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Abstract. Using a general approximation setting having the generic properties of finite-elements,
we prove uniform boundedness and stability estimates on the discrete Stokes operator in Sobolev
spaces with fractional exponents. As an application, we construct approximations for the time-
dependent Stokes equations with a source term in LP(0,T;L9(2)) and prove uniform estimates
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Sohr and von Wahl [20].
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1. Introduction
1.1. Scope of the paper

The objective of this paper is to construct approximations for the time-dependent
Stokes equations with a source term in L?(0, T;L?(£2)) and to prove uniform esti-
mates on the discrete pressure, the time derivative, and the discrete Laplacian of
the discrete velocity that are similar to those proved by Solonnikov [21] and Sohr
and von Wahl [20]. To this purpose we construct a finite-element-like approxi-
mate Stokes operator and we prove norm equivalences between the scale of norms
which it generates and the usual fractional order Sobolev norms for —; <s< g
The boundary condition under consideration is the homogeneous Dirichlet condi-
tion. By working with fractional exponents of the discrete Stokes operator and the
Fourier technique in time we avoid the non-Hilbertian L?(L?)-framework, which
we do not know yet how to handle in finite-element-like discrete settings. This
technique yields near optimal counterparts of the estimates of Sohr and von Wahl
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on the time derivative and discrete Laplacian of the discrete velocity. The main
results summarizing the content of the paper are Theorem 4.1, and Theorem 5.1.

The paper is organized as follows. The rest of this section is devoted to intro-
ducing notation and recalling the definitions of the Leray projector and the Stokes
operator. The discrete finite-element-like setting alluded to above is introduced
in §2. Boundedness and invariance properties of the discrete Leray projector are
stated in §3. The discrete Stokes operator is analyzed in §4. The results of §4,
in particular Theorem 4.1, are used to analyze the semi-discrete time-dependent
Stokes operator in §5. Discrete counterparts of the estimates of Sohr and von Wahl
using fractional Sobolev spaces are sated in Theorem 5.1.

The results presented in this paper are part of a research program aiming at
characterizing the weak solutions of the three-dimensional Navier—Stokes equa-
tions that are suitable in the sense of Scheffer [18]. It has been shown in [10]
that, in the three-dimensional torus, weak solutions that are constructed as limit
of sequences of finite-element-like Galerkin approximations are suitable. The goal
we are pursuing is to eventually extend this result to homogeneous Dirichlet con-
ditions. One important intermediate step on the way are estimates like (5.23)
and (5.24). A proof that finite-element-like Galerkin approximations are indeed
suitable is reported in [12]. Theorem 5.1 (which is a consequence of Theorem 4.1)
is an essential key for proving this result.

1.2. Notation and conventions

Let Q be a connected, open, bounded domain in R? (d is the space dimension).
The boundary of € is assumed to be such that the H?2-regularity property of the
Laplace operator holds, i.e., there is ¢ > 0 such that

o e HUQ)NHAQ),  [ollus < |l Av] . (L1)

For instance, Q convex or Q of class C!*! are sufficient conditions for this property
to hold, cf. e.g. [9]. The boundary of 2 and the outward unit normal are denoted
by I' and n, respectively.

We use bold notation to denote the product space with d—components in a
given space, e.g. H*(Q) = [H'(€)]¢, but no notational distinction is made between
R-valued and R%-valued functions. Whenever E is a normed space, || - || g denotes a
norm in E. Whenever F is a Hilbert space, (-,-)g denotes the scalar product in E.
The scalar product in L?(Q) and L?(Q) is simply denoted by (-,-). Henceforth ¢
is a generic constant. The symbol ¢, (-) denotes a generic positive non-decreasing
function. The symbol ¢;(-) denotes a generic positive non-increasing function.
Both the generic constant ¢ and the generic functions c¢,, and ¢; are independent, of
the mesh parameter h. The value of ¢ and the exact form of ¢, and ¢; may vary
at each occurrence.

For 0 < s < 1, the space H*(2) is defined by the real method of interpolation
between H!(2) and L?(12), i.e., the so-called K-method of Lions and Peetre [17],
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see also [16] or [3, Appendix A]. To define H*(f2), we interpolate between H!(£2)
and H?(Q)if 1 < s < 2. We denote H§(12) to be the closure of C5°(£2) in H*(Q2) for
0 < s < 1and H§(Q) to be the interpolation space [H2(€2), L*(Q)], for 0 < s < 1.
For s € (1,2], H3(Q) is defined to be H*(Q) N HL (). Note that the spaces H*(Q)
and H(9) coincide for 0 < s < ) with uniformly equivalent norms (see [16,
Thm 11.1]). The spaces H*(2) and ﬁg(Q) coincide for 0 < s < } and their norms

are equivalent; i.e., there is ¢; > 0 and a non-decreasing function ¢, such that
allola < [vllg; < cu(s)llvlla, Vo€ H, Vs € [0,}), (1.2)

with lim,_, 1 ¢y(s) = oo, see [16, Thm 11.7].

For negative s, H§(€2) is the dual of Hy *(Q). The space H~*(Q) for s > 0 is
defined by duality, i.e.,
(v, w)

[vllgr-- =  sup :
0£wWECS (Q) 1wl g

For s € [O, %) U (%, g), H ™~ coincides with ﬁO_S(Q).
We define H? (), s € [0,1], to be composed of those functions in H*(£2) that
are of zero mean. It can be shown that H? (Q) = [L2,(Q), HL, ()]s, for all

s €[0,1], cf. e.g. [11].

1.3. The Leray projector

Following [14, 22] we define

V ={veCy(); Vv=0} (1.3)
to account for solenoidal vector fields, and we set
0 L? 1 H' 2 1~ 2
ve=y" vi=vT | vIovinEq(Q). (1.4)
The following characterizations of V? and V' hold, cf. [22],
V° = {v e L3(Q); Voo = 0; vn|p = 0}, (1.5)
V! = {v e H(Q); Vv = 0; v|p = 0}. (1.6)

V' is a closed subspace of L2(Q) and the following well known Helmholtz decom-
position holds, see e.g. [14, 22]

L2(Q) = V' & VHL, (). (1.7)

We denote by P : L?(Q) — V? the L®-projection onto V? (i.e., the so-called
Leray projection).
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Lemma 1.1. There is a ¢ > 0 such that for all s € [0,1],

Vo e Hy(Q),  [[Pvllm: < clfvllg;- (1.8)

Proof. Let v € L?(Q). Define ¢ € H'(Q) be such that (Vg, Vr) = (v, Vr) for all
rin HL,(Q). Tt is clear that
laller < effollea.

Assume moreover that v € H}(Q2), then ¢ solves the homogeneous Neumann prob-
lem

Ag =V, Onqlr =0.
Owing to the regularity hypothesis on €2, the regularity theory of elliptic operators
implies
> < cllvflar-
Then, by interpolation, we obtain

lall e < cllvllggy, Vo€ H5(2).

Then we define Pv = v — Vq. The triangle inequality yields ||Pv|jms < ||v|ms +
IValm: < cflvllg,- O

1.4. The Stokes operator

Let us define the unbounded vector-valued Laplace operator —A : D(A):=H{(2)N
H?*(Q) — L?(Q). We introduce the so-called Stokes operator A : D(A):=V? — V°
by setting A = —PA|yz. We assume that the domain Q is such that there is ¢ > 0

Yo € V2, [[v]lg2 < c||Av]|yz- (1.9)

This property holds in two and three dimensions (d = 2, 3) whenever ) is convex
or of class CH, see [6, Thm 6.3].

It follows from (1.9) that A is closed. Moreover, it is positive and self-adjoint
and its inverse is compact. We denote by (¢, Ax)r>1 the eigenpairs of A so that
the family (¢5)x>1 forms an orthonormal basis for V?. Following [7] we define

E:{vzzfj:lvkgbk; NeN; (vl,...,vN)ERN}, (1.10)

and for all s € R we denote by E® the completion of E in the norm

(S5 Anlonl?)* = (A%, 0)3 (1.11)

It is clear that E® = V?, for s = 0,1,2. We henceforth introduce the notation
1

V*:=E® for all s € R and we set ||v||vs := (A%v,v)z. Using the K-interpolation

method, it can be shown also that {V*}scg forms an Hilbert scale.
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2. The discrete setting and preliminaries

We introduce in this section a discrete approximation setting and we prepare the
ground for the main result of §4, i.e., Theorem 4.1

2.1. The discrete setting

We assume that we have at hand two families of finite-dimensional spaces, { X } >0
and {Mp}n>o such that X;, € Hj(Q) and M, € L (). To avoid irrelevant
technicalities we assume M, C H' ().

The spaces {X}, }r>0 and { M}, } >0 have approximating properties in the sense
that there is a constant ¢ uniform in A such that for all VI, s, 0 <1 < min(1, s),
[ <s<2,

Yo € Hg(Q), wig)f(} [lv — UhHﬁé < chS*leHﬁ8 (2.1)
Yo € H]_,(0), inf gl < ch gl (22)

We moreover assume that the following inverse inequality holds: There is a
positive non-decreasing function ¢,, uniform in h, such that for all s € [O, g)

< cu(s)h " [on]|Lz- (2.3)

Yoy, € Xy, H%Hﬁg

We assume also that the L?-projection , : L2 (Q) — X, onto X, is stable on

ﬁg(Q), for 0 < s < g, i.e., there is a positive non-decreasing function c¢,, uniform
in A, so that _
Voe Hy(Q),  [lmnvllgy < culs) [|vllg,, (2.4)

for all s € [0, g)

Remark 2.1. The hypotheses (2.3) is usually satisfied when X}, and M), are
constructed by using finite elements on quasi-uniform meshes. By redoing carefully
the computation in [2, Appendix] we can show that ¢,(s) ~ (1 —2s)"2. The
hypothesis (2.4) can be proved to hold on quasi-uniform meshes also by using
Lemma A.3 with p, = 7, and Ty, = 7.

2.2. Discrete projections and Laplace operator

Let Ej, : H{(Q) — X, be the so-called elliptic projection defined by
(VEnz,Vay) = (Vao,Vay), Ve HH(Q), Yo, € Xp. (2.5)

Lemma 2.1. There is a ¢ independent of h such that VI, s, 0 < | < min(1,s),
1 <s<2, B
|Enx — x||ﬁé < chs_l||:v|\ﬁ3, Vo € Hy(Q). (2.6)
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Proof. This is a standard result when [ is integer; see e.g. [8]. The result follows
by interpolation for non-integer [ in (0,1). O

We also assume that the family (Xj)r >0 is such that Fj, is uniformly H®-stable
for s € [1, g), i.e., there is a positive non-decreasing function c,, independent of
h, such that

1 Brllzg, < cus) V. (2.7)

for all v in ﬁS(Q) When the spaces (Xp,)n>0 are finite-element-based, this assump-
tion is known to hold under quite weak regularity requirements on the underlying
mesh family, see [2] or Lemma A.3 with pj, = 7, and T}, = Ej,.
We define the discrete Laplace operator Ay, : X; — X, as follows:
(Arzn,yn) = —=(Von, Vyn), Van,yn € X,

Clearly the four operators Ay, Ep, mp, and A are related by

ApEpz = mp Az, Yz e D(A). (2.8)
In other words the following diagram commutes:
D(A) —E— @)
l B, lwh (2.9)
Xy, = X, .

The operator —Ay, is self-adjoint and positive definite so we can define (—Ap)*
for all s € R and the following norm makes sense
”'UhHX;*; = ((—Ah)s’vh, ’Uh)é, Yo, € Xp,. (2.10)

We denote by X7 the vector space X}, equipped with this norm. Xj is clearly a
Hilbert space. The family {X} }scr is a Hilbert scale in the sense of Lions and
Peetre [17], [16], [3, Appendix A].

Lemma 2.2. Under the above assumptions, there is a positive non-increasing
function ¢; and there is a positive mon-decreasing function c,, both uniform in
h, such that for all s € (—:2)’, g),

Von € X, alls]) [lonllgg < lvallx; < culls]) lvallgs- (2.11)

For completeness, we sketch a proof of this result in Appendix A.

2.3. Compatibility between X; and M}

We assume that X and Mj, are compatible in the sense that there is a constant
¢ > 0 independent of h such that

Van € My, maVanlee > o Vanloo. (2.12)
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This inequality can also be equivalently rewritten as

\%
th S Mh, sup ( Qh,vh)

> ||Van||vez- (2.13)
0£vpeX,  |vnllL2

A first consequence of this hypothesis is that X; and M), satisfy the so-called
LBB condition, see e.g. [8].

Lemma 2.3. Assume that (2.1) holds with | = 0, s = 1, and (2.3) holds with
s =1. Then (2.12) implies that there is a constant ¢ independent of h such that

inf  sup (an, Vor) > c. (2.14)

an€Mn 0z, X, [ nl 2 [[on |1

Proof. See the proof of Lemma 2.1 in [10]. The operator C;, can be e.g. the Clément
interpolation operator [5] or the Scott—Zhang operator [19]. O

Lemma 2.4. Hypothesis (2.12) holds in either one of the following situations:

(i) Xy, is composed of P1-Bubble H'-conforming finite elements and My, is
composed of P1 H'-conforming finite elements (i.e., the so-called MINI
element).

(ii) X, is composed of Py H'-conforming finite elements and My, is composed of
Py H'-conforming finite elements (i.e., the so-called Hood—Taylor element),
and no tetrahedron has more than 3 edges on 0f).

Proof. See the proof of Lemma 2.2 in [10]. O

2.4. The Discrete Leray projection and Stokes operator

We now define the space Vj, to be the set of discretely divergence free vectors, i.e.,
VvV, = {’Uh € Xp; (’Uh,th) =0, th € Mh}. (2.15)

Then let Py, : LQ(Q) — V|, be the L2-projection onto V. P, is a discrete version
of the Leray projection.
We also introduce the mapping Ry, : H () — V), defined by

(VRh’U, Vvh) = (V’U, Vvh), Yo, € V. (2.16)

Lemma 2.5. Under the hypotheses of Lemma 2.3, there is a constant ¢ indepen-
dent of h such that

Yo € V2, |Rrv — vl < ch||v||ge2. (2.17)

Proof. (2.17) is a standard result; see e.g. [8, 4]. O
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We now define the discrete Stokes operator A, : Vi, — Vj, as follows: For all

up € Vy, Apuy, is the element of V), such that
(Ahuh,vh) = (Vuh, Vvh), Yo, € V. (2.18)

Note that Ap, = —PpAplv,. Observe that the four operators Ay, Ry, Py, and A
are related by

ApRpv = —PhAU, Yv € D(A) (2.19)
An identical argument shows that
ARy = —PhAhxh, Va, € Xp. (2.20)

In other words the following diagram commutes:

—A

D(A) L*(Q)
Z .
A
En ViV, Th (2.21)
| A& 2
X, ) X, .

Since Ay, is self-adjoint and positive definite, the operator A7 is well defined
for all s € R. We equip the vector space Vj, with the norm

lonllve = (Ajon,vn)2, (2.22)
h

and we denote by V3 the corresponding normed (Hilbert) space. Using the so-
called K-interpolation method of Lions and Peetre [17], [16], [3, Appendix A], it
is clear that {V7} }scr is a scale.

3. Properties of the discrete Leray projection

The goal of this section is to provide a preliminary result concerning P, that will
be used in the proof of Theorem 4.1. The main result of this section is Lemma 3.1.

Lemma 3.1. There is a positive non-decreasing function c,, independent of h,
such that

weH (Q), [Py, <cul®)lvlg,  Vse[0,1). (3.1)

Proof. Let v be a member of H*(Q2) = ﬁg(ﬂ) for 0 < s < J. Let Pv be the
L2-projection of v onto V°. There is a q € HL,(Q) such that

(Pv,l) + (Vq,1) = (v,1), vl e L3(9),



596 J.-L. Guermond and J. Pasciak JMFM

(Vr, Pv) =0, vre H' (Q).

The above problem is clearly a well posed mixed problem.
Let (vn, qn) € Xy X My, solve

(nyln) + (Van, In) = (v, 1), Vi, € X,
(vrhvvh) = 0; VT'h S Mh.

This is a stable mixed problem by (2.12). Clearly, v, = Ppv. Thus P,v and
gn, are the mixed approximations of Pv and ¢, respectively. Owing to (2.13) the
approximation theory of mixed problems yields (see e.g. [8, 4])

1Pv = Puollge +lla = anlln < e( g [IPo—wnlla +_inf flg=rnlin ).

Since v is in H*(Q2), Lemma 1.1 implies Pv € H*(Q) = ﬁS(Q), 0<s<?3 The

approximation hypotheses (2.1)—(2.2) together with the norm equivalence (1.2)
then yield

1Pv— Puvlls < eh® (1 Pvllgg; + laln)
< e (eu(s) [ Pollre + lallas:) < euls) B0l

Then using the above approximation result together with the approximation and
stability properties of 7, and the inverse inequality (2.3), we infer

[1Phollgg < [[Pho = mnPollgg, + 70 Pol g,

< eh™?||Pyv — mp P12 + || Pol| .
0

(3.2)
< ch_s(Hth — Pv||gz + || Pv— 7ThP’U||L2) + c'||Pv||ﬁ8
< cul®) 0l
This completes the proof. O

Remark 3.1. Observe that the above result does not hold for s > ; Even if v is

in ﬁg, Pv is not in ﬁg in general if s > é, i.e., the boundary conditions are lost

on Pv (the normal component of Puv is zero, but the tangential component is not
zero). On the other hand, observe that P,v € X;, C H}(Q). Hence, in general
P e ﬁg but Pv ¢ f{g when s > % This boundary value incompatibility implies
that for all s > 1, [|[Pv — Pyollp2 < c(e)hé_EHUHﬁS, Ve > 0, is the best estimate
that can be obtained in general.

4. Properties of the discrete Stokes operator

The main result of this section is embodied in Theorem 4.1.
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4.1. Stability properties of R} on Xj
We first derive a discrete counterpart of (1.9).

Lemma 4.1. There is a c independent of h such that
1Arvnll1e < c||Anvn|lLz, Yon € V. (4.1)

Proof. Let v, be a member of V. Let (v,p) € Hy(Q) x L2 () be the solution
of the Stokes problem with data Ajvy, i.e.,

(Vu,VI) + (p,V - 1) = (Apop, 1), Vil e Hé(Q),
(V-v,q) =0, Vg e L2, ().
Let (wp,ry) € Xp, X My, be the solution to
(th, Vlh) + (Th, V- lh) = (Ahvh, lh), Vi, € Xy,
(V- wn,qn) =0, Vg € My,.

Clearly wp, € Vj and actually wp, = vp. This means that vy, is the Galerkin
approximation to v. The theory of mixed problems together with (2.14) implies

[v—wnllar < ch(l[vllg2 + |Iplla) < chl|Aponllpe.
We then have for z; € X},

|(Von, Van)| < |(V(vn = v), Van)| + [(Av, 24)]

<c(hllznlla + lznllez) 1Anvnlle < cllznpe | Anon|lL:.

Thus,
V’Uh, V:Z?h
|Awvnligs = sup_ ) < el A,
o#anex,  llznllre
which completes the proof of the lemma. O

We now turn our attention to the discrete operator Ry. It is obvious that Ry
is stable on H'(2). The following lemma shows that it is also stable in X, in the
L?(Q)-norm.

Lemma 4.2. There is ¢ independent of h such that

HRhCL'hHLz < CH.’L‘hHLz, Vxn € Xp. (4.2)

Proof. By (2.21), A, R, = — P, Ay, when Ry, and P, are restricted to Xy,. It follows
that Ry, = —A;lPhAh and so (4.2) will follow if we show

|Rhonlle < cllvnllyz,  Yun € V.
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Here R} : V;, — X, is the adjoint of R, and is given by R; = —AhA,Zl. The
above inequality is equivalent to proving

HAhUh”L? <c ”AhUhHL?a Yo, € Vi,

which is exactly (4.1) in Lemma 4.1. O

Remark 4.1. Somewhat similar forms of Lemmas 4.1, 4.2 can also be found in
Heywood and Rannacher [13, §4].

4.2. Comparing ﬁg- and V;-norms
The following theorem is the major result of this section.

Theorem 4.1. There is a positive function ¢; > 0, non-decreasing for negative ar-
guments and non-increasing for positive arguments, and a positive non-decreasing
function ¢, > 0, both independent of h, such that the following holds for all vy,
m Vh N

—; <s< 3, lower bound,

(4.3)

a(S)vnllgs < lvrllve < cul]s)||Vnllgs
($)llonllggg < lvallvy < cullsDllvnllgg, {—§<s<g, upper bound.

Proof. Step (1). Clearly, for v, €V}, (4.1) means [lvp[|x2 < ¢|lvallvz and [lon|lxo0 <
l[vn|lvo is evident. The lower bound in (4.3) for 0 < s < 5 follows by interpolation
and (2.11).
. . 3
Step (2). Applying this bound, we observe that for —3 < s <0,
(’Uh, 6‘) < 1 (’Uh, 9)

[onllv; = sup sup

< < cullsDllonll -
ozoevi, 10lly—- = alls]) ozoevs, 10llgs = H

This is the upper bound for —g <s<0.
Step (3). To prove the upper bound for 0 < s < 3

5, we observe that for all
zpn € Xp,

[Brznllve = [[AnRrznllLe = |PhAnznllre < [|[Anzallie = [lznllxz -

Moreover || Rpan|vo < cf|znlxo owing to Lemma 4.2. By interpolation this gives
[Rrznllv: < cllzn|x; for s € [0,2]. By applying this result to v, € Vp, we
infer [|vp|v: < ¢l|znlx;. Then we conclude using the upper bound in (2.11) for
; ,
s € [0, 2).
Step (4). Finally, we prove the lower bound for —! < s < 0. Let v, be in Vi,

2
then

B (n,z) (vp, Pp)
[onllg: = sup = sup B}
0 0#zcHy *(Q) ”‘THHSS 0#zcH; ® HxHHO**
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The key estimate in Lemma 3.1 then implies

P
lonllge < calls) sup 2P s sup (O
0 ozzer— | Patllg=- oz ey 120 g
lznlly—

h

< culls])l[onllv; ~ sup < cu(lsD)lonllv;

0#xRLEV) ”Ih”ﬁgs

where we used the upper estimate in (4.3) for the last inequality. This completes
the proof of the theorem. O

Similarly we have the following

Corollary 4.1. There is positive non-increasing function ¢; > 0 and a positive
non-decreasing function c, > 0, both independent of h, such that for all s €

(=3:0]

a(lsDlAnvallg; < [[Anvnllvy < cullsDIAnvnllg,,  Yon € Vi (4.4)

Proof. Let v, be a member of Vj. By reasoning as in step (1) of the proof of
Theorem 4.1, we infer ||vp||xs+2 < cf|vp|lya+2 for s € [-2,0], i.e.,
h h

[Anvnllx: < cllAnvnllv; -

Using the lower bound in (2.11) yields the desired result for —3 < s < 0.

For the upper bound we reason as in step (3) of the proof of Theorem 4.1 and
we have Hththiﬂ < c||xh||xz+z for all z;, € X, and s € [-2,0]. By applying
this result to v, € Vi, we infer [[Apvpllv; < cl|Avp|x;. Then we conclude using
the upper bound in (2.11) for s € (—3,0]. O

5. The semi-discrete time-dependent Stokes problem

We show in this section an application of Theorem 4.1.

5.1. Formulation of the problem

Let (0,T) be a time interval (T is arbitrary). Let ug € H, let p € [1,2], q € [1, 2],
and f € LP(0,T; L)), and consider the following non-stationary Stokes problem
in weak form

Ou — Au+ Vp = f, in Qp

Vau =0, in Qp (5.1)

ulr =0, Ulp=0 = ug.
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where Qp = Qx(0,7T). It is well known that this classical problem has a unique
solution. In particular, if ug = 0 and p = ¢ € (1,00), and if in addition I € C?, it
is proved in Solonnikov [21] that the following bound holds

IVollLer) + 10wl Lor) + [[AUl Lor) < el fllzer)- (5.2)

Still under the same additional hypothesis that I' € C?, the above estimate has
been significantly generalized by Sohr and von Wahl [20] to account for different
exponents p € (1,00), g € (1,00),

IVplleo,rine) + 10sull Lo o,r;ma) + AUl oo, 7m0y < el fllro,riney- (5.3)

These estimates are important to construct weak solutions to the Navier—Stokes
equations that are suitable in the sense of Scheffer [18].

The goal we have in mind now is to derive similar estimates using the discrete
(finite-element-like) setting introduced above under the assumption p € [1,2], g €
[1,2], and assuming that 2 is regular enough so that the estimates (1.1) and (1.9)
hold (it is sufficient that Q be convex, i.e., I' € C? is not required). The long term
program we are pursuing is to eventually extend the results of [10] to homogeneous
Dirichlet conditions. The results of [10] hold in the three-dimensional torus only,
i.e., for periodic boundary conditions. Proving a discrete counterpart of (5.3) with
Dirichlet conditions is a key step in this program. However, since we have not
yet been able to handle the discrete setting associated with Dirichlet boundary
conditions using the non-Hilbertian LP-framework, we are going to reformulate
(5.3) using fractional Sobolev spaces. The idea is to use the Fourier transform in
time as done in Lions [15, p. 77], i.e., we use Bessel potentials.

Let H be a Hilbert space with norm ||-||g. Let §, 1 < ¢ < oo, and de-
fine L(R;H) = {¢ : R 3 t v (t) € H; [T |w(t)|}dt < oo}. For all
¢ € L*(R; H), denote by ¢ (k) = fjof P(t)e=2mFdt for all k € R. The Fourier
transform is extended to the space of tempered distributions with values in H, say
S'(R; H). We shall make use of the following

Lemma 5.1 (Hausdorff-Young Inequality). There is ¢ > 0 such that for all 6 €
[1,2], and for all 1 € L°(R; H) N LY(R; H),

H¢HL6/(R;H) < C||¢||L6(R;H)a é + §, =1 (5.4)

Following [16, p. 21], we now define,

—+oo

HY(R; H) = {v € S'(R;H); /

— 00

(14 k) ||9]13dk < —I—oo}, (5.5)
that we equip with the norm

+oo
ol oy = [ (L 2 ol (5:6)

— 00
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The space H((0,T);H) is composed of those tempered distributions in S’((0,7"); H)
that can be extended to &' (R; H) and whose extension is in H7(R; H). The norm
in H7((0,T); H) is the quotient norm, i.e.,

Nl & ((0,7): ) = 1{1}{ N1l £+ (rs 1) - (5.7)

a.e. on (0,T)
Henceforth for all p € [1,2] and all ¢ € [1, 2] we set

s:=s(q) ::d(;—%), T’::]l)—%.
This definition of s implies that the embedding H?*(2) C LY (©) holds, where
ql, + (11 = 1. Note that the embedding H{(2) € H*(Q) (if s € [0,2]) being
continuous implies that the embedding L9(€2) ¢ Hy*(€) is also continuous. The
Hausdorff-Young inequality then implies

feLP((0,7);L9Q)) c H((0,7);Hy*(Q)), ¥r>r. (5.8)

Our goal now is to derive estimates in spaces like H—"((0,7); Hy *()).

5.2. The a priori estimates

In addition to f € LP((0,T + 1); L)), we also assume uo = 0 and f €
LY((0,T +1);H1(Q)). These two hypotheses could be avoided at the price of
additional irrelevant technicalities. The approximate counterpart of (5.1) is as
follows:

Ovup, + Apup, = th, a.e. t € (O,T + 1) (5 9)
up|t=o0 = 0. '
We start by proving a series of key estimates.
Lemma 5.2. Assume s(q) € [0, g) There is ¢ independent of h so that
||8tuh||H,T((0_’T);V?) + HAhuh”H*T((O,T);V;S) <eg, Yr > r. (5.10)

Moreover, if ||uh||L2((O)T);H[1)(Q)) 1s uniformly bounded, the following uniform esti-
mates also hold:

Hatuh”Hffl((o,T);V;ﬂ) + ”uh”HT((o,T);V;a) <g (5-11)
foralla, 0 <a<s<1+42a, and for all T <71 := 11108‘(; - 117); and
”AhuhHH—p((O)T);V;ﬂ) S C, (512)

foradla,2aa—1<s<a, forall p>p:= i:?(;—é)

Proof. (1) By taking the scalar product of (5.9) with A, 'u;, we infer (using
1By < el flear)
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dlfunlly« + lunlZe < 1P Fly-llunllys < el sy
Then, since || f||1(a-1) is bounded, the Gronwall Lemma yields
||Uh||Loo(v;1) + lunll 2wy < e
Recalling that p € [1,2] and ¢ € [1, 2], this bound clearly implies
lunllze@way < e (5.13)

(2) Extension. We extend uj, and f by zero on (—o0,0] and (T + 1,+400),
and we slightly abuse the notation by still denoting these extensions by wp and f,
respectively. Let ¢ € C*°(R) be an infinitely smooth function compactly supported
on (—1,T+1) and equal to 1 on [0, T]. We now set @y, = puy, and f = @f +¢'uy,. It
is clear that @, and f are well defined on the time interval (—oo, +00), and (5.13)
implies that || f|| Le((0,T);E ) is uniformly bounded. The approximate problem

takes the following form in &'(R; V},):
d ~
dtah + Aptp, = Pf.

Then, denoting by 4y and f the Fourier transform of uj and f , respectively, and
upon taking the Fourier transform of the above equation, we obtain

Qirkiy, + Apiyn, = Py f. (5.14)

(3) Bound (5.11). Let o € RT. Testing the above equation with the complex
conjugate of A, “4; and taking the imaginary part of the result yields

~ 2 £ —«
2llin 2 < Il A7 unllg
Using the lower bound in (4.3) for s € [0, 3), we obtain
~ 12 H
Elllanlly—o < el fllgye

< | g+ litnllys-zo-

A il < ¢l Ay anllv;

Assume a < s < 1+ 2, then by interpolation we obtain
0 oY Ao 1=y
lnllyg-se < lanlly o lanll

2a+1—s

where v = 4L

. Inserting this inequality in the previous estimate yields
L o2— ; e
Klanl e < N llaglanllyy
This in turn implies

2 B . B “ Ev R 2(7’7)
2= (L [B)"* an ]y, - < o(1+[K]) 1A s

i )
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where p € [O, 237} is still arbitrary. We now integrate over R with respect to k,

. 2(21:'y)

uh” 2”‘(\’17’}/) )
L vy

+oo |k|237 2 k< L R 237
e (1+ |k|)#”uh”V;ﬂ = c”(1+\k\)u||L[||fh||L221nW (IN_I;S)

where é + 7}1 + }L = 1. The first integral in the right-hand side is bounded provided
2m and 2 = 217 The
2l 2y
Hausdorff-Young Inequality together with the embedding L?(Q2) C Hy *(2) then
implies

wf > 1. Furthermore, we set m and n so that p’ =

+oo - 2 2(1—7)
J AR T (RN AT A LY v

where 7 = Qi'y -H< ;(237 — ;). Owing to the definition of @), and f, this and
up, being uniformly bounded in L2((0,7); HY(Q)) imply

10cunl g1 (0,myv )  1unll g (o,myv o) < e (5.15)

The bound on O;uy, is obtained by using (iu\h = 2imkuy,.
By collecting the definitions of ~, I, m, and n, we deduce that the above
inequality holds for all 7 and « such that

TLT = 1+°‘(§—11)), and 0<a<s<1+2a.

(4) Bound (5.12). Multiply (5.14) by A;~*ay, and take the real part to obtain
I AninZ - < 1l 1ALl < e Ny zeose.

Note again that we used the lower bound in (4.3) for s € [0, 3). Assume now that
2a — 1 < s < @, then by interpolation we obtain
- TR NPT
nllyz+omze < llanlly:® lanllye-a,

1+s—2a

where § = °7)
—Q

. Inserting this inequality in the previous estimate yields

IIAhﬁhllf,}‘i < C”fAHH*S”ﬁh”i;}f-
This in turn implies
1 1
(1+ %) 1+ |k|)

where v > 0 is still arbitrary. By proceeding as in step (3) we finally infer

2(1-35)

.2 (
A5 o < ° Al

”AhuhHH*p((O,T);V;“) <¢ (5.16)

for all @ and p such that

p>pi= 11:2‘(11)—;), and 2a—-1<s<a.
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(5) The estimate Apuy, in (5.10) is obtained by using @ = s in (5.16), i.e., § = 1.
The estimate on Oyuyp, in (5.10) is obtained by using o = s in (5.15). O

We are now in measure to conclude by stating the discrete counterpart of the
Sohr and von Wahl estimates (5.3). The following Theorem is the main result of
this section.

Theorem 5.1. Assume s(q) € [0, g) There is ¢ independent of h so that for all
T>T

HAhuhHH,T((QT);IjIJS) S C. (517)
If q is such that s(q) <}, then
”atuh”H*T((O,T);ItIO’S) <e. (5.18)

Moreover, if ||uh||L2((O)T);H[1)(Q)) is uniformly bounded, the following uniform esti-
mates also hold:

||6tuh||Hffl((o,T);ﬁga) + ”uh”HT((O’T);ﬁga) <eg, (5.19)

forallTr<T= 111‘;‘ (1—=7) and all o € [0, 3) such that s € [a, 1+ 2a]; and

HAhuh”H—p((O)T);ﬁ;ﬂ) S C, (520)

forallp>p="1"% and all o € [0,3) such that s € [2a —1,q].

Proof. The inequality (5.17) is a consequence of the lower bound in (4.4) together
with (5.10). The inequality (5.18) is a consequence of the lower bound in (4.3) in
Theorem 4.1 together with (5.10). The rest of the proof follows along the same
lines. ]

Remark 5.1. The hypothesis f € L*((0,7 + 1); H~1(Q)) is not really necessary.
It is just meant to deduce an easy bound on uy, in L?((0,7+1); L?(Q)) to guaranty
that the extension f is bounded in L?(R; H™*(Q)), see (5.13). This type of bound
could be deduced without this hypothesis by invoking more involved arguments.

Modulo more technicalities, the hypothesis ug = 0 can be removed by assuming
Ug € D(Azis).

Remark 5.2. Working with fractional exponents of the Stokes operator is not
the most elegant way to treat the above problem. It would be more satisfactory
to directly deduce LP(L7) estimates, but this necessitates a LP(L?) theory of the
resolvent of the finite-element-based Stokes operator that seems unavailable (or of
which we are unaware) at the present time.
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5.3. Application to the 3D Navier—Stokes equations

Note that when applied to the Navier—Stokes equations in three space dimensions,
the restriction s(¢) < j in Theorem 5.1 makes the bound (5.18) somewhat useless.
Actually, in this case the above analysis applies with f = g — up-Vuy where g is
a smooth source and wup-Vuy is the nonlinear advection term. Since a standard
uniform estimate in L°°((0,7); L2(Q2)) N L2((0,7); HA(2)) holds on wy, it comes
that f € LP(0,T;L%(2)) where p and g satisfy the equality 12)—1—2 =4and1<p<2,
1<¢q< g The restriction on g yields é <s= 3((11—;) < g, which is contradictory
with the assumption s < } which is needed for the bound (5.18) to hold. This
remark is the reason why we have been led to account for the additional uniform
estimate uj, € L?((0,7); H}(£2)) in Theorem 5.1 which gives the more sophisticated
estimate (5.19).

Let us illustrate the use of (5.19) in the three-dimensional Navier—Stokes situ-
ation. Let us now take o € [O, ;), then

Hatuh”HT*l(H*Q) + ”uh”HT(H*O‘) <c (5.21)
for all 7 < 7 provided 0 < a < s <14 2a and s < g Note that 7 = 111;2‘(; + 411)

owing to the relation Z + 2 = 4 and the definition s = 3(; — %) Observe that

11108‘ (5 + }) is maximum at s = 3; as a result, (5.21) holds for all 7 < 2(1+ a)

for all a € [}1, %)

Let € > 0 and ¢ > 0 be two small positive numbers, and set a = % — €,
s = g — €', Assume that € and €' are small enough so that

a<s<1+42a §—€<52:2€;,<§+6. (5.22)
Then 2 +3¢>1— 17%(5+ }), and the bound (5.21) can be rewritten as

1+s
lun ey + 00l <e  (5.23)

H5 % ((0,T):H ((0.7)H279)
Note that (5.23) is slightly better than what the Sohr and von Wahl estimate gives
by embedding. Actually, taking ¢ = g, we conjecture that a discrete version of the

inequality (5.3) together with (5.8) would give ||3tuhHH7;76((0 TyH ) < ¢, for all

€ > 0, which is clearly weaker than (5.23) when e is close to zero since —; < —g.
This is not a surprise since more information on up, has been used to deduce (5.23).

The estimate (5.23) is a key to extend to homogeneous Dirichlet conditions the
results of [10], which for the time being holds only in the three-dimensional torus.
An important link still missing in this program is an estimate on the pressure that
allows for the convergence of the product ppup in some reasonable sense. To derive
such an estimate, set s = o= 5. Then 117 =1, and (5.17) yields

, (5.24)

A <
IAnenll s oty =

(note in passing

for all € > 0. This yield a uniform bound on thHH* .

((0,7);H2)
34+3e

3
that this is coherent with the estimate p € L'T¢((0,T); L1+s<(2)) given in [20,
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Thm 3.3]). This shows that it should be possible to pass to the limit on the product
prup, thus implying that the result of [10] should hold for Dirichlet boundary
conditions. These developments are reported in [12].

A. Proof of Lemma 2.2

Lemma 2.2. There is a non-increasing function ¢; > 0 and a non-decreasing
function ¢, > 0, both uniform in h, such that for all s € (—g, S),

a(ls)) lvallgs < lvnllx; < culls]) lvallgy,  Yon € Xn. (A.1)
To prove the above lemma, we shall use the following two lemmas.

Lemma A.1. There is constant ¢ > 0 such that for all s € (%, g),

~ Vv,V
Yo e Hy, |lv]|g: <c sup (Vo :v)
0 0#z€H2—#(Q)NHE (Q) ||| g2+

(A.2)
Here the brackets represent the duality paring between the space ITI(l)fs(Q) and
its dual Hy'T4(Q).

Lemma A.2. There is a non-decreasing function ¢, > 0, uniform in h, such that
for all s € [O, %)

1Bz < cullollge. W0 € HY*(Q). (A.3)

Proof of Lemma 2.2. Step (1): The case s € [0, 1] is given in Bank and Dupont [1,
Lemma 1]. (The upper bound is a consequence of 7, : L2(Q) — X and 7, :
H}(Q) — X, being stable (see (2.4)). The lower bound is a consequence of the
natural injection I : X} — L2(Q), and T : X; — H}(Q) being stable.)

Step (2): The lower bound for 1+ s, s € (0, 3) is verified as follows. Let
vy, € Xj,. Owing to (A.2), (A.3), and step (1), we get

B (Von, Vw) (Vup, VE,w)
lon|lgs < c sup =c sup
0 0£weH) " (Q) ||w”ﬁ};$ 0£weH) " (Q) ||w”ﬁ};$
(V’Uh, VEhw) (V’Uh, th)

< cu(s) sup

< culs su
W) o oo, Il

a orwer) (@) IEnwle -
Vg,V
SCU(S) sup ( o wh)
ozwneXy |lwallxi-

But we also have
(V’Uh, th) (—Ahvh, wh)
sup = sup 1-s
ozwneX, lwnllxi—+  orwiex, [[(=AR) 2wy,
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((—Ah) 1;svh7wh) 1+s

= sup = (=An) 2 vallL, = ||Uh||x}f57

0wy €X), [[wn L.
which combined with the previous bound yields the desired result.
Step (3): We next prove the upper bound for 1+ s, s € (0, é) We use Step (1)
to conclude

_ (Vop, V) IVonl g [ Vwonl g«
[vnlxi+s =  sup < sup
" 0w, EXp ||wh||x,1;s 0w, €Xp ||wh||x};s
llonllgg+s lwnllga—s
<c sup o Ho <c ||’Uh||ﬁ1+s.
0Fwp€Xp ”wh”ﬁé*S 0

Note that this also shows that ¢, in (A.1) is uniformly bounded on [0, 3].

Step (4): We now consider the case —g < s < 0. Using the lower bound just
proved for 0 < —s < g yields
(Vh, wh)

< cu(s) sup < cu(s) ||Uh||ﬁ0

”vh”Xfz _ sup (’Uh;wh)
' 0wy exy, [[wnllg=+

O0£wh€Xp ||wh||x;5

Finally, applying (2.4) and the upper bound just proved for 0 < —s < g gives

Vh, W Vp, THW
forlg, = s ) () sup )
0£weH;® ||w||H(;S 0£weH, * ”7"7171)”1-1;S
UVp, Wh, Vp, Wh,
< cyu(s) sup (v, wn) < cyu(s) sup (v, wn) < cu(s)|lonllx; -
0wy Xy [[Wnllg=s ozw Xy, [wnllx; >
This completes the proof. O

Proof of Lemma A.1. Step (1): Let s € [0,}) and let v € ITI(l)JrS(Q) and set
f = —Av. Clearly f € ﬁg 15(Q) and elliptic regularity implies that there is a

constant ¢ > 0, independent of s, such that ¢ ||[v[[g1+: < || f|g-1+. Hence
0

1.0
cllle < Ifllggree = sup S0

0#£¢€Hy ™ (Q) H®

(—=Av, ¢) (Vo, Vo)

= sup = sup .
0£¢€H * () ||¢||ﬁ},*°‘ 0£¢CH} * () ||¢||ﬁ§)*5

Note that the last equality holds because C;°(€2) is dense in ﬁé_s(ﬂ) fors e [0,}).
Step (2): Let s € [0, ;). For all w € ITI(lfs(Q), define z(w) € HS(Q) solving
(Va(w), Vy) = (w,y)gi -+, for all y € Hy(Q)
where (-,-)g1-s is the scalar product in ﬁé_s(ﬂ). Elliptic regularity implies that

0
there is ¢, independent of s, such that

||x(w)||ﬁ(1)+s < c||7uu||ﬁ(1rs7 Yw € H(lJ*S(Q).
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Let v € C3° (). Then

(v, w) g1 Vo,V
lvllgi-s = sup Ho o _ sup {Vo, Va(w))
0 0£weH) " (Q) ||w||ﬁ};3 0£weH) " (Q) ||w||ﬁ3;$
Vo,V
co oy (T TEW)
0£weH)~*(Q) ||$(w)||ﬁ§)+s
(Vou,Vz)
<c sup

0£zcHL T (Q) ||x||ﬁ})+s .

The desired inequality follows by density since s € [O, ;) This completes the

proof of the lemma. O

Proof of Lemma A.2. Let v € C{°(Q2) and let s € [0, ). Clearly Ey(v) € H)(Q) C
H!~*(€). Owing to (A.2) and (2.7), we have

E
Bl < sup YV EROVE)
0£xeH)T*(Q) ||I||ﬁ[1)+
(Vv;thI‘)

<c sup
orwerrte layes

||Eh$||N1+s
< c||v||ﬁ(1)75 sup Ho

< cu(s)[vllga---
0£z€H T (Q) ||I||IFI})+ Ho

Then use the fact that C5°(€2) is dense in ﬁ(l)fs(Q) to conclude. O

Lemma A.3. Assume that the family {Xp}n>o is such that there is a non-decreasing
function cyu(s) >0, s € [0, ), so that

||’Uh||IjI8 < Cu(S) hiSH’UhHIP, Yo, € Xp, + azlxh + ...+ 8deh, Vs € [0, ;),

and there is a linear operator py, : ﬁg(ﬂ) — Xy, and a constant c1, independent
of h and s, such that

lonollegs < erllollggg: [1(on — Dollee < exhllollgy. Vo € FH(Q).

Let Ty, - Z ¢ H'T5(Q) — X, be a linear operator, where Z is a closed subspace
of H'(Q). Assume that the family {T)}n>o is such that there is a constant c,
uniform in h and s, so that

| The — ullgr < co h®||ul|gi+s, VueZ, Vsel0,y).
Then there is a non-decreasing function c,(s) >0, s € [0,3), so that

I Thu gnts < (8) |lwllgres, VueZ, sel0,3). (A4)
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Proof. We proceed as in [2, Appendix]. The norm in H'™*(Q) can be defined by

d

ollggres = ol + Y 10, vlls
i=1

Then || Thulgre < || Thullg + 20, [|0s, Thullae and for all i € {1,...d},
[0z, Thullgs < C(||Ph3miu||ﬁ3 + 1l pn 0w, u — (%ciThuHﬁg)
c(cllOz, ull g + cu(s)h ™" pnda,u — On, Thullr2)
< cu(®) (10l + 27 (Il(pn = DO ullre + |10z, (u — Thu)||L2))
cu(8) (|0, ulles +h~° (hs||3miu||ﬁ3 + 17 ||ullggr+=))

cu(8)]|w]|gm+s-

ININ A

IN

This concludes the proof. 0

Remark A.1l. The inverse inequality hypothesis is reasonable if X} is a finite
element constructed on a quasi-uniform mesh. In this case, by redoing carefully
the computation in [2, Appendix] we infer that there is ¢, uniform in both h and
s such that

||vh||Hs < C(l _25)_§h_5||vh||L2, Yoy, € Xh+8leh+ .. .+8deh, Vs € [0, ;)

_1

That is to say the inverse inequality hypothesis holds with ¢, (s) ~ (1 —2s) 2.
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