Part XI, Chapter 54

Stokes equations: Stable pairs (I)

This chapter reviews various stable finite element pairs that are suitable to
approximate the Stokes equations, i.e., the discrete velocity space and the
discrete pressure space satisfy the inf-sup condition (53.15) (or its W?-
L version (53.16)) uniformly with respect to h € H. We first review two
standard techniques to prove the inf-sup condition, one based on the Fortin
operator and one hinging on a weak control of the pressure gradient. Then
we show how these techniques can be applied to finite element pairs where
the discrete pressure space is H'-conforming. The two main examples are the
mini element based on the (IP;-bubble, Py) pair and the Taylor-Hood element
based on the (P2, P) pair. In the next chapter, we introduce another tech-
nique based on macroelements to prove the inf-sup condition and we review
stable finite element pairs where the discrete pressures are discontinuous. We
assume in the entire chapter that Dirichlet conditions are enforced on the
velocity over the whole boundary, that D is a polyhedron in R?, and that
(Th)nen is a shape-regular sequence of affine meshes so that each mesh covers
D exactly.

54.1 Proving the inf-sup condition

We briefly review two standard techniques to prove the inf-sup condi-
tion (53.15): one uses a Fortin operator and the other uses a weak control on
the pressure gradient. Since this section is only meant to be a short introduc-
tion, the reader is referred to Boffi et al. [65, Chap. 8|, Girault and Raviart
[217, §11.1.4] for thorough reviews of the topic.

54.1.1 Fortin operator

One way to prove the inf-sup condition (53.15) consists of using the notion of
Fortin operator. The theory behind the Fortin operator theory is investigated
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in detail §26.2.3. We now briefly summarize the main features of this theory
and adapt the notation to the setting of the Stokes equations.

Let V', Q be two complex Banach spaces and let b be a bounded sesquilin-
ear form on V'xQ. Let § and ||b]| be the inf-sup and the boundedness con-
stants of b. Let Vi0 C V and let @), C @ be finite-dimensional subspaces
equipped, respectively, with the norms of V and Q. A map ITj, : V — V), is
called a Fortin operator if b(IT,(v) —v,q,) = 0 for all (v,q) € VxQp, and
there is real number 7, > 0 such that || II,(v)||v < ||v]|v for all v € V.
The key result we are going to use is the following statement (see Lemma 26.9,
Boffi et al. [65, Prop. 8.4.1], and the work by the authors [187, Thm. 1]).

Lemma 54.1 (Fortin operator). If there exists a Fortin operator, then the
inf-sup condition

b
inf  sup 1b(vn, )]

VR G g ) (54.1)
4h€Qn vy, eVio ||Vnllv I|anllq

holds true with By, > vnB. Conversely, if the inf-sup condition (54.1) holds
true, then there exists a Fortin operator with ~p > %.

Hence, proving the inf-sup condition (54.1) can be done by constructing a
Fortin operator. A practical way to do this is given by the following result.

Lemma 54.2 (Decomposition). Let IIp, ITs, : V. — Vi be two opera-
tors. Assume the following: (i) ITay, is linear; (ii) b(v — Iap(v), qn) = 0 for
all (v, qn) € VxQp; (iil) The real numbers

II II —1I1
C1p i= Sup w and cgp = sup | Tzn (v 1) lv (54.2)
vev  vlv vev [vl[v
are finite. Then (recalling that Iy : V. — V is the identity)
I1;, = H1h+H2h(IV —th) (54.3)

is a Fortin operator with vy, > (c1p + can)~t.

Proof. Since the operator ITy, is linear owing to the assumption (i), we have
b(v — Iy (v),qn) = b(v — I2p(v), qn) — b(IT1p(v) — Iap(IT11(v)), qn)s

for all (v, qp) € V xQp, and both terms on the right-hand side are zero owing

to the assumption (ii). Furthermore, we have sup, ¢y, % < c1p + Ccon,
ie., V| (v)|lv < |lv|lv for all v € V with v, > (c1, + c2n) ™! > 0 owing
to the assumption (iii). O

54.1.2 Weak control on the pressure gradient

A second possibility to prove the inf-sup condition (54.1) consists of es-
tablishing a weak control on the gradient of the pressure. This technique
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can be used when the discrete pressure space is H'-conforming. Let us fo-
cus more specifically on the bilinear form b(v,q) := —(V-v,q)r2(p). Let
pe (1,00), V :i= WyP(D) equipped with the norm ||v||y := [vlw e (D),
and Q = sz/(D) = {q € L (D) | Jpadx = 0} equipped with the norm
lglle = llgllpw(py With p € (1,00) s.t. %—i— 1% = 1. The discrete velocity
space is Vi, C V, and the discrete pressure space is Qp C Q.

Lemma 54.3 (Pressure gradient control). Assume that the discrete pres-
sure space Qy, is H'-conforming, and that there is ¢ such that the following
holds true for all p € (1,00) and all h € H.:

1
|b(vh7Qh v
sup ———— >c| > ||th||Lp/(K) . (54.4)

onebio ToRlwrn (D) = ket

Then the inf-sup condition (54.1) holds true uniformly w.r.t. h € H.

Proof. Let g € Qp. Since Qp C Q, the continuous inf-sup condition (53.9)
implies that

o)l _ T @] o =T ).0]

|U|W1p(D) veEV |'U|W14’(D) veV |v|W1vP(D)

Bollanlle < sup

where Z% is the R?-valued version of the VVO1 "P_conforming quasi-interpolation
operator introduced in §22.4.2. This means that Z5((v) 1= 3,14y Zio (Vi) €i,
where v = Eie{l:d} v;e; and {ei}ie{lzd} is the canonical Cartesian basis
of R, Let T1,%5 denote the two terms on the right-hand side. Owing to
the W, P-stability of Z%, we have IZ30(v)lwie(p) < czlvlwip(py. Since
I3 (v) € Vi, we infer that

b Iav b
|T1] < ez sup | a(v o (v)s an) <er sup M
veV [[Z35(v)lwre (D) onEVho |VR|W 1 (D)

Moreover, using that @ is H'-conforming to integrate by parts, and then
invoking Holder’s inequality and the approximation properties of Z%y, we
infer that

[b(v = 55 (v), an)| = [(Van, v — I35(v)) L2 () |

<c Z HV%||Lp/(K)hK||V”HLP(DK)7
KeTy,

where D is the set of the points composing the mesh cells touching K. Since
Y KeT, ||Vv|\Lp (D) < < ¢|Volly, (D) = c|v|€V1,p(D) owing to the regularity of
the mesh sequence, Holder’s inequality combined with the assumption (54.4)
implies that
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1

’ b(vn, qn
Tl < | Y mlVanl, <o sup PRI
KeTn v, EVho |'Uh|W1,P(D)
This completes the proof of the inf-sup condition. 0

Remark 54.4 (Literature). The technique presented above is based on
Bercovier and Pironneau [54, Prop. 1], Verfiirth [376] (for p := 2). O

54.2 Mini element: the (P;-bubble, ;) pair

Let (Tn)nen be a shape-regular sequence of affine simplicial meshes. Recall
from §53.4.2 that the reason for which the (P;,P;) pair does not satisfy the
inf-sup condition (53.15) is that the velocity space is not rich enough (or
equivalently the pressure space is too rich). To circumvent this difficulty, we
are going to enlarge the velocity space by adding one more degree of freedom
per simplex for each Cartesian component of the velocity.

Let K be the reference simplex and Z 3 be its barycenter, and let bbe a
function such that

be Wy ™(K), 0<b<l1, b(@z) =1 (54.5)

One can use b(Z) = (d + 1)4+? [Lico.ay Xi(Z), where {Xi}ie{o:d} are the
barycentric coordinates on K. This function is usually called bubble func-
tion in reference to the shape of its graph as shown in Figure 54.1. Another
possibility consists of dividing the simplex K into (d+1) subsimplices by con-
necting the (d+1) vertices of K to Zp. Then b is defined to be the continuous
piecewise affine function on K that is equal to one at Zz and zero at the ver-
tices of K. We introduce the finite-dimensional space P := Piq® (span{b})?

and define /\f to be the Lagrange degrees of freedom associated with the
vertices of K plus Z 5 for each Cartesian component of the velocity.

Let (Th)newn be a shape-regular sequence of affine simplicial meshes so that
each mesh covers D exactly. Recalling that we are enforcing homogeneous
Dirichlet conditions on the velocity, the approximation spaces are defined by

Vio =PSo(Ta) @ Bi  Qui= PETR)NLA(D),  (54.6)

where By, := Dy 1. (span{bx })¢ and by := boTx being the bubble function
associated with the mesh cell K € Tj,. Notice that

Vio = {v, € C°(D) | VK € Ty, v4oTx € P, vy 9p = 0}, (54.7)
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Velocity Pressure

P1-bubble 3P; or 4Py Py

S

Fig. 54.1 Conventional representation of the (P1-bubble, P ) pair in dimensions two (top)
and three (bottom). The degrees of freedom for the velocity are shown in the first column
(Pi-bubble) and in the second column (3P; in dimension two and 4P; in dimension three).
Some isolines of the two-dimensional bubble function are drawn. The pressure degrees of
freedom are shown in the third column.

and that Vg C WgP(D) for all p € (1,00). We now show that the
(P;-bubble, P;) pair is stable. We do so by constructing a Fortin operator
as in Lemma 54.2.

Lemma 54.5 (Stability). Let p € (1,00) and let p’ € (1,00) be s.t. 1—17—1-% =
1. Let Vo and Qy, be defined in (54.6). There is By such that for all h € H,

V-, dx
inf  sup |fD an ndz|
4 EQR v, €Viyg ||qh||LP’(D)|vh|W1vP(D)

> B > 0. (54.8)

Proof. Let us build a Fortin operator by means of the construction devised
in Lemma 54.2 with V := W, "?(D) equipped with the norm |v|y =
|v|w.p(Dy. We define the operator ITy, : V. — Vi by setting

vd
HZh('U) = Z %b[{ € By, C Vyo.
KeTy fK K ax

This operator is linear in agreement with the assumption (i) of Lemma 54.2.
Moreover, the definition of Iy, implies that [, ITop(v)dz = [, v da for all
v € V. Then for all (v,qp) € V xQ), we infer that
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b(v, qn) = —/DQhV'vdx:/Dv'thdx: Z th|K~/K'vdx

KeTh

> thu('/ H2h(v)d$=/ ITI>,(v)-Van dz = b(IT2x(v), qn),
Ko K D

which proves the assumption (ii) of Lemma 54.2. We now set IT; := I3,
where I8 : V' — Vjg is the Re-valued version of the WO1 P_conforming

quasi-interpolation operator introduced in §22.4.2. We observe that the real
‘HI}L(U)‘WLP(D)

number cij = SUPycy is uniformly bounded w.r.t. h € H.

|”|w1,p(D)
Moreover, the regularity of the mesh sequence and Lemma 11.7 imply that

for all K € Ty,
_ 1~ _ 1
baclwio (i) < ¢ R e ldet (D)l Bl ) < ¢ REMK .

Similar arguments show that |’ x bxdz > ¢|K| and Holder’s inequality implies

that | [ vdz| < |K| » lv||Lr(k)- Putting these estimates together shows that

[ on (v) |l we iy < chg [0l Locr)-

Then the approximation properties of I3, (see Theorem 22.14) yield

({on (v — Iip(v))[we(r) = [Hzn(v = Thp(v)) lwe i)

<chitlv =I5 (v) |l Loy < ¢ vlwre(pg),

where Dy is the set of the points composing the mesh cells touching K.
Summing the above bound over K € 7, and using the regularity of the
mesh sequence, we infer that [ITop (v — 1, (v))|lwir(p) < ¢|v|lwip(py. This
[TT2p (v=TT11 (V) 1.0 ()

|U|W1vP(D)
bounded w.r.t. h € H. In conclusion, all the assumptions of Lemma 54.2 are

met, showing that IT;, := Il + IIo,(Iy — IIyy,) is a Fortin operator with
Yn > (c1n + c2n) 1. Notice that 45, is bounded from below away from zero
uniformly w.r.t. h € H. Invoking Lemma 54.1, we conclude that the inf-sup
condition (54.8) holds true uniformly w.r.t. h € H. O

shows that the real number ¢y 1= sup,cy is uniformly

Remark 54.6 (Convergence rate). Assume that the solution to (53.6) is
such that w € H*(D) N H}(D) and p € H*(D) N L?(D). Owing to Theo-
rem 53.17, the discrete solution (wup, pp) to (53.14) with (Vio, Q) defined in
(54.6) satisfies plu — wp|mi(p) + [P — Prllz2(p) < ch(plulmz(p) + [Pl (D))-
If the assumptions of Theorem 53.19 additionally hold true with s := 1, then
pllw — wpllLzpy < ch?(plulmzpy + |plai(p))- Notice that the convergence
rate of the error on the velocity is that associated with the finite element
space P§ ((75), i.e., the bubble functions introduced to approximate the ve-
locity do not contribute to the approximation error, they contribute only to
the stability of the discretization (see also Exercise 54.2). O
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Remark 54.7 (Literature). The idea of using bubble functions has been
introduced by Crouzeix and Raviart [151]. The analysis of the mini element
is due to Arnold et al. [20]. O

54.3 Taylor-Hood element: the (P,, ;) pair

This section is dedicated to the analysis of the Taylor-Hood element based
on the (P2, P;) pair. Compared to the mini element which is based on the
(P1-bubble, P1) pair, the idea is to further enrich the discrete velocity space so
as to improve by one order the convergence rate of the error. Let (75 )newn be
a shape-regular family of affine simplicial meshes. Recalling that we are en-
forcing homogeneous Dirichlet conditions on the velocity, the approximation
spaces are defined by

Vio = P§y(Th).  Qui=PE(Ti) N LA(D), (54.9)

i.e., the velocity is approximated using continuous P, elements and the pres-
sure is approximated using continuous P; elements. The conventional repre-
sentation of this element is shown in Figure 54.2. We are going to prove
the inf-sup condition (54.1) by using the technique described in §54.1.2,
i.e., we first establish a weak control on the pressure gradient, then we in-
voke Lemma 54.3. As above, we set V := W, *(D) and Q := v (D) with
p,p € (1,00) and % + % = 1. Notice that Vj,o C V and @}, C Q.

Lemma 54.8 (Bound on pressure gradient). Let Vo, Qn be defined in
(54.9). Assume that d € {2,3} and that every mesh cell has at least d internal
edges (i.e., at most one face in D). There is ¢ such that the following holds
true for all p € (1,00) and all h € H.:

e

| QhV"UhdZC| ’ ’
sup fD—Zc > W lIVanll G ey |- (54.10)

on€Vio  |Uhlwie(p) =t

Proof. We only give the proof for d = 3 since the proof for d = 2 is similar.
Let us number all the internal mesh edges from 1 to Ni. Consider an oriented
edge E; with i € {1: N!}, and denote its two endpoints by zii and its midpoint
by m;. Set I; := || 2" — z; ||z and 7, := 17 ' (2" — 2;7), so that I; is the length
of E; and 7; is the unit tangent vector orienting E;. Let g be a function in
Q@ and let sgn be the sign function. Let v, € Vi be (uniquely) defined by

prescribing its global degrees of freedom in Vj, as follows:

vp(a;) =0 if a; is a mesh vertex,
vp(m;) = —lf/sgn(f)ﬂ.qh)|(9ﬂ.qh|p/_17'i it B; ¢ 0D,
vp(m;) =0 if B; C 9D,
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Velocity Pressure Velocity Pressure

P, P, Q2 Qq

Fig. 54.2 Conventional representation of the (P2, P1) pair (left) and of the (Q2, Q1) pair
(right) in dimensions two (top) and three (bottom, only visible degrees of freedom are
shown).

where O-,qn 1= T;-Vqp, denotes the tangential derivative of ¢, along the ori-
ented edge E;. Note that v (m;) depends only on the values of g5, on E;. Let
K € Tp,. Using the quadrature formula

/¢dx_|K|< > ¢ Z ) Vo € Py,

meMg acVk

where M is the set of the midpoints of the edges of K and Vi is the set of
the vertices of K and since @, is H'-conforming, we infer that

/ qnV-vp dr = —/ vp-Vqpdr = Z / v,V do
D

KeTy,

- IK > é"’h(mi)'v%(mi)

KeTy, m; GK

STIRL YD Slnan(m > e S WV

KeTn m; eK KeTy

The last inequality results from the fact that [; > chx owing to the regularity
of the mesh sequence, and that every tetrahedron K € 7, has at least three
edges in D, i.e., the quantities |0,qn(m;)|, where m,; spans the midpoints
of the edges of K that are not in 9D, control ||Vgy||s2. Finally, the inverse
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inequality from Lemma 12.1 (with r := p, [ := 1, m := 0) together with
Proposition 12.5 implies that for all K € Ty,

orByniy < h K]S [on(m)|2,
meMpg

and since l; < chy, we have |Jv(m)|;2 < chl||Van|[%". Since p(p' —1) = p/,

combining these bounds shows that |vh|"’,‘,1,p(K) < ch’l’;HthH , for all

P
LY (K)
K € Ty. This proves (54.10). O

Lemma 54.9 (Stability). For all p € (1,00) and under the hypotheses of
Lemma 54.8, the (P2, Py) pair satisfies the inf-sup condition (54.8) uniformly
w.rt. h e H.

Proof. Apply Lemma 54.3. O

Remark 54.10 (Convergence rate). Owing to Theorem 53.17 and as-
suming that the solution to (53.6) is smooth enough, the solution to (53.14)
with (Vio, @Qn) defined in (54.9) satisfies p|lu — wn|mi(py + ||p — prllr2p) <
ch2(u|u|H3(D) + [p|m2(p)). Moreover, if the assumptions of Theorem 53.19
are met for some s € (0,1], then pllu — wp||2(py < ch® 05 (ulu| g (p) +
|p|2(D)Y)- O

Remark 54.11 (Literature). Further insight and alternative proofs can
be found in Bercovier and Pironneau [54, Prop. 1], Girault and Raviart [217,
p. 176], Stenberg [354]. We refer the reader to Mardal et al. [294] for the
construction of a Fortin operator associated with the Taylor—-Hood element
in dimension two. Well-balanced schemes (see Remark 53.22) using Taylor—
Hood mixed finite elements are analyzed in Lederer et al. [279)]. O

54.4 Generalizations of the Taylor—Hood element

In this section, we briefly review some generalizations of the Taylor-Hood
element: extension to quadrangles, higher-order extensions, and the use of a
submesh to build the discrete velocity space.

54.4.1 The (]Pk‘aIP)k‘—l) and (Qka@k—l) pairs

It is possible to generalize the Taylor—Hood element to quadrangles and hexa-
hedra. For instance, the (Q2, Q1) pair has the same properties as the Taylor—
Hood element; see Figure 54.2.

It is also possible to use higher-degree polynomials. For k£ > 2, the
(P, Pr—1) pair and the (Qg,Qx—1) pair are stable in dimensions two and
three. Provided the solution to (53.6) is smooth enough, these elements yield
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the error estimates plu — wp|gi(p) + P — prlle2py < ch*(plulgripy +
Pl (py) and pllu — wn|L2(py < chETL (plulgrr () + plar(p)) if the
assumptions of Theorem 53.19 are met for some s € (0, 1]. Proofs and further
insight can be found in Stenberg [352, p. 18], Brezzi and Falk [92], Boffi et al.
(65, p. 494], Boffi [60).

54.4.2 The (P;-iso-Py,P;) and (Q;-iso-Q,, Q) pairs

An alternative to the Taylor—Hood element consists of replacing the Py ap-
proximation of the velocity by a Py approximation on a finer simplicial mesh.
This finer mesh, say T% , is constructed as follows. In two dimensions, each
triangle in 7}, is divided into four new triangles by connecting the midpoints
of the three edges. In three dimensions, each tetrahedron in 7} is divided
into eight new tetrahedra (all having the same volume) by dividing each
face into four new triangles and by connecting the midpoints of one pair of
nonintersecting edges (there are three pairs of nonintersecting edges). This
construction is illustrated in the top and bottom left panels of Figure 54.3.
The discrete spaces are

Vio = P5,(Ty),  Qui= PE(Ti) N LA(D). (54.11)

These finite element pairs are often called (P1-iso-Py, P1), or (4P, P;) in two
dimensions and (8 Py, P;) in three dimensions.

Velocity Pressure Velocity Pressure

P;-iso-Psy Py Q1-iso-Q2 Q

Fig. 54.3 (Pi-iso-P2,P1) (left) and (Qi-iso-Q2, Q1) (right) pairs in dimensions two (top)
and three (bottom, only visible degrees of freedom are shown for the (Q1-iso-Q2, Q1) pair).
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The (P;-iso-P2, ;) pair can be generalized to quadrangles in two dimen-
sions and hexahedra in three dimensions. Assume that (7)new is a shape-
regular sequence of meshes composed of quadrangles or hexahedra. A new
mesh T% is defined in two dimensions by dividing each quadrangle in 7}, into
four new quadrangles and by connecting the midpoints of all the pairs of
nonintersecting edges. In three dimensions, we divide each hexahedron in 7Tj,
into eight new hexahedra by dividing each face into four quadrangles and
by connecting the barycenters of all the pairs of nonintersecting faces. This
construction is illustrated in the top and bottom right panels of Figure 54.3.
The discrete spaces are

Vio = {vy, € C°(D) | VK € T, vno Tk € Qu, vhop =0},  (54.12a)
Qn = {qn € C°(D)NLA(D) |VK € Th, gn o Tk € Q1}. (54.12b)

These finite elements are often called (Q1-iso-Q2, Q1), or (4Q1, Q1) in dimen-
sion two and (8Q;,Q;) in dimension three.

Lemma 54.12 (Stability). For all p € (1,00), and under the hypothe-
ses of Lemma 54.8 if Ty is composed of simplices, the (Pi-iso-Po,P1) and
(Q1-i50-Q2, Q1) pairs satisfy the inf-sup condition (54.8) uniformly w.r.t.
heH.

Proof. Adapt the proof of Lemma 54.8; see Bercovier and Pironneau [54] (for
d =2 and p = 2) and Exercise 54.4. O

Remark 54.13 (Convergence rate). Owing to Theorem 53.17 and as-
suming that the solution to (53.6) is smooth enough, the discrete solu-
tion to (53.14) with (Vio,Qpn) defined in either (54.11) or (54.12) satis-
fies plu — unlmr(p) + llp — prllrzp) < ch(plulaz(p) + |pla(p)), and if
the assumptions of Theorem 53.19 are met for some s € (0,1], we have
pllu = 2oy < 20 (ulul w2 (o) + [Pl () D

Exercises

Exercise 54.1 (Mini element). Show that the Fortin operator IT, con-
structed in the proof of Lemma 54.5 is of the form IT,(v) := I3 (v) +
Yo keT, 2oicf1:ay Vic(V)brces, for some coefficients i (v) to be determined.

Here, {€;}ie{1:4} is the canonical Cartesian basis of R,

Exercise 54.2 (Bubble<Stabilization). Consider the mini element de-
fined in §54.2 and assume that the viscosity p is constant over D. Recall
that Vio := Vjjo ® Bj, and Qp, := PF(Ty) N L2(D) with V,j :=P§ ((T5). Let
(upn, pp) be the solution to the discrete Stokes problem (53.14). (i) Show that
a(vp, bp) =0 for all v, € VhlO and all by, € By,. (ii) Set uy, := u,ll —l—uz € Vio.
Show that



418 Chapter 54. Stokes equations: Stable pairs (I)

a(uy,, vy) + b(vy, pr) = F(v), Yo, € Vih. (54.13)

(iii) Let by := bo Tk be the bubble function on K € Ty, Let {eiticqi:ay be
the canonical Cartesian basis of R%. Let SX € R%? be defined by Sg =
ma(b;{ej,b;{ei) for all 4,5 € {1:d}. Let “Z|K = D ieia) ctoeb.
Show that cx = (S¥) ™ (Fx — Vpy i), where Fj := WF(bKei), for all
K
i € {1:d}. (iv) Set cn(pn,an) = Y ger, Vanx (S*) ' Von i [ bx da and
Rn(qn) =2 ke, Van g (8%) ' Fg [} bx dz. Show that the mass conserva-
tion equation becomes

b(wy,, qn) = cu(pn, an) = Glan) — Ru(an),  Van € Qn. (54.14)

Note: since (Sk )~ " scales like 1™ h:, cu(ph, qn) behaves like Y7 5 - % S Van-Vpy dz,

and Ry (qn) scales like ) - % fK Vi F dz. This shows that, once the
bubbles are eliminated, the system (54.13)-(54.14) is equivalent to a stabilized
form of the Stokes system for the (P1,P;) pair; see Chapters 62 and 63.

Exercise 54.3 (Singular vertex). Let K C R? be a quadrangle and let
z be the intersection of the two diagonals of K. Let Ki,..., K4 be the
four triangles formed by dividing K along its two diagonals (assume that
KinNKs = {z} and Ko N Ky = {z}). (i) Let ¢ be a scalar field con-
tinuous over K and of class C' over the triangles K, ..., K . Prove that
Zi€{1:4}(—1)in-v¢u{i (z) = 0 for every unit vector n. (ii) Let v be a vector
field continuous over K and of class C'! over the triangles K1, ..., K4. Prove
that Zie{1:4}(—1)iv-v|m(z) = 0. (iii) Assume that v is linear over each
triangle. Show that the four equations fKi Vwde =0 for all i € {1:4} are
linearly dependent.

Exercise 54.4 (P;-iso-P3,P;). Consider the setting of Lemma 54.12 with
the (P;-iso-Po,P;) pair in dimension three. (i) Let K € Tj. Let Vi be the
set of the vertices of K. Let Mg be the midpoints of the six edges of K. Let
M. be the set of the two midpoints that are connected to create the 8 new
tetrahedra. Let ./\/l%( be the set of the remaining midpoints. Let V3o be the Py
velocity space based of T}, /5. Find the coefficients «, 3, v so that the following

quadrature is exact for all wy € Vio: [ewndz = [K[(@)_cy, wh(z) +
ﬂZmeM}( wp(m) + ”YZmer( wp(m)). (Hint: on a tetrahedron K’ with
vertices {2}zrev,, . the quadrature [, wpdz = |K'|3, Jwp(2') is

exact on P;.) (ii) Prove Lemma 54.12 for the (P;-iso-Py, P;) pair in dimension
three for all p € (1,00). (Hint: adapt the proof of Lemma 54.8.)



