Part X, Chapter 47

Symmetric operators, conforming
approximation

The objective of this chapter is to study the approximation of eigenvalue
problems associated with symmetric coercive differential operators using H'-
conforming finite elements. The goal is to derive error estimates on the eigen-
values and the eigenfunctions. The analysis is adapted from Raviart and
Thomas [331] and uses relatively simple geometric arguments. The approxi-
mation of nonsymmetric eigenvalue problems using nonconforming techniques
is studied in Chapter 48 using slightly more involved arguments.

47.1 Symmetric and coercive eigenvalue problems

In this section, we reformulate the eigenvalue problems introduced in §46.2
in a unified setting. This abstract setting will be used in §47.2 to analyze
the approximation of these problems using H'-conforming finite elements.
We restrict ourselves to the real-valued setting since we are going to focus on
symmetric operators.

47.1.1 Setting

Let D be a Lipschitz domain in R%. Let L?(D) be the real Hilbert space
equipped with the inner product (v,w)z2(py 1= fD vwdz. Let V be a closed
subspace of H'(D) which, depending on the boundary conditions that are
enforced, satisfies H} (D) C V C H!(D). We assume that V is equipped with
a norm that is equivalent to that of H(D). We also assume that the V-norm
is rescaled so that the operator norm of the embedding V' — L?(D) is at most
one, e.g., one could set |[v]|v := Cp'lp||Vv||p2(py if V := Hj(D), where Cpg
is the constant from the Poincaré-Steklov inequality (31.12) in H}(D) and
{p is a characteristic length associated with D, e.g., ¢p := diam(D).

Let a : VXV — R be a symmetric bilinear form, i.e., a(v,w) = a(w,v),
satisfying the following coercivity and boundedness properties:
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alolli <a(v,v),  la(v,w)| < lla] [vllv]wl]v, (47.1)

for all v,w € V, with 0 < a < [la|]| < oo. For instance, we have a(v, w) :=
[p(tVv)-Vwdz and V := H(D) in (46.18), so that we can take o := 7,(}>
and ||a|| := Tu€52, where 7, and 73 are the smallest and the largest eigenvalues
of t in D.

Our goal is to investigate the H'-conforming approximation of the follow-
ing eigenvalue problem:

{Find ¥ € V\{0} and X € R such that (47.2)

a’(wvw) = )\(wvw)L2(D)7 Vw e V.
Let T': L?(D) — L*(D) be the solution operator such that for all u € L?(D),
a(T(u),w) := (u,w)r2(p), Yw e V. (47.3)

By proceeding as in §46.2.1, we conclude that 7" is symmetric and compact.
We are then in the setting of Theorem 46.14 and Theorem 46.21.

Theorem 47.1 (Hilbert basis). Under the above assumptions on the bilin-
ear form a, the following properties hold true:

(i) (A, 00) € (0,00)xV is an eigenpair for the eigenvalue problem (47.2) iff
(AL, 9) € (0,00) XV is an eigenpair for T.
(i) 0y (T) < (0, 1],
(iil) The eigenvalue problem (47.2) has a countable sequence of isolated real
positive eigenvalues that grows to infinity.
(iv) It is possible to construct a Hilbert basis (¥n)n>1 of L*(D), where
(Ans ¥n)n>1 are the eigenpairs solving (47.2) (see Definition 46.19). (It

is customary to enumerate the eigenpairs starting with n > 1.)

(v) ()\;%1/171)”21 is a Hilbert basis of V' equipped with the inner product a(-, ).

Proof. (i) Let (u,1) be an eigenpair of T. Then |\¢||2L2(D) = a(TWW),v) =
pa(1, 1), which implies that x> 0. This proves that o, (T') = o(7')\{0} and
op(T) C (0,00) (see Theorem 46.14(ii) and recall that dim(L?*(D)) = o).
Let (u,) be an eigenpair for 7. Then a(T'(),w) = pa(y, w) = (¥, w)r2(p)
for all w € V. Since pu # 0, we conclude that a(y,w) = p~ (¢, w)2 for all
w € V, that is, (=1, 1) solves (47.2). The converse is also true: if (), 1)) is an
eigenpair for (47.2), then the coercivity of @ implies that A # 0, and reasoning
as above shows that (A™1,) is an eigenpair of T.

(ii) Let (u,%) be an eigenpair of T. The coercivity of a implies that
912 ) = (T (21, ) = () > pall bl > a9l ), where the st
bound follows from our assuming that the norm of the embedding V < L?(D)
is at most one. Hence, p € (0, 1].
(iii) The number of eigenvalues of T' cannot be finite since the eigenspaces are
finite-dimensional (see Theorem 46.13(ii)) and there exists a Hilbert basis of
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L?(D) composed of eigenvectors of T' (see Theorem 46.21). We are then in
the third case described in Theorem 46.14(iii): the eigenvalues of T' form a
(countable) sequence that converges to zero. Hence, the eigenvalues of (47.2)
grow to infinity.

(iv) This is a consequence of Theorem 46.21 and Item (iii) proved above.
(v) Let ¥y, ¥, be two members of the Hilbert basis (¢ )r>1 of L?(D). Re-
calling that (A, ¥m) and (A, ¥,) are eigenpairs of (47.2), we infer that

a(,\;fd)m, )\7:51/)71) = )\%)\175 (1/}ma 1/}n)L2(D) - 5mn-

Let W be the vector space composed of all the finite linear combinations of
vectors in {t¢}n>1. We have to prove that W is dense in V. Let f € V’
and assume that f annihilates W. Denoting by (J{¥)~!(f) the RieszFréchet
representative of f in V equipped with the inner product a(-,-), we have

0= (f, A 2 0ndvry = al(JE) 1 (F) An 2000) = a(An 2tb, (J2)71(F)
= A2 (U, (J) () 120

for all n > 1, where we used the symmetry of a. The above identity implies
that (J¥)~1(f) = 0 since W is dense in L?(D). Hence, f = 0. Corollary C.15
then implies that W is dense in V' as claimed. a

The eigenvalues are henceforth counted with their multiplicity and ordered
as follows: A\; < Ay < .... Moreover, the associated eigenfunctions 11,19, . ..
are chosen and normalized as in Theorem 47.1(iv) so that |4,/ z2(py = 1. The
coercivity property of a implies that the eigenvalues are all positive and larger
than or equal to a.. Notice that since T is symmetric, the notions of algebraic
and geometric multiplicity coincide, and for every eigenvalue A=! € o, (T,
the multiplicity of A is equal to dim(A™' I 2(py — T).

47.1.2 Rayleigh quotient

We introduce in this section the notion of Rayleigh quotient which will be
instrumental in the analysis of the H'-conforming approximation technique
presented in §47.2.

Definition 47.2 (Rayleigh quotient). The Rayleigh quotient of a function
v € V\{0}, relative to the bilinear form a, is defined as

a(v,v)

R(v) : (47.4)

B HU”%2(D)'

In this chapter, all the expressions involving R(v) are understood with v # 0.
For any functional 7 : V' — R, we write min,ey J(v) instead of inf,cv J(v)
to indicate that the infimum is attained, i.e., if there exists a minimizer v, € V'
such that J(v.) = infyey J(v).
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Proposition 47.3 (First eigenvalue). Let A\ be the smallest eigenvalue of
the problem (47.2) and let 11 be a corresponding eigenfunction. Then we have

a<A\ =R@n)= Uei‘r/l R(v). (47.5)

Proof. We have A\ = R(¢1) > inf,ey R(v) > «, where the first equality
results from a(y1, 1) = /\1H1/)1||2L2(D) and the second from Theorem 47.1(ii).
It remains to prove that inf,cy R(v) > A1 (this also proves that the infi-
mum of R over V is attained at ¢ since A\; = R(¢1)). Let v € V\{0}.
Since (¥n)n>1 is a Hilbert basis of L*(D) (see Theorem 47.1(iv)), the se-
ries (e q1.n) We¥k)n>1, with Wy, == (v, ¥x)r2(p), converges to v in L?(D)
and we have [[v||72py = >, Wi. Furthermore, since ()\;%1/),1)"21 is
a Hilbert basis of V equipped with the inner product a(-,-) (see Theo-
1 _1
rem 47.1(v)), the series (3_5c(1.ny VA, *¥Yn)n>1, with Vi := a(v, A o),
converges to v in V, and we have a(v,v) = >, -, V;. But we also have
Vo = a(v, An 2 ) = A2 (0, 6n) p2(p) = AW, Since Ay < A, for all n > 1,
we conclude that

- ZnZlV% - EnZl )\"Wi >\ O
= = > A
ZnZl W727. ZnZl Wr27,

Proposition 47.4 (Min-max principle). Let V,, denote the set of the
subspaces of V' having dimension m. For all m > 1, we have

R(v)

A, = i R(v) = in R 47.6
m = gy max Rlv) = max | min R), (476

1
where for all m > 1, E;~_, denotes the orthogonal of Ep,—1 in L*(D) w.r.t.
the L?-inner product and Eqy := {0} by convention.

Proof. Let Wy, := span{t1, ..., %, }. Using the notation Wy, := (v,¢x)r2(p),
a direct computation shows that

Ene{l:m} )\"Wi —

min max R(v) < max R(v) = max
En€Vin vEER VEW, vEWm D e1my Wa

Consider now any F,, € V,,,. A dimensional argument shows that there exists
w # 0 in E, NW;_, (apply the rank nullity theorem to the L?-orthogonal
projection from FE,, onto W,,_1). Since w can be written in the form w =
Yo Wath, =0 o )\,%l Wn)\;%wn, one shows by proceeding as in the proof
of Proposition 47.3 that R(w) > A\p,. As a result, max,cp, R(v) > \n,.
Hence, ming, cy, max,ep,, R(v) > Ap,. This concludes the proof of the first
equality in (47.6). See Exercise 47.4 for the proof of the second equality. O
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Remark 47.5 (Poincaré—Steklov constant). The best Poincaré-Steklov

¢

olVellz o) Letting A1 be the
HU||L2(D)

smallest eigenvalue of the Laplacian with Dirichlet boundary conditions,

constant in Hg(D) is Cps = inf,e y1(py\ (0}

1
Proposition 47.3 shows that Cps = fpA{, and the Poincaré-Steklov inequal-
ity becomes an equality when applied to the first eigenfunction ;. O

47.2 H'-conforming approximation

In this section, we investigate the H'-conforming finite element approxima-
tion of the spectral problem (47.2).

47.2.1 Discrete setting and algebraic viewpoint

We assume that D is a Lipschitz polyhedron in R%, and we consider a shape-
regular sequence (Tp,)pep of affine meshes so that each mesh covers D exactly.
Depending on the boundary conditions that are imposed in V, we denote by
Vi, the H'-conforming finite element space based on 7, such that V;, C V and
Pgo(Tn) C Vi C€ PE(Tn) with k > 1 (see §19.2.1 or §19.4). The approximate
eigenvalue problem we consider is the following:

{Find ¥n € Vp\{0} and A\;, € R such that (47.7)

a(thn, wn) = A (Yn, wn)L2(py, Ywn € V.
Let I := dim Vj, let {©;}ie(1:11 be the global shape functions in V},, and

let Uj, € RY be the coordinate vector of v, relative to this basis. The discrete
eigenvalue problem (47.7) can be recast as follows:

Find Uy, € RI\{0} and A, € R such that (17.8)
AUp, = Ap MUy, '
where the stiffness matriz A and the mass matric M have entries
.Aij = a((pj, (pi) and Mij = ((pj, ‘pi)L2(D)- (479)

Both matrices are symmetric positive definite since they are Gram matrices
(see also §28.1). Because M is not the identity matrix, the problem (47.8) is
called generalized eigenvalue problem.

Proposition 47.6 (Spectral problems). (i) (47.7) and (47.8) admit I
(positive) eigenvalues (counted with their multiplicity) {Ani}icqr:ry- (i) The
eigenfunctions {Uni}ic(1:1y C Vi in (47.7) can be chosen so that a(ynj, Vi) =
Anidij and (Yng, ni)12(py = 0. Equivalently, the eigenvectors {Up;}icq1.1y C
R! in (47.8) can be chosen so that ULAU;“- = Apidi; and UL—MU;”» = 0;;.
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Proof. (i) Since A is symmetric and M is symmetric positive definite, these
two matrices can be simultaneously diagonalized. Let us recall the process
for completeness. Let QQT be the Cholesky factorization of M~™!, i.e., M =
O TO ! Since QTAQ is real and symmetric, there exists an orthogonal
matrix P (with PPT = I;), and a diagonal matrix A with diagonal entries
(Ani)ief1: 1y, such that QT AQ = PAP~!. Then AQP = Q™ TPA = MQPA.
Let us set U := QP and let (Up;)ieq1: 1y be the columns of the matrix U. The
identity AU = MUA is equivalent to

AUpi = ApiMUp;, Vi e {1:[},

showing that the \p;’s are the eigenvalues of the generalized eigenvalue prob-
lem (47.8) and the Uy;’s are the corresponding eigenvectors.

(ii) One readily sees that UTAU = PTQTQ " TPA = A and UT MU =
PTQTQ-TQ~1QP = 1;. This proves the identities on the eigenvectors, and
those on the eigenfunctions follow from the definitions of A and M. O

It is henceforth assumed that the eigenvalues are enumerated in increas-
ing order A\p; < ... < Ap7, where each eigenvalue appears in this list as
many times as its multiplicity. Moreover, the eigenfunctions are chosen and
normalized as in Proposition 47.6(ii) so that |[¢ni||z2(py = 1.

47.2.2 Eigenvalue error analysis

Let m > 1 be a fixed natural number. We assume that h is small enough so
that m < I (recall that I := dim(V},) grows roughly like (¢5/h)? as h — 0).
Our objective is to estimate | Apm — A |. Let us introduce the discrete solution
map Gj, : V =V}, defined s.t. a(Gp(v) —v,v,) =0 for all v € V and all vy,
in V3, (see §26.3.4 and §32.1). Let W,,, := span{¢; }ic(1.mm} and let Sy, be the
unit sphere of W,,, in L?(D). We define

1Gr(V)|lL2py

" = min |G : 47.10
o UEer\l{O} vl L2(p) Jgggl\ n(@)ll2(p) ( )

(Note that |G (v)||z2(py attains its infimum over S, since Sy, is compact.)

Lemma 47.7 (Comparing \,, and Mp;,). Let m € {1:1}. Assume that
ohm # 0. The following holds true:

Am < A < 032 A (47.11)

Proof. Let wy, = Eie{l:m} Witpni € Why = span{tn;}ic{1:m}, where the
eigenfunctions are chosen and normalized as in Proposition 47.6(ii), so that
[nillz2py = 1. Then R(wn) = Yicirimy MiW/ e romy WP We in-
fer that Apm = maxy,ew,,, R(wp), and the first inequality in (47.11) is
a consequence of Proposition 47.4. Let us now prove the second inequal-
ity. We observe that ker(Gp) N W, = {0} since op,, # 0 by assump-
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tion. Hence, the rank nullity theorem implies that dim(Gp(W,,)) = m. Let
Wh.m—1 = span{tn; }ic{1:m—1} and consider the L*-projection from Gy (Wp,)
onto W, m—1. The rank nullity theorem implies that there is a nonzero
vector v, € Gp(W,,) such that vy is L?-orthogonal to Wh,m—1, so that
T Zie{mzl} Vitbp;. Tt follows that R(vp) > Apm. As a result, we have

Mo < B(op) < max  2@mwn) o AGh(v) Gi(v))
< T wn€Gh (W) [lwnllFapy  v€Wn  [[GR(V)II72(py

(Gh(v), Gh(v))2 since

Using that a(Gp(v), Gr(v)) = a(v, Gy (v)) < a(v,v)2a(G
,Gr(v)) < a(v,v). Recall-

a is symmetric and coercive, we infer that a(Gp,(v)
ing that max,cw,, R(v) = A, we conclude that

a(v,v) vlIZ2(p)
Apm < max ————=—— < max ———5—— max R(v)
veWn ||Gp(v )||%2(D) veW., [|Gh (v )||%2(D) vEW,,
_ -2
= Ohm v@%}fﬂ R( ) = Uhm)\ O

Remark 47.8 (Guaranteed upper bound). It is remarkable that inde-
pendently of the approximation space, but provided conformity holds true,
i.e., Vi, C V, each eigenvalue of the discrete problem (47.8) is larger than the
corresponding eigenvalue of the exact problem (46.17). In other words, the
discrete eigenvalue \p,, is a guaranteed upper bound on the exact eigenvalue
Am for all m € {1:T}. Estimating computable lower bounds on the eigenval-
ues using conforming elements is more challenging. We refer the reader to
Cances et al. [104] for a literature overview and to Remark 48.13 when the
approximation setting is nonconforming. a

Lemma 47.9 (Lower bound on oy,,,,). Let m € {1:1}. Recall that Sy, is the
unit sphere of Wy, = span{; }ic{1:m} in L*(D) and recall that G, : Vi — V
1s the discrete solution operator. The following holds true:

2\/EM max [lv — G (v) |3 (47.12)
Al VESm,

Proof. Let v € Sy,. Let (Vi)icq1:m} be the coordinate vector of v relative
to the basis {;}ic(1:m). Since (¥i,v;)r2(p) = dij, We have 3=,y VZ =
[0]172(p) = 1. In addition, [|G1(v)[|72(p) can be bounded from below as

1GR()IZ2(p) = W22 () = 20,0 = Gr(v)) 2oy + v = Gr(V)]IZ2(p)

> (ol F2py = 2(v,v = Ga(v) L2(D)
=1 —Q(U,U—Gh(v))Lz(D). (4713)

Using that (\;,%;) is an eigenpair, the symmetry of a, and the Galerkin
orthogonality property satisfied by the discrete solution map, we have
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(v U—Gh L2(D) Z V 1/)1, ( ))LQ(D)
i€{l:m}
Vi V
- Z YOL(wi,v—Gh(v)): Z Ya(w Gr(¥i),v — Gp(v)).
ie{l:m} ! ie{l:m}

This implies that

(v,v—Gh(v))Lz(mSH}\;‘ZHIIU—Gh(v)IIV > Vil = Gu(wa)llv

ie{l:m}

Jal
< 2 max u—Ga()l Y Vi

ie{l:m}
[lall 2
< ihad I} _
< vmo max jw = Ga(w)lly,

where we used the boundedness of a and A\ < \; for all i € {1:m} in
the first bound, that v U {t;}ic{1:m} C Sm in the second bound, and the
Cauchy-Schwarz inequality and .. (1:m} V? = 1 in the third bound. The
expected estimate is obtained by inserting this bound into (47.13) and taking
the infimum over v € S, (recall that oy, = minges,, |Gr(v)||z2(D))- O

Theorem 47.10 (Error on eigenvalues). Let m € N\{0} and c¢;(m) :=
4\/5%”%” There is ho(m) > 0 s.t. for all h € H N (0, ho(m)], we have

Ohm = % and

< m mS m - 4 14
0< A A Amecr(m )FengthDGI% lv — w3 (47.14)

Proof. (1) Since I grows unboundedly as h | 0, there is hy(m) > 0 s.t.
m € {1:I} for all h € H N (0, h{(m)], i.e., the pair (Apm, ¥Ynm) exists for all
h € H N (0, hi(m)]. Moreover, since the unit sphere S, is compact, there is
vi(m) € S, such that max,es,, |[v — GL()||3 = ||vi(m) — Grlve(m))|%.
The approximation property of the sequence (Vj,)pey implies that there is
hg(m) > 0 such that co(m)||vi(m) — Gp(vi(m))|[|} < % for all he H N
(0, hi(m)], with co(m) := 2@% We now set ho(m) := min(h{(m), hi(m)).
Observing that =~ < 1+ 2z for all « € [0, 1], and applying this inequal-
ity to (47.12) with @ := co(m) max,es,, [|[v — Gr(v)[|3, < 3, we infer that
0,2 < 1+ 2¢o(m) maxyes,, [|[v — Gp(v)||3. This implies in particular that
Ohm > \% > 1 for all h € H N (0, ho(m)].

(2) Inserting the above bound into (47.11) yields

M — A, < (ohm DA < 2Xc0(m) ggx lv— Gh(v)H%/.

Since a is symmetric and coercive, Céa’s lemma (Lemma 26.13) implies that
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lv — Gr(v)|lv < (” ”) min ||v — vp|v. (47.15)

vr €V
The assertion follows readily. O

Remark 47.11 (Units). One readily sees that % scales as H-HZ«E(D),

ie., as (5% Since [|-||3 also scales like (%! owing to our assumption on
the boundedness of the embedding V' — L?(D), we infer that the factor
c1(m) max,es,, miny, ey, |[v — vz||3 is nondimensional. O

Remark 47.12 (Double rate). The elliptic regularity theory implies that
for all m > 1, there are s(m) > 0 and ¢y st [[Ym|lgrtsen(py < cm.
Here, the value of s(m) is not restricted to the interval (0,1] since there
is a bootstrapping phenomenon that allows s(m) to be large. To illustrate
this property, assume that D is of class C"™t1! r € N, and the bilin-
ear form a is associated with an operator A satisfying the assumptions of
Theorem 31.29. Let s := r mod 2 € {0,1} and let I € N\{0} be s.t.
2(I* — 1) + s = r. Theorem 31.29 implies that there is co(r) such that
A=Y ()| = (py < co(r)lh][v]lr2(py for all v € L*(D), and there are ¢(r),
such that HAil(U)HHsz(D) S Cl( ) DH’U”LZU D+s(D) forallv € H2 (=1 +S( )
and all I € {1:I°}. Since A(¢Ym) = Amtm, we obtain ||ty ||griz2p) =

Wl gz ey < () - c1(P)co(r)Am) F [l 2y Recalling the

normalization [|¢m[|z2(py = 1, this argument shows that if D is of class
C™tL we have [[Ym || gresompy < em with s(m) == r + 1 and ¢, =

e (r) . ..er(r)eo(r) (Amﬂ%)lul. Recalling that k is the approximation degree
of Vi, let s,(m) := min(s(1),...,s(m),k) for all m > 1, and x(m) :=
maXyes,, f“’s"(m V] gri+s, ) (py (recall that Sy, is the unit sphere of Wy, in
L?(D)). The best-approximation estimates established in §22.3 and §22.4
imply that there exists capp such that the following holds true for all
h € HN (0, ho(m)]:

max mln ||’U—Uh||V < Capp X(m)(h/lp )Sb(m
VES, vLEV)

Owing to Theorem 47.10, this implies that
0 < Mm — Am < Amer(m)ep,x(m)?(h/€p)>* (™). (47.16)

In the best-case scenario where s(n) > k for alln € {1:m}, we have s,(m) = k
so that the convergence rate for the error on \,, is O(h?¥), i.e., this error
converges at a rate that is double that of the best-approximation error on
the eigenvectors in the H'-norm; see Remark 47.16 below. Note that the
convergence rate on A, in (47.16) depends on the smallest smoothness index
of all the eigenfunctions {5 }ne{1:m}- This shortcoming is circumvented with
the more general theory presented in Chapter 48, where the convergence rate
on A, only depends on the smoothness index of the eigenfunctions associated
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with A,,. Note also that since ¢;(m) grows unboundedly with m, (47.16)
shows that when h is fixed the accuracy of the approximation decreases as
m increases. O
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Fig. 47.1 P; approximation of the eigenvalues of the Laplacian in one dimension. Left:
discrete and exact eigenvalues, I := 50. Right: Graph of the 80th exact (dashed line) and
discrete (solid line) eigenfunctions in the interval (0.4,0.6), I := 100.

Example 47.13 (1D Laplacian). Let us consider the eigenvalue problem
for the one-dimensional Laplacian discretized using P; Lagrange elements on

a uniform mesh on D := (0, 1). It is shown in Exercise 47.5 that \,, = m?n?

and A\p,, = %;%m for all m > 1. The left panel of Figure 47.1 shows
the first 50 exact eigenvalues and the 50 discrete eigenvalues on a mesh hav-
ing I := 50 internal vertices. The exact eigenvalues are approximated from
above as predicted in Lemma 47.7. Observe that only the first eigenvalues
are approximated accurately. The reason for this is that the eigenfunctions
corresponding to large eigenvalues oscillate too much to be represented ac-
curately on the mesh as illustrated in the right panel of Figure 47.1. A rule
of thumb is that a meshsize smaller than % must be used to approximate
the m-th eigenvalue with relative accuracy €, i.e., [Apm — Am| < €Ap. For
instance, only the first 10 eigenvalues are approximated within 1% accuracy

when I := 100. We refer the reader to Exercise 47.5 for further details. O

47.2.3 Eigenfunction error analysis

The goal of this section is to estimate the approximation error on the eigen-
functions. We first estimate this error in the L?-norm and then in the H!-
norm. Let m > 1 be a fixed natural number, and let us assume as in the
previous section that the meshsize h € H is small enough so that m < I and
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Ohm > 0 (see Theorem 47.10). For the sake of simplicity, we also assume
that the eigenvalue A, is simple, and we set v, = 2max;em {0,m) MA%/\I
Observe that v, = 2max()\m3‘3\"m71, Amjl"i)\m). Since A\p; — A\; as h — 0
for all i € {1l:m+1} (see Theorem 47.10), there exists ho(m) > 0 so that
m < Ay forall ¢ € {1:m + 1}\{m} and all h € H N (0, ho(m)]. More-
over, using that [N, — Api| < [Am — A1 for all @ > m+ 1, we infer that the
following holds true for all h € H N (0, ho(m)]:

Am
_Am o AT1T
16{1 I} |A — )\hz| =7 ( )

Theorem 47.14 (L?-error on eigenfunctions). Let m € N\{0}. Assume
that A, is simple and let ho(m) > 0 be s.t. (47.17) holds true. Let ca(m) :=
2(1 + ). There is an eigenfunction v, such that the following holds true
for all h € H N (0, ho(m)]:

||1/}m - 1/}hm||L2(D) < 02(m)|W)m - Gh(d}m)HIP(D)- (4718)

Proof. Recall that Gy, (¢,) = Eie{l;l} Vithp; with Vi = (Gr(¥m), ¥ni) L2 (D)-
Let us set Vg = Vi Wpm so that Gy (¢¥m) —vpm = Eie{l:l}\{m} V;tbp;. Since
the bilinear form a is symmetric and (Ap;, ¥p;) is a discrete eigenpair, we have

1
)\hi (Gh(¥m), YVni

(Q/Jma whz) -

V; =

a(Vni, Gr(thm)) =

1
)\hi z)
S s i) 1210
where we used the definition of G}, and that (A, ¥,
implies that

) is an eigenpair. This

()\hi - /\m)vz - )\hZV’L - Amvz = /\m(wm; 1/}hi)L2(D) - Asz
= A (Yms Vhi) 12Dy — Am(Gr(¥m), ¥ni) 12 (D)
= A (Ym — Gu(¥m), Yni)L2(D)-

Hence, we have V; = < LﬁA (Y = Gr(Ym), i) r2(py for all i € {1:T}1\{m}.
Since the discrete eigenfunctions {¢n;}icq1. 1y are L2-orthonormal, we obtain

1GR(m) = vhmlT2(p) = Z Vi<, Z (Ym — Gr(m)s ¥ni)12(p)
ieéﬁl:l} ie‘;l:l}

< Ymllom = Gr(®m)lli2py,  (47.19)

where the first bound follows from (47.17) and the last one from Bessel’s
inequahty Zie{l:]} (djm - Gh (UJm), whi)%p < me - Gh (d)m) HL2 . Let us
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now estimate ||1/}hm - 'UhmHLQ(D). Since ||1/}hm||L2(D) = 1, we have

l¥hm — vhm|lL2(py = (1 = Vo) ¥rm |l 22 (D) = [V — 1]
= [(Gu(¥m), Yrm) 2Dy — 1.

Assume that ¥y, is chosen so that V,, = (G}, (¢¥m), 1/)hm)L2(D) > (0. Then we

have [[vhm | 20y = Vil = (Gh(¥m), Yrm) L2y, and [[Yrm — vnml 22Dy =
[l[vam || L2(py — 1| Since the triangle inequality implies that

1¥m | 2(0) = [¥m=vhm| L2(D) < [lonmllL2(D) < [[¥mllL2(0) +[[¢m—vhmllL2(D),

and since ||ty || L2(py = 1, we infer that ||| vam || L2(py — 1| < [[¥m — Vhml 22(D)-
This implies that

1Yhm = Vhm | L2(D) = [Vhm | 22Dy = 1 < [[%¥m — Vam||L2(D)-

Invoking the triangle inequality, the above bound, and the triangle inequality
one more time gives

||1/)m - 1Z)hmHL2(D)

< |lm = Gr(Pm)llL2(Dy + 1Gh(¥m) = Vam |l 2(D) + [[¥hm — Vhm |l L2(D)
< |NYm — Gu(Wm)ll 20y + [|Gr(¥m) — vhm || L2(D) + [[¥m — Vhm || L2(D)
< 2([[tom — Gr(¥Ym)llL2(Dy + 1Gh(Ym) — Vam|l L2(D))

< 2(1 +ym)llbm — Gr(¥m)llL2(D)s

where the last bound follows from (47.19). Using the definition of ca(m) leads
to the expected estimate. |

Theorem 47.15 (H'-error on eigenfunctions). Let m € N\{0}. Assume
that A, is simple and let ho(m) > 0 be s.t. (47.14) and (47.17) hold for
all h € HN (0, ho(m)]. There is an eigenfunction ., such that the following
holds true for all h € H N (0, ho(m)]:

m m < i - 5 47.20
% — ¥n ”V—C3(m)52%ﬁufflel% v —vnllv ( )

where c3(m) == (22)2 (¢q (m) + CQ(m)2@)% is independent of h € H.

o
Proof. Owing to the coercivity of a, we infer that

[ trm — Yamlly < a(¥m — Phm, Ym — Yhm)
= )\hm + )\m - 2)\m(¢mu ¢hm)L2(D)
= Am = Am + Aml[$m — Ynml|T2 ()

since ||1/}m||L2(D) = |W)hm||L2(D) =1 implies that ||1/)m — 1/)hm||%2(D) =2 -
2(Ym, Yam) L2(p)- The inequality (47.20) is obtained by estimating (Anm —Am)



Part X. EIGENVALUE PROBLEMS 319

and || — Ynml|72(py- The estimate on (Anm — An) is given by (47.14) in
Theorem 47.10, and Theorem 47.14 gives ||V — Yuml|22(p) < ca(m)|[m —
Gn(¥m)llz2(p). We observe that

1o = Gr(¥m)ll 2Dy < [¥m = Ga(Wm) v < max [lv = Ga(v)]l

1
(el
< min [|v — vg||v,
o

vy EVY,

where the last bound follows from (47.15) (Céa’s lemma). Putting everything
together leads to the expected estimate. a

Remark 47.16 (Convergence rates). Let us use the notation of Re-
mark 47.12. Assume that the eigenvalue \,, is simple. We can then invoke the
estimates from Theorem 47.14 and Theorem 47.15. The best-approximation
estimates in the H!-norm established in §22.3 and §22.4 and the Aubin—
Nitsche lemma (Lemma 32.11) imply that the following holds true for all
heHHn (0, ho(m)]

[¥m — Yrmlln2(py < Ea(m)x(m)(h/p)® ™+, (47.21a)
[¢m — Ynmll 1 (py < Es(m)x(m)(h/tp)*™), (47.21b)

where the constants ¢a(m),és(m) have the same dependencies w.r.t. m as
the constants ca(m), cs(m), and x(m) is defined in Remark 47.12. The best
possible convergence rates are obtained when s,(m) > k for all n € {1:m}
so that s,(m) = k, yielding the rates O(h¥*!) in the L?-norm and O(h*)
in the H'-norm. Moreover, it can be shown that if \,, has multiplicity p,
i.e, A = Amt1 = ... = Amip—1, then there exists an eigenfunction 1], €
span{¥m, . . ., Vmip—1} with [[¢][[z2(p) = 1 such that (47.21) holds true
with 1, replaced by 1] . Note that (47.21) shows that when A is fixed, the
accuracy of the approximation decreases as m increases, since ca(m), cz(m)
grow unboundedly with m. O

Exercises

Exercise 47.1 (Real eigenvalues). Consider the eigenvalue problem: Find
¢ € Hy(D;C)\{0} and X € C s.t. [, (Vi-Vw + ¢w) dz = X [}, w d for all
w € H(D;C). Prove directly that A is real. (Hint: test with w = 1).)

Exercise 47.2 (Smallest eigenvalue). Let Dy C D3 be two Lipschitz do-
mains in R Let a; : H}(D;)xHE(D;) — R, i € {1,2}, be two symmetric,
coercive, bounded bilinear forms. Assume that ai(v,w) = a2(v,w) for all
v,w € Hg(D1), where U,w denote the extension by zero of v,w, respec-
tively. Let A1(D;) be the smallest eigenvalue of the eigenvalue problem: Find
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Y € Hy(D;)\{0} and X € R s.t. a;(¢, w) = AN, w) 2(p,) for all w € Hj(D;).
Prove that Ay (D2) < A1(Dy). (Hint: use Proposition 47.3.)

Exercise 47.3 (Continuity of eigenvalues). Consider the setting defined
in §47.1. Let aj,a2 : VXV — R be two symmetric, coercive, bounded bi-
linear forms. Let A, As : V. — V'’ be the linear operators defined by
(Ai(v),w)vr v = a;(v,w), i € {1,2}, for all v,w € A. Let M\y(a1) and
Ai(az2) be the k-th eigenvalues, respectively. Prove that |A;(a1) — Ag(az)] <
sup,cg |((A1 — A2)(v),v)v v|, where S is the unit sphere in L?(D). (Hint:
use the min-max principle.)

Exercise 47.4 (Max-min principle). Prove the second equality in (47.6).
(Hint: let E,,_1 € Vy,—1 and observe that E- | NW,, # {0}.)

Exercise 47.5 (Laplacian, 1D). Consider the spectral problem for the 1D
Laplacian on D := (0,1). (i) Show that the eigenpairs (A, ¥m) are Ay, =
m?7?, Y () = sin(mrx), for all x € D and all m > 1. (ii) Consider a
uniform mesh of D of size h := 1+r1 and H'-conforming IP; finite elements.

Compute the stiffness matrix A and the mass matrix M. (iii) Show that the

eigenvalues of the discrete problem (47.8) are Apm = 75 ( ;?g:ig’m”:’]ig) for all

m € {1:1}. (Hint: consider the vectors (sin(mhml));c(1. 1y for all m € {1:1}.)

Exercise 47.6 (Stiffness matrix). Assume that the mesh sequence (73)nen
is quasi-uniform. Estimate from below the smallest eigenvalue of the stiffness
matrix A defined in (47.9) and estimate from above its largest eigenvalue.
(Hint: see §28.2.3.)



