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1. Introduction

The use of artificial viscosity to solve nonlinear conservation
equations has been pioneered by von Neumann and Richtmyer
[49] and has been popularized later by Smagorinsky [44] for Large
Eddy Simulation purposes and by LadyZenskaja [30,29] for theoret-
ical purposes in the analysis of the Navier-Stokes equations. With
the early versions of artificial viscosities being overly dissipative,
interest in these technique have faded over the years, especially
in the Discontinuous Galerkin Finite Element Method (DGFEM) lit-
erature, where up-winding and limiters have been shown to be
efficient and to yield high-order accuracy [43,15,13,12]. Despite
their un-disputable success story, limiters have some disadvan-
tages. For instance, as argued in [48, Section 3.5, 23], some limiters
may not be consistent in the steady-state limit, and thus may
sometimes lead to difficulties when trying to use time stepping
schemes to reach steady-state solutions. Furthermore, with a few
exceptions [15, Section 3.4], slope limiting is essentially a one
dimensional concept that does not generalize easily to unstruc-
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tured meshes in two and more dimensions. The theoretical under-
standing of the stability and convergence of limiters is currently
restricted to uniform grids and scalar equations in one space
dimension [32,35,40,51,52]. A true two-dimensional non-oscilla-
tory reconstruction which could be applied to arbitrary unstruc-
tured meshes (without any additional post processing) seems to
be available only in the piecewise linear case [9], and extensions
to higher degree polynomial reconstructions do not seem to be evi-
dent at the present time. Note however that slope limiters can be
interpreted in term of shock capturing mechanism and artificial
viscosity as argued in Cockburn [10]. It is shown in particular in
[10] that “shock capturing terms or generalized slope limiting pro-
cedures are different ways of incorporating the information of the
dissipation effects” that is required to ensure convergence to the
entropy solution. In other words, the effect of slope limiting can
in general be compared to that of a nonlinear artificial viscosity.
For the above reasons and the fact that artificial viscosities are easy
to implement, the interest for artificial viscosity has lately been re-
vived in the DG literature [7,5,23,38,48] and in the Continuous
Galerkin (CG) literature as well [8,21].

A new technique for generating high-order numerical approxi-
mations for nonlinear conservation equations has recently been
introduced in [21,20,22] using continuous finite elements and
spectral elements. Contrary to the viscosity-based shock-capturing
introduced in [24] and analyzed in [27,11], it has been shown in
[8,21,22] that nonlinear viscosity does not need additional linear
stabilization to work properly and be high-order. The main
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stabilization mechanism in this method is a nonlinear dissipation
proportional to the local size of an entropy production. For this rea-
son the method is called entropy viscosity. It is reasonably argued
in [5,38] that good artificial viscosities can be computed from mea-
sures of the local regularity of the solution. The same case is made
in [7,23] by proposing to make the viscosity proportional to the lo-
cal residual of the PDE. In this paper we take a slightly different
route by proposing to use the local residual of an entropy equation
to construct the artificial viscosity. One immediate consequence of
this choice is that the viscosity is proportional to the entropy pro-
duction, which is known to be large in shocks and to be zero in
contact discontinuities. As a result, this strategy makes an auto-
matic distinction between shocks and contact discontinuities,
and this subtle distinction cannot be made by any of the two clas-
ses of methods mentioned above. We also think that using the
residual of the conservation equation may be less robust than
using the entropy residual. This argument is based on the observa-
tion that consistency requires the residual of the PDE to converge
to zero in the distribution sense as the mesh-size goes to zero,
whereas the very nature of entropy implies that the entropy resid-
ual converges to Dirac measures supported in the shocks. There-
fore, the entropy residual focuses far better on shocks than the
PDE residual, and it is in this sense that we claim that the PDE
residual is less reliable than the entropy residual.

Although no convergence proof of the entropy viscosity method
has been produced yet (only stability for nonlinear scalar conserva-
tions has been proven), the method has been shown in [21,20,22]
to deliver high-order accuracy by testing it on a large variety of
benchmark problems. The objective of the present paper is to ex-
tend the entropy viscosity method to discontinuous finite ele-
ments, which, to the best of our knowledge, has not been done
yet. The convergence properties of the proposed extensions are
investigated here numerically.

The paper is organized as follows. Notation and other prelimi-
naries are introduced in Section 2. The DG discretization in space
is presented in Section 3. The highlights in this section are the def-
inition of the entropy viscosity and the entropy stability result
proved in Proposition 3.3. Implementation details of the method
including the time discretization are reported in Section 4. One
key novelty with respect to [21,22] is that we show how the entro-
py viscosity can be computed on-the-fly. The capabilities of the
method are illustrated numerically in Section 5. It is confirmed in
this section (as was observed in [21,22]) that linear stabilization
is not mandatory to make the method convergent optimally, i.e.,
the method still converges optimally when the inviscid numerical
flux is centered. Sections 2-5 are restricted to scalar conservation
equations. Extensions of the method to compressible fluid dynam-
ics are introduced and tested numerically in Section 6. Conclusions
are reported in Section 7.

2. Preliminaries

The objective of the section is to introduce notation and to for-
mulate the problem we are interested in. We restrict ourselves to
scalar conservation equations from Sections 2 to 5.

2.1. Scalar conservation equations

We are interested in approximating the solutions of scalar-val-
ued conservation equations

8[u+V-f(U)=07 u(X,O) :uo(x)7 (X7 t) €Qx R+a (2])
where Q is a domain in RY, d is the space dimension, and
f e C'(R;RY). For the sake of simplicity we assume that there are

no issues with the boundary conditions; for instance, either the

boundary conditions are periodic, or the initial data is compactly
supported and we are interested in the solution before the domain
of dependence of u, reaches the boundary of Q.

It is known that the scalar-valued Cauchy Problem (2.1) may
have infinitely many weak solutions, but only one of them is phys-
ical and satisfies the additional inequalities

aE(u) +V - F(u) <0, (2.2)

for all convex functions E € C°(R; R), where F(u) := [E'(v)f'(v)dv
[28]. This physical solution is henceforth called the entropy solu-
tion. The function E(u) is called entropy and F(u) is the associated
entropy flux. The most well known pairs are the KruZkov pairs gen-
erated by {E(u) = |u — c|, c € R}. Itis also known for strictly convex
fluxes in one space dimension that if a weak solution satisfies one
entropy inequality (2.2) (provided the entropy E is strictly convex),
then it is the unique entropy solution and therefore all the entropy
inequalities are satisfied [37].

2.2. Discontinuous finite elements

We consider a mesh family {74},.,. Members of 7, are
equivalently called elements or cells. The diameter of K € T}, is
denoted dx and the diameter of the largest ball inscribed in K is
pk- The mesh family is assumed to be shape regular, meaning that
the quantity sup, ,maxgcr,dx/px is finite, ie., the elements are
not too flat. For all K € 7, the collection of elements in 7} that
touch K is denoted Ax. We assume that the mesh family is locally
quasi-uniform in the sense that the quantity sup, jmaXger,
(dk/(mingca, di)) is finite, i.e., all the elements that touch K have
a diameter of order d.

The reference element is denoted K and the map between K
and an arbitrary element K € 7}, is denoted Ty : K — K. We define
the scalar-valued finite element approximation space

Xp:={v el (&R); v|goTke Q.. VK € Ty}, (2.3)

where Q- is a polynomial space over K.Let P, and @, denote the set

of multivariate polynomials of total degree and partial degree at

most [, respectively. We denote k > 1 the largest integer so that

Py C Q. The integer k defines the approximation order of the space
K . . . .

Xp. Denoting s the smallest distance between all possible pairs of

vertices in K we define

5K
hi =2 (2.4)

Note that the shape regularity of the mesh family implies that
Jilvl* dK

¢i = infinf ————— (2.5)
10,59 h [ |0 dOK
is bounded away from zero. It is shown in [42] that ¢; ~ de}fK ~ %.
K

Let Fi, be the set of all the internal interfaces in the mesh 7,
The reference face is denoted F and the map between F and an
arbitrary face Fe Fi is denoted Tr: F — F. Denoting by
Kir € Ty, KyF € T the two cells so that F = K; r N K5, and assum-
ing that »is a scalar- or vector-valued function over K; r U K, r that
is continuous over K; r and K, r, we define

[0} 2= 5 (v, () + v, (), 26)

the average of v across F at x.

The outward unit normal at the boundary of the cell K is de-
noted by my. Assume that F is an interface between K;r and
K,F; then we construct the jump of a function » across F as
follows:

[v](®) := 2{on}(x) = vl , ()1, (X) + Vi, (X) M, (%) (2.7)
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The jump function [v] is vector-valued and parallel to the normal
vector ny. For instance we have [v](X) - ny,, = vy, . (X) — V|, (¥)

and [2](X) - ng,, = vlg, (&) — V|, (X).
We define the piecewise constant mesh-size function h : Q — R
so that h(x) = hy for all ¥ € K. Note that h is two-valued over F),.

3. Space approximation

We describe the DG approximation in space in this section.

3.1. DG space discretization
The main idea of the entropy viscosity method is to regularize

(2.1) with a nonlinear dissipative term

ou+V-f(u) - V- (u(Vu,ou)Vu) = 0,
(x,t) € 2 x R,

u(x,0) = up(x),
3.1)

where the dissipation p(Vu,d:u) is proportional to an entropy pro-
duction. Details on the construction of u will be given later. It suf-
fices to know for the time being that wu(Vu,du) is zero if u is
smooth so that (3.1) is consistent with (2.1).

Let us now recall how DG approximations of second-order PDE’s
are usually constructed. Let us test (3.1) with a discrete function
vp € Xy, with support in one cell, say K € 74, and let us integrate
by parts

/vhatudK—/f(u)-VvthJr/ vf (u) - ng doK
JK K K

+ [ u(Vu,0:u)Vu - Vo, dK —/ vp(Vu, du)Vu - ng doK = 0.
K oK
(3.2)

We would like to replace the exact solution u by an approximate
one, say up, but since uy, € X;, is discontinuous across the boundary
of K,0K, the functions f(u;), and u(Vu,du)Vu are multi-valued
over OK. To obtain unique values on 9K we replace the ambiguous
functions by numerical fluxes f and g, respectively (the numerical
fluxes are defined in the next section). The DG formulation of
(3.1) consists of seeking uy € Cl([O, T}; Xy) with up|,_q = uop, where
U, is an appropriate approximation of uo, so that the following hold
forall t > 0, all K € 7, and all functions v, € X, with support in K:

/vhatuhdl(—/f(uh)~Vz/hd1<+/ z/;,f~n1<d81<
K K K

+ [ w(Vup, duup)Vuy, - Vo dK — / ng ngddK =0.  (33)
K K

3.2. Definition of fluxes

Numerical fluxes can be defined in many ways. In the hyper-
bolic literature it is common to use the so-called upwind flux
[41,33]. In the elliptic/parabolic literature the numerical flux asso-
ciated with diffusion is defined in many (equivalent) ways depend-
ing on the personal taste of the authors (IPG [1], NIPG, LDG [14], BR
[6], etc.). Both the hyperbolic and elliptic numerical fluxes can be
defined in a unified way [2,15,17] as the sum of the average flux
plus a stabilizing term proportional to the jump of the dependent
variable. The choice we made is the following:

F{un}, [un]) = F({un}) + o or(un)[un],
8(un) = {uVun} — o r(un)[un],
where w > 0,8 > 0, and the maps o (u,)and S:(up) are singled-val-

ued and defined in 3.6,3.7. Using jumps and averages ensures that
the numerical fluxes are single-valued, thereby implying conserva-

(3.4)
(3.5)

tion. The purpose of the averages is to ensure consistency and that
of the jumps to ensure stability.

For instance, assuming that the exact solution is smooth, we
have f(u,0) = f(u) and g(u) = W(Vu,du)Vu which implies that
(3.3) is consistent with (3.1), which in turn is consistent with
(2.1) since u(Vu,d:u) = 0 when u is smooth with respect to space
and time.

The functions or(uy)and B(u,) are defined as follows:

o (u)(®) = max SIf(E) ml, (36)
[E—{un}®)I<3|[un] ®)]
Brun) (%) = {£} ), 3.7)

for every interface F € 7| and every xcF. In general we take
w e {0,1} and § € {0,1}.

Remark 3.1. It is also possible to use the so-called Lax-Friedrichs/
Rusanov flux to define f({u,}, [u,]), meaning

Suer({un}, [un]) = {F (un)} + o (up)[up].

We chose to work with (3.4) because the proof of monotonicity (see
Lemma 3.2) is slightly simpler for (3.4) than for the Lax-Fredrichs/
Rusanov flux.

(3.8)

Remark 3.2. Note that in the particular case of the linear transport
equation, i.e., f(u) = uV, using ®w =1 and (3.6) in either (3.4) or
(3.8) is equivalent to using the upwind flux, since

Flfu) [ ]) g = V- S

7{11%‘/-”1( 1anK<O
T luVeong ifVong>0.

1 ,
TV mg|(uy, —up)

(3.9)

Remark 3.3. It is possible to symmetrize the viscous flux in the
spirit of the IP method [1] to enforce the adjoint consistency as
done in [23], but we did not feel the need to add this additional
complexity. Actually the adjoint consistency [2] is not required
since the viscous flux is consistent with 0. We could also have used
a more sophisticated penalty term in the definition of the viscous
flux in the spirit of LDG [14] or the Brezzi et al. method [2] to make
the method work for all § > 0, or we could also have used the so-
called BRMPS method [7] to have the method work for all § > 1.
All these alternative methods involve additional computations that
we think are not really needed, since the method has been
observed to be stable with the pair (w,d) = (1,0) and is proved
in Lemma 3.4 to be stable with 6 =0, if w > 1 + e,

3.3. Viscosity

The viscosity u is defined to be piecewise constant over the
mesh. Upon choosing one or more entropy functionals, say
Ei,...,Ey, the entropy viscosity u is defined as follows over each
cell K € Ty:

Kl = min(Cmaxhxmax|f’ (un(x, )|, cehiy max(Ds (), ... Doy (un)),
(3.10)

where  D;(up) := max(maXyek |Ri(Un)|, MaXecox|J;(Un)])/Ni, 1 < i < ng,
is defined as follows:

Ri(uh) = 8tE1(uh) +f’(uh) . VEi(Uh)., (311)
Ji(un) = I {f (un) } - [Ei(un)], (3.12)
Ny := max|Ei(us(x,)) - ﬁ L Ei(uy) Q). (3.13)
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R; is the entropy residual associated with the entropy E;, J; is the en-
tropy residual induced by the jump of entropy across the boundary
0K, and N; is a normalization factor.

We generally use only one entropy. For instance we use ng = 1
and E; (u) = 1 (u — mp)® where mo = 1 (maxycolo(¥) + Minyeolo(x))*
in the numerical tests reported in the rest of the paper, unless
explicitly stated otherwise.

3.4. Entropy stability

The purpose of this section is to derive sufficient conditions on
the numerical flux so that the resulting approximation satisfies a
local entropy inequality in the spirit of [25], see (3.17).

Definition 3.1. A numerical flux G : R x R? — R?, consistent with
G, is said to be monotone if the following holds:

(Glab)-6©) -b>0. v la-¢<,

§|b|, Va e R,

Vb € span(ny). (3.14)

Lemma 3.2. Assume that f is of class C'. The numerical fluxes (3.4)
and (3.8) with (3.6) are monotone if w > 1. More precisely, upon
setting either h = f or h = firr, we have

Ja- c\swb@

(ﬁ<a,b>—f<f>)~b><ww— max 51 (é)~nz<>|b2,

Ya e R, Vb e span(ny). (3.15)

Proof. Consider first the flux (3.4). Using the mean value Theo-
rem and the fact that f is of class !, we infer that

(Fla,b) ~£(0)) -b = (F(a) + Wb ~f(£)) - b
= (f() ~£(2) - b+ wolbl’
=b-f ()¢ + bl

€ (a,¢) = —|blIf' ()
> <wocp max ;Lf(f)-wl)bz-
i<3ibl

for some ¢

nglla — &| + wor|b|?,

The conclusion is now a consequence of the definition of o, (3.6).
The proof for the Lax-Freidrichs/Rusanov flux is similar. Using again
the mean value Theorem and the fact that f is of class ¢!, we infer
that

(Fum(@.b)~f(2)) b

= (3(r(+2) 5@) 5 (r(a-) 5@) +omb) 5
:%b.(f’(gl)(aﬂ—b‘f )+f( )( *%b‘*‘f)>+waF|b‘2

for some ¢; € (a—%,¢) and some ¢, € (¢,a + ). This in turn im-
plies that

(Funiab) ~£()) b > ~ 2 max(rcy)

(las o b
2 2

=<
= | WO — ma
la— C\<1\b

and we conclude again as above. O

'nK|vlf/(C2)'nK|)

a—+

) + wor|b?,

Proposition 3.3. Let u, € C' ([0, T]; X;,) solve (3.3). Assume that the
numerical fluxes are defined by (3.4) or (3.8) and (3.5). The following
discrete entropy inequality holds:

dt/ Ledk+ [ Honedok <0, VKeT, ¥e>0, (3.16)
oK
where H is conservative and defined in (3.21), if the following holds:

@5 {5} >0

3.17
lup}— stluuhmZ 317)

@0 (Up) + 0 fp(Un) —

Proof. Let us take v, = uy in (3.3). Then

/ 18t\uh|2d1( - /f(uh) - VupdK + / unf - ngdoK
JK 2 JK J oK
4 / LV dK — / g - e doK = 0
oK
Let K(v) := [ f(t)dt be the anti-derivative of f; then
Sun)VupdK = /K’(uh)Vuh dK = / V- (K(up))dK
K JK K
= / ng - K(uh) doK.
K
Let x € 0K; we denote u}, () the interior limit of u,, at x and ug(x) the
exterior limit (i.e., uﬁl(x) =limeo-up(X+eng) and uf(x)=
lim, o un(X + €ny)). Using that ujng = {u,}ng +1[u,] we have
- / f(uy) - VuydK + / uif - nedoK
K K
I,

:/ - ({un}f — {K(un)})doK
"2 /m([””ﬂ f = (K(uh) — K(uf))) doK.

ng - (uif — K(u))doK

Then using the mean-value Theorem, we  obtain
Kui) — Kug)) = (ul, —ug)f(¢) for some ¢&e (uf,uf). The above
equality can be re-written as follows:

- / Ffup) - VupdK + / ulf - ny doK
K

= / - ({unf — {K(un)}) dOK + 5 / Tup] - (f — £(&)) oK.
oK

Lemma 3.2 then implies
- / Fup) - VudK + / ulf - ng doK
K oK

> / n - ({un}f — {K(wy)})doK
0K

1 1
+= wop—  max o
2 aK( -l <Hlun]| 2

Let us now focus on the viscous flux. Using again that
uing = {up}ng +1[u,] we have

/ |V dK — / ug - nyg doK
K K

— [V K [ gV + ofu)
K oK

"(¢)- nK) [un])* dOK. (3.19)

meaok | (—1 [yl {11Vun) + 16/5F\[{uhﬂ|2) doK.
0K 2 2

. . . A2 ,
The upon using the inequality |ab| < 2La? +4b” with 4 =

. 1, together
with the inverse inequality property (2.5) we infer that



V. Zingan et al./ Comput. Methods Appl. Mech. Engrg. 253 (2013) 479-490 483

/M\Vuh\zcu(—/ upg - ndok
K K
- 3
> [ ) (T} 0peun]) medoK -+ [ VA
K

ZC'/ h iV | d81<+/ Gaﬁffcl‘, “))H[uh}n doK

8 (h,u\Vu,,\ +h° | Vug *) doK,

which can be re-written
/,u|Vuh|2dK—/ ug - ny doK
JK K
> [ (tundpelun] - (v
+/§ IVu |2d1<+1/ B —i{ﬁ} [us]* doK. (3.20)
K 4'u " 2 Jox F 2¢; Lh " T

The conclusion follows upon defining the following conservative
flux:

H (up) = {up}f -

+%[hmwh|ﬂ]) - doK

{K (un)} + {un}(6Be[un] — {MVuh}H%[[hMIVUn\Z}L
(3.21)
and combining (3.19) and (3.20) into (3.18). O

Remark 3.4. Observe that the flux H is consistent with the
entropy flux F(u) := [ f’ (é)dé¢ associated with the entropy
E(u) :=1u? Actually, 1f u 1s a smooth function so that
,u(Vuﬁtu) =0, [u]=0, {u}=u, we have f({u}, v[u]) =f(u)

{K(u)} = K(u) and
/f dt—/f T)rdt

- /Ouf’(t)E’(t)dt = Fu).

Lemma 3.4. Assuming By is defined by (3.7), the inequality (3.17)
holds under each of the following conditions:

H(u) = uf —K(u

(i) aF is defined by (3.6) and w =1 and § > 2%'

(ii) o is defined by or(up)|p =3 MaXee, sk, I (Un(X,1))|, where
recall that F=K,;rNKyr, p is defined by (3.10) and
w=1 +“rg%, 6=0.

Proof. Statement (i) is evident. Statement (ii) is just a consequence
of the definition of of together with the observation that

{,Ll/h} S CmaxMaXxek, puicy s u:/(uh(xv t). O

Remark 3.5. We have observed numerically that the proposed
algorithm performs very well with the following pairs
(w,0) € {(1,1),(1,0),(0,1)} and we conjecture that w+d > 1
and w, & > 0 should be a sufficient condition.

Remark 3.6. Note that o depends on the information on the
approximate solution on the two neighboring cells in a way that
is similar to what is done for the so-called Local-Lax-Friedrichs
flux, see item (ii) from Lemma 3.4, and (4.4).

4. Implementation details

We give implementation details on the method in this
section.

Table 4.1
Butcher tableaux for the explicit SSP RK3 (left) and RK4 (right) methods.

= NN O

o O O =
Wi O Nl=

Q=] =

1
6

4.1. Time integration

Upon choosing a basis for X, say {¥;};<, and denoting
U(t) € R' the coordinate vector of uy(-, t) in this basis, the semi-dis-
crete problem (3.3) can be re-written as follows:

Ma.U = S(U(t)), (4.1)

where the components of the nonlinear map S:C'([0,T);R')
— C%([0,T}; R") are defined as follows:

= /f(uh)'VlﬁidK*/ yf - ngdoK
K oK
| (Tt 0) Vit - K + / Vg nedok, (42)

foralli e {1,...,I}, where K is the cell supporting ;. Initialization of
(4.1) is done by setting U(0) = Uy, where Uy, is the coordinate vec-
tor of ug .

The time stepping to solve (4.1) is done using an explicit Runge-
Kutta method. We have tested various techniques of second-,
third- and fourth-order. All work similarly. Most of the tests re-
ported in the present paper have been done using either the
strongly-stable explicit Runge-Kutta algorithm RK3 described in
[18] or the standard RK4 method. The Butcher tableaux of these
two methods are shown in Table 4.1. We have not noticed signifi-
cant differences in behavior of the entropy viscosity method when
using either SSP RK3 or RK4, besides the fact that RK4 is more accu-
rate than SSP RK3 on problems with smooth solutions.

One remaining detail that needs to be settled is the actual com-
putation of the viscosity. We have chosen to make the viscosity ex-
plicit and it is assumed to be constant over the time interval
(t", " + ). It is computed by using the past values of u,. More pre-
cisely, let u} and t", 7", be the current solution, time, and time step,
and let uf -1 ¢"' v ul2 "2 and 7"2 be the solution, time, and
time step from the previous two times. The entropy residual is as-
sumed to be constant over the time interval (t",t" + ") and is com-
puted as follows:

R(up) = an 2E(uy ) + an 1 E(ujy ") + anE(up) +boof (uf;" ) VE@U™)
+bof VEUD). (4.3)

The coefficients a,_»,a,_1,a, and b,_;,b, depend on the time-
stepping technique. The coefficients corresponding to the Crank-
Nicolson and BDF2 schemes are shown in Table 4.2. R(uy) is
initialized to O when the values of u}~? and u}-! are not available.
The jump term (3.12) is computed by using uj, ie., J(u,) =
e {F )} - [Eup)]

The above approximation of the entropy residual implies that
the entropy viscosity is of order (72 +h”)h2. In particular the

Table 4.2
CN and BDF2 coefficients.
an_2 ap_1 Qn bn_q bn
1 1 1 1
CN 0 — T T 2 2
BDFZ T 1 _ T 1+In 1 T 2+2‘E" 1 0 ‘1
T2 (g2 gnT) Tn2n 1 T (-2 T)
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second-order approximation of the time derivative implies that the
entropy viscosity if fourth-order in smooth regions, i.e., this tech-
nique limits the overall accuracy of the method to fourth-order.
This is not a issue if the time stepping to solve (4.1) is fourth-order
or less or if the polynomial degree of the space approximation is at
most 3. If necessary, it is possible to increase the consistency order
of the method by using a higher-order approximation of the time
derivative in (4.3).

4.2. Implementation using quadratures

All the integrals over interfaces and cells are approximated
using quadratures. The quadrature points are defined on the
reference interface F, say xJ,....x%, and reference element K, say
X1,...,%y, and mapped to the current interface F and element K
by the map Tr and Ty, respectively. We denote Gr:=
{Tr(x9),...,Tr(x2)} the set of quadrature points over F and
Gk = {Tk(x1),...,Tx(Xy)} the set of quadrature points over K.

The function o is piecewise constant over each interface F and
defined as follows in the code that we used to run the numerical
simulations reported in the rest of the paper:

wu)l = max LI ). (4.4)

xeGKl_FuGKZ_F 2

The definition of f;(u,) remains unchanged, i.e., see (3.7). We take
=1 and § = 1, unless specified otherwise.
The viscosity u is defined as follows over each cell K € 7:

Hlic = Min(Cashcmax(f (uy (x, )], cehy max(Ds u). ... Doy (1)),
(4.5)

where the quantities D;(up), 1 < i < ng, are defined as follows:

FCoK xeGp

Di(up) :== max <I£éclx\Ri(uh)|, maxmaxui(uh)\> Nl (4.6)

The volume and interface residuals R; and J; are defined in (3.11)
and (3.12). The normalization coefficient N; is computed as
follows:

N; ;== max
fracKeT ,xGy

Ei(up(x,t)) — ﬁ /ngi(uh)dQ’. (4.7)

4.3. The viscosity parameters

As already mentioned in Remark 3.5, the proposed algorithm
performs equally well with the following pairs (w,d) € {(1,1),
(1,0),(0,1)}. The largest CFL that can be reached with the pair
(w,0) =(1,1) is slightly smaller than with the pairs
(w,9) € {(1,0),(0,1)} due to the combined explicit diffusion in-
duced by both w and é being nonzero.

We have observed that the method gives satisfactory results by
systemically using c; = 1. We have also observed that cp.x = zlk is
always a good choice. For instance, assuming that the space dimen-
sion is one and f(u) = Vue, (i.e., linear transport), setting Cp.x =1 is
exactly equivalent to first-order up-winding if the transport term is
approximated with uniform centered second-order finite differ-
ences (k=1), thereby justifying the scaling cma.x = 0.5/k for
k = 1. It is sometimes possible to be greedy when solving linear
problems by using a smaller value for cpn,x. Lowering cpax usually
allows for a larger CFL.

Remark 4.1. (DGO) We can take cpax = 0 (together with w = 1 and
6 = 0) in the particular case of piecewise constant approximation
(i.e., k = 0) since it is known that the upwind DGO flux is equivalent
to first-order viscosity which is exactly the amount of dissipation
that is required.

5. Numerical illustrations

We illustrate the capabilities of the above technique by solving
various scalar conservation laws. The two-dimensional problems
are solved using the deal.ll finite element library [4,3].

5.1. One-dimensional transport with smooth data

We consider the linear transport problem

DU+ =0, Yxt) e (0,1)xR,, Vx € (0,1),

(5.1)

with periodic boundary conditions and with the following smooth
initial data uo(x) = sin(2mx). The time stepping is done with the
RK4 method. The computations are done with the following param-
eters: Cmax = 0.5/k, ce =1, =1, 6 =1 and CFL = 0.5. We did not
obtain significantly different results by using § = 0 instead of 6 = 1.

The solution is computed up to time T = 1 on various uniform
meshes for polynomial degrees 1,2 and 3. We report the errors
measured in the L'- and L?>-norm at T =1 in Table 5.1. The ob-
served convergence rates are 2,3 and 4 for both norms, respec-
tively. The method gives optimal convergence orders in one
space dimension.

Uli_o = Uo(X)

5.1.1. One-dimensional transport with non-smooth data
We now evaluate the performance of the method with non
smooth data. We consider again the linear transport Eq. (5.1) with

periodic boundary conditions, but this time the initial data is
1 if 0.25<x<0.75,

_ 5.2

to(x) { 0 otherwise. (5:2)

Table 5.1
Convergence test for one-dimensional linear transport with smooth data, Py, P, and
P5 finite elements.

h dofs L'-error Rate 12 _error Rate
(a) Py

2e-01 10 6.355e—01 - 6.951e-01 -
1e-01 20 5.325e-01 0.26 5.917e-01 0.23
5e-02 40 2.276e-01 1.23 2.573e-01 1.20
2.5e—02 80 3.725e-02 2.61 4.276e—-02 2.59
1.25e—-02 160 5.198e—03 2.84 6.023e—03 2.83
6.25e—03 320 5.155e—04 3.33 6.097e—04 3.30
3.125e-03 640 6.864e—05 291 8.338e-05 2.87
1.5625e—03 1280 9.741e—-06 2.82 1.262e-05 2.73
7.8125e-04 2560 1.631e—06 2.58 2.248e-06 2.49
3.90625e—-04 5120 3.435e-07 2.25 4.712e-07 2.25
1.953125e—-04 10,240 8.068e—08 2.09 1.090e—-07 2.11
9.765625e—05 20,480 1.977e—08 2.03 2.710e—-08 2.01
(b) P2

2e-01 15 5.570e-01 - 6.159e-01 -
1e-01 30 2.854e-01 0.97 3.217e-01 0.94
5e—02 60 1.771e-02 4.01 2.026e—02 3.99
2.5e-02 120 8.131e-04 4.45 8.920e-04 4.51
1.25e-02 240 7.221e-05 3.49 8.117e-05 3.46
6.25e—03 480 7.442e—-06 3.28 8.367e—-06 3.28
3.125e-03 960 8.357e-07 3.16 9.433e-07 3.15
1.5625e—03 1920 9.859e—-08 3.08 1.117e-07 3.08
7.8125e-04 3840 1.196e—08 3.04 1.359e-08 3.04
3.90625e—-04 7680 1.483e-09 3.01 1.687e—09 3.01
() Py

2e-01 20 4.610e—-01 - 5.121e-01 -
1e-01 40 2.405e-01 0.94 2.678e-01 0.94
5e-02 80 3.817e-02 2.66 4.319e-02 2.63
2.5e-02 160 5.457e—04 6.13 6.347e—-04 6.09
1.25e-02 320 2.850e—05 4.26 3.247e-05 4.29
6.25e—03 640 1.496e—06 4.25 2.026e—-06 4.00
3.125e-03 1280 9.021e—08 4.05 1.279e-07 3.98
1.5625e—-03 2560 5.554e—09 4.02 8.050e—09 3.99
7.8125e-04 5120 3.502e-10 3.99 5.036e—10 4.00
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Table 5.2
Convergence test for one-dimensional linear transport with non-smooth data.
Convergence rates for L'- and L*-norms vs. polynomial degrees.

Polyn. degree 1 2 3 4 5
Rate (L'-norm) 0.76 0.82 0.87 0.91 0.94
Rate (L2-norm) 0.38 0.42 0.45 0.46 0.48

104 . .
10" 102 10° 10%

Fig. 5.1. Linear transport with smooth data. L'-norm of error at T = 1 vs. nb. dofs
for Py,...,Ps.

The time stepping is done with the RK4 method. The computations
are done with the following parameters: cmax =0.5/k, ¢ =
1, =1, 6=1and CFL=0.5.

The computations are done on 9 uniform meshes going from 5
cells up to 1280 = 28 x 5 cells. The errors in the L'- and [*-norm
are computed at T = 1. The method is tested with polynomials in
P1,...,Ps. The mean value of the observed convergence orders

are reported in Table 5.2. The convergence rates in the L'- and

2 : : : k+3 1 k+d
L*-norm are compatible with the estimates =% and 3 =%, respec-

tively. Recall that, assuming the time to be continuous, the stan-
dard a priori error estimate for the DG approximation of (5.1) is

1 . e ..
U = unll~om2) < chk+2|\uo||Hk4. Since the initial data (5.2) is in

H¥ ¢ for all € >0, the real method of interpolation implies that

k+d
lu—upll2 < ch ot (see for instance [34] or [46, Chapter 22]).
It is possible to get rid of the arbitrary number € by using the Besov
spaces B; . A similar argument holds for the error in the L'-norm

by interpolating between W**'! and L! := W°! using the fact that
U is in W'=¢! for all € > 0. In conclusion the higher the polynomial
degree the more accurate the method. This test shows that
higher-order methods perform better than lower-order methods
even on non-smooth solutions. This statement is reinforced by
looking at Fig. 5.1. We show in this figure the L'-norm of the error
at T =1 as a function of the total number of degrees of freedom
(dofs) for the Py,...,Ps approximations. For any given number of
degrees of freedom the error is a decreasing function of the
polynomial degree k. Note that the P3, P4, and Ps errors almost
coincide because the accuracy is limited to fourth-order by our
using RK4.

5.2. Two-dimensional tests
We consider the domain Q = {x € R?,|x| < 1}, the vector field

V(x) = 2n(—y,x), where ¥ = (x,y), and the two-dimensional trans-
port problem

Fig. 5.2. Linear transport with smooth data. Graph of Qs solution at T = 1.

Table 5.3

Convergence test with Q, finite elements.
h dofs L'-norm Rate I2-norm Rate
(a) Upwing flux
0.2929 180 2.685e—01 - 2.482e—-01 -
0.1768 720 6.570e—02 2.03 7.464e—02 1.73
0.0937 2880 8.774e—-03 2.90 1.162e—-02 2.68
0.0496 11,520 7.655e—04 3.52 1.137e-03 335
0.0252 46,080 5.721e-05 3.74 1.132e-04 333
0.0128 184,320 5.699e—06 3.33 1.685e—05 2.81
0.0064 737,280 7.101e—-07 3.01 2.261e—06 2.90
(b) Centered flux
0.2929 180 2.633e-01 - 2.415e-01 -
0.1768 720 9.589e—02 1.46 9.972e—02 1.28
0.0937 2880 1.895e-02 2.34 2.299e-02 2.12
0.0496 11,520 2.036e—03 3.22 2.469e—-03 3.22
0.0252 46,080 1.895e-04 3.43 1.961e-04 3.65
0.0128 184,320 1.826e-05 3.38 1.604e—-05 3.61

O+ V - (Vu) =0, (5.3)

1 X— 1)
u(x,0) = ( 1 tanh %—1 7 (5.4)

witha = 0.3 and ry = (0.4,0). Note that V - V = 0 and the boundary
of Qis a characteristics boundary (i.e., V - n|,, = 0). The graph of the
solution at T = 1 using Q3 approximation is shown in Fig. 5.2.

Two convergence tests are done using Q, discontinuous finite
elements on various grids composed of Qs quadrangles (meaning
that the mappings Ty : K — K are Q). In the first series of tests
we use the upwind flux in (3.4), i.e.,, w = 1, and in the second test
we use the centered flux, i.e., @ = 0. In both cases we take 5 = 1 in
(3.5). The other parameters are set as follows: ¢g = 0.5, Cpax =
0.1/k, 6 = 1.0, CFL = 0.25. The time stepping is done using RK4.
The goal of these tests is to evaluate the importance of the
definition of the inviscid flux (3.4).

The errors measured at T =1 in the L'- and [*>-norm together
with the respective convergence orders are shown in Table 5.3(a)
and Table 5.3(b). It is remarkable that the convergence order is 3
irrespective of the definition of the flux. This test confirms that
the present DG implementation of the entropy viscosity method
works properly by using centered fluxes.

5.2.1. Convergence tests for two-dimensional inviscid Burgers equation

We consider the inviscid Burgers equation in two space dimen-
sions. Let V = (1,1) be a constant vector field and consider the
conservation equation

U+ V- Guzv> =0, (5.5)
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Table 5.4
Convergence test for two-dimensional inviscid Burgers equation, T = 0.5, Q;, Q,, and
@3 discontinuous FEs.

h dofs L'-error Rate I%-error Rate
(a) @y

0.5000 16 5.845e—01 - 6.527e-01 -
0.2500 64 2.788e-01 1.07 3.782e-01 0.79
0.1250 256 1.127e-01 1.31 2.328e-01 0.70
0.0625 1024 6.415e—02 0.81 1.762e-01 0.40
0.0312 4096 3.174e-02 1.02 1.248e-01 0.50
0.0156 16,384 1.697e—-02 0.90 9.238e-02 0.43
0.0078 65,536 8.506e—03 1.00 6.678e—02 0.47
(b) @,

0.5000 36 4.843e-01 - 5.596e—01 -
0.2500 144 1.500e-01 1.69 2.601e-01 1.11
0.1250 576 7.441e—02 1.01 1.911e-01 0.44
0.0625 2304 3.702e—-02 1.01 1.370e-01 0.48
0.0312 9216 1.948e—02 0.93 1.010e-01 0.44
0.0156 36,864 9.718e-03 1.00 7.157e-02 0.50
0.0078 147,456 5.118e—03 0.93 5.308e—02 0.43
(c) Qs

0.5000 64 4.510e—01 - 5.126e-01 -
0.2500 256 1.237e-01 1.87 2.332e-01 1.14
0.1250 1024 5.628e—02 1.14 1.638e-01 0.51
0.0625 4096 2.945e—-02 0.93 1.223e-01 0.42
0.0312 16,384 1.445e—02 1.03 8.728e—02 0.49
0.0156 65,536 7.618e—03 0.92 6.395e—-02 0.45
0.0078 262,144 3.731e-03 1.03 4.527e-02 0.50

subject to the following initial condition

-02 ifx<05 and y>0.5;
-1 ifx>05 and y>0.5;
05 ifx<05 and y<0J5;
08 ifx>05 and y<05.

The entropy pair that we choose for this problem is (E(u) =
1u?, F(u) = 1u*»). The solution is computed at T = 0.5 to facilitate
comparisons with [9,26]. The parameters for this computation are
ce=1.0, cmax =0.25/k, =1, 6=1.0, CFL = 0.25.

The exact solution to this problem for ¢t > 0 is given in [22,
Section 4.1]. We compute the L'- and [?>-norm of the error and
the corresponding convergence rate at T = 0.5 on various uniform
meshes composed of squares. The results for @;, Q, and Qs,
approximations are shown in Table 5.4. We observe that the
convergence rates are 1 and J in the L'- and [*-norm, respectively

u(x,y,0) =uo(x,y) = (5.6)

0.8

0.6

0.4

0.2

0.0

(a) Solution

T
0.0 0.5 1.

and are independent of the polynomial
approximation.

The graph of the solution at T = 0.5 is shown in the left panel in
Fig. 5.3 and the entropy viscosity filed is shown in the right panel.
The entropy viscosity focuses in the shock as anticipated.

degree of the

6. Extension to compressible gas dynamics

We extend the above technique to the equations of compress-
ible gas dynamics in this section.

6.1. Details on implementation

We consider the Euler equations for a perfect gas written in
conservative form

p m
o€+ V- (f(€) =0, c¢=|m| f(e)=|mey+pl
E S (E+D)

(6.1)

where the independent variables are the density p, the momentum
vector field m and the total energy E. The velocity vector field u is
defined by u := m/p. The symbol [ denotes the identity matrix in
RY. The pressure is expressed via the equation of state of ideal
gases:

p=pT, with T=(y—1e, :(5-%%), (6.2)

where y is the adiabatic constant and T is the temperature. The Eu-
ler system is known to have a physical entropy functional

P .
V__lloguvplh (6.3)

S(p,p) =

that satisfies the following inequality
S+ V- (uS) = 0. (6.4)

The above inequality becomes an equality if all the fields are
smooth.

The solution technique is almost identical to what we have
described in Section 4 for scalar conservation equations, the only
significant difference being in the adopted regularization of (6.1).
Following [21,22], we replace the Euler system by the
Navier-Stokes system where the viscosity and the thermal
diffusivity are proportional to the entropy residual. Setting

,0 0,5 1,0

(b) Viscosity

Fig. 5.3. Two-dimensional Burgers equation, T = 0.5, Q3 polynomials.
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Table 5.5
Data for one-dimensional Riemann problems from [47].
Test T Xo 4 u D Pr Ur Dr
1 0.200 0.300 1.000 0.750 1.000 0.125 0.000 0.100
2 0.012 0.500 1.000 0.000 1000. 1.000 0.000 0.010
3 0.035 0.400 5.99924 19.5975 460.894 5.99242 —6.19633 46.095
Viu :=1(Vu+ (Vu)"), the inviscid flux f in (6.1) is augmented Table 5.6
with the following viscous flux: Entropy viscosity parameters for the one-dimensional Riemann problems.
vVlogp Test CFL Cmax Ce Py Pr » 5
_ s 1 0.33 0.5/k 1.0 0.15 0.15 1 1
8(c) = i pVu (63) 2 0.33 0.5/k 1.0 0.15 0.15 1 1
,UV u-u+kVe 3 0.33 0.5/k 1.0 0.15 0.15 1 1

Note that the Navier-Stokes viscous fluxes are compatible with the
entropy inequality (6.4). Note also that the presence of an artificial
mass diffusion may be objectionable since this term is not present
in the Navier-Stokes system. This term must be understood only
as a numerical device whose objective is to stabilize the mass con-
servation equation. Virtually all numerical schemes induce some
kind of dissipation on the mass conservation in one way or another.
For instance the viscous flux associated with the Lax-Friedrichs
schemes with Py approximation in one space dimension is

Vp
8ir(€) = —(ju[ + yDh| Vm (6.6)
VE

See the appendix of [39] for more details on this issue.
The viscosity u is assumed to be piecewise constant over the
mesh; it is defined as follows over each cell K € 7:

|+\/'))T 7CEhD

where D(up) := max(maXyex |R(Up)|, MaXecox|J(up)|) is defined as
follows:

R(up) = 3P, p1) + V - unS(py, 1)),
J(un) = b - [wS(py, py)]l-

R is the entropy residual and J is the entropy residual induced by
the jump of the entropy across the boundary 9K. Note that no nor-
malization is necessary, since D has the right dimension. The arti-
ficial thermal diffusivity and the mass conservation viscosity are
defined as follows?

Kl = Prilg, Vg = Pplllg- (6.10)

The DG implementation of the viscous flux (6.5) is analogous to
what we have done in (3.5) for scalar conservation equations. We
omit the details for brevity. We have observed that one important
aspect of the implementation is that the pair (w, §) must be so that
w > 0. For all the numerical tests reported hereafter we used w = 1
and 6 = 1.

Mk = mm(cmaxthaX(ph |un(x (6.7)

(6.8)
(6.9)

6.2. One-dimensional Riemann problem

We now consider three classical one-dimensional Riemann
problems taken from [47]. These tests are defined by the set of data
reported in Table 5.5. The indices I and r designate the left (x < xo)
and right (x > xo) states, respectively. The computational domain
is @ =(0,1) and the final time of the computation is denoted T.

2 During the review of the manuscript, the authors [19] have determined that using
Vg = %1 Klg, e, Py = 7;1 Pr, implies that the regularized system satisfies a minimum
principle on the specific entropy (see Tadmor [45] for an argumentation on the
importance of the minimum principle on the specific entropy). The computations
reported in the present paper have not been re-done with this scaling.

We take y = 1.4 for heat capacity ratio in all these tests. The com-
putations are done using P3 discontinuous finite elements on a
uniform mesh composed of 200 cells and the time stepping is done
with RK4. The computational parameters are reported in Table 5.6.

The results for each test case are shown in Figs. 6.1, 6.2, 6.3. We
observe that the results are non-oscillatory even though we used
cubic elements. We have verified that the computed solutions
are the entropy solutions.

6.3. Contact vs. shocks

We have mentioned in the introduction that we expect the en-
tropy residual to “make an automatic distinction between shocks
and contact discontinuities”. We illustrate this conjecture by solv-
ing again the one-dimensional Riemann problem called Test 1 in
the above section. We show in Fig. 6.4 the (piece-wise linear recon-
struction of) coefficient x(x) at the end of the simulation on various
uniform meshes of mesh size h;=2""x 1072, i=1,...8 using
piecewise linear polynomials. The distribution is normalized by
its maximum value in the shock. We observe that the ratio of the
artificial diffusion in the contact discontinuity to that in the shock
goes to zero as the mesh size goes to zero. The observed conver-
gence rate in the contact discontinuity is (’)(h“) thereby supporting
the above conjecture.

6.4. Two-dimensional tests

The method is now tested in two space dimensions on two clas-
sical benchmark problems.

6.4.1. Riemann 12

We consider Problem 12 from [36]. It is a two-dimensional Rie-
mann problem developing complex structures involving shocks
and contacts. The computational domain is Q = (0,1)%. The heat
capacity ratio is y = 1.4 and the initial data is

p=1 p=4/5 u=(00), O0<x<1/2, 0<y<1/2,
p=1, p=1 u=(3/V17,0), 0<x<1/2, 12<y<1,
p=1, p=1 u=(0,3/V17), 1/2<x<1, 0<y<1/2,
p=2/5 p=17/32, u=(0,0), 1/2<x<1, 05<y<1.
(6.11)

Due to the finite speed of propagation of perturbations, the solution
of the problem in (0,1)? is identical to the restriction to (0, 1)2 of the
solution to the Riemann problem in R? up to time t*
> 0.32, Wheres_ﬁ

The control parameters of the entropy viscosity are
cg=1, Cmax= 05/k, =1, =1, P, =025 Pr=025 The
time stepping is done with RK4 with CFL = 0.25. The computations

52+0v6)
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Fig. 6.1. Test 1. Density (left), velocity (center), pressure (right).
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Fig. 6.2. Test 2. Density (left), velocity (center), pressure (right).
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Fig. 6.3. Test 3. Density (left), velocity (center), pressure (right).

are done with @,Q, and Q3 discontinuous finite elements on a
grid composed of 16384 = 128 quadrangular cells. The total num-
ber of scalar degrees of freedom for the Q;,Q, and Qs approxima-
tions are 65536, 146456,262144, respectively, i.e., 4 x (k+ 1).
We show in Fig. 6.5 the density field at T=0.2 < T* for the
Q,,Q, and @s; approximations. The results compare well with
those from [36]. The shocks and the fine structures that develop

behind them are very well described. The method behaves well
as the polynomial degree of the approximation increases.

6.4.2. Mach 3 step

We finish the series of numerical examples by considering the
flow past a forward facing step in a wind tunnel at Mach 3. This
benchmark test has been proposed in [16] and has been popular-
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Fig. 6.4. Artificial thermal diffusivity for Test 1 at T = 0.25, normalized by its maximum value in the shock.
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Fig. 6.5. Riemann Problem 12 at T = 0.2. @, (left), @, (center), @3 (right), 128 x 128 cells.
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Fig. 6.6. Mach 3 flow past a forward facing step at T = 4, @, approximation, 25,500 cells. Mesh (left), density (right).

ized by Woodward and Colella’s extensive study [50]. The geome-
try of the domain is shown in Fig. 6.6. The initial data and inflow
boundary conditions are specified in terms of the primitive
variables

(p,u,p)" (x,,0)
(p.u.p)'(0,y,t)

The outflow boundary at {x = 3} is free. The slip condition u-n =0
is specified on the solid wall of the tunnel, n being the unit outward
normal on 9Q.

We solve this problem by using @; discontinuous finite ele-
ments and an adaptive mesh refinement strategy built in deal.ll.
The local error indicator is hk [, |{0np}* dOK and we limit the num-
ber of refinement levels to 7. The refining and coarsening is done so
that 30% of the cells with the largest error indicators are refined
whereas 10% of the cells with the smallest error indicators are coar-
sen. Mesh adaption is done at every time step. The time stepping in

} =(14,(3.0,0.0),1.0)". (6.12)

done with RK4 at CFL = 0.2. The parameters of the entropy viscosity
arecg =1.0, cmax =05/k, =1, 6=1,P, =0.05, Pr=0.1. This
example is included in the present paper as an illustration that
adaptive refinement can be used in conjunction with the proposed
technique. Our purpose is not to present a refined solution.

The mesh obtained at T = 4 is shown in Fig. 6.6 and the density
field is shown in 6.6(b). This solutions agrees, at least in the eye-
ball norm, with other reference solutions that can be found in
the literature. The contact discontinuity emerging from the
three-shock interaction point is present in both simulations and
is captured satisfactorily, considering the small number of ele-
ments used in this computation (25500 cells). We observe a spuri-
ous Mach stem at the bottom wall. This artifact is due to the
entropy layer produced at the bottom wall by the corner singular-
ity. The phenomenon is well explained in [15, p. 217]. It can be re-
moved by modifying the scheme in some ad hoc fashion close to
the corner, aggressively refining the mesh at the corner, or simply
regularizing the corner.
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7. Conclusions

We have extended the notion of entropy viscosity to the discon-
tinuous Galerkin framework for scalar conservation laws and the
compressible Euler equations. The method is easy to implement
on unstructured grids with arbitrary polynomial approximations.
Limiters and high-order polynomial reconstructions are avoided
by using a viscous stabilization that is compatible with the entropy
inequality. The method has been shown to behave well on many
benchmark tests. We have observed that the DG method is at least
as efficient as CG and spectral element versions of the entropy vis-
cosity method on the same class of problems. The use of DG ele-
ments provides a natural setting for coupling the hydrodynamics
and radiation transport equations because DG FEM methods are
vastly superior to CG methods for radiative transfer calculations
[31].
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