Fluid Mechanics: Numerical Methods. In J.-P. Francoise, G.L. Naber and S.T. Tsou (eds.)
Encyclopedia of Mathematical Physics vol. 2, pp. 365-374 (2006). Oxford: Elsevier. (ISBN 978-0-1251-

2666-3)

Jean-Luc Guermond, LIMSI, CNRS, University Paris
Sud, Orsay, France and Texas A&M University, Col-
lege Station, Texas

The objective of this article is to give an overview
of some advanced numerical methods commonly
used in fluid mechanics. The focus is set primarily
on finite elements methods and finite volume meth-
ods.

1. FLuiD MECHANICS MODELS

Let Q be a domain in R? (d = 2, 3) with bound-
ary 02 and outer unit normal n. ) is assumed to
be occupied by a fluid. The basic equations govern-
ing fluid flows are derived from three conservation
principles: conservation of mass, momentum, and
energy. Denoting the density by p, the velocity by
u , and the mass specific internal energy by e;, these
equations are

(1)
(2)
(3)

where o is the stress tensor, € = £(Vu + Vu)T is
the strain tensor, f is a body force per unit mass
(gravity is a typical example), g7 is a volume source
(it may model chemical reactions, Joule effects, ra-
dioactive decay, etc.), and j 1 is the heat flux. In ad-
dition to the above three fundamental conservation
equations, one may also have to add L equations

Op+V-(pu) =0
I(pu) + V-(pu®u) = V-o + pf,
0y(pe;) + V-(pue;) = o€ +qr —V-jr,

that accounts for the conservation of other quan-
tities, say ¢y, 1 < £ < L. These quantities may
be the concentration of constituents in an alloy, the
turbulent kinetic energy, the mass fractions of vari-
ous chemical species by unit volume, etc. All these
conservation equations take the following form

(4) 9(pge)+V-(pude) = 44, —V-jy,,

Henceforth the index ¢ is dropped to alleviate the
notation.

The above set of equations must be supple-
mented with initial and boundary conditions. Typ-
ical initial conditions are pj;—g = po, Ut—o = Uo,
and ¢;—9 = ¢o. Boundary conditions are usu-
ally classified into two types: the essential bound-
ary conditions and the natural boundary conditions.
Natural conditions impose fluxes at the boundary.
Typical examples are

1</¢< L.

(O"'I’l + R'LL)|§Q = Qq,

(Grm+rrei) oo = ar
and

(Jom+71p0) 00 = ag.
The quantities R, r7, ry, @, ar, ag are given.
Essential boundary conditions consist of enforcing
boundary values on the dependent variables. One
typical example is the so-called no-slip boundary
condition: ujpn = 0.

The above system of conservation laws is closed
by adding three constitutive equations whose pur-
pose is to relate each field o, g, j4 to the fields p,
u, and ¢. They account for microscopic properties
of the fluid and thus must be frame independent.
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Depending on the constitutive equations and ade-
quate hypotheses on time and space scales, various
models are obtained. An important class of fluid
model is one for which the stress tensor is a linear
function of the strain tensor, yielding the so-called
Newtonian fluid model:

(5) o= (—p+AV-u)l + 2ue.

Here p is the pressure, I is the identity matrix, and
A and p are viscosity coefficients. Still assuming
linearity, common models for heat and solute fluxes
consist of assuming

(6) Jr=—rVT,  js=-DVo,

where T is the temperature. These are the so-called
Fourier’s law and Fick’s law, respectively.

Having introduced two new quantities, namely
the pressure p and the temperature 7', two new
scalar relations are needed to close the system.
These are the state equations. One admissible
assumption consists of setting p = p(p,T). An-
other usual additional hypothesis consists of as-
suming that the variations on the internal energy
are proportional to those on the temperature, i.e.,
de; = cp0T.

Let us now simplify the above models by assum-
ing that p is constant. Then, mass conservation im-
plies that the flow is incompressible, i.e., V-u = 0.
Let us further assume that neither A, u, nor p de-
pend on e;. Then, upon abusing the notation and
still denoting by p the ratio p/p, the above set
of assumptions yields the so-called incompressible
Navier—Stokes equations:

(7) Vu =0,
(8) ou + u-Vu —vAu+ Vp = f.

As a result, the mass and momentum conservation
equations are independent of that of the energy and
those of the solutes:

() pep(T +u-VT) = V-(kVT) = 2psece +qr.
(10) 916+ uVe —L1V-(DVe) = 1.

Another model allowing for a weak dependency
of p on the temperature, while still enforcing incom-
pressibility, consists of setting p = po(1—83(T—Tp)).
If buoyancy effects induced by gravity are impor-
tant, it is then possible to account for those by set-
ting f = pog(l — B(T — Tp)), where g is the grav-
ity acceleration, yielding the so-called Boussinesq
model.

Variations on these themes are numerous and a
wide range of fluids can be modeled by using nonlin-
ear constitutive laws and nonlinear state laws. For
the purpose of numerical simulations, however, it is
important to focus on simplified models.

2. THE BUILDING BLOCKS

From the above considerations we now extract a
small set of elementary problems which constitute
the building blocks of most numerical methods in
fluid mechanics.

2.1. Elliptic equations. By taking the divergence
of the momentum equation (8) and assuming u to
be known and renaming p to ¢, one obtains the
Poisson equation

where f is a given source term. This equation plays
a key role in the computation of the pressure when
solving the Navier—Stokes equations; see (54b). As-
suming adequate boundary conditions are enforced,
this model equation is the prototype for the class
of the so-called elliptic equations. A simple gen-
eralization of the Poisson equation consists of the
advection-diffusion equation

(12) u-Vo - V-(kVo) = f,

where £ > 0. Admissible boundary conditions are
(kO +1rd)lag = a, 7 > 0, or ¢jpq = a. This
type of equation is obtained by neglecting the time
derivative in the heat equation (9) or in the solute
conservation equation (10). Mathematically speak-
ing (12) is also elliptic since its properties (in par-
ticular, the way the boundary conditions must be
enforced) are controlled by the second-order deriva-
tives. For the sake of simplicity, assume that u = 0
in the above equation and that the boundary con-
dition is ¢|gq = 0, then it is possible to show that ¢
solves (12) if and only if ¢ minimizes the following
functional

Tw) = [ (V9 - o) dz,
where | - | is the Euclidean norm and v spans

Writing the first-order optimality condition for this
optimization problem yields [, V¢ - Vi = [, fi,
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for all ¢» € H. This is the so-called variational for-
mulation of (12). When w is not zero, no varia-
tional principle holds but a similar way to refor-
mulate (12) consists of multiplying the equation by
arbitrary functions in H and integrating by parts
the second-order term to give

(14) /Q (WYY + KV Vi) = /Q fo, Ve H.

This is the so-called weak formulation of (12). Weak
and variational formulations are the starting point
for finite element approximations.

2.2. Stokes equations. Another elementary
building block is deduced from (8) by assuming
that the time derivative and the nonlinear term
are both small. The corresponding model is the
so-called Stokes equations

(15) —vAu+Vp = f,
(16) Vau =0.
Assume for the sake of simplicity that the no-slip

boundary condition is enforced: u|sq = 0. Intro-
duce the Lagrangian functional

L(v,q) = /(Vu:Vv — ¢V — f)de.
Q
Set
X = {v; / |Vol|? de < oo; vjgn = 0}
Q

M ={g; /q2dm<oo}.
Q

Then, the pair (u,p) € X xM solves the Stokes
equations if and only if it is a saddle-point of L,
i.e.,

(17) L(w,q) < L(u,p) < L(v,p), V(v,q)eX M.

In other words, the pressure p is the Lagrange mul-
tiplier of the incompressibility constraint V-u = 0.
Realizing this fact helps to understand the nature
of the Stokes equations, specially when it comes to
construct discrete approximations. A variational
formulation of the Stokes equations is obtained by
writing the first-order optimality condition, namely:

/(VVU,:VU —pVo— fo)de =0, YvelX,
Q
/ qV-udx =0, Vqe M.

Q

When the nonlinear term is not zero in the momen-
tum equation, or when this term is linearized, there

is no saddle-point, but a weak formulation is ob-
tained by multiplying the momentum equation by
arbitrary functions v in X and integrating by parts
the Laplacian, and by multiplying the mass equa-
tion by arbitrary functions ¢ in M:

(18) /Q((rou)erVVu:vapV-v)dm:/Qf~'v,
(19) /QqV~u:0.

2.3. Parabolic equations. The class of elliptic
equations generalizes to that of the parabolic equa-
tions when time is accounted for:

(20)  Op+u-No—V-(kV) = f, =0 = do.

Fundamentally, this equation has many similarities
with the elliptic equation

(21) ap+uVo—V-(kVo) = f,

where @ > 0. In particular, the set of bound-
ary conditions that are admissible for (20) and
(21) are identical, i.e., it is legitimate to enforce
(kOn o + r¢)|ag =a, r > 0, or ¢|pn = a. Moreover,
solving (21) is always a building block of any algo-
rithm solving (20). The important fact to remember
here is that if a good approximation technique for
solving (21) is at hand, then extending it to solve
(20) is usually straightforward.

2.4. Hyperbolic equations. When 7= — 0,
where U is the reference velocity scale and L is the
reference length scale, (20) degenerates into the so-
called transport equation

(22) O+ uVe = f.

This is the prototypical example for the class of
hyperbolic equations. For this equation to be well-
posed it is necessary to enforce an initial condition
®li=0 = ¢o and an inflow boundary condition, i.e.,
Plaa- = a, where 00~ = {x € 0Q; (un)(z) < 0}
is the so-called inflow boundary of the domain. To
better understand the nature of this equation, in-
troduce the characteristic lines X (z, s;t) of u(x,t)
defined as follows:

di X (x,s;t) = u(X(z,s;t),t),
(23) { X((a: 3'5;::3.( ( "

If w is continuous with respect to ¢ and Lipschitz
with respect to @, this ODE has a unique solution.
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Furthermore, (22) becomes

24)  di[p(X (@, 5:1),1)] = [(X (@, 551),1).

Then
o(x,t) = o (X (x,1;0)) —l—/o f(X(x,t;7),7)dr

provided X (z,t;7) € Q for all 7 € [0,¢]. This shows
that the concept of characteristic curves is impor-
tant to construct an approximation to (22).

3. MESHES

The starting point of every approximation tech-
nique for solving any of the above model problems
consists of defining a mesh of 2 on which the ap-
proximate solution is defined. To avoid having to
account for curved boundaries, let us assume the do-
main € is a two-dimensional polygon (resp. three-
dimensional polyhedron). A mesh of Q, say 7y, is a
partition of € into small cells hereafter assumed to
be simple convex polygons in two dimensions (resp.
polyhedrons in three dimensions), say triangles or
quadrangles (resp. tetrahedrons or cuboids). More-
over, this partition is usually assumed to be such
that if two different cells have a nonempty intersec-
tion, then the intersection is a vertex, or an entire
edge, or an entire face. The left panel of Figure 1
shows a mesh satisfying the above requirement. The
mesh in the right panel is not admissible.

Fig 1: Admissible (left) and nonadmissible (right)
meshes.

4. FINITE ELEMENTS: INTERPOLATION

The finite element method is foremost an inter-
polation technique. The goal of this section is to
illustrate this idea by giving examples.

Let 7, = {Km}1<m<n,., be a mesh composed of
N1 simplices, i.e., triangles in two dimensions or
tetrahedrons in three dimensions. Consider the fol-
lowing vector spaces of functions
(25)

Vi, ={vp € CO(Q); Vh|K, € P, 1 <m < Nq},

where Py, denotes the space of polynomials of global
degree at most k. V}, is called a finite element ap-
prozimation space. We now construct a basis for
Vh.

Given a simplex K, in R?, let v, be a vertex
of K,,, let F,, be the face of K,, opposite to v,,
and define n,, to be the outward normal to F,,
1 <n < d+ 1. Define the barycentric coordinates

(x —v,) n,

(26) Anf) =1 = (o

y 1 <n< d + 17
where v; is an arbitrary vertex in F,, (the definition
of A\, is clearly independent of v; provided v; be-
longs to F,,). The barycentric coordinate A, is an
affine function; it is equal to 1 at v,, and vanishes
on F,; its level-sets are hyperplanes parallel to F,.
The barycenter of K,, has barycentric coordinates
1 1
(d+1""’d+1)'
The barycentric coordinates satisfy the following
properties: For all x € K,;,, 0 < A (x) < 1, and
for all € R?,

d+1 d+1
Z)\n(w) =1, and Z)\n(ac)(w—vn) =0.
n=1 n=1

Consider the set of nodes {anm}ti<n<n, of Km
with barycentric coordinates

(333:) 0 <oy ig <k, ot . +ig=k
These points are called the Lagrange nodes of K,,.
It is clear that there are ng, = £(k + 1)(k + 2) of
these points in two dimensions and ng, = %(k +
1)(k + 2)(k + 3) in three dimensions. It is remark-
able that ng, = dim Py.

Let {b1,...,bn} = Uk, cr,{@1m,- -5 Qnym}
be the set of all the Lagrange nodes in the mesh.
For K., € T, and n € {1,...,na}, let j(n,m) €
{1,..., N} be the integer such that @, m = b m);
j(n,m) is the global index of the Lagrange node
Qnm- Let {¢1,...,on} be the set of functions in
Vi, defined by ¢;(b;) = d;;, then it can be shown
that

(27) {o1,...

The functions ; are called global shape functions.
An important property of global shape functions is
that their supports are small sets of cells. More pre-
cisely, let ¢ € {1,...N} and let V; = {m; In;i =
j(n,m)} be the set of cell indices to which the node

, N} is a basis for V.
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b; belongs, then the support of ¢; is Up,ey, K. For
k =1, it is clear that ¢;x, = A for all m € V; and
all n such that i = j(n,m), and p; g, = 0 other-
wise. The graph of such a shape function in two di-
mensions is shown in the left panel of Figure 2. For
k = 2, enumerate from 1 to d+1 the vertices of K,,,
and enumerate from d+2 to ng, the Lagrange nodes
located at the midedges. For a midedge node of in-
dex d+ 2 < n < ngp, let b(n),e(n) € {1,...,d+ 1}
be the two indices of the two Lagrange nodes at
the extremities of the edge in question. Then, the
restriction to K, of a Py shape function ¢; is

(28) Pi| Ky = {)\n(2>\n -U

4)‘b(n)>‘e(n)a
Figure 2 shows the graph of two P, shape functions
in two dimensions.

if1<n<d+1,
if d+2<n < ng,

Fig 2: Two-dimensional Lagrange shape functions:
Piecewise P1 (left) and Piecewise Py (center and right).

Once the space V}, is introduced, it is natural to
define the interpolation operator

N
(29) I, : COQ) > v — Y v(bi)p; € Vi
i=1

This operator is such that for all continuous func-
tion v, the restriction of II;(v) to each mesh cell is
a polynomial in P and IIj,(v) takes the same val-
ues as v at the Lagrange nodes. Moreover, setting
h = maxg, e, diam(K,,), and defining

Il = (/ \T|pdw)% for 1 < p < oo,
Q
the following approximation result holds

[o = Th(0)][ e + AV (v = Ta (0)) e

S Chk"rl H’U||Ck+1(§),

(30)

where ¢ is a constant that depends on the quality of
the mesh. More precisely, for K, € Ty, let pk,, be
the diameter of the largest ball that can be inscribed
into K, and let hg,, be the diameter of K,,,. Then,
¢ depends on ¢ = maxg, 7, Mk, /pK,, - Hence, for
the mesh to have good interpolation properties, it is
recommended that the cells be not too flat. Fami-
lies of meshes for which ¢ is bounded uniformly with

respect to h as h — 0 are said to be shape-regular
families.

The above example of finite element approxima-
tion space generalizes easily to meshes composed
of quadrangles or cuboids. In this case, the shape
functions are piecewise polynomial of partial degree
at most k. These spaces are usually referred to as
Qy approximation spaces.

5. FINITE ELEMENTS: APPROXIMATION

We show in this section how finite element ap-
proximation spaces can be used to approximate
some model problems exhibited in §2.

5.1. Advection-diffusion. Consider the model
problem (21) supplemented with the boundary con-
dition (k0p¢ + r¢)joo = g. Assume £ > 0,
o+ %V-u >0, and r > 0. Define

a( 1) = /Q (a6 + -V + KV H-T) deo

+ /(m roy ds.

Then, the weak formulation of (21) is: Seek ¢ € H
(H defined in (13)) such that for all ¢p € H

a(¢,w):/§2f¢dw+/mgwds.

Using the approximation space Vj defined in
(25) together with the basis defined in (27), we
seek an approximate solution to the above prob-
lem in the form ¢, = SN, Uip; € Vj,. Then, a
simple way of approximating (31) consists of seek-
ing U = (Uy,...,Un)T € RY such that for all
1<i<N

a(én, pi) = / Jpidz + / gpids.
Q ble)
This problem finally amounts to solving the follow-
ing linear system
(33) AU = F,

where A;; = a(pj,¢i) and F; = [, fo;de +
/. aq 9pids. The above approximation technique is
usually referred to as the Galerkin method. The fol-
lowing error estimate can be proved

¢ — dnllee +RIV(S— on)llLe

< Chk“”ﬁf)Hckﬂ(ﬁ),

(31)

(32)

(34)
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where in addition to depending on the shape-
regularity of the mesh, the constant ¢ also depends
on k, a, and f.

5.2. Stokes equations. The line of thought devel-
oped above can be used to approximate the Navier—
Stokes problem (15)—(16). Let us assume that the
nonlinear term w-Vu is linearized in the form v-Vu,
where v is known. Let 7; be a mesh of €, and as-
sume that finite element approximation spaces have
been constructed to approximate the velocity and
the pressure, say X5, and Mj,. Assume for the sake
of simplicity that X, € X and M, C M. As-
sume that bases for X, and M) are at hand, say

{¢1,...,on, } and {91, ...,7nN, }, respectively. Set
a(u, ) = /((v~Vu)-<p +vVu:Vepdz
Q
and
b(v,¢) = —/ YV-vde.
Q

Then, we seek an approximate velocity u, =
Z;V:“l U;p;, and an approximate pressure p, =
Zivz”l Py, such that for all 4 € {1,...,N,} and
all k € {1,...,N,} the following holds

a(un, p;) +b(p;pr) = /waoi de,

(36) b(wn, 1) = 0.
Define the matrix A € RN«Nu such that A;; =
a(p;, ;). Define the matrix B € R»™« such that

Bii = b(¢;,¢r). Then, the above problem can be
recast into the following partitioned linear system

5]

where the vector F € RM+ is such that F; =
fQ f%

An important aspect of the above approximation
technique is that for the linear system to be invert-
ible, the matrix B must have full row rank (i.e., B
has full column rank). This amounts to

JoanV-vp, de

(35)

(37)

(38) 36, >0, inf sup > B,
€My v, ex, ||Vnllx|lqnll
where
onlie = [ 1Voudz,  Janli = [ o
Q Q
This nontrivial condition is called the

Ladyzenskaja—Babuska—Brezzi condition (LBB) in

the literature. For instance, if IP; finite elements
are used to approximate both the velocity and the
pressure, the above condition does not hold, since
there are nonzero pressure fields g in M} such
that [, ¢, V-vj, de = 0 for all vy, in Xj. Such fields
are called spurious pressure modes. An example is
shown in Figure 3. The spurious function alterna-
tively takes the values —1, 0, and +1 at the vertices
of the mesh so that its mean value on each cell is
Zero.

-1 0 +1 /-1 0 +1

+1 /11 1o /1 T-1 To

0 +1 -1 0 +1 -1

-1 0 +1 /-1 0 +1

+1 /-1 0 +1 /|—1 0

0 +1 -1 0 +1 -1
Fig 3: The P1/P1 finite element: the mesh (left); one
pressure spurious mode (right).

Couples of finite element spaces satisfying the
LBB condition are numerous. For instance, assum-
ing k > 2, using P finite elements to approximate
the velocity and P,_; finite elements to approx-
imate the pressure is acceptable. Likewise using
Qy, elements for the velocity and Q_; elements for
the pressure on meshes composed of quadrangles or
cuboids is admissible.

Approximation techniques for which the pressure
and the velocity degrees of freedom are not associ-
ated with the same nodes are usually called stag-
gered approzimations. Staggering pressure and ve-
locity unknowns is common in solution methods for
the incompressible Stokes and Navier—Stokes equa-
tions; see also §7.3.

6. FINITE VOLUMES: PRINCIPLES

The finite volume method is an approximation
technique whose primary goal is to approximate
conservation equations, whether time-dependent or
not. Given a mesh, say 7, = {Ky }1<m<n,,, and a
conservation equation

(39) adip + V-F (¢, Vo, x,t) = f,

(o = 0 if the problem is time-independent and
a = 1 otherwise), the main idea underlying every
finite volume method is to represent the approx-
imate solution by its mean values over the mesh



Fluid Mechanics: Numerical Methods

371

cells (¢x,, -, by, )" € RN and to test the con-
servation equation by the characteristic functions
of the mesh cells {1f,,...,1xy }. For each cell
K,, € Ty, denote by ng,, the outward unit nor-
mal vector and denote by F,, the set of the faces
of K,,. The finite volume approximation to (39)
consists of seeking (¢x,, .- ~7¢KNe1)T € RNl such
that the function ¢, = Eﬁil oK, Lic,m satisfies
the following: For all 1 < m < Ng

(40)  |Km|adiork,, (t) + Z E 7 (én, Vidn, t) =

O'E]“vn
/ f da,
K

|K’m| = / dmv
K

Vi¢p is an approximation of V¢, and F;"? is an
approximation of

/F(¢7V¢7w,t)~n;<m do.

The precise definition of the so-called approximate
flux F;™ depends on the the nature of the problem
(e.g., elliptic, parabolic, hyperbolic, saddle point)
and the desired accuracy. In general the approxi-
mate fluxes are required to satisfy the following two
important properties:

1. Conservativity For K,,,K; € 75 such that
o=KnNK;, F" = —F}".

2. Consistency: Let P be the solution to (39), and

setz/Jh—‘ |fK Wdzt.. —|—‘K ‘fK 1 dz, then

where

F% (Yn, Viaip, t) h_)o / F(y,Vi,x,t)ndo.

The quantity

IF;Z""’(wh,Vhwh,t)—/F(w,w,x,t)-nda|

is called the consistency error.

Note that (40) is a system of Ordinary Differ-
ential Equations (ODEs). This system is usually
discretized in time by using standard time-marching
techniques such as explicit Euler, Runge-Kutta, etc.

The discretization technique above described is
sometimes referred to as cell-centered finite volume
method. Another method, called wertez-centered
finite volume, consists of using the characteristic
functions associated with the vertices of the mesh
instead of those associated with the cells.

7. FINITE VOLUMES: EXAMPLES

In this section we illustrate the ideas introduced
above. Three examples are developed: the Poisson
equation, the transport equation, and the Stokes
equations.

7.1. Poisson problem. Consider the Poisson
equation (11) equipped with the boundary condi-
tion 0,,¢jpq = a. To avoid technical details, assume
that Q =]0,1[?. Let K be a mesh of Q composed
of rectangles (or cuboids in three dimensions).

The flux function is F (¢, Vo, x) = —V¢; hence,
F™? must be a consistent conservative approxima-
tionof — [ ng, -Védo. Let o be an interior face of
the mesh and let K,,, K; be the two cells such that
o =K, NK, Let xg,  xk, be the barycenters
of K,, and Kj, respectively. Then, an admissible
formula for the approximate flux is

o]

(41) F7 =~ (bK, — PK.),

K, — Tk
where |o| = [ do. The consistency error is O(h)
in general, and is O(h?) if the mesh is composed of
identical cuboids. The conservativity is evident. If
o is part of 0f), an admissible formula for the ap-
proximate flux is F;"” = — [ ado. Then, upon
defining Fi. = fK A\ and fK = Fg,, N 0L,
the finite volume approximation "of the Poisson

problem is: Seek ¢, € RNe such that for all

1<m< Nel

42) > 7= / fdm+ Y /ada
cEFk oerd, 7

7.2. Transport equation. Consider the transport
equation

(43)
(44)

¢+ V-(ug) = f,
Bli=0 = %0, P~ = a,

where u(z,t) is a given field in C*(Q x [0,7]). Let
7Tn be a mesh of €. For the sake of simplicity, let
us use the explicit Euler time-stepping to approxi-
mate (40). Let N be positive integer, set At = &
set t" = nAt for 0 < n < N, and partition [0, 7] as
follows

N-1

U et

n=0

[OvT] =
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Denote by ¢ € RMel the finite volume approxi-
mation of ¢p(t"). Then, (40) is approximated as
follows

Wl (gnt — g Y+ S B (n, Vi, t") =
oc€Fm
/ fl@, i) da,
K

where gb(}(m =/ . ¢odx. The approximate flux

(45)

F}Z" “? must be a consistent conservative approxi-
mation of [ (ung, )¢do. Let o be a face of the
mesh and let K,,, K; be the two cells such that
o = K,, N K| (note that if o is on 91, o belongs to
one cell only and we set K,,, = K;). If 0 is on 90027,
set

(46) F7 = /(u~nKm)ada'.
If o is not on 9N, set uy, , = [ (u-ng, )do and
define
n n 'f n >
(47) F}Zn,a _ ¢Kmum,0' 1 um,o = Oa
’}(luﬁm, if Up o < 0.

The above choice for the approximate flux is usu-
ally called the upwind fluz. It is consistent with the
analysis that has been done for (22), i.e., informa-
tion flows along the characteristic lines of the field
u; see (24). In other words, the updating of cz)Z:l
must be done by using the approximate values ¢
coming from the cells that are upstream the flow
field.

An important feature of the above approxima-
tion technique is that it is L°°-stable in the sense
that

n
<
oencibax o 10k, | < cluo, f)

if the two mesh parameters At and h satisfy the
so-called Courant—Friedrichs—Levy (CFL) condition
||w||LeAt/h < ¢(o), where ¢(o) is a constant that
depends on the mesh regularity parameter ¢ =
maxg, eT, MK, /PK,, . In one dimension ¢(o) = 1.

7.3. Stokes equations. To finish this short review
of finite volume methods, we turn our attention to
the Stokes problem (15)—(16) equipped with the ho-
mogeneous Dirichlet boundary condition u|sq = 0.

Let 7}, be a mesh of {2 composed of triangles (or
tetrahedrons). All the angles in the triangulation
are assumed to be acute so that for all K € 7;, the
intersection of the orthogonal bisectors of the sides
of K, say T, is in K. We propose a finite volume

approximation for the velocity and a finite element
approximation for the pressure. Let {ey,...,eq} be
a Cartesian basis for R%. Set 15 = 1x, ey for all
1 <m < Ng and 1 < k < d, then define

X, = span{l}(l,...,1‘}(1,...,1}(Nel,...,1‘;(Nel}.
Let {b1,...,bn,} be the vertices of the mesh, and

let {¢1,...,pn,} be the associated piecewise linear
global shape functions. Then, set

aQDNv}v
M, :{qe Nh; /qdm:O};
Q

N, = span{¢, . ..

see §4. The approximate problem consists of seek-
ing (uk,,...,Uky,) € RNt and p;, € My, such
that for all 1 < m < Ng, 1 < k < d, and all
1<i< Ny,

(48) Z 1;;(751;,?,0 + c(lim,ph) :/ 1lf<nif dx,

oc€EFm Kom

(49) c(uk,,»i) =0,

where
c(vk,,,pn) =/ vy, Vppde.
K’IYL

Moreover,

A(”KW —ug,) ifo=K,NK,
FO — ‘wm - wll

we =
A7l e if o = K,, 109,
d(xm, o)

where d(x,, ,0) is the Euclidean distance between
xg, and o. This formulation yields a linear sys-
tem with the same structure as in (37). Note in
particular that

C('Uh,ph) — vah”le

(50)
oL

sup
v €Xp

Since the mean-value of py is zero, ||Vpp| L is a
norm on Mj. As a result, an inequality similar to
(38) holds. This inequality is a key step to proving
that the linear system is wellposed and the approx-
imate solution converges to the exact solution of
(15)—(16).
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8. PROJECTION METHODS FOR NAVIER—STOKES

In this section we focus on the time approxima-
tion of the Navier—Stokes problem:

(51a) Oou —vAu+u-Vu+ Vp = f,
(51b) Vu =0,

(51c) ujo0 =0,

(51d) Uji—o = Uo-

where f is a body force and ug is a solenoidal ve-
locity field. There are numerous ways to discretize
this problem in time, but, undoubtedly, one of the
most popular strategies is to use projection meth-
ods, sometimes also referred to as Chorin—Temam
methods.

A projection method is a fractional-step time-
marching technique. It is a predictor—corrector
strategy aiming at uncoupling viscous diffusion and
incompressibility effects. One time step is com-
posed of three substeps: in the first substep, the
pressure is made explicit and a provisional veloc-
ity field is computed using the momentum equa-
tion; in the second substep, the provisional velocity
field is projected onto the space of incompressible
(solenoidal) vector fields; in the third substep, the
pressure is updated.

Let ¢ > 0 be an integer and approximate the time
derivative of w using a backward difference formula
of order ¢. To this end, introduce a positive integer
N, set At = 7sett”:nAtfforogngN,amd
consider a partltloning of the time interval in the

form
N-1

U et

n=0

[0,7) =

For all sequences va; = (v°, v, ..., v"), set

q_ .
=2 B,
Jj=0

where ¢ —1 < n < N — 1. The coefficients 3; are
such that

(52) DWWyt = g ontt

q—

Z

=0

1
AL (ﬂqu thrl tn j
is a gth-order backward dlﬁerence formula approx-
imating dyu(t"1). For instance,

D(l)vn+1 n+1 n

—-v,

v
D(2) n+1_% —2’0 _|_1 n— 1'
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Furthermore, for all sequences ¢@a; =
(¢07¢1""’¢N) deﬁne
(53) grtt = Zv ",

so that Zq 0 Vjp(t” ) is a (g—1)th-order extrapo-
lation 0fp(t”+1). For instance, p*"*t! = 0 for ¢ = 1,
p*" Tt = p" for ¢ = 2, and p*ntt = 2p" — pnL for
q = 3. Finally, denote by (u-Vu)*"! a ¢g-th order
extrapolation of (w-Vu)(t"1). For instance,

(wvuy ot = UV
2u™-Vu"—u

ifg=1,

n=lLyyntl if g = 2.

A general projection algorithm is as follows. Set
@’ =ugand ¢! =0for 0 <1< qg—1. Ifg>1,
assume that @', ..., a9, p*7 and (u-Vu)*9 have
been initialized properly For n > q —1, seek @" !
such that ura'gl =0 and

(@ - _
(54a) %u"“ —vAa" !

+V (P g e ) = S
where §"T! = f(t"*1) — (w-Vau)*"*!. Then solve
(54b) A"t =va"tt, O.¢t) =
And finally update the pressure as follows:

(54c)  p"tt=Rrgntlypentl vt

The algorithm (54a)—(54b)—(54c) is known in the
literature as the rotational form of the pressure-
correction method. Upon denoting ua: =
(u(®),...,u(t)) and pas = (p(t°),...,p(t")), the
above algorithm has been proved to yield the follow-
ing error estimates

luas — Baellez(p2) < cAL?,

~ 3
IV(uae — @ad)llez2) + lIPac — pacllez(r2) < cAtz.

where [|all% 2y = At S0 fo [07]? da.

A simple strategy to initialize the algorithm con-
sists of using DM wu! at the first step in (54a), then
using D®@wu? at the second step, and proceeding
likewise until @', ..., @9 ! have all been computed.

At the present time, projection methods count
among the few methods that are capable of solving
the time-dependent incompressible Navier—Stokes
equations in three dimensions on fine meshes within
reasonable computation times. The reason for this
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success is that the unsplit strategy, which consists
of solving

(55&) DA(z) un+1 _ VAu"+1 + vpn+1 _ Sn+17

(55b)  V-u"tl =0, u"ggl =0,

yields a linear system similar to (37), which usu-
ally takes far more time to solve than sequentially
solving (54a) and (54b). It is commonly reported
in the literature that the ratio of the CPU time for
solving (55a)—(55b) to that for solving (54a)—(54b)—
(54c) ranges between 10 to 30.

SEE ALSO

Fluid Dynamics. Incompressible Euler equa-
tions. Newtonian fluids and thermohydraulics.
Navier-Stokes turbulence. Partial differential equa-
tions in fluid mechanics. Variational methods in
turbulence.
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