy 4 element, we have f r&epdr =
0, so that [, d-epdz = — [,(Vx()-elpda. Using the integration by parts
formula (4.8a), we have

/K(VXC)-ewdx=/Kc-vX(e¢)— > /FC-(nK‘er)z/st.

FeFk

If k > 2, we use that ¢ annihilates the cell dofs of the Ny, 4 element to infer that
fK ¢-Vx(ey) = 0. If k = 1, this equality is obvious. Moreover, since ¢ also
annihilates the face dofs of the Ny 4 element and since the vector (nypxe)
is tangent to F, we infer that [, ¢-(ngjpxe)ipds = 0 for all F € Fg. In
conclusion, [, (Vx(¢)-eydz =0, so that [} d-erpdx = 0.

(2) Let us now consider the dofs attached to a face F' € Fx. We want to show
that fF 6-npipds =0 for all ¢ € Py 4. This is a sufficient condition to anni-
hilate the RT}, 4 dofs attached to F', since for all ¢ € P, 41, there exists ¢ €
Pk.q such that | p = qo lelF owing to Lemma 7.10. Since & annihilates the
face dofs of the RT} 4 element, we have [, d-npipds = — [.(Vx{)npids.
Moreover, since VX (¢) = Vipx¢ + 1V x¢ and ¢ annihilates the face dofs
of the Ny, 4 element, we infer that

= [ vxwoneas= [ wopreai= ¥ [ ¢lrepva

FEeér

where we used the Kelvin-Stokes formula (16.15) with 75 being the unit
vector tangent to OF whose orientation is compatible with that of ng, and
where we decomposed the integral over OF into the integrals over the edges
composing F. Since Tp|g is tangent to the edge £/ and ¢ annihilates the edge



188 Chapter 16. Local interpolation in H(div) and H (curl) (I)

dofs of the Ny 4 element, we obtain fF(VxC)~nF1/) ds = 0. Hence, we have
[ 6-npipds = 0, and this concludes the proof. 0

Lemma 16.9 (Kelvin—Stokes). Let K be a simplex in R3. Let F be a
face of K with orientation defined by np and with boundary OF. Let Tp be
the unit vector tangent to OF whose orientation is compatible with that of

nr, i.e., for all x € OF, the vector Tr(x)xnp(x) points outside of F'. The
following holds true for all w € V°(K):

/ (Vxw)npds = w-Tp dl. (16.15)
F oF
Theorem 16.10 (Approximation, »r > 1 or r > 2). Let I, be the local

Ny, 4 interpolation operator. There is c s.t. the following holds true:
(i) If p € (2,00], then we have

|v — I}:{(’U”Wm,p([() S Ch%_m|'l)|WT,p(K), (1616)

for every integersr € {1:k+1} and m € {0:r}, allv € W™P(K), all K € Tp,
and all h € H.

(ii) If p € [1,2], the estimate (16.16) holds true if k > 1 for every integers
re{2:k+ 1} and m € {0:r}, allv €e W"P(K), all K € Tp, and all h € H,
whereas if k = 0, we have

|lv — I;{(/U)lwm,p([() <c (h}{_m|v|W1,p(K) + hi(_m|/vlw2,p([()), (16.17)

for allm € {0,1}, allv € W2P(K), all K € Ty, and all h € H.
(iii) Finally, we have

|VX('U — I;(('U)”Wm,p(]{) S Ch"Iﬂ(im|vX'U|W7‘,P(K), (1618)

for every integersr € {1:k+1} and m € {0:r}, allp € [1,00], allv € V(K)
such that Vxv € W"P(K), all K € Tp, and all h € H.

Proof. Let us start with (16.16) and (16.17). We apply Theorem 11.13. The
covariant Piola transformation 9% is of the form (11.1) with AS, = JL,
which satisfies the bound (11.12) with v := 1. Moreover, we can take [ := 2
if pe[1,2] and [ := 1 if p € (2, 00] since in both cases we have WP (K) —
V(K). If p € (2,00] or if p € [1,2] and k > 1, we have | < k + 1, so that
we can apply the estimate (11.14), which is nothing but (16.16). In the case
where p € [1,2] and k = 0, we apply (11.15), which is nothing but (16.17).
Finally, to prove (16.18), we use Lemma 16.8 to infer that Vx (v —Z% (v)) =
Vxv — I (Vxwv), and we conclude using Theorem 16.4. O

Remark 16.11 (Error on the curl). It is remarkable that the bound on
Vx(v — I%(v)) only depends on the smoothness of Vxwv. This is a direct
consequence of the commuting property stated in Lemma 16.8. a
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Theorem 16.12 (Approximation, r > %) There is ¢, unbounded as r | %,
such that:

(i) If p € (2,00), the estimate (16.16) holds true for all r € (%, 1), m =0, all
veW™P(K), all K € Ty, and all h € H.

(ii) If p € (1,2], the estimate (16.16) holds true if k > 1 for all r € (%, 2), all
m € {0,1}, allv € W™P(K), all K € Ty, and all h € H, whereas if k = 0,

we have
[v — 5 (0)lwmr i) < ¢ (hig ™ olwre) + i " olwrr),  (16.19)
forallr e (%, 2), allm € {0,1}, allv e W™P(K), all K € T}, and all h € H.

Proof. Let us set [ :=2ifpe (1,2] and [ :=11if p € (2,00). Let r € (%,Z), S0
that W™P(K) < V¢(K). Combining the bound from Proposition 12.5, the
regularity of the mesh sequence, and the estimate (16.12) on the local dofs,
we infer the stability estimate

1Z5% (V)| Lo (x0) < c(vllwrn iy + P lvlwrex))
with 7:=0if r € (0,1] and 7:= 1 if r € (1, 2).

(i) Assume that p € (2,00). Then r < 1 so that [|v|lwrs(x) = [|v|Lr(x)-
Since Py ¢ C Ny, 4, we infer that

v = Z5 (v)|| Lrre) < € qé%fd (Ilv = allze(ry + 1Z5 (v — @)l o))

<c( inf [lv—qllLrx) +hig|vIwrex))

q€Po q
where we used that [v — qlwrr(xy = [V|lwrr k). The estimate (16.16)
with m = 0 follows from the fractional Poincaré-Steklov inequality (see

Lemma 12.12).

(ii) Assume that p € (1,2). Then r € (1,2) so that ||v||wr»x) = [|[V]Lrx) +
hi|vlwis (k). Let n:=min(1, k). Since n < k and n < 1 < r, proceeding as
above, we infer that

lo = Tic@)lerae) < e inf ox(v =)+ hiclolwrr),
n,d

with ¢x (v — q) == ||v — ql|Lrx) + hr|v — glw1.r (k) Using the inverse in-
equality |Z5 (v — q)|wis(x) < chig | T5 (v — )| Lo (k) (see Lemma 12.1) and
proceeding again as above, we infer that

v = Tic @)oo < e inf hilox(v = @) + i folwrno)-
n,d
If k > 1, we have n = 1, and the estimate (16.16) follows from Corollary 12.13

for all m € {0,1}, whereas if k¥ = 0, we have n = 0, and the estimate (16.19)
for all m € {0, 1} follows from the fractional Poincaré—Steklov inequality. O
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16.3 The de Rham complex

In this section, we introduce the notion of de Rham complex, and we reinter-
pret the previous commuting properties from Lemma 16.2 and Lemma 16.8
in this context. We assume that d = 3; see Remark 16.17 below to adapt the
material when d = 2.

Definition 16.13 (Exact cochain complex). Let I > 2 be an integer. A
cochain complex is composed of a sequence of Banach spaces (V;)icqo: 1y and
a sequence of linear operators (d;)icq1. 1y between these spaces
dq d; dit1 dr

V0—>V1...‘/i71—>V1‘—>Vi+1...V171—>V1, (1620)
such that for all i € {1:1}, im(d;) is closed in V; and if i < I, im(d;) C
ker(d;+1) (this means that d;y1 o d; = 0). The cochain complex is said to be
exact if im(d;) = ker(d;11) for all i € {1:1-1}.

The exactness of a cochain complex is useful since it gives a simple way
of knowing whether an element v; € V; is in im(d;) by checking whether
di+1(v;) = 0. In this book, we focus on one fundamental example of cochain
complex, namely the de Rham complex which involves the gradient, curl, and
divergence operators.

Proposition 16.14 (de Rham complex). Let D be a Lipschitz domain
in R3. Assume that D is simply connected and that OD is connected. The
following cochain complex, called de Rham complex, is exact:

R -5 HY(D) -5 H(curl; D) 5 H(div; D) ~ L*(D) -2 {0}, (16.21)

where © maps a real number to a constant function and o is the zero map.

Proof. That ker(V) = R, ker(Vx) = im(V), and ker(V-) = im(Vx) are
well-known facts from calculus since D is, respectively, connected, simply
connected, and has a connected boundary. Finally, that im(V-) = L?(D) is
proved in Lemma 51.2. a

Proposition 16.15 (Discrete de Rham complex). Let k € N. The fol-
lowing cochain complex, called discrete de Rham complex, is ezact:

R-5Pri1s —Nes 25 RT3 5 Prs -2 {0} (16.22)

Proof. ker(V) = im(i) is obvious, and ker(Vx) = im(V) follows from
Lemma 15.10. For ker(V-) = im(V ), ker(0o) = im(V-); see Exercise 16.6. O

We now connect the above two de Rham complexes by means of interpo-
lation operators. Let K be a simplex in R%, d = 3. Let p € [1,00) and let s
be such that sp > 3if p > 1 or s = 3 if p = 1. Recall the following functional
spaces where VP(K) := L'(K):
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VE(K) = {f € WP(K) | Vf € W* 5P(K)}, (16.23a)
VK):={ge W »P(K)| Vxg € W s ?(K)}, (16.23b)
VIK):={ge W P(K)|V.g e V(K)} (16.23¢)

Lemma 16.16 (Commuting diagrams). Let k € N. Let K be a simplex
in R, d = 3. Let IEJFLK be the interpolation operator associated with the
canonical hybrid element of degree (k + 1) defined in §7.6. Let I j be the
N,. 3 interpolation operator, let Ifi x be the RT,, 4 interpolation operator, and
let IE_K be the L?-orthogonal projection onto Py 4. The following diagrams
commute:

. . \V4 .
VE(K) VoK) — = VY(K) VE(K)
I:%H.,K IE,K IS.,K IE,K
\Y% V % V-
]P)RJrl,d Nn,d ]RTK,d ]P)K,d

Proof. Recalling Lemma 16.2 and Lemma 16.8, it only remains to prove that
the leftmost diagram commutes. This is done in Exercise 16.3. a

Remark 16.17 (2D). There are two possible versions of Lemma 16.16 if
d = 2, using either the operator Vx f := 0, fo — Oo.f1 or the operator V=, f :=
(—02f,01f)T. One can show that the following two diagrams commute:

. \VA V- . vV = \Y
VE(K) —— VI(K) —> VP(K)  VE(K) —— V(K) — VP(K)
P N P T
1 . v V x
PnJrl,d - RTn,d Pn,d PnJrl,d Nn,d Pn,d

with V&(K) defined in (16.23a) with sp > 2 if p € (1,00) or s = 2 if
p =1, V(K) i= {g € W »P(K)|Vxg € LY(K)}, and VI(K) :=
R- (VY(K)) = {g € Wk%’p(K) | V-g € VP(K)}, where Rz is the rota-
tion matrix of angle 7 in R2. O

Remark 16.18 (Cuboids). The commuting diagrams from Lemma 16.16
can be adapted when K is a cuboid by using the Cartesian Raviart—Thomas
and Nédélec spaces from §14.5.2 and §15.5.2. O

Remark 16.19 (Literature). The construction and analysis of finite ele-
ments leading to discrete de Rham complexes has witnessed significant pro-
gresses since the early 2000s and has lead to the notion of finite element
exterior calculus; see Arnold et al. [11, 12]. Regularity estimates in Sobolev
(and other) norms for right inverse operators of the gradient, curl, and diver-
gence can be found in Costabel and McIntosh [83]. O
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Exercises

Exercise 16.1 (V4(K)). Show that V4(K) defined in (16.2) can be used in
the commuting diagram of Lemma 16.2 after replacing L' (K) by W*=1P(K).
(Hint: use Theorem 3.19.)

Exercise 16.2 (Z%). Prove that the estimate (16.6) holds true for all r €
1,k + 1], r € N, every integer m € {0:[r]}, and all p € [1,00). Prove that
(16.7) holds true for all r € [0,k + 1], » € N, every integer m € {0:|r]}, and
all p € [1,00). (Hint: combine W™ P-stability with Corollary 12.13.)

Exercise 16.3 (de Rham). Prove that the leftmost diagram in Lemma 16.16
commutes. (Hint: verify that VZ% (v) — I3 (Vv) annihilates all dofs in Ny, 4.)

Exercise 16.4 (Poincaré operators). Assume that K is star-shaped with
respect to a point @ € K. Let f and g be smooth functions on K. Deﬁne
P(g)(@) = (@ —a) [j gla+t(@ —a))dt, P*(g)(x) = )< Jy 9(a

t(x — a))dt (if d = 3), and PY(f)(z) := (x — a) fol f( —I— t(:c - a))td 1dt
Verify that (i) VP8(g) = g if 0,9, = 0;¢; for all ¢, j € {1:d}; (ii) VxP°(g) =
g if V-g = 0; (iii) V-P4(f) = f.

Exercise 16.5 (Koszul operator). (i) Let v € P! r.a With d = 3. Prove that
V(zv) —xx(Vxv) = (k+1)v and —V x (zxv) +z(V-v) = (k+2)v. (Hint:
use Euler’s identity from Lemma 14.3.) (ii) Prove that Py 4 = VPry1.4 @
(&XPr_1,0) = VXPpi1,¢® (xPr_1,q4). (Hint: establish first these identities for
homogeneous polynomials.) Note: defining the Koszul operators xk8(v) := x-v
and k¢(v) := —zxwv for vector fields and k% (v) := xv for scalar fields, one
has k&(Vq) = kq (Euler’s identity) and V-(k(q)) = (k + d)q for all ¢ € P}} ;,
and V(x8(q)) + k°(Vxq) = (k+ 1)g and Vx(k°(q)) + k4(V-q) = (k + 2)q
for all g € P} ;; see [11, Sec. 3.2].

Exercise 16.6 (V-RT; 4 and VxNy3). (i) Prove that VRT, 4 = Py q4.
(Hint: prove that V- : &Py q — Py 4 is injective using Lemma 14.3.) (ii)
Let us set RT{Y=" := {v € RTyq | V-v = 0}. Determine dim(RT{}=) for
d € {2,3}. (iii) Show that RT{§=0 = VxPsy1 3. (Hint: use Lemma 14.9.)
(iv) Prove that RT‘gfgzo = VxNy, 5. (Hint: use the rank nullity theorem.)

Exercise 16.7 (VPy11,4 and VxPyry13). Let £ € N. (i) Set Pi, =
VPi1,a- Show that dim(P§,) = (*74"") — 1. (i) Assume d = 3. Set
Py ; := VxPj1,5. Show that dim(P{ 5) = 3(*}*) — (*1°)+1 = 3(*1*) - (*3?)
(with the convention that ( ) = 0). (Hint use the exact cochain complex

POd—>Pk+2d—>Pk+1d—>Pkd—>Pk 1.4 — {0}.)



