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Abstract

Faedo-Galerkin weak solutions of the three-dimensional Navier—Stokes equations supplemented with Dirichlet boundary
conditions in bounded domains are suitable in the sense of Scheffer [V. Scheffer, Hausdorff measure and the Navier—Stokes equa-
tions, Comm. Math. Phys. 55 (2) (1977) 97-112] provided they are constructed using finite-dimensional approximation spaces
having a discrete commutator property and satisfying a proper inf-sup condition. Finite element and wavelet spaces appear to be
acceptable for this purpose. This result extends that of [J.-L. Guermond, Finite-element-based Faedo—Galerkin weak solutions to
the Navier—Stokes equations in the three-dimensional torus are suitable, J. Math. Pures Appl. (9) 85 (3) (2006) 451-464] where
periodic boundary conditions were assumed.
© 2007 Elsevier Masson SAS. All rights reserved.

Résumé

On s’intéresse aux solutions faibles des équations de Navier—Stokes avec conditions aux limites de Dirichlet homogenes en
dimension trois qui sont construites comme limites d’approximation de Faedo—Galerkin. Ces solutions sont admissibles (suitable)
au sens de Scheffer [V. Scheffer, Hausdorff measure and the Navier—Stokes equations, Comm. Math. Phys. 55 (2) (1977) 97-112] si
les espaces d’approximation jouissent d’une propriété de commutateur discret et satisfont une certaine condition de compatibilité.
Les éléments finis et les ondelettes satisfont ces hypotheses. Ce résultat étend celui de [J.-L. Guermond, Finite-element-based
Faedo—Galerkin weak solutions to the Navier—Stokes equations in the three-dimensional torus are suitable, J. Math. Pures Appl.
(9) 85 (3) (2006) 451-464] qui a été démontré pour des conditions aux limites périodiques.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction
1.1. Position of the problem

Let £2 be a connected, open, bounded domain in R3. This paper continues the study (initiated in [15]) of the suitable
weak solutions to the Navier—Stokes equation in £2:

osu+u-Vu+Vp—vAu=f in Qr,
{V.u=0 in Qr, (1.1)
ul;=0 =ug, ulr =0,

where Q7 = 2 x (0,T), I' is the boundary of §2. Henceforth we assume f € L2((0,T); H1(£2)) and up € V0 =
{ve LZ(.Q); V.-v=0; v-n|r =0}. Additional regularity requirements on f and up will be added in Section 3, see
(3.14).

The notion of suitable weak solution has been introduced by Scheffer [25] and boils down to the following:

Definition 1.1 (Scheffer). Let (u, p), u € L2((0, T); H' (£2)) N L®((0, T); L2(£2)), p € D'((0, T); L(£2)), be a weak
solution to the Navier—Stokes equation (1.1).
The pair (u, p) is said to be suitable if the local energy balance,

B lu2 +V. luz+ — VA Le Vu)? —f-u<0 1.2
i\ 3 > pu v 2u + v(Vu) u<o, (1.2)

is satisfied in the distributional sense, i.e., in D’'(Q7; R™).

To the present time, the best partial regularity result for the Navier—Stokes equations, i.e., the so-called Caffarelli—
Kohn—Nirenberg theorem [8,21], holds for suitable weak solutions. In a nutshell, this result asserts that the one-
dimensional Hausdorff measure of the set of singularities of a suitable weak solution is zero.

The questions we want to investigate in this work is the following: Is the class of suitable weak solutions a proper
subclass of weak solutions? This problem seems to have been open since Scheffer introduced the notion of suitable
solution. The techniques that are commonly used to construct suitable weak solutions mainly consist of regularizing
the Navier—Stokes equations by adding hyperviscosity [3] or regularizing the nonlinear term [2,8,10]. It is remarkable
that the weak solutions constructed by Leray [20] are actually suitable. Until recently it was not known whether
other ways of constructing suitable solutions existed besides the above explicit regularization tricks. For instance,
what can be said of a weak solution that is constructed by means of the Faedo—Galerkin method? In other words,
does discretization introduces enough regularization (numericists would say artificial dissipation) to select a suitable
solution? In this context, the purpose of the present paper is to partially answer a question raised by Beirdo da Veiga
[2, p. 321] which asks whether there are “evidence that solutions obtained by the Faedo—Galerkin method verify
the local energy estimate”. A partial positive answer to this question has been given in [15] when §2 is the three-
dimensional torus. It is shown in [15] that periodic weak solutions that are limits of Faedo—Galerkin approximations
are suitable provided the approximation spaces satisfy a discrete commutator property. We go further in this paper and,
assuming again that the discrete commutator property holds, the same conclusion is shown to hold if homogeneous
Dirichlet boundary conditions are enforced.

The two main stumbling blocks for proving the local energy estimate are in the passage to the limit in the nonlinear
terms V - (u?u) and V - (pu). Whereas the discrete commutator property together with standard a priori estimates is just
what it takes to take care of V - (uu), passing to the limit on V - (pu) requires non-trivial estimates on the pressure.
This can be taken care of quite easily in the torus, since the pressure solves a Poisson equation and no boundary
conditions are required (see [15, Lemma 3.2]). The matter is significantly more complex when Dirichlet boundary
conditions are enforced. The trick consists of reproducing for the discrete pressure a priori estimates that are similar
to the L? (LL?) estimates of Sohr and von Wahl [26] or Solonnikov [27] (note that p is the pressure and p € [1, +00]
is an exponent). But the non-Hilbertian setting being pretty awkward to handle at the discrete level, this program is
carried out by making use of the fractional exponents of the discrete Stokes operator and deriving estimates in the
HT*(H™%)-norm.

The paper is organized as follows. The rest of this section is devoted to introducing notation and recalling the
definitions of the Leray projector and the Stokes operator. The discrete finite-element-like setting and the Galerkin
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approximation of (1.1) alluded to above is introduced in Section 2. A priori estimates are derived in Section 3. Velocity
estimates are stated in Theorem 3.1 and key estimates on the pressure are stated in Lemma 3.5. The approximate
Galerkin solution is shown to converge to a weak solution of (1.1) in Section 4. The main result of this paper is
reported in Section 5, where we show that the Galerkin solution converges (up to sequences) to a suitable weak
solution of (1.1), see Theorem 5.1. Besides the pressure estimate, the key to this result is that, contrary to spectral
bases, finite element and wavelet spaces have a discrete commutator property, see Definition 5.1.

1.2. Notations and conventions

Spaces of R3-valued functions on £2 are denoted in bold fonts. No notational distinction is made between R-valued
and R3-valued functions. The Euclidean norm in R is denoted by | - |. In the following c is a generic constant which
may depend on the data f, up, v, £2, T. The value of ¢ may vary at each occurrence. Whenever E is a normed space,
|l - || denotes a norm in E. The scalar product in L2(£2) is denoted with parentheses, i.e., (v, w) := fQ v(x)w(x)dx;
the same notation is used for the scalar product in L2(£2).

For 0 < 5 < 1, the space H*(£2) is defined by the real method of interpolation between H 1(£2) and L?(£2), i.e., the
so-called K-method of Lions and Peetre [24], see also [23] or [1], [6, Appendix A]. To define H*(£2), we interpolate
between H'(£2) and H2(£2) if 1 <s < 2. We denote Hg(.Q) to be the closure of D(£2) in H*(§2) for0 <s < 1 and
ﬁg (£2) to be the interpolation space [L2(£2), Hol ()] for 0 <5 < 1 (D(£2) is the space of C* functions that are
compactly supported in £2). For s € (1, 2], ﬁg([)) is defined to be H¥(£2) N HOl (£2). Note that the spaces H*(£2) and
H{j(£2) coincide for 0 < s < % with uniformly equivalent norms (see [23, Theorem 11.1]). The spaces H®(£2) and

ﬁg (£2) coincide for 0 < s < % and their norms are equivalent; i.e., there is ¢; > 0 and a non-decreasing function ¢,
such that

~ 1
cillvlias < llvllgs < cu@)llvlas, Vv eHy, Vs e [O, 5), (1.3)
with lim___ 1 ¢, (s) = 0o, see [23, Theorem 11.7].
2 ~ ~
For negative s, Hé (£2) is the dual of HO_S (£2). The space H*(£2) for s > 0 is defined by duality, i.e.,

(v, w)

p .
0£weD(2) Wl a3

vl g =

Fors € [0, %) U (%, %), H~* coincides with FNIO* (£2). Duality pairing is denoted with brackets, e.g., ( f, v) y-1 Q). 5 (2)
denotes f(v) forall f € H~'(£2) and all v € H(; (£2).

We define L}zo(.Q) (resp. H}zo(Q)) to be composed of those functions in L3(2) (resp. H*(£2), s € [0, 1]) that
are of zero mean.

We denote by —A:D(A) := H(l)(.Q) N H2(2) — L2(£2) the unbounded vector-valued Laplace operator sup-
plemented with homogeneous Dirichlet boundary conditions. The boundary of §2 is assumed to be such that the
H?-regularity property of the Laplace operator holds, i.e., there is ¢ > 0 such that

YoeD(A), vl < cllAvllp. (1.4)

For instance, §2 convex or £2 of class C'! are sufficient conditions for this property to hold, cf. e.g. [14]. The boundary
of £2 is denoted by I".
To account for solenoidal vector fields we set as in [29],

VO={vel*(2); V-v=0; v-n|r =0}, (1.5)
Vi={veH (2); V-v=0; v|r =0}, (1.6)
V2=V nH* (). (1.7)

We denote by P:L?(£2) — V© the L?-projection onto V° (i.e., the so-called Leray projection). We introduce the
Stokes operator A :D(A) := V2 — VO by setting A = — P Aly2. We assume that the domain §2 is such that there is
¢ > 0 so that

Voe V2 ol <cllAv];e. (1.8)
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This property holds in two and three dimensions (d = 2, 3) whenever £2 is convex or of class C!'!, see [9, Theo-
rem 6.3]. We shall also make use of the discrete counterpart of the following generalization of (1.8),

Yoe V', cillig < [ATv], <elblg, Vse <—% 2] (1.9)
The reader is referred to [12, Lemma 4.5, Chapter 3] for a proof.
2. The Galerkin approximation
In this section we introduce the discrete setting and we formulate the discrete problem.
2.1. The discrete setting

We assume that we have at hand two families of finite-dimensional spaces, {Xp}n~0, {Mp}r=0 such that
Xy, C H(l)(Q) and My, C L?»ZO(Q). The velocity is approximated in X; and the pressure in Mj. To avoid irrelevant

technicalities we assume M), C H }:0(9)'
To characterize the approximation properties of the spaces {Xp}x~0, {Mpn}n>0 we assume that

Yo eH)(2), inf [[v— vl =00, (2.1)
vaX}l
. h—0
Vg e L*(2), inf |lg —qnll;2 —> O. (2.2)
qneMy

These hypotheses are standard in the case of finite elements.
2.2. The discrete Stokes operator and H* -stability

We define the discrete Laplace operator Ay, : X, — X as follows:
(Anxn, yn) = =(Vxp, Vyn),  Vxp, yn € Xp.
To account for the solenoidality constraint we set:
Vi = {vn € Xp: (vn, Vgn) =0, Ygn € My} (2.3)
V,;, is composed of the fields of X, that are discretely divergence free. This allows us to define the discrete Stokes
operator Ay :V, — V, as follows: For all u;, € Vj,, Apuy, is the element of Vj, such that
(Apup, vp) = (Vup, Vo), Yo, € Vy. (2.4)

Since Ay, is self-adjoint and positive definite, the operator Aj is well defined for all s € R. We equip the vector
space V), with the norm:

1
lonllvs = (A} vn, va) %, 2.5)

and we denote by Vj the corresponding normed (Hilbert) space. It is clear that {V} };cr is a Hilbert scale in the sense
of the K-interpolation method.

We now assume that the discrete setting is such that there is a positive non-increasing function ¢y > 0 uniform in 4
so that

3
i@l Apvpllgss < lAnvnllys,  Yon € Vi, s € [0, 5)- (2.6)

Observe that for s = 0 this a discrete counterpart of (1.8). This inequality can be proved to hold for a fairly general set
of finite element spaces (see e.g. [18, Corollary 4.4] for the case s = 0 or [17] for the general case).

We also assume that there is a positive function ¢y > 0 uniform in %, non-decreasing for negative arguments and
non-increasing for positive arguments, so that

13
c2(®)llvnllgy < llvnllvy.  Yvn € Vi, Vs € (-5, 5)- 2.7)
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This is the discrete counterpart of (1.9) but it is slightly less trivial to prove than (2.6). It is shown to hold for various
finite-element-like settings in [17].

2.3. The LBB condition in H®

We finally assume that the pair (X, M}) is compatible in the sense that it satisfies a generalized LBB condition:
There is ¢, independent of 4, such that for all s € [0, 1],

(Van, vp)
——— >clignllas,  Yqn € Mp. (2.8)
0£vpeX), ||Uh||ﬁ(l)fs

When s = 0, the above inequality is standard and is often referred to in the literature as the Ladyzhenskaya—Babuska—
Brezzi condition, see e.g. [7,13]. The more general case, s € [0, 1], is quite new and has been shown to hold in [16,
Theorem 3.1] for various pairs of finite element spaces, e.g. the MINI finite element and the Hood-Taylor finite
element.

2.4. The discrete problem

Since V}, is not a subspace of V, i.e., V; is not composed of solenoidal vector-fields, we modify the nonlinear
term in the Navier—Stokes equations as follows. We introduce a bilinear operator nlj, € L([H(l)(.Q)]z; H! (£2)), and
we define the trilinear form by, € E([H(l)(.Q)]S; R) such that by, (u, v, w) = ((nl,(u, v), w)H,lyH(l). ‘We assume that by,
satisfies the following property:

bp(u,v,v) =0, VYveV+Vy. (2.9)

For instance, an admissible form of the nonlinear term is as follows (see e.g. [28])
1
nlp (u, U)=u~Vv+§vV-u. (2.10)

Let K, : L>(£2) — M, @ span{1} be a linear L2-stable interpolation operator (i.e., Cpz — z for all z € L?(£2)), then
another admissible form of the nonlinear term is:

1
nlh(u,v)z(Vxu)xv—i—EV(lCh(wv)). 2.11)
The discrete problem we henceforth consider is as follows: Seek uj, € CO([O, T1; X,) with o,uy, € L2((0, T); Xp)

and pj € LZ((O, T); Mpy) such that for all v, € Xj, all g, € My, ae.t €[0,T]:

Orutn, vi) + bp(up, up, vr) — (pr, V- vp) +v(Vuy, Vop) = (f, vp),
(V-un,q)=0, (2.12)
upli=0 = Ppup.

Note that for all v, in X}, the approximate momentum equation holds in L2(0, T').
3. A priori estimates

In this section we derive a priori estimates on the velocity and the pressure. The main result of this section are the
velocity estimates in Theorem 3.1 and the pressure estimates stated in Lemma 3.5.

3.1. Energy estimates

Owing to the skew-symmetry property (2.9), the following standard a priori energy estimates on uy are easily
deduced:

s, Jaen @2+ llanll 2y < e (3.1)

The following immediately follows:
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Lemma 3.1. Under the above assumptions on f and vy, there is c, independent of h, such that

.3 2 3
||Mh||Lr(H%)+||uh||Lr(Lk)gc, Wlth%'}‘;zi, 2<r, 2<k<6 (32)

Proof. This result is standard and is a consequence of the interpolation inequality (see e.g. Lions and Peetre [24]),

1=-2 2 . 2
||v||H% < c||v||Lz 4 ||v||]’{1, when 2 < r, and the embedding H7 (£2) c L*(£2) for % = % — 3% O

3.2. More estimates

At variance with what has been done for the periodic situation in [15], it is not possible to immediately infer from
the above velocity estimates a bound on the approximate pressure by solving an approximate Poisson equation, since
no (easily controllable) boundary condition on the pressure is at hand.

The alternative path we are going to follow is to take inspiration from Solonnikov [27] and Sohr and von
Wahl [26]. The idea is to put the nonlinear term in the right-hand side and deduce estimates by using prop-
erties of the time-dependent Stokes equations. For instance, in the space continuous situation (3.2) implies that
u-Vuisin LP((0,T);L9(£2)) where p and g satisfy the equality % + 2 =4,1<p<2,1<g< % Hence,
provided f € L?((0, T); L9(£2)), the right-hand side of the time-dependent Stokes problem, say f — u - Vu, is in
L?((0,T); L9($2)). Then under the additional condition p > 1 and ¢ > 1, Sohr and von Wahl [26] have shown that

IVelleo.1):19) + 18:ullLr0,7):L4) + AUl Lr(0.7):L9) < cllfllLr(0.7):L9)s (3.3)
Pl Lr 0, 7y:L) < clifllLr(o,1):19) (3.4)
where % = é — % Then, using ¢ = 2, one infers that p is in L%((O, T); L2(£2)). This together with u being in

L>((0, T); L2(£2)) implies that the term V - (pu) is meaningful in D’ (§27) and if we were able to reproduce (3.4) for
the discrete pressure pj, we could pass to the limit on V - (ppuj). Unfortunately, obtaining a discrete version of (3.4)
requires an L? (L) theory of the resolvent of the discrete Stokes operator which is not available at the present time,
to the best of the author’s knowledge. To go around this difficulty, we are going to work with the Hilbertian setting
and use the theory that has been developed in [17]. The idea is to use the Fourier transform in time as done in Lions
[22, p. 77] to evaluate regularity in time.

Let H be a Hilbert space with norm || - ||g. Let § € [1, 00), and define L(R; H) = {Y: Rot— () € H,;
720w )13, dr < oo}, Forall € L'(R; H), denote by v (k) = [Ty (1)e=%7¥" dr for all k € R the Fourier trans-
form of ¢ with respect to 7. The notion of Fourier transform is extended to the space of tempered distributions with
values in H, say &’(R; H). We shall make use of the following

Lemma 3.2 (Hausdorff-Young inequality). There is ¢ > 0 such that for all p, § € [1,2], and for all ¥ € L(R; H) N
L'(R; H),

N 1 1
Wl @y < cWlps@m, 5+5=1 (3.5)
Following [23, p. 21], we now define:
—+00
HYR; H) = {v e S'(R; H); / (1 + |k|)2y ||ﬁ||%, dk < 4o007. (3.6)

—0oQ
The space H” ((0, T); H) is composed of those tempered distributions in S’((0, T); H) that can be extended to
S'(R; H) and whose extension is in H” (R; H). The norm in H” ((0, T); H) is the quotient norm, i.e.,

lllarqo,r:my = inf  [|Vgr®; H)- 3.7
v

=u
a.e. on(0,7)



J.-L. Guermond / J. Math. Pures Appl. 88 (2007) 87-106 93

Observing thatg € [1, 3]and p € [1,2], we set, s = d(é - b F= % — L. Then the embedding H}(£2) c H* (£2) C
LY (£2), % % = 1, and the Hausdorff—Young inequality imply:

f—u-Vue L"’((O, T); Lq((.?)) CH™ ((O, T); f—ia“(.Q)), Vr>r. (3.8)

Hence our goal is to derive estimates in spaces like H " ((0, T'); fla (£2)).
Henceforth p, g, 7, and s are real numbers satisfying:

2+3 4 € [1.2] 613 s 1 1 _ 1 1 (3.9)
- - =, ) ) s~ | 5= 7, ri=—-——-= .
P q P 1 2 37 g 2 p 2
The condition g € [1, %] implies that
13
el=,=| 3.10
) [2 2} (3.10)
Note in particular that this implies s > % This fact will have important consequences in the sequel.
We now make the following continuity hypothesis on nlj: There is c, independent of £, such that
1 1 1
[ntno. 0l < clvlwlvlis, f+5=0 Yo cH'(92). (3.11)

This is justified by the following:

Lemma 3.3. The continuity property (3.11) holds for definition (2.10) and also for (2.11) provided the operator Ky, is
uniformly stable in H'=5 (£2).

Proof. (1) Let us assume that definition (2.10) holds. Using the embedding ITIS(.Q) cH' () C Lq/(.Q), % + % =1,
we infer that definition (2.10) yields
1
|nin (v, v) ”ﬁas <c|nly,v)|, <cllvlg vl 3= .
(2) Let us now assume that definition (2.11) holds. Using the same argument as above, the fact that /Cj, is uniformly
stable in H'7*(£2), and the embedding W14 (£2) c H'~*(£2), definition (2.11) yields:

1 1 1

Hnlh(v, v) ||ITI(}°' <clvlig lvllyx +c/||V’Ch(U : U)Hﬁax, X + 5 = g
1 1
< cllvllg vllgs + ¢ K@ - v) | s —3<s—1<;

<clvllg vl +¢llv - vllg-
<clvllgt vl +¢llv - viweg < cllvllg vl
This completes the proof. O
A simple application of the L” (LX) estimate in (3.2) yields the uniform bound,
| nln (. uh)”mﬁm <ec. (3.12)

As an immediate consequence of (3.11) and (3.12), we have:

Lemma 3.4. Let uy, solve (2.12), then under the hypothesis (3.11), there is ¢ uniform in h such that

|ln s un) | Hr i) S O Yr > F. (3.13)

Proof. Extend nlj, (v, v) by zero outside [0, T]. Using the Hausdorff—Young inequality, we have:



94 J.-L. Guermond / J. Math. Pures Appl. 88 (2007) 87—-106

+00
) 3 gy = [0+ 160) ™ ) sk
—o0

=i

— — 1
<[ (14 1k1) zr”Lﬁ””lh(“h’“h)Hiﬂ’(ﬁas)’ 28

2B
< c”nlh(uh, up) Hin(ﬁ(js)’

then conclude using (3.12). O

Remark 3.1. The hypothesis K being stable in H'~*(£2) in Lemma 3.3 is not restrictive. For finite elements for
instance, the L?-projection onto M, is known to be H'(£2)-stable under weak assumptions on the mesh, see e.g. [5].

3.3. Estimate on d;uy, and Apuy,

To avoid unnecessary additional technicalities we henceforth assume
fe L*((0, T + 1); H '(£2)) N LP((0, T + 1); LY(£2)), and upe V. (3.14)
Obviously, the estimates (3.1), (3.2), and (3.13) uniformly hold on the interval [0, T + 1]. We set upo := Ppup.

The main result of this section is the following:

Theorem 3.1. For all s € [%, %), there is c independent of h so that,

||3t“h||[-[rfl(ﬁ6“) + ”uh”Hr(ﬁad) <c, (3.15)
foralla, 0<a<s<14+20 <2, andforallt <7T:= %(%—}—}L).And
B _ 3 s 1 1
||Ahuh||H—r(Hax)<C, vr>r:Z_§=;—E, (3.16)

Proof. (1) Extension. We extend f by zero on (—o0, 0] and [T + 1, +00), and we slightly abuse the notation by still
denoting this extension by f. We extend uj on [—1, 0] by (t + 1)upo and we extend uy on [T + 1, +00] by zero. We
still denote this extension by uj,. Let ¢ € C°°(R) be an infinitely smooth function compactly supported on (—1, T + 1)
and equal to 1 on [0, T']. We now set:

iy = guy, and ;:{(1+z><p/uho+¢uho+v(1+r>¢Ahuho, 1€ (1,0,

o —nly (up, up)) + ¢ up, otherwise.

It is clear that i, and T are well defined on the time interval (—o0, +00). Moreover, the estimate (3.13) and the
hypothesis (3.14) imply that ||f|| H" ((0.7): ;%) is uniformly bounded. The approximate problem takes the following

form in §'(R; Vj,):
oy +VApiy = Ph?.

Then, denoting by i and f the Fourier transform of ii;, and T, respectively, and upon taking the Fourier transform of
the above equation, we obtain:

dimkiip + vApiip = Pyf. (3.17)

(2) Bound on uy,. Let o € R, Testing the above equation with the complex conjugate of A, iy, and taking the
imaginary part of the result yields:

2n|k|||:2h||2h,o, < [l IAn un g, -

Using the bound in (2.7) for s € [0, %), we obtain:

| A i

<c[f

A;aﬁh|

klllanl, o < |l iy < [l vi <[l linllys-2.
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Assume o < s < 1 + 2w, then by interpolation we obtain:

~ A~ Y ~ 1=y
i llyy-2e < Nin o g,

20+1—s

where y = =52

. Inserting this inequality in the previous estimate yields:

Kllanly s < ¢ [ hanly, "

This in turn implies:

2(1—

)
k|7 f"nuhuv—« c(1+[kl)~ "Hinf lnlly; ™

and we observe that if we take u =

= 2 y , by integrating over R with respect to k, we obtain:

2(1—y)

f|k|__ﬂl|uh||v_adk 157, o i3

Assume now that « € [0, %) s0 as to be able to use the norm equivalence (2.7). The fact that uj, is uniformly bounded
in L2((0, T); H'(£2)) then implies:

||atuh||Hrfl((0,T);ﬁa°‘) + ||”h||HT((0,T);ﬁg“) <c, (3.18)
where

_ 1+«
T<T=
1+s

(3) Bound on Ajuy. Multiply (3.17) by A1 *#iy, and take the real part to obtain:

V”Ah’:‘h“V}—s < ”f”ﬁas
1

(1—-7), and ao<s<14+2a<2.

Al

i <l Aninly

Note that we used again the lower bound in (2.7) for s € [0, %). This in turn implies:

1 n
)
REATIE: iy - < TR |}f||ﬁas.
We now use (2.6) to deduce:
”Ahuh”Hfr(((),T);ﬁaY) <c, 3.19)

forallr >r. O

Corollary 3.1. Forall o € [i, %), there is c independent of h so that
”atuh”[-]r—l(ﬁa“) + ”Mh”Hr(ﬁa“) <ec, (3.20)

and forall T <7 := (1 +a).

Proof. Observe that s € [% %) is a free parameter in (3.15) and ﬁ(% + %) is maximum at s = % the maximum
bemg 5. The condition s < 1 + 2« then yields o > 4 |

Remark 3.2. It is a remarkable fact that the present analysis does not yield estimates on d;uj, in H =10, T); H™%(£2))
with o € [%, 1]. The fundamental reason being that the inequality (2.7) does not hold for negative exponents in the

interval [—1, —%]. This is a bit strange, since if we were nevertheless to apply (3.15) with @ = s = 1, that would
give 5 = %, e, r—1= —%. In other words, we would obtain an estimate on d;uj in H_%_E((O, T); H-1(2)),

which would be compatible with the estimate in L% 0, 7); Lg (£2)) which is expected to hold from Sohr and von
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Wahl [26]. Nevertheless, whether (3.20) might be true for o € [%, 1] is not clear at all. For instance it is shown in [19]
that the ratio ||0;up|lg-1/||Aup|lg-1 can be arbitrarily large, i.e., ||0;up||g-1 and ||Aup||g-1 do not behave similarly.
This result seems to point in the direction that (3.20) may not hold for —« € [—1, —%].

Remark 3.3. Note that the estimates (3.20) are in some sense slightly stronger than what can be deduced from
the Sohr and Von Wahl estimates (3.3) using embeddings and the Hausdorff—Young inequality. For instance

q = % and p =1 in (3.3) gives a bound on d;u in H_%_g((O, T); H_%_"?/(.Q)) whereas (3.20) gives a bound in
H_%_g((O, T); H_%_S/(Q)), which is better since % < % This leads us to conjecture that it may be possible to prove
an estimate on d,uin L9 (0, T): L3 (£2)) (note [H~3 (0, T)] = H (0, T) € L'°(0, T) = [L ¥ (0, T)]'), which would
be a slight improvement over the estimate in L!'*¢((0, T); L%_E/(.Q)) given by (3.3).

3.4. Pressure estimate

As usual, an estimate on the pressure is obtained by using the equation:
(V p, vn) = —@pup, vi) — (nly (up, up), vn) — v(Vup, Vo) + (f, vp), (3.21)
which holds for all v, € Xj,.
Lemma 3.5. There is ¢ independent of h such that for s € [%, 17—0],
1l -+ 1) < (3.22)

= 3
forallr >r =7 —

[NS1E]

Proof. Lets € [%, %] and let ¢ > 0 be a small positive real number. Using (2.8) together with (3.21) we deduce:
(Vpn, vp)
0£vpeX;, |1Vn IIﬁ.(sJ

< c(I0runlggys + 1 dun s + |ntn s ) s + W)

Ipnll - <c

< C(Ilazuhllﬁ;%+%e + 1 Aunllgs + | (un, ”h)”ﬁas + ||f||ﬁ(;s)-

Letr >7 = % — % ‘We can choose ¢ > 0 such that r > % — % + ¢. Moreover, since % > s, we have r > % + &. Then

using (3.13) and (3.16) we deduce:

| pnll g—r (gi-sy < c1 + c2llOrunll 1,5, -
H™(H'™) ™= H—(%+s)(ﬁ02+45)

1

_1,5. 1s bounded since Zhe>24¢ (note that we can
,(%Jrg)(ﬁ 2+4S) 5 5 2
0

Using o = % — %8 in (3.20) we obtain that || 0,1y ||
H
always take ¢ < % to guaranty }‘ < % - %5 < %). O

At this point the end is in sight. The main difficulty that remains in the way consists of proving that the pair (up, pn)
converges to a suitable weak solution by passing to the limit on the product pjuj. With the estimates we have at hand,

this is now possible. Indeed, set « = 1 — s with s € [%, 17—0], then ﬁa“ (£2)= [ﬁé_s (£2)1. Moreover, uy, is uniformly
bounded in Hf(ﬁa“(.Q)), T < %(2 — ), and py, is uniformly bounded in H~"(H'~5(2)), r > % — 5. Observing that
%(2 —5) > % — 3, it is now clear that the product uj, pj, is bounded uniformly in LY(L") and it should be possible to
pass to the limit modulo a compactness argument on u,.

4. Convergence to a weak solution

To simplify notation we henceforth identify the spaces H” (£2) and ﬁg (£2) whenever y € (—%, %).
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4.1. Consistency of the nonlinear term

Before proving that the sequence of pairs (uj, pj) converges to a weak solution, up to subsequences, we make sure
that we are solving the right problem, i.e., we now formulate a consistency hypothesis on the nonlinear term.
In this section x denotes a real number such that x > % We assume that the nonlinear term has the following

consistency property: For all functions w in L?((0,T); V') and all sequences of functions (wp)p >0 in ([0, T1; Xp)
converging weakly to w in L2((O, T); H(l)(.Q)) and strongly in Lz((O, T); L3 (£2)), the following holds true,

T
/(nlh(wh,wh),vh)—>/(w-Vw,v), “4.1)
0 0

for all sequence of functions vy, in H*((0, T'); X},) strongly converging to v in H*((0, T); H! 0(£2)).
Lemma 4.1. The consistency property (4.1) holds for definitions (2.10) and for (2.11).

Proof. Let v be a function in H*((0, T); H} 0(§2)) and (vp)p>0 be a sequence in H*((0, T'); Xj) converging to v.

(1) Assume that nlj, is defined as in (2.10). Observe that H*((0, T'); H1 (£2)) € CO([0, T1; L(£2)) (see Lemma 4.3).
Then wy, — w in L2((0, T); L3(£2)) and vy, — v in CO([0, T']; LO(£2)) implies v, Q@wp > v®w and vy, - w, — v-w
in L%((0, T); L2(£2)) and L2((0, T); L?(£2)), respectively. As a result fOT(vh ® wy, Vwy) — fOT(v ® w, Vw) and
fOT(vh ~wp, Vowy) — fOT(v -w, V-w). Moreover, since V-w =0, a.e. in Q7, we infer fOT(v ~wp, V-wp) = 0. The
conclusion follows readily.

(2) Assume that nlj, is defined as in (2.11). The only term that poses a difficulty is fOT (V(In(wnl?®)), vp). Integrat-

ing by parts, we rewrite this term as follows — fOT (Kn(lwp|?), V - vp). Then,

[ nt0iP). 5 0) = [ () = K (0P). 7 0) + [ (3 (10P). 7 - 2)

T
=R+/ (Ka(wP). V- vy).
0

Banach-Steinhaus’ theorem implies that ||/Cy, || is uniformly bounded. Then linearity implies:

2
IRI < c|lwal® - max v g

|w| ”LI(LZ)
<cl|wp —w) - (wp + w)HL.(Lz)
<cllwy — w23 (lwall 2qe) + w2 ws))-

Note that ||wp || 126, is bounded since wy, converges weakly to w in L2((0, T); L(£2)). The above inequality implies
|R| — 0. Moreover, Ky (|w|*)V - v, — |[w|>V -vin L' (£2) a.e. on (0, T), and the function || ) (|w|?)V - v |1 is uni-
formly bounded by c|| lw|?|| r2maxog <7 V@)l € L'(0, T); hence, Lebesgue’s Dominated Convergence Theorem
implies Ky (|w[?)V - v, — [w[?V - v in L' (Q7). As a result we obtain — [ (K (Jwp|?), V- v) = — [ (]2, V - v).

Finally,
T T
/(nlh(wh,wh),v)e /((V X w)Xw + 1V |w| ) /(w Vw, v).
0 0

Hence (4.1) holds. O
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4.2. Convergence to a weak solution
Before stating the convergence result, let us state Aubin—Lions-like compactness results

Lemma 4.2. Let Hy C H C H; three Hilbert spaces with dense and continuous embedding. Assume that the
embedding Hy C H is compact and let y > 0 be a positive real number. Then, the injection L2((0, T): Hy) N
HY((0,T); H)) = L*((0, T); H) is compact.

Proof. See Lions [22, p. 61, Theorem 5.2]. O

Lemma 4.3. Let X C Y be two Hilbert spaces with compact embedding and let T > % The injection H* ((0, T); X) —
CO([O, T1; X) is continuous and the injection H* ((0, T); X) — CO([O, T1;Y) is compact.

Proof. See Appendix A.1. O

Lemma 4.4. Let Hy C Hy be two Hilbert spaces with compact embedding. Let y > 0 and y > , then the injection
HY((0,T); Hy) Cc H*((0,T); H}) is compact.

Proof. See Appendix A.2. O

Theorem 4.1. Under the above hypotheses, the pair (uy, pn) convergences, up to subsequences, to a weak solution to
(1.1), say (u, p). up converges to u in L2((0, T); H(l)(.Q)) weak and in any L2((0,T); HA (£2)) strong, B < 1, and py,
converges to p in H"((0, T); H*(£2)) weak, 8 € [13—0, %], > % + %

Proof. We briefly outline the main steps of the proof for the arguments are quite standard.

(1) Since uy, is uniformly bounded in L2((0, T); H(l)(.Q)) andin H*((0,T); H%(£2)),x € [}‘, %), O<t< %(1 + ).
Lemma 4.2 implies that there exists a subsequence (uj,) converging to some u in L?((0, T):; H(l)(.Q)) weak and
in L2((0, T); HA (2)) strong, B < 1. Moreover (d;up,) converges weakly to d;uin H™#((0, T); H™%(£2)), a €
[%, %), w> % — %a. Since (py) is bounded uniformly in H =" ((0, T'); H%(2)),8 € [%, %], r> % + %, there exists
a subsequence (pj,) converging weakly in H~"((0, T); H®%(£2)) to some p.

(2) Letg € L2((0, T); L2(.Q)) and let (gp,)n,;>0 be a sequence of functions in Lz((O, T); My,) strongly converging
to ¢ in L*((0, T); L*(£2)). (Note that the approximability property (2.2) implies that such a sequence can always
be constructed for every test function ¢.) Then 0 = fOT(V Uy qhy) = fOT(V -u,q) since V- up, =~ V -uin
L2((0, T); L2(£2)). As aresult, V-u=0, a.e. in Q7; that is to say u is in L>((0, T); V1).

(3) Let x be a real number such that % < x < o0. Let v be any function in H*((0, T); H(l)(.Q)) and let (vp,)p, >0 be
a sequence of functions in H*((0, T'); Xj,) strongly converging to v in H*((0, T'); H(l)(Q)). (Note again that the
approximability property (2.1) implies that such a sequence can always be constructed for every test function v.)
Then

@ er Oy, - vy —> er d:u - v, since dup, — duin H*((0, T); H_%(.Q)) and vy, — v in H*((0, T); H(l)(.Q)).
Here and after we abuse the notation by using |, o, to represent duality parings using L>(Q7) as pivot space.

(5) [o, Vun:Voy, — [o, Vu: Vv, since Vuy, — Vuin L2((0, T); L2(£2)) and Vv, — Vv in H*((0, T); L*(2)).

(6) er iV vp —> er pV - v, since pp, = pin H (0, T); H%(.Q)) and V-vp, — V-vin H*((0, T); Lz(.Q)).

(7) Since uy, converges weakly to u in L2((0, T); H(])(.Q)) and strongly in L2((0, T): L3(£2)), the consistency hy-
pothesis (4.1) holds; hence, fOT b (upy s up,, vpy) — fOT(u -Vu, v).

(8) Finally, Lemma 4.3 implies that uj, converges in Co[0, T, H *(2)), a € (%, %). In other words ug <= Zy,up =
up, (0) = u(0) in H™*(£2); hence, u(0) = ug.

(9) That u satisfies Leray’s energy inequality is standard, [29]. It is a consequence of the inequality 2V (up, — u) -
Vu+ |[Vul> < [Vup, |>. The theorem is proved. O
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5. Convergence to a suitable solution

The main issue we address in this section is to determine whether the weak solutions (u, p) we have constructed
using the Galerkin method are suitable in the sense of Definition 1.1. To answer this question we assume that the
discrete framework satisfies the following property that we henceforth refer to as the discrete commutator property
(see Bertoluzza [4], [15, Appendix B], or [11, Chapter 1.7]).

Definition 5.1. We say that X; (resp. Mj,) has the discrete commutator property if there is an operator Pj €
L(H(l)(s?); X)) (resp. Oy € L(H'(£2); M})) such that for all ¢ in Woz’oo(.Q) (resp. all ¢ in Wg’oo(.Q)) and all v, € X,
(resp. all g5, € M),

|dvn — Pu(vn) | < k" opllan llpllymire, 0<I<m<L,
lban — Cn(@an | i < ch™ ™ lignll am 161l yms1.oc.

Remark 5.1. When P, (resp. Qj) is a projector, the above definition is an estimate of the operator norm of the
commutator [@, Py :=® o P, — P, o @ where @ o v = ¢v.

Remark 5.2. The discrete commutator property is known to hold in discrete spaces where there exist projectors
that have local approximation properties, see Bertoluzza [4]. It is known to hold for finite elements and wavelets.
The key property is localization. To understand how the discrete commutator property can be proved let us assume
that Pp, is a linear projector and let x € §2. For every y in a ball of radius & centered at x, we formally have

Pr(¢vn)(y) = Pr((¢(x) + O(h)vp)(y) = (¢(x) + Oh)) Pp(vp) (y) = (¢ (x) + O(h))vp(y) + O(h), that is to say
Pr(dvp)(y) — (Pvp)(y) = O(h) vy (y), where O(h) depends on the gradient of ¢.

Remark 5.3. Spectral-based approximation spaces do not have the discrete commutator property since spectral
expansions do not have local interpolation properties. Spectral methods are very accurate but they only have global
interpolation properties.

We moreover assume that the following inverse inequality holds: There is ¢ uniform in / such that for all s € [0, 1]
Von €Xp,lvnllgis <ch™llvalliz,  llvnlle < ch™ lvallgss- (5.1)

The above hypotheses are usually satisfied when Xj, and M), are constructed by using finite elements [13].

We also assume that the following consistency property holds for the nonlinear term: For all functions w in
L2((0, T); V) N L®°((0, T); L?>(£2)) and all sequences of functions (wy,);~0 in C°([0, T']; V}) uniformly bounded
in L2((0, T); H)(£2)) N L™ ((0, T); L*(£2)) and strongly converging to w in L>((0, T); L?(£2)), the following holds
true,

1
by (wp, wh, pwp) — —(5w|w|2,w>), V¢ € D(Q7). (5.2)

Lemma 5.1. The consistency property (4.1) holds for definitions (2.10) and for (2.11) provided My, has the discrete
commutator property.

Proof. (1) The situation for definition (2.10) is quite simple, since

1
by (wp, wi, pwp) = (wp - Vwy, dwy) + E(th “Wp, Qwp)

Lo Lo
=\wy-V §|wh| +§|wh| V-wp, ¢

1 2 1 2
_ (v. (wh5|wh| >,¢> - —(wh5|wh| ,w).

Now observe,
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/[wh|wh|2 —wlw|*] = /[(wh — w)wp|? + wwy +w) - (wy — w)]

or or
T

2 2
<c/||wh — wllgs (ol + wl2,)
0

2 2
<cllwp — wllz2qs (Ilwn 7403 + ||w”L4(L3))'

Then, [[wplwa|* — wlwl* 119,y — O since [wy, — wll2q3) — 0 and |[wpll a3y lwlliaqs) are bounded. This
immediately implies that by, (wy,, wy,, pwp) — —(%w|w|2, Vo).
(2) For definition (2.11) we proceed as follows:

1
by (Wi, wi, wi) = ((V X wy) xwp, pwy) + 5(V<ich(|wh|2), Pwp))

= —%(’Ch(|wh|2), V- (pwn))
— =L (). 9) = S s (). 5 )
= — 5 (wn i PVE) + i+ R,
where Ry := —5(wi(Kh(lwpl?) = [wal?), V¢) and Ry := —3(@Kn(lwn[*). V - wp). To control Ry, we further

decompose the integrand as follows:
wi (K (1wnl?) = [wal?) = i — w)(Ka(Jwn ) = [wn?) +w (Ka(lwnl*) = K (wl?))
+w(Kn(JwlP) = [wP) +w(wl = [wl?)
:=R11 + Ri2+ Ri3+ Rya.

Proceeding as in step (1), we infer:

||Rll||Ll(QT) + ||R12||L1(QT) + ||R14||L1(QT) < cllwy — w||L2(L3)(||wh||i4(L3) + ”w”i3(L3))'

Furthermore, observe that Rj3 — 0 a.e. in Q7 and |R3| < c|w|3 e L'(Q7). Lebesgue’s Dominated Convergence

Theorem implies || R13 ”L‘(Qr) — 0. In conclusion fOT |[R1| = 0 as h — 0. For Ry we use the fact that wy(¢) € V5, and
M, has the discrete commutator property as follows:

(Rol = 316K (1w %) — Qa (8K (1unl?). ¥ - i)

1
< > |loKh (lwal®) — On(dKh (1w l*)) |2 lwallen

2 2
< ch | Kn(lwal®) gz lwn g < e[ lwal?]| 2 llwn g
1 3
, | ;
< chllwnllZollwallgn < chllwn 12, 1wl 26 11w

1 1
2 2 2 i 2
< chllwplly s lwnllg lwa g < ch2 lwpll2 llwn g
where we have used (5.1) to derive the last inequality. Hence

T

1
f |R2| < ch? ||wh||iz(H1)||wh||Loo(L2)~
0

Then clearly fOT |R2| — 0 as h — 0. In conclusion by (wy,, wy, pwp) — —(%w|w|2, V¢) since u)h%|wh|2 — w%|w|2
in LY(Qr) and fOT |Ry| + fOT [R2| — 0. That concludes the proof. O
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Before stating the main result of this paper let us now collect the various hypotheses that have been used so far. The
source term f and the initial data u( are assumed to satisfy (3.14) where the exponents p and g are defined in (3.9). For
instance f € L; OC([O, 00); L2(£2)) is sufficient for (3.14) to hold. For the two families of approximation spaces {Xz }5~0
and {Mp,},~0 we assume that the approximation properties (2.1)—(2.2) hold. These are standard evident hypotheses.
We further assume that X, and M}, are compatible in the sense that (2.8) holds. This is a generalization of the so-called
LBB condition and it has been shown in [16] to hold for reasonable pairs of finite element spaces. We further assume
the norm equivalences (2.6)—(2.7). These are the discrete counterparts of (1.8)—(1.9) and have been shown to hold for
various finite-element-like settings in [17] (the proofs therein invokes a standard quasi-uniformity hypothesis on the
mesh when finite elements are considered). The next nontrivial hypotheses are the inverse inequalities (5.1). These
say in some sense that % is the smallest scale that can be represented in Xj,. These hypotheses invoke again a quasi-
uniformity hypothesis on the mesh when finite elements or wavelets are considered. Constructing families {Xj},>0
satisfying these nonrestrictive hypotheses is a standard exercise. We finish this list by mentioning the two consistency
hypotheses (4.1)—(5.2). Since we allow ourselves some freedom on how to compute the nonlinear term to account for
the fact that the approximate velocity field may not be solenoidal (i.e., it is solenoidal in a weak discrete sense only),
these two hypotheses constrain the way that can be done (i.e., it must be done reasonably). (4.1)—(5.2) have been
shown to hold in Lemmas 4.1 and 5.1 under the above mentioned structure hypotheses on the discrete spaces families
{X#}n>0 and {M},}},~¢ if the nonlinear term is computed using either definitions (2.10)—(2.11). It is important to note
that no regularization is performed on the nonlinear term.

The main result of the paper is now stated in the following theorem.

Theorem 5.1. Under the above hypotheses, if X, and M), have the discrete commutator property, the pair (up, pn)
convergences, up to subsequences, to a suitable solution to (1.1), say (u, p).

Proof. To simplify notation we still denote by (u5,) and (p;,) the subsequence that converges to u and p, respectively.
(1) Let ¢ be a non negative function in D(Q7). Testing the momentum equation in (2.12) by Py (uj,¢), we obtain:

T
/ [@run. Py (und)) + bn(uns wn Pu(und)) — (pi. ¥ - Pa(und))
0

+v(Vup, VPy(upg)) — (f, Pp(upe))]dr =0.
Each of the terms on the left-hand side of the equation are now treated separately in the following steps:
(2) For the time derivative we have:
T

T T
1

/ dyun, Pa(ung)) /(3th Mh¢)+/ = 5/ |Mh|2’at¢)+/Ra

0 0

0

where we have set R = (up s, Pp(up¢) — up@). It is clear that —% OT(|uh|2, o) > —5 fo (u 0;¢) since |uh|2
lu]? in L" (L") for any 1 <r < 2. Let us introduce a small positive number ¢ > 0 and set x = 2 + £ <. To control the
residual, we use the discrete commutator property as follows:

|| Prung) —ung|

H %) H"(H%)

T T
/I / s Pr(upg) — upg) < IIMh,zIIfo
0 0

C

T R 71

Owing to Corollary 3.1, |jup || b (H_%) is bounded since x > 5. Moreover,
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that is, ||uh||HX(H ) is bounded. Using the inverse inequality (5.1), we infer:

~(h+o)
T

1
R| <ch27¢||u | ||lu .
/| e 7N N 173
0

Now, it is clear that fOT |R| — 0 as h — 0 provided ¢ € (0, %).
(3) For the viscous term, we integrate by parts to obtain:
(Vun, V Py (upn¢)) = (Vun, V(und)) + R
1
= (IVunl*, ¢) - <5|uh|2, A¢> +R

where R := (Vuy, V(Pp(upp) — un)). For the first term we proceed as follows:

T T

/(|Vuh|2,¢) =/(|V<uh —utu)

0

2’¢))

0
T

= /(W(uh — u)|2 +2V(up —u) : Vu+ |Vu|2, qb).
0

Since u;, — uin L2((0, T); H') and ¢ is non negative, we infer liminffOT(IVuh 12, ¢) > fOT(|Vu|2, ¢). For the second
term we have fOT —(3lunl?, Agp) — — fOT(%|u|2, A¢) since |up|*> — |ul?in L7 (L) for any 1 < r < 2. Now we control
the residual as follows:

IR = |(Vun, V(Pr(ung) — und))| < chllunly.

Then it is clear that fOT |R| — 0 as h — 0. In conclusion,

T

T
liminf/(Vuh,VPh(uh¢)) 2/(|Vu|2,¢) — (%|u|2, Ad)).
0

h—0
0

(4) For the pressure term we have:

(pn. V- (Pund))) = (. V - und)) + Ry = (puttn. Vo) + Ry + Ro,
where R := (pp, V - (Ph(upd) —upd)) and Ry := (¢pn'V - uy). Let us take care of Rp first. Let ¢ > 0 be a small
positive real number and set r = % - %8 and s = % — 19—68. Then

1 4 1 8 1 1
r=—-——g>—-——g=—+4—s,
2 9 2 9 4 2
meaning that || pp || g-rg+) 18 uniformly bounded according to Lemma 3.5. Using the discrete commutator property,

we deduce:

T
/ [R\l < cllpnlla=rs) ||V - (Pr@nd) — wnd) | e sy
0

< cllpnlla=—rcas) || Pa@nd) = und|| e g
< chll palla-r sy 1| e i—s)-

Now let us set o = le — gs. Observe that

14 12205 5N ad 1SN 2
T2 9527 9% 5 ¢)=5 4 9%)Ts5V T
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meaning that ||up|| gr @—) is uniformly bounded. Then, using the inverse inequality (5.1), we infer:
T
—(1— 1_
/|R1| < ch' = F N ppll s sy luan l e ey < B3
0

Then clearly | fOT Ri| — 0 as h — 0, provided ¢ € (0, %). We proceed similarly for R, using the fact that u;, take its
values in V,,

T T
/Rz =/(¢Ph 4GP,V up)
0 0

< ||¢ph - Qh(¢l’h)” H’V(HS)”V : uh”Hr(H’S)
1_
< chll pull g asylun | grggi—sy < ¢ h37°,

Then again |fOT Ryl — 0 as h — 0. Now we have to pass to the limit on fOT(phuh, V¢). We are going to use
Lemma 4.4. Let ¢ > 0 be a small positive real number and set r = % +e,5= %. This choice implies that || px || -+ (gs)
is uniformly bounded, i.e., pp, — pin H~"((0, T); H*(£2)). Now let ¢’ € (0, %] be an other small positive real num-
ber and set o = 13—0 - > le’ T = %(1 + «a — ¢&’). This choice implies that lun |l g @-«y is uniformly bounded, i.e.,
up —uin H*((0, T); H¥(£2)). Using Lemma 4.4, we infer that u;, — uin H" ((0, T); H™*(£2)) provided t > r and
s > a. Clearly s > o provided &’ > 0; moreover 7 > r if,

2 + ! (3 —20¢") 2 +

-4+ —=0B-208")>=+e.

5 25 5

This holds true if we set & = %(3 — 20¢"), since &’ € (0, %]. Assuming the above choices are made on ¢’ and &, it

now becomes evident that fOT (pnhup, Vo) — fOT(pu, Vo).
(5) The source term does not pose any particular difficulty,

(f, Pn(pun)) = (f, dun) + R,

where R := (f, Py(¢up) — ¢uy). Clearly fOT (f, pup) — fOT(f,¢u) since up — u in LZ((O, T);H(l)(.Q)) and f €
L%((0, T); H~'(£2)). Moreover,
T

[ 1RI< 0| Puto) = 9] 2,
0
< chlfll -1y lunll 2y

Then fOT |[R|— 0ash— 0.
(6) Now we pass to the limit in the nonlinear term:

by (un, un, Po(pun)) = bn(up, up, pup) + R,
where R = by, (up, uyp, Py(¢up) — ¢puy). Then

|R| < ||l (uns un) || gt || Pr(@un) — dun g

1 1
2 2 2
< chllupllys lun g llunlhgr < e hllun i lunll g lunllg -
That is to say
T

L 2
/|R| < ch unll ooyl 122 g -
0

This in turn implies fOT |R| — 0 as h — 0. Then conclude using hypothesis (5.2). O
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Appendix A. Proof of compactness lemmas
A.l. Proof of Lemma 4.3

Lemma 4.3. Let X C Y be two Hilbert spaces with compact embedding. The injection H ((0, T); X) — C°([0, T1; X)
is continuous and the injection H* ((0, T); X) — CY(0, TL;Y) is compact, T > %

Proof. (1) Indeed, let v be in the unit ball in H*((0, T); X). Then, owing to the fact that T > % we have:

00
[ 16008k < ol |1+ 2 <l o,
—0oQ
This in turns means that the inverse Fourier transform formula holds for a.e. ¢ in [0, T],
+00
v(t) = / D(k)e? 7k dk.
—0oQ

(2) Let v, be a bounded sequence in H* ((0, T'); X). Let ¢t € [0, T], then using the above representation of vy, (),

lon@ ] x < W0nllz1x) <€ lvnllae ) <

In other words the sequence (||v,(?)||x) is bounded uniformly. This means that the sequence (v,(¢)) is relatively
compactin Y.
(3) Lett,t €0, T]. Then
+oo
2irkt __ e

”Un(t) — v, (1) ”X <

—00

lk(t —1")]
/H ”(k)HXl—i-Uc(t /)ldk

) o KT 1)
C/“Un(k)||x(l+|k|) mdk

1 — —1
el =117 2 fall e K177 (1 1K) 7 2
<t — t’|’*%.
This means that the sequence v, is equi-continuous in C°([0, T']; X). The sequence is also obviously equi-continuous
in CO([O, T1; Y). Then the Ascoli—Arzela theorem implies that the sequence vj, is relatively compact in CO([O, T, Y),
which concludes the proof. O

A.2. Proof of Lemma 4.4

Lemma 4.4. Let Hy C H| be two Hilbert spaces with compact embedding. Let y > 0 and y > u, then the injection
HY ((0,T); Hy) c H*((0,T); Hy) is compact.

Proof. We adapt the proof of [22, Theorem 5.2]. The result amounts to proving that if v, is a sequence converging
weakly to 0 in HY ((0, T'); Hp), then v,, converges strongly to 0 in H*((0, T); Hy). Since [0, T'] is a bounded, v, being
in HY ((0, T'); Hp) means that there is a function w,, € HY (R; Hg) with support in [—1, T 4 1] such that w, = v, a.e.
on [0, T'], w, converges weakly to 0 in H” ((0, T); Ho), and [lvx |l g7 (rp) < lwnll 57 (Hy) < 2all Y (Hy)-

Let ¢ > 0 be an arbitrarily small positive real number. Let M > 0 be an other real number yet to be fixed. Then,
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+00

24y A
lwn Wy = /(1+|k|) H 1 117,

—00

2 A L e
= / (1 k)™l I, + / (1 V1) Wb 13, (1 + 1k1)** 7
kI<m ey

24 A 2p—
= [ (1+|k|) M||wn||%11+6(1+|M|) (u=y)
kl<m

Since . — y > 0, it is possible to choose M such that ¢(1 4 |M|)>*~7) < ¢. Let us now evaluate the other term in the
right-hand side. Let ¢ € D(R) such that y|—1,7+1] = 1. For all ¢ € Hy we have:

+00

(100 (k). ¢) , = / (wa (@), (¥ (027 ) ) dr.

—0o0

Since (Y (1)e 27k)p e HY((0,T); Hy) and wy, converges weakly to O in HY((0,T); Hy), we infer
limy,— 00 (W (k), @) 1y = 0, i.e., W, (k) converges weakly to zero in Hp, which in turns implies that W, (k) converges
strongly to zero in Hj. In other words, for all k € [-M, +M],

. 20 A _
im (14 ) [ (0], =0.
Moreover, owing to y > 0, it is clear that
” Wy, (k) || H < cllwp ”Ll((O»T);Hl) < C/||wn||L2((o,T);H1) < clw, vy < ¢,

meaning that (1 4 |k|)%*||®, (k) II%{1 <c(1+ k)" e LY((—M, +M)). We can apply Lebesgue’s Dominated Conver-
gence Theorem to conclude,

. 2 2
lim f (14 1k wn )|, dk =0.

n—
[kl<M

Then we have:

: 2
limsup ||wy, ||Hu(]-11) <&,
n——+oo

which means [wy | grm,) — O since ¢ is arbitrary. This also means |[v, || gr(a,) — O since w, is an extension
ofv,. O
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