Part XI, Chapter 55

Stokes equations: Stable pairs (II)

In this chapter, we continue the study of stable finite element pairs that
are suitable to approximate the Stokes equations. In doing so, we introduce
another technique to prove the inf-sup condition that is based on a notion of
macroelement. Recall that we assume that Dirichlet conditions are enforced
on the velocity over the whole boundary, that D is a polyhedron in R¢, and
that (7n)new is a shape-regular sequence of affine meshes so that each mesh
covers D exactly. In this chapter, we focus more specifically on the case where
the discrete pressure space is a broken finite element space.

55.1 Macroelement techniques

In addition to the Fortin operator technique described in Lemma 54.1 and
the method consisting of weakly controlling the pressure gradient described in
Lemma 54.3, we now present a third method to establish the inf-sup condition
between the discrete velocity space and the discrete pressure space. This
method is based on a notion of macroelement.

We return to the abstract setting and consider two complex Banach spaces
V and @ and a bounded sesquilinear form b on Vx@Q. Let Vg C V and
Qn C Q. Recall that [|b]| denotes the boundedness constant of b on V xQ
and that the inf-sup condition (54.1) takes the form

b
inf  sup _Ibon, an)l =: By > 0. (55.1)
E€Qn v, Vi [[VnllvlIgnllo
Lemma 55.1 (Partition lemma). Let V}),, V2 be two subspaces of Vi
and Q}, Q% be two subspaces of Q such that Qn = Qi + Q3. Let

b b
B1:= inf sup M B2 := inf  sup [b(vn, gn )l

€@} v,evy, vnllviianlle’ €@} v,eve, vnlvilanlle’
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,7 |b(vn, qn) ,7 |b(vh, gn)|
big:= sup sup — ——">—, b1 := sup Ssup — ——O—.
aneQt vevz [vnllvilanlo ane@? vevy lvnlvilanllo

Assume that 0 < (182 and MAs < 1 with A\ = ZB—;, Ay 1= bill. Then the
inf-sup condition (55.1) holds true with 3, > %min(ﬁl,ﬁg) f A1+ X <1

and with B, > 27 (1 — A A2)||b]| =2 min(B1, B2)° otherwise.

Proof. Let g, := g} +q¢3 € Q1 \{0}. The definition of 31, B2 together with the
assumption 0 < (12 implies that there exists v}, € V! so that b(v},q}) =
g, 15 and Billv)[|v < llg)llq for all I € {1,2}. We now investigate two cases:
either A\{ + X o <1 or \; + Xy > 1.

(1) Let us assume that A\; + Ao < 1. Then, setting vj, := v} 4+ v} we have

b(vn, qn) = b(vy, q) + b(vii, 1) + b(vy,, i) + b(vi, q7)
> Nlanlld + Iy — brzllvilvllanllo — ballvillv g lle
> |lghl3 + 12113 — (85 'z + 81 02) g llolla? llo-

Using that ﬁ;lblg + ﬁl_lbgl = A + A2 < 1, we infer that

2
(lanlle + llaxlle)

RN

1 1
bon an) = 51 + 5l =
1 1 2 L.
> Zlanllo(Billwtlv + Bellvllv) = 7 min(s1, B2) lanlallonlv

where we used the triangle inequality and the above bounds on ||v! ||y for all
I € {1,2}. The assertion then follows with 8, > § min(S1, f2).

(2) Let us now assume that A; +Az > 1. Without loss of generality, we assume
that Ay > A\1. Let 0 € R, let vy, := v,lI + av%, let € > 0, and let us minorize
b(vp, qr) as follows:

b(vhv Qh) - b(vllm Q}lz) + O'b(’l}?” Q}lz) + b(vllm Q%) + O'b(’l}%, ql21)
> llaplly + ollgi ity — brzllvillv llghlle — barollvplvllghle
> |lahl15 + ollgilly — (85 'biz + 085 o) lasllellahllo

€ 1
> (1= 500 +022) lahld + (o = 52 On +0x2) ) la3 13-

Let us show that we can choose o and € so that §(A; +0A2) < 1 and o (A\; +
oA2) < o. We consider the quadratic equation ¥(t) := (\; + tA2)? — 4t = 0.
Since the discriminant, 16(1 — A\ \2), is positive and Ao # 0, ¥(t) has two
distinct roots, t_, ¢y, and ¥ is minimal at %(t_ +ty) = 2_;\—2}’\2 Therefore,
2
if we choose o := %, we have ¥(0) <0, i.e., (A1 +0X2) < )\Ii;'al\z We
then define € by setting eo := $(1(A\1 + oA2) + ﬁ) This choice in turn
implies that eo < )\liﬁ, ie., £(A1 +0X2) <1 and that (A + 0)2) < eo,
ie., i()‘l + 0)2) < 0. We have thus proved that ¢; := 1 — §(A +0A2) >0
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and ¢y := 0 — %()\1 + o)) > 0. Then we conclude as above

1 .
b(vn, qn) > 5 min(c1, ¢2)||anllo(B1l|villv + B2 llvillv)

1 . -
> 5 min(er, ¢) min(Br, 07 Ba)lanllolvnll v,
and the assertion follows with 8, > % min(cy, c2) min(By, 01 B2). Notice that
A2 € [%, L H] because 2A2 > A + A2 > 1 and ba; < ||b]|. Moreover, since
o= —2 ’\1’\2 and € = 7)‘22((23 A’\IIA’\Q)) we obtain
o I=h (=) (2= A1)
Cl — a7/ 1\ 1\ V0 02 - 2 3
202 — A h2) X(G3— M)
so that ¢1 > 1(1 — A1h2), c2 > %(1 —AX2), o7 > L. Hence, we have
2
B > 5 min(d, ) (1 = Ade) min(By, Ba) > &(1— Adg) 2Bl

Remark 55.2 (Inequality A; Ay < 1). This inequality, which amounts to
b1obo1 < (102, is trivially satisfied if biobg; = 0, which is the case in many
applications; see, e.g., Corollary 55.3 below.

Let us illustrate the above result with the Stokes problem. We set V' :=
Hg(D), Q = LY(D), |vlv = [v|a(py, llalle = llallz2(p), and b(v,q) :=
—(V-v,q)12(p). Let Ty be a mesh in the sequence (75 )ne3. Let Uy, be a par-
tition of the set T,. We call U, macroelement partition and the members
of Uy, macroelements. For every macroelement U € Uy, we abuse the nota-
tion by writing U also for the set of the points composing the cells in the
macroelement U. For all U € U}, we define the following spaces:

Vho(U) = {’Uh € Vo | UpU S H&(U), Vh|D\U = O} C VhO, (55.2&)

Qr(U) =={luqn | an € Qn}, (55.2b)

Qu(U) =span(ly),  Qu(U) = {an € Qu(U) | [y andz =0}, (55.2c)
where 17 is the indicator function of U. We additionally define

=Y Q). Qni=Y_ Q). (55.3)

Uely, Uely,

Corollary 55.3 (Macroelement partition). Assume that for all h € H,
there exists a partition of Ty, say Uy, such that

b
el wf  sup O g S0 (55.4a)
4n€Qn(U) v eVio() lonllv llanlle
b
inf  sup _IbCon, an)| =: Ban > 0. (55.4b)

0, €Q, vneVio lIUnllvllanllQ
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(i) The inf-sup condition (55.1) is satisfied. (ii) If infrey Bon > 0 and
infrey mingey, B1n(U) > 0, the inf-sup condition (55.1) holds uniformly
w.r.t. h € H.

Proof. The idea is to show that the assumptions of Lemma 55.1 are met.
(1) For all ¢, € Qp, and all U € Uy, let us denote Gy := |—[1]‘ fU gn dx. The
identities q, = ZUGM}L 1yqn and 1ygn, = Ly(gn — Guy) + Gy Lo show that
Qn = Q) + Q%, with Q} := Qy, and Q7 := Q,. Notice that this decomposi-
tion holds true whether @ is composed of discontinuous functions or not.
(2) Let us prove the first inf-sup condition from Lemma 55.1. Let g, € Q} =

Qp. Then (55.4a) implies that for all U € Uj, there is v, (U) € Vio(U)

st. Ve-(0r(U)) = Tygn and Bi(U)lon(U)llv < [[lwanllq = llanllr2w)- Set
vh = D pey, vh(U) € Vil = > veu, Vio(U). Notice that V., C Vio by

1
construction. Using that (Y- ;¢,, lon(U)I3/)? = |loallv, we infer that

/thv-vhdin Z /UQhV'vh(U)dUCZ Z ”qhH%Q(U)

Uecly, Ueln

: :
_ |qh|Lz<D>( T |qh|%2<U>) > ||qh||Q( 3 <ﬁ1h<U>>2||vh<U>||%,)
UGZ/{}L UGZ/{}L

> ﬁ1h||qh||Q( 3 |vh<U>||%,) — Bularlolvall,

Ueuy,

. ) b(wn,
P1n = minyey, P1n(U) > 0. Hence, inf,, cqo1 SUPy, eVl 7||1‘,h’(|f";||qq:)|}(g > Bin.
(3) The second inf-sup condition from Lemma 55.1 holds by assumption with
V2 := Vho, Q3 := @, and the constant Sz, > 0.

(4) Finally, let us verify the last assumption by showing that A Ag := 512& =

1hB2h
0 < 1. Let v, := Y, vn(U) € Vijg and qn == Yy, auly € Q7. We
obtain

b(vn, qn) = Z qU/ Vv, (U)dz =0,
Ueth, v
since v, (U) € Hg(U) implies that [, Vv, (U)dz = 0 for all U € Uy. Hence,
b1 = 0. This completes the proof. O

Remark 55.4 (Assumption (55.4a)). For all g, € Qp, let g, € Q,, be
defined s.t. Gy 1y = Gy 1= \_11J| Jo an dz for all U € Uy,. Since [, qnV-vp, dz =
Jolan = Gpy)Vovp da for all v, € Vio(U) and all U € Uy, the assump-

tion (55.4a) means that for all g, € @}, we have SUDy, € Vo (V) % >

B1n(U)llgnv — @nullq- Then the argument in Step (2) of the proof of Corol-
ol > Bullan — @l for all an € Qu,

Tonllv
where we have set 815 := minyey, B1n(U). O

lary 55.3 shows that SUDy, e VL
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Notice that @h C Qn and Q,, C Qp, when Qy, is composed of discontinuous
functions, but the above theory does not require that @; be composed of
discontinuous finite elements. It turns out that the assumption (55.4b) can
be relaxed if Qj, is H'-conforming.

Proposition 55.5 (Macroelement, continuous pressures). Let (T )nen
be a shape-reqular mesh sequence. Assume that there exists a macroelement
partition Uy, for every mesh T,. Assume that every U € Uy can be mapped
by an affine mapping to a reference set U and that the sequence {Up}nen
is shape-regular. Assume that infpey maxyey, card{ K C U} < oo. Assume
that Qp, C HY(D)NL2(D) and that the following holds true that for all h € H.:

b
YU € Uy, inf sup [b(vn, an)]

O AT g (U) > 0. (55.5)
0 €Qn (V) vneVio () lVRllvllanllo

(i) The inf-sup condition (55.1) is satisfied. (ii) If infrey mingey, Bin(U) >
0, the inf-sup condition (55.1) holds uniformly w.r.t. h € H.

Proof. See Brezzi and Bathe [91, Prop. 4.1] and Exercise 55.7. O

Remark 55.6 (Literature). Macroelement techniques have been intro-
duced in a series of works by Boland and Nicolaides [67], Girault and Raviart
[217, §I1.1.4], Stenberg [352, 354, 353]. This theory is further refined in Qin
[328, Chap. 3]. In particular, Lemma 55.1 is established in [328, Thm. 3.4.1].
It is possible to generalize the macroelement technique to situations where
the macroelements are not disjoint provided one assumes that each cell K be-
longs to a finite set of macroelements with cardinality bounded from above
uniformly w.r.t. h € H. This type of technique can be used in particular
to prove the stability of the generalized Taylor-Hood elements (Pj,Px_1),
(Qk, Qr—1), k > 2. We refer the reader to Boffi et al. [65, §8.8] for a thorough
discussion on this topic. O

55.2 Discontinuous pressures and bubbles

We investigate in this section finite element pairs based on simplicial meshes.
The pressure approximation is discontinuous and stability is achieved by
enriching the velocity space.

55.2.1 Discontinuous pressures

Since the functional space for the pressure is @ := L?(D), the approximation
setting remains conforming for the pressure. The discrete pressure space is
typically the broken polynomial space (see §18.1.2)

PP.(Th) == {an € L2(D) | VK € Th, qn o Tk € Py 4}, (55.6)
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for some | € N and where Tx : K — K is the geometric mapping. The
(Py,, PP) pair refers to the choice of finite element space Vj,o := Py (Ty) for
the velocity and @y, = Ph (T1) for the pressure. The stable finite element
pairs investigated herein are the (P, P5) and the (Py-bubble, P?) pairs.

Remark 55.7 (Local mass balance). Working with discontinuous pres-
sures is interesting since it becomes possible to test the discrete mass
conservation equation against a function supported in a single mesh cell
K € Ty. This leads to the local mass balance [ (¢%) ' (q)V-upde =
[ (W5 )" (q)g da for all ¢ € Py q with % (q) := qo Tk, see Exercise 55.1. O

55.2.2 The (P,,P}) pair

Let (Th)nen be a shape-regular family of affine simplicial meshes. Recalling
that we are enforcing homogeneous Dirichlet conditions on the velocity, the
(P,, Pb) pair gives to the following approximation spaces:

Vo 1= P;O(ﬁ)u Qh = P&*(ﬁ) (557)

This simple finite element pair satisfies the inf-sup condition (55.1) uniformly
w.r.t. h € H in dimension two, but it has little practical interest since it is
does not provide optimal convergence results. Nevertheless it is an important
building block for other more useful finite element pairs. Let V' := WD1 P(D)
be equipped with the norm ||v|v := |v|wir(p) and let Q = LEI(D) be
equipped with the norm ||¢llq = gl (p), Where p,p" € (1,00) are s.t.
S+ =1

Lemma 55.8 (Stability). Assume that d = 2. The (Po,PY) pair satisfies
the inf-sup condition (55.1) uniformly w.r.t. h € H.

Proof. We construct a Fortin operator by using the decomposition defined in
Lemma 54.2 and by invoking Lemma 54.1 to conclude. The operator Ilsy, :
V — Vj is defined as follows. Let v € V. We set ITy;,(v)(z) := 0 for
all z € Vy (V; is the collection of the internal vertices of the mesh), and
I, (v)(mp) = %fdes for all F' € F; (Fy is the collection of the
mesh interfaces), where mp is the barycenter of F. This entirely defines
I, (v) in Vi since d = 2. Notice that vz € L'(F) for all v € W, ?(D)
and all F' € F} so that the above construction is meaningful. Then we set
I1,; = I, where I3 is the R valued version of the WO1 "P_conforming
quasi-interpolation operator introduced in §22.4.2. This means that Z37 (v) :=
>ic1:ay Iho(vi)ei, where v := 37,y 4y vie; and {€;}ie(1.ay is the canonical
Cartesian basis of R?. The rest of the proof consists of verifying that the
assumptions (i)—(iii) from Lemma 54.2 are met; see Exercise 55.2. O

Remark 55.9 (Literature). The reader is referred to Boffi et al. [65, §8.4.3]
for other details on the (PQ,PB) pair. In general, this pair is not stable in
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dimension 3, but it is shown in Zhang and Zhang [404] that one can construct
special families of tetrahedral meshes for which stability holds. a

55.2.3 The (P,-bubble, P?) pair

Let b be the bubble function defined in (54.5) and P := Py ® (span{b})?.
Let (Th)nen be a shape-regular family of affine simplicial meshes. Recalling
that we are enforcing homogeneous Dirichlet conditions on the velocity, the
(Po-bubble, PY) pair gives the following approximation spaces:

VhO = P;io(ﬁ) ©® Bh7 Qh = P]E*(ﬂl% (558)

with By, = @Keﬁ(span{b;(})d and by = bo Tk is the bubble function
associated with the mesh cell K € Tj. Notice that

Vio = {’Uh S CO(E) | VK € T, vy 0Tk € ﬁ, VploDp = 0}. (55.9)

Since the pressure is locally P; on each simplex and globally discontinuous,
its local degrees of freedom can be taken to be its mean value and its gradient
in each mesh cell. A conventional representation is shown in Figure 55.1. We
have the following result (see Boffi et al. [65, p. 488]).

Proposition 55.10 (Py-bubble, P?). The (Po-bubble, P?) pair satisfies the
inf-sup condition (55.1) wuniformly w.r.t. h € H. Moreover, this pair leads
to the same error estimates as the Taylor—-Hood element, that is, plu —
wp|mi(py + P — prllzp) < b (plulpsp) + plazpy), and if the assump-
tions of Theorem 53.19 are met for some s € (0, 1], then p|lw — wp||L2(py <

Ch2+sébis(ﬂ|u|H3(D) + Ipla2(D))-

Dimension 2 Dimension 3

velocity pressure velocity pressure

Fig. 55.1 Conventional representation of the (Pa-bubble, P?) pair in dimensions two (left)
and three (right, only visible degrees of freedom of the velocity are shown). Among various
possibilities, the degrees of freedom for the pressure here are the mean value (indicated by
a dot) and the d components of the gradient (indicated by arrows).
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Remark 55.11 (Literature). The (Py-bubble, P?) pair is also called con-
forming Crouzeiz—Raviart mized finite element [151]. O

55.3 Scott—Vogelius elements and generalizations

Let k > 1. The (Py,PY_,) pair is interesting since V-P¢(Th) C Pp_y L (Th),
which implies that any vector field in P,io(ﬁ) whose divergence is L2-
orthogonal to P,E_L*(’E) is exactly divergence-free.

55.3.1 Special meshes

In general, the (P, PY ) pair does not satisfy the inf-sup condition (55.1)
(e.g., we have seen in §53.4.3 that for £ = 1, this pair suffers from lock-
ing). However, it is possible to construct special meshes so that this element
satisfies the inf-sup condition (55.1) uniformly w.r.t. h € H for some k. Let
us now introduce some special meshes to substantiate this claim. Various
two-dimensional examples of such meshes are shown in Figure 55.2.

Irregular crisscross: A two-dimensional triangulation 7}, is said to be an
irreqular crisscross mesh if it is obtained from a matching mesh of D C R?
composed of quadrangles, where each quadrilateral cell is divided along its
two diagonals; see the leftmost panel in Figure 55.2.

Simplicial barycentric (d 4 1)-sected: We say that Tj, is a simplicial
barycentric (d + 1)-sected mesh in R? if T}, is obtained after refinement of a
simplicial matching mesh by subdividing each initial simplex into (d+1) sub-
simplices by connecting the barycenter with the (d + 1) vertices. Simplicial
barycentric (d+1)-sected meshes are also called Hsieh—Clough—Tocher (HCT)
meshes in the literature; see the second panel from the left in Figure 55.2.

Twice quadrisected crisscrossed: We say that a two-dimensional trian-
gulation Tj, is twice quadrisected crisscrossed if it is formed as follows. First,
the polygon D is partitioned into a matching mesh of quadrangles, say Qup.
Then, each quadrangle in Qg is divided into four new quadrangles by con-
necting the point at the intersection of its two diagonals with the midpoint
on each of its edges. The mesh Q2 thus formed is subdivided once more by
repeating this process. Finally, 7}, is obtained by dividing each quadrangle in
9, along its two diagonals, thereby giving 4 triangles per quadrangular cell
in Qp, or 64 triangles for each quadrangle in Q45; see the third panel from
the left in Figure 55.2.

Powell-Sabin: A simplicial mesh of a polygon or polyhedron D is said to
be a Powell-Sabin mesh if it is constructed as follows. For instance, assuming
that the space dimension is two, let 7, be an affine simplicial matching mesh
of D. For each triangle K € T, let cx be the center of the inscribed circle
of K and assume that cx € K for all K € 7,. We then divide K into
three triangles by connecting cx to the three vertices of K (this is similar
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to an HCT triangulation). Each of the newly created triangles is divided
again by connecting cx to ck,, ck,, and ck,, where K1, Ko, and K3 are the
three neighbors of K (or ¢k is connected to the midpoint of the edge if the
corresponding neighbor does not exist). The same construction can be done
in R? as shown in Zhang [403, Fig. 1]. This construction is illustrated in the
rightmost panel in Figure 55.2.

< /N>
b
A
N2

N

K

Fig. 55.2 Irregular crisscross mesh (left). Simplicial barycentric trisected mesh also called
Hsieh—Clough—Tocher (HCT) mesh (center left). One quadrangular cell that is twice
quadrisected and crisscrossed (center right). Powell-Sabin mesh (right).

55.3.2 Stable (P;, Pt ,) pairs on special meshes

The stability of the (Py,P? |) pair has been thoroughly investigated in di-
mension two by Scott and Vogelius [345].

Lemma 55.12 ((Py,P? ), k > 4,d = 2). Letd = 2 and k > 4. Assume that
the mesh sequence (Tp)nen is quasi-uniform. Assume also that any pair of
edges meeting at an internal vertex does not form a straight line. (An internal
vertex violating this property is called singular vertex; see Exercise 54.3.) The
(Px,PY ) pair satisfies the inf-sup condition (55.1) uniformly w.r.t. h € H.

Proof. See [345, Thm. 5.1]. O

There are extensions of the above result to the (P3,PY) pair, the (P2, PD)
pair, and the (P, IP’B) pair in dimension two on some of the special meshes
described above; see Qin [328].

Lemma 55.13 (Crisscross meshes, k € {2,3}, d = 2). Let (Tn)nen be
a shape-regular sequence of irreqular crisscross meshes. Then the (Py,P?)
pair and the (P3,PY) pair have as many spurious pressure modes as singular
vertices, but the velocity approzimation is optimal, and the pressure approxi-
mation in the L?-orthogonal complement to the spurious modes is optimal.

Proof. See [328, Thm. 4.3.1 & 6.2.1]. O

Lemma 55.14 (HCT meshes, k € {2,3}, d =2). Let (Ty)nen be a shape-
regular sequence of barycentric trisected triangulations. Then the (Py, PY) pair
and the (P3,PY) pair satisfy the inf-sup condition (55.1) uniformly w.r.t.
h € H, and therefore lead to optimal error estimates.
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Proof. These statements are proved in Qin [328, Thm. 4.6.1 & 6.4.1]. We
detail the proof for the (P2,P}) pair since it illustrates the use of the
macroelement technique from Corollary 55.3. Here, Vjo := ]P%yo(’ﬁl) and
Qh = ]Pﬂl),*(,];l)

(1) Let (Up)newn be the sequence of triangulations that is used to create
(Th)hen by barycentric trisection. For every triangle U € U}, we consider the
spaces Vio(U), Qu(U), Q,(U), and Qn(U) defined in (55.2). We also con-
sider the spaces @h, Q,, defined in (55.3). We are going to prove the inf-sup
conditions (55.4a) and (55.4b) in Corollary 55.3.

(2) Proof of (55.4b). We have Q) = Y. ;cy, @un(U) = Pp.(Un). Since, as
established in Lemma 55.8, the (P5,(Up), Py, (Uy)) pair satisfies an inf-sup
condition uniformly w.r.t. h € H, and Pg,(Un) C Pyo(Tn) =t Viho, we infer
that the inf-sup condition (55.4b) is satisfied uniformly w.r.t. h € H.

(3) Proof of (55.4a). Let U be the reference simplex in R2. For every U € U,
let Ty - U — U be the corresponding affine geometric mapping. Let us set

V(U) == {¢&(vp) | v € Vio(U)},
Q) = (W (an) lan € Qu(U)}Y,  QU) = {¥%(an) | an € Qn(U)},

where 9% is the pullback by Ty and 1/JdU is the contravariant Piola transfor-
mation, i.e., ¥f (q) := g o Ty and ¥ (v) := det(Jy )" (v o Tyy) (see Defini-
tion 9.8). One can verify that both spaces V (U) and Q(U) are 8-dimensional,
whereas the space Q) is 9- dimensional Let B : V(U) — Q(U) be de-
fined by (B(9),4) 25, = Jpd@)V-8(2)dZ for all (3,9) € V(U)xQ(D).
A lengthy but stralghtforward computatlon (see Exercise 55.5) shows that
im(B)* = span(1), where - means the L?- orthogonal complement in Q(D).
Since Q(U) = (spam(llA))l this result implies that B : V(U) — Q(U) is sur-

jective. (Actually, B is bijective since dim(V (U)) = dim(Q(U)).) Hence, we
have

inf  sup |qu (@) da] =: Bl >0,
‘JEQ(U)veV(U) ”AHQ(U)anv(U)
with ||'U||V([7) = |1A;|H1([7) and H(/]\HQ([’}) = ||7j||L2([7). Using the scaling in-

equality (11.7b) and the regularity of the mesh sequence (Up)ney, we infer
that there is ¢ > 0 s.t. e1]|v||v]l¢llo < Hf’Hv(ﬁ)”qA”Q(ﬁ) for all v € Vi (U),

all q E Qh( ), all U € Uy, and all h € H. Since [;q(x)V-v(x)dz =

Jpalx x)dzx (see Exercise 14.3(i)), we infer that
d ~
inf sup |qu () dz| =: 31 >c182 >0, (55.10)
qeQ(U) veV)o(U) ||q||Qh||v||V

i.e., the inf-sup condition (55.4a) is satisfied uniformly w.r.t. h € H. O



Part XI. PDES IN MIXED FORM 429

The analysis of the (Py,Pb) pair is a little bit more subtle since filtering
the spurious pressure modes is not enough to approximate the velocity and
the pressure properly on general meshes, but filtering is sufficient on twice
quadrisected crisscrossed meshes or Powell-Sabin meshes.

Lemma 55.15 ((Py,P)). Let (Th)nen be a shape-reqular mesh sequence of
either twice quadrisected crisscrossed meshes or Powell-Sabin meshes. Then
the (Py,PY) pair optimally approzimates the velocity of the Stokes problem
(i.e., first-order in the H'-seminorm) and the approzimation of the pressure
1s optimal as well after post-processing the spurious pressure modes.

Proof. See Qin [328, Thm. 7.4.2], Zhang [402]. O
Three-dimensional extensions of the above results are available.

Lemma 55.16 ((Py,Pt_,), d = 3). Let (Th)nhen be a shape-regular sequence
of simplicial barycentric quadrisected meshes in R3. The (]P’k,]P’z_l) pair is
uniformly stable for all k > 3.

Proof. See Zhang [401, Thm. 5]. O

Lemma 55.17 ((P2,PY), d = 3). Let (Ty)nen be a shape-regular sequence of
Powell-Sabin simplicial meshes in R3. The (P2, P?) pair optimally approxi-
mates the velocity and after post-processing the spurious modes, the approxi-
mation of the pressure is optimal as well.

Proof. See Zhang [403, Thm. 4.1]. O

55.4 Nonconforming and hybrid methods

In this section, we review some nonconforming and some hybrid discretization
methods. Let us start with a nonconforming approximation technique based
on the Crouzeix—Raviart finite element studied in Chapter 36. Let (7Tr)nen
be a shape-regular sequence of affine simplicial meshes. Let P{j(75) be the
Crouzeix—Raviart finite element space with homogeneous Dirichlet conditions
(see (36.8)). Recall that Py§(75) is composed of piecewise affine functions
with continuous mean value across the mesh interfaces and zero mean value
at the boundary faces. The (P{®,PP) pair gives the following approximation
spaces:

VhO = Pl(,%(ﬁl)a Qh = P&*(ﬁz)v (5511)
where P{((75) is composed of vector-valued functions with each Cartesian
component in Py’§(7x). Observe that Vj,g is nonconforming in W, (D). The
conventional representation of the (P{®, P§) pair is shown in Figure 55.3.

To avoid technicalities related to the discrete version of Korn’s inequality

in Vi (see §42.4.1), we assume in this section that the momentum equa-
tion in the Stokes equations is written in the Laplacian (or Cauchy—Navier)
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Dimension 2 Dimension 3

velocity pressure velocity pressure

Fig. 55.3 Conventional representation of the (P{*,P}) pair in dimensions two (left) and
three (right, only visible velocity degrees of freedom are shown). The pressure degree of
freedom is the average over each mesh cell.

form (see Remark 53.3), i.e., we replace the bilinear form a defined in (53.5)
by a(v,w) = [, pVo:Vwdz. Since Vjo is nonconforming, we define the
following discrete counterparts of the bilinear forms a and b:

an(vn, wp) Z / pNVop:Vwydz,  by(vi,qn) : Z / qn V-, dz,

KeThn KeTy

and consider the following discrete problem:

Find uy € Vi and pp, € Qj, such that
ah(uh, 'Uh) + bh(vh,ph) = F(’Uh), Yo € Vi, (55.12)
br(un, qn) = G(qn), Van € Qn,

where the linear forms on the right-hand side are defined as before as
F(vy) == [, fonde and G(qn) := — [, gqndz. Let p € (1,00) and let us
equip Vi with the mesh-dependent norm |vh|1‘)/V1’P(Th) = keT: |vh|"’}vl,p(K)
(the same reasoning as in the proof of Lemma 36.4 shows that v, —
|vn|wir(T,) is indeed a norm on Vj).

Lemma 55.18 (Stability). Let p,p’ € (1,00) be s.t. % + 1% = 1. There is
Bo such that for all h € H,
b
inf sup 151 (0n, 4n)| > By > 0. (55.13)

WhEQh vy, eVio [Vn|W1p Th)”qh”LP D)

Proof. For all r € LZ(D), there is v, € W,y*(D) s.t. Voo, = r and
lvrlwirpy < cllr|le(p)y (see Remark 53.10). Let I : Wy P(D) = Vig
be the vector-valued Crouzeix—Raviart interpolation operator. Owing to the
local commuting property established in Exercise 36.1, we have by, (Z§(v,) —
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v, qn) = 0 for all g5, € @Qy,. Since

/ qnr dz = b(vy, gn) = by (vr, qn) = bp(Z35(vr), qn),
D

we infer that

| Qh”’d:Z?| by (TSR (v, . ah
lanll iy < sup @l on (Z55 (v,), n)]|
reLf (D) 7l e (D) reL?(D) 7] e (D)
< sup M |Igr(§('vr)|wlﬁp(7*h)
~evio [Onlwrr iy rerzo) lIrlleeo)

Using the W, P-stability of Z(3 (see Lemma 36.1 with r:=0) together with
|I§zl§)(”r)‘wl,p(7h)
||7“HLP(D)

formly bounded w.r.t. h € H. This proves the expected inf-sup condition. O

the above bound on v;, we conclude that sup,¢r»(p) is uni-

Remark 55.19 (Convergence rate). The (P{®,Pb) pair is first-order ac-
curate. More precisely, let (u,p) solve (53.6) and assume that w € H?(D) N
H{} (D), p e HY(D)NL?(D). Then the solution to (53.14) with (Vi0, Qp) de-
fined in (5511) satisfies ,LLHVh(u—uh)H]Lz(D)+Hp—thL2(D) < ch(,u|u|H2(D)+
|p| 1 (Dy). Moreover, if the assumptions of Theorem 53.19 are met for some
s € (0,1], we have pl|u — un|lp2(py < ch* 05 * (ulu|mz(py + Pl (p)); see
Exercise 55.4. a

Remark 55.20 (Literature). The (P{® Pb) pair has been introduced by
Crouzeix and Raviart [151]. A quadrilateral nonconforming mixed finite ele-
ment has been introduced by Rannacher and Turek [330, 366]. O

Remark 55.21 (Fortin operator). The proof of Lemma 55.18 shows that
the Crouzeix—Raviart interpolation operator acts as a nonconforming Fortin
operator. Indeed, we have V-(Z(8(v)) = II%(V-v) for all v € W (D) and
all K € Ty, (see Exercise 36.1), and since any q;, € @ is piecewise con-
stant, this implies that by, (Z}§(v) — v, ¢n) = 0. Moreover, there is 79 > 0 s.t.
Y L5 () lwie(n) < [vlwie(py for all v € WHP(D) and all h € H. O

An arbitrary-order discretization of the Stokes equations can be done by
using the hybrid high-order (HHO) method introduced in §39.1. The method
uses face-based and cell-based velocities together with discontinuous cell-
based pressures. Let &k € N denote the degree of the velocity and pressure
unknowns. As in Di Pietro et al. [169], one can take any k > 0 if one uses the
Cauchy—Navier form of the momentum equation (see Remark 53.3). If one
uses instead the formulation based on the linearized strain tensor (i.e., (53.1a)
with (53.2)), then one can adapt the HHO method for the linear elasticity
equations from Di Pietro and Ern [166] (see §42.4.3). In this case, one takes
k > 1 since the analysis invokes a Korn inequality in each mesh cell. In prac-
tice, the size of the linear system can be significantly reduced since one can
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eliminate locally all the cell-based velocities and all the (cell-based) pressures
up to a constant in each cell. The size of the linear system is thus reduced
to dim (P 4—1)xdx Ng + N, where Ny and N, are the number of mesh faces
and cells, respectively. Other methods using similar discrete unknowns are
the hybridizable discontinuous Galerkin (HDG) methods developed by Egger
and Waluga [184], Cockburn and Shi [132], and the related weak Galerkin
methods from Wang and Ye [387]. See also Lehrenfeld and Schéberl [281]
for HDG methods with H (div)-velocities and Jeon et al. [254] for hybridized
finite elements.

Remark 55.22 (Well-balanced scheme). For the (P{%,P§) pair, the
discrete velocity fields are divergence-free locally in each mesh cell, but since
Vio is nonconforming in H (div; D) (the normal component of fields in Vjg
can jump across the mesh interfaces), these fields are generally not divergence-
free in D. Recalling Remark 53.22, this means that the discretization is not
well-balanced, and this can lead to a poor velocity approximation in problems
with large curl-free body forces. This issue has been addressed in Linke [283],
where a well-balanced scheme is designed by using a lifting operator mapping
the velocity test functions to the lowest-order Raviart—Thomas space in order
to test the body forces in the discrete momentum balance equation. A similar
modification is possible for the HHO discretization by using a lifting operator
mapping the velocity test functions to the Raviart—Thomas space of the same
degree as the face-based velocities; see [169]. O

55.5 Stable pairs with Q,-based velocities

It is possible to used mixed finite elements based on quadrangular and hex-
ahedral meshes. Since the literature on the topic is vast and this chapter is
just meant to be a brief overview of the field, we only mention a few results.
We assume in the entire section that (7p)pep is a shape-regular sequence of
affine meshes composed of cuboids. We start with a negative result.

Lemma 55.23 ((Qx, Qb _,)). The (Qk,Q}_,) pair composed of continuous
Qy;. elements for the velocity and discontinuous Qr_1 elements for the pressure
does not satisfy the inf-sup condition for all k > 1.

Proof. This result is established in Brezzi and Falk [92, Thm. 3.2]. A proof
is proposed in Exercise 55.3. a

It is possible to save the situation by removing some degrees of freedom
in the pressure space. This can be done by considering the polynomial space
P} instead of QP with [ € {0,1}.

Lemma 55.24 ((Q2,P})). The (Q2,Py) pair satisfies the inf-sup condition
(53.15) uniformly w.r.t. h € H in R2.
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Proof. The proof is the same as that for the (P2, P5) pair. For every face/edge
F € Fy and every v, € Q5 ((Tn), vjp-nr is quadratic and one can use
Simpson’s quadrature rule to compute fF vp-np ds; see Exercise 55.2. a

Lemma 55.25 ((Q2,PY)). The (Q2,PY) pair satisfies the inf-sup condition
(53.15) uniformly w.r.t. h € H in R? and yields the same error estimates as
the Taylor—Hood mized finite element.

Proof. The proof is similar to that of the (Py,P}) pair. The reader is referred
to Boffi et al. [65, §8.6.3.1] for other details and a literature review. O

Remark 55.26 (Q; geometric transformation). Let us assume that for
all K € Tp, the geometric finite element that is used to construct the cells in
Th is the Lagrange Q; element; see §8.1. Then the (Qa, P?) pair satisfies the
inf-sup condition (53.15) uniformly w.r.t. h € H in R? (the proof is the same
as that of Lemma 55.25), but, as shown in Arnold et al. [22], the approxima-
tion properties are suboptimal since in this case the polynomial space P; is
not rich enough to ensure optimal approximability of the pressure. a

Exercises

Exercise 55.1 (Local mass balance). Let uj, € Vg and g € L2(D) satisfy
[panV-undz = [} qngda forall g, € PP (T5). Show that [, (4%) "' (¢)V-up dz =
S @W5)H(@)g da for all ¢ € Py 4 and all K € T, with o5 (q) := qoTk. (Hint:

use that [, V-uy, dz = [, gdz =0.)

Exercise 55.2 ((P2,Ph)). Complete the proof of Lemma 55.8. (Hint: to
show that the assumption (ii) from Lemma 54.2 is met, prove that [, (v —
II;,(v))ds = 0 for all F € Fjy using Simpson’s quadrature rule; to
show that the assumption (iii) is met, show first that [ITop(v)lwir(k) <

i3
chi > pe Fo |lvllLr(ry and then invoke the multiplicative trace inequal-
ity (12.16).)

Exercise 55.3 ((Qx, QY _,)). (i) Justify Lemma 55.23 for k := 2 by con-
structing a counterexample. (Hint: given an interior vertex of a uniform
Cartesian mesh, consider the patch composed of the four square cells sharing
this vertex, and find an oscillating pressure field using (ii) from Exercise 54.3.)
(ii) Generalize the argument for all k& > 2.

Exercise 55.4 ((P{*,P})). Justify the claim in Remark 55.19. (Hint: see the
proof of Theorem 36.11.)

Exercise 55.5 ((P2,P?), HCT mesh). Using the notation from the proof
of Lemma 55.14, the goal is to prove that im(B)* = span(l;). Let 21 :=
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(0,0), 22 := (1,0), 23 := (0,1), 24 := (3, %) Consider the triangles K :=
conv(zy, 22, 24), Ky = conv(Zs, 23, 24), and K. 3 = conv(zg,zl,z4) Let p €
PP(U) with the reference macroelement U :={Ky, K, K3}, and set

p1i= DR, (21), p2 =g, (22), p3 =g, (Z4),

q1 -—pu@(?z) q2 —p|K2(23) a3 ‘= p|f(2(24)7
s1i= Dz, (Bs), 52:= Dy, (B1), s31= Pz, (24).

Let 14 := 1(214+24), M2q := L(22+24), Miaq := L(23+24). Let u € P, ()
and set (urz,v7)T = w(mis), (us,vs)" = w(Mas), (ug,ve)" = u(mMiz4),
(u10,v10) " := w(Z4). (i) Show (or accept as a fact) that

/A pV-udZ = (—u7 + us + 4dvy + 2vs)p1
K1
+ (—uy + ug + vy + 5vg)p2 + (—2u7 + 2ug — v7 + vg + 3v10)P3

(Hmt compute the Py shape functions on K 1 associated with the nodes 7214,

Moy, and zy.) (i) Let TA K1 — Kg, TA K1 — K3 be the geometric
mappings s.t.

P N -1 -1\ . . - 0 1\, . -
Ty (@) :—z2+(1 O) @-2), Tz (@) :—z3+(_1 _1) @ 2).

Verify that T maps the vertices of K, to the vertices of K; for i € {2,3}.
(iii) Compute the contravariant Piola tranformations 1/:%2 (v) and 1/:%3 (v).
(iv) Compute [ pV-udZ for i € {2,3}. (Hint: use Steps (i) and (iii), and
Jz, aVvdz = [z V%, (@) V- (¢, (v)) dZ (see Exercise 14.3(i)).) (v) Write the
linear system correiponding to the statement (E(u),p)m(ﬁ) = [5pV-uds =
0 for all w € Py ,(U), and compute im(B)*.

Exercise 55.6 (Macroelement partition). Reprove Corollary 55.3 with-
out invoking the partition lemma (Lemma 55.1). (Hint: see Brezzi and Bathe
[91, Prop.4.2].)

Exercise 55.7 (Macroelement, continuous pressure). Let the assump-
tions of Proposition 55.5 hold true. (i) Show that there are ¢i,co > 0 s.t.

b(vn, 1
SUDy, eV, I |(|:’;2Hq‘;:)| > ClBDHQhHQ_C?(ZUeuh h%]|qh|§p(U)) 2 forall ¢, € Qp

and all h € H. (Hint: use the quasi-interpolation operator Z7}, and proceed
as in the proof of Lemma 54.3.) (ii) Setting g, = \_11J| Ji an dz, show that

there is ¢ s.t. [qn v |mr ) < cllan — thHL2 for all U € Uy, and all h € H.
(Hint: use Lemma 11.7 and the affine geometrlc mapping Ty : U — U.) (iii)

Prove Corollary 55.5. (Hint: use Remark 55.4. See also Brezzi and Bathe [91,
Prop 4.1].)



