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Abstract. This paper establishes a O(h1) error estimate in the L$°(LL)-norm for the approx-
imation of scalar conservation equations using an explicit continuous finite element technique. A
general a priori error estimate based on entropy inequalities is also given in the appendix.
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1. Introduction. The objective of this paper is to derive a priori error estimates
for the approximation of nonlinear scalar conservation equations by using an explicit
first-order Lagrange finite element technique introduced in Guermond and Nazarov
[14]. In particular we prove that the error in the L°(LL)-norm is at most O(h4) under
the appropriate CFL condition in any space dimension and for any shape-regular mesh
sequence; the mesh may be composed of an arbitrary combination of simplices, prisms,
cuboids, etc. The estimate is established by using the technique of the doubling of the
variables introduced by Kruzkov [19] and first used by Kuznecov [20] to prove error
estimates. We follow the approach of Cockburn, Coquel, and LeFloch [7], Cockburn
and Gremaud [6], and Bouchut and Perthame [2] and propose some modifications
thereof that make the methodology slightly easier to apply (see Lemma A.3). To
the best of our knowledge, this is the first time that a priori error estimates have
been established for an explicit method using continuous Lagrange finite elements
to approximate nonlinear scalar conservation equations. Similar results have been
established by Cockburn and Gremaud [5], but the error estimate therein is O(h®)
and the algorithm is a shock capturing streamline diffusion method using implicit time
stepping and an artificial viscosity scaling like hi in the shocks. The finite volume
literature is slightly richer in this respect; for instance, O(hT) error estimates in the
L (L})-norm have been established for various explicit in time finite volume schemes;
see, e.g., Eymard et al. [11] or Chainais-Hillairet [3]. The estimate can be improved
under structural assumptions on the mesh and the numerical flux. For instance, it is
shown in Cockburn, Gremaud, and Yang [8, Cor. 2.2] that the Lax—Friedrichs scheme
on a mesh composed of equilateral triangles is O(h?) in the L°(LL)-norm.

The paper is organized as follows. The statement of the problem, notation, and
notions related to finite element meshes are introduced in section 2. The description
of the approximation method is done in section 3. The maximum principle and an
L2-stability estimate are also proved therein. The error analysis is done in section 4.
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We first establish entropy inequalities for the Kruzkov entropy family and then de-
duce an error estimate by using an a priori bound established in the appendix (see
Lemma A.3). The main results of the paper are Theorem 4.5 and, to some extent,
some originality is claimed for Lemma A.3. This lemma can be reused to analyze
other numerical methods where BV bounds are either not easily available or false.

2. Preliminaries. The objectives of this section are to state the problem, in-
troduce the finite element setting, and establish some preliminary results.

2.1. Formulation of the problem. Let us consider a scalar conservation equa-
tion in a polyhedral domain € in R¢,

(2.1) Ou+V-f(u) =0, u(x,0) =uo(x), (x,t) € QxRy.
The initial data ug is assumed to be bounded and the flux f is assumed to be Lipschitz,
(2.2) up € L°(),  f € Lip(R;RY).

We assume either that the boundary conditions are periodic or the initial data is com-
pactly supported. In the second case we are interested in the solution in a time interval
[0, T] such that the domain of influence of ug over [0, T] does not reach the boundary
of Q. The purpose of these assumptions is to avoid unnecessary technical difficulties
induced by boundary conditions. Following the work of Kruzkov [19], it is now well
understood that this problem has a unique entropy solution, i.e., a weak solution
that additionally satisfies the entropy inequalities 0;F(u) + V- F( ) < 0 for all con-
vex entropies E € Lip(R; R) and associated entropy fluxes F;(u fo E'(v)fl(v)dv
1<i<d.

2.2. Mesh. The approximation in space of (2.1) will be done by using continuous
finite elements. Recall that it is always possible to construct affine finite element
meshes over ) since 2 is assumed to be a polyhedron. We denote by (Kp)n>o an
affine shape-regular mesh sequence. The shape regularity is understood in the sense of
Ciarlet. The elements in the mesh sequence (Kj, )p>0 are assumed to be generated from
a finite number of reference elements. The reference elements are denoted K Tyeens K.
For example, the mesh K could be composed of a combination of triangles and
parallelograms in two space dimensions (co = 2 in this case); it could also be composed
of a combination of tetrahedra, parallelepipeds, and triangular prisms in three space
dimensions (tw = 3 in this case). Let K}, be a mesh in the sequence (K )n>0. Let K be
a cell in the mesh £, and let IA(T, 1<r<w, be the corresponding reference geometric
element. The affine diffeomorphism mapping K, to an arbitrary element K € K, is
denoted & : K — K and its Jacobian matrix is denoted Jx. The assumption that
the mapping @k is affine could be removed by proceeding as in Ciarlet and Raviart
[4] but this would introduce additional unnecessary technicalities.

We want to approximate the entropy solution of (2.1) with continuous Lagrange
finite elements. For this purpose we introduce the set of reference Lagrange finite
elements {(K,, Pr,X;)}1<r<w. The index r € {1,...,w} will be omitted in the rest
of the paper to alleviate the notation. Then we define the scalar-valued Lagrange
finite element space

(2.3) Xp, = {v € CO(4R); v|xo®x € P VK € Ky},

where P is the reference polynomial space defined on K (note the index r has been
omitted). Denoting by {ay,...as} the Lagrange nodes of K, we assume that the space
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P is such that

(2.4) min 9(a;) < 9(Z) < max v(a;) Vo€ P,vVzeK.
LeZ(K) LeZ(R)

Let Py and Q1 be the set of multivariate polynomials of total and partial degree at
most 1, respectively; then the above assumption holds for P = P; when K is a simplex
and P = Q; when K is a parallelogram or a cuboid. This assumption holds also for
first-order prismatic elements in three space dimensions.

Let {a1,...,ar} be the collection of all the Lagrange nodes in the mesh Ky, and
let {¢1,..., 91} be the corresponding global shape functions. Recall that {¢1,...,¢r}
forms a basis of X}, and ¢;(a;) = d;;. In the rest of the paper we denote by 7, :
C°(Q) — X the Lagrange interpolation operator, 7, (v)(z) = 21'1:1 v(a;)pi(x).
We define the operator C : X, — R’ so that C(vy) is the coordinate vector of vy, in
the basis {p1,...,0r}, 1e., vy = Zi]:l C(vn)ipi. Note that C(vy); = vp(a;). We are
also going to use capital letters for the coordinate vectors to alleviate the notation; for
instance, we shall write V' = C(vy) when the context is unambiguous. Note finally that
the above assumptions on the mesh and the reference elements imply the following
property:

(2.5) min C(vp)e <wv(x) < max Clup)e Yo, € Xp, Vo € K,VK € Kj,.
(eT(K) (ET(K)

Let ¢; be a shape function; the support of ¢; is denoted S; and the measure of
S; is denoted |S;|, ¢ = 1,...,I. We also define S;; := S; N S; the intersection of the
two supports S; and S;. For any union of cells in [y, say, E, we define Z(E) to be
the collection of the indices of the shape functions whose support on E is of nonzero
measure, i.e.,, Z(E) := {j € {1,...,I}; |S;NE| # 0}. We are going to regularly invoke
Z(K) and Z(S;) and the partition of unity property 3,7 () ¢i(x) = 1 forall@ € K.
Let M € RT*! be the so-called consistent mass matrix with entries fsﬁ i(x)p;i(x) de.

We then define the diagonal lumped mass matrix M’ with diagonal entries

(2.6) m; ::/ wi(z) de.
Si
The partition of unity property implies that m; = 3,7 (g, J ¢j(x)pi(x)de, ie., the
entries of M’ are obtained by summing the rows if M. The diagonal matrix M”
is known to be a consistent second-order approximation of M. The two quantities
lvnllzz@) = Clon)"TMC(vn) and [Jvpl|7. = C(vp)"MEC(vy) are equivalent. This
h
property actually holds for any LP-norm. More precisely consider the discrete norm
b X, — R, 1 <1<p< +o0, defined by

I
P o._ , (P
(2.7) ol == 2mZ|C(vh)l| Yo, € X
LEMMA 2.1. The are muyax, Mmin > 0, depending only on {(I?T,ﬁr,ir)}lgrgw

and p € [1,400), such that the following holds for all vy, € Xp, and all Kp:

(28) mmin”vh”Ll’(Q) < ||’UhHEfL < mmavah”LP(Q)'
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2.3. Local mesh size. Upon defining hy := diam(K) and denoting by px the
diameter of the largest ball that can be inscribed in K, it can be shown that
hi PR <

K h-

29)  deli= ALK g, < B < TR e < K,
K| hg PR hx PK

where ||Jx||¢2 is the norm of Jx subordinated to the Euclidean norm (see, e.g., Girault
and Raviart [12, (A.2), p. 96]). The shape-regularity assumption of the mesh sequence
(Kn)n>0 means that the ratio hx /pr is bounded uniformly with respect to K and KCp,.
For further reference we define o := sup (Kn} SUPK e, hi/pk. The global maximum
mesh size is denoted h = maxgex, hx. The local minimum mesh size, hy, for any
K € K}, is defined as

1

maX;zjez(x) |VeillLe(s,;)’

(2.10) hy =

and the global minimum mesh size is h := mingex, hy. Due to the shape-regularity
assumption the quantities hy and hx are uniformly equivalent; it will turn out though
that using hy gives a sharper estimate of the CFL number.

2.4. Viscous bilinear form. Let ng be the number of vertices in K, i.e., ng :=
card(Z(K)), and let ¥ := (nxg — 1)~t. Note that

(2.11) 0 < Ypmin(w) = FllCl;% Ignellgh YK, Dmax () 1= 1{1}1&}}( lr(réa’gch Vg < 400,

since there are at most w reference elements defining the mesh sequence. The artificial
viscosity that we are going to introduce to stabilize the Galerkin formulation will be
defined locally on each cell, K, by using the following bilinear form:

)

0 iti g Z(K) or j ¢ I(K).

)

For instance, it can be shown that bx (p;, ;) = IifK I (V;)Jk (V) dz when K
is a simplex and K is the regular simplex with all the edges of unit length, i.e., K
is the equilateral triangle of side 1 in two space dimensions, and K is the regular
tetrahedron (all four faces are equilateral triangles) in three space dimensions; see
Guermond and Nazarov [14]. In this case k£ = 3 in two space dimensions and £ = 2
in three space dimensions. Note also that br(¢;, i) ~ [, (Ve;)-(Ve;)de if K is a
regular simplex, thereby showing the connection between by and the more familiar
bilinear form associated with the Laplacian. The properties of bx we need in this
paper on arbitrary meshes can be summarized as follows.

_LEMMA 2.2, There exist constants bmin > 0 depending only on the collection
{(Ky, P, 2, ) h<r<w and the shape-regularity constant o such that the following iden-

tities hold for all K € Ky, and all up, vy, € Xp:

(2.13) bic(un,vn) =9k|K] Y Y ( )(Vi — V),

i€T(K) I(K)93<z
(2.14) bi (n, un) > bminhic | Vunl 32 k)
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Proof. Let us prove (2.13) first. Let up, v, € X, and let us set U := C(uy,) and
V := C(vy). Let K be a cell in Kp,. Up to the abuse of notation that consists of using
uy, instead of up|x to denote the restriction of uy, to K, we have

K| b (s on) = > (UV - 19KUV) = x> Y U -V
i€T(K) i#£jET(K) i€T(K) i#jeT(K)

Ik Y Y UV = V) +U;(Vi— V)

i€L(K)I(K)3>j<i

=9k > > (Vi = V).

1€L(K)I(K )3J<z

Up to the change of variable @y, := uj,0®, this identity proves that | K|~ bx (-, )z
is a norm on ﬁ/R Since all the norms are equivalent on ﬁ/R and the collection of
reference finite elements is finite, there exist constants ¢z, ¢ that depend only of the
collection {(K,, Pr,%,) }}1<r<w such that

1 IV ) < KT 105 brc (ansun) < 2 VTR

After using the change of variable u;, = 4y, o <I>;<1, we infer that

bx (un, un)

e et @O I IV unl Fecre) < =

< ea |det(T O IT R 2 VunlZ2 k)

The estimate (2.14) is obtained by using (2.9). O

3. Space and time approximation. We introduce the time and space approx-
imation of (2.1) in this section.

3.1. Initial data and CFL number. Let us assume that we have at hand
an initial discrete field ug, € X} that reasonably approximates ug and satisfies the
discrete maximum principle, i.e.,

(3.1) Umin = eiseigllf up(x) < 1}113] uon(a;) < Iga<xl uon(a;) < es;es;zlp uo(T) = Umax-
There are many ways to construct ug, € Xp with the above properties, but we are
not going to discuss this question for the time being. A more precise statement is
made in section 4.5.

Since we are going to adopt an explicit time stepping, it is necessary to introduce a
notion of CFL number; i.e., we need to estimate the local mesh size and the maximum
local wave speed on each mesh cell in K. We define the maximum wave speed

(32) ﬂ — HfHLip[um;n,umax] — sup sup |(f(11) - .f(w))n| )

tmin SOFw Sty 0neRd  [7]|e2]0 = w]

The above definition makes sense as long as Umin < Umax- We could extend the
definition of wave speed as in (3.6) in the case Umin = Umax, but this exercise is
useless since in this case the exact and the numerical solutions coincide and, the error
being zero, the error estimates are trivial. Let At > 0 be the time step that we assume
to be uniform for simplicity. The CFL number, A, is defined to be

(3.3) A= max —.
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We additionally define px = max;ez () ﬁ [ @i(z) de and pimax = maxgek, [k

Hmin = Milgeic, ix. Note that g = nf}l = (d + 1)~ for simplices and px = 279
for parallelograms and cuboids.

3.2. Numerical flux. Let v, € X}, and set V := C(vy). We approximate f(vp)
by introducing fi, ., € W>(Q) and f/;,, € L>(Q),i,j =1,...,1, and we assume
that these quantities are defined such that the following holds for all 7,7 = 1,...,T
and all K € S;;:

64 [ Vihm@pEde= 3 G-V [ fh, @V @@ i,

JEL(S:)
65 [ 1@ Ve @la@de < [ 1700) Ve @) lmupE d
where in the above definition the meaning of || f'(vi(-))-V; ()| Lo (k) is

(3.6) 1F*(on () Vs (@)l e ey = 5P [1F() Vo5 (@) | (o (1) -

Note that this definition is not necessary if f’ is continuous.
Ezample 3.1 (exact flux). The identity (3.4) holds by setting f ., = f(vn) and
Lo (@) = f'(vn(z)) for all 1 <4, j < I. The inequality (3.5) is trivial.
Ezample 3.2 (finite element flux). It is possible to set fp, ., = 231:1 F(Vi)e;,
i.e., fnu, = mn(f(vn)), where we recall that 7, is the Lagrange interpolation oper-

ator. In this case (3.4) holds with f/. (x) = w

17,Vh =

w is well defined since f is Lipschitz
)

owing to the partition of

unity property. Recall that the ratio

continuous by assumption. The inequality (3.5) is a consequence of f being Lipschitz
continuous and the property (2.5).

3.3. Time stepping and maximum principle. Let " > 0 be the current
time and let At > 0 be the current time step, i.e., t"T! = ¢" + At. Let u}! € X}, be
the approximation of u(-,t") and let us set U™ := C(u}).

The scheme is defined as follows: the nodal values of uZ’Ll € X, at time t"t1,
ie., Ul := C(u}™"), are evaluated by

(3.7) Urtt =ur — Atm; ! Z (V}ébK(uZ,cpi) + /KV-(f,’})@i dm) ,

KCS;

where we set fj' := fpup. Note that the mass matrix is lumped and we have set
m; = |, s, wi(x)de. The piecewise constant viscosity field at ¢t" is defined as follows
on each cell K € Kp:

Js,, (£ Vo) Toide
(3.8) Vi = max = ,
i#I€L(K) — Yorcs,, br(ej, ¢i)
m o /
igh = Jigun
THEOREM 3.1 (discrete maximum principle). In addition to the above assump-
tions on the mesh sequence and on the flux, assume that the CFL number is such that

A< T&(Hé’l 3 Then the solution to (3.7) satisfies the local discrete maximum

min

where 21 := max(0, 2) is the positive part and we have set

principle, i.e., Unin < MiNjez(s;) U]’-Z < Ui"Jrl < maxjez(s;) U]’-Z < Umax for allm > 0.
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Proof. See Guermond and Nazarov [14]. O

Remark 3.1 (maximum principle). An immediate consequence of Theorem 3.1 is
that mingea, uf(x) < mingex u) ™ (x) and maxgex vt (z) < maxgea, uf(x) for
all K € Kj, where Ax = Ujez(k)Si-

Remark 3.2 (SSP extension). Higher-order in time can be obtained by using a
strong stability preserving (SSP) time stepping (see, e.g., Gottlieb, Shu, and Tadmor
[13] for a review), and Theorem 3.1 still holds in this case. The key property of SSP
methods is that the solution at the end of each time step is a convex combination of
solutions of forward Euler substeps. In the rest of the paper we restrict ourselves to
the explicit Euler time stepping to simplify the presentation.

Although the definition (3.8) is sufficient for the maximum principle to hold,
we are going to need a slightly stronger definition of the viscosity to establish error
estimates. In the rest of the paper we redefine v} to be

Yes, I 11 (Wi ()Y (@)l L= k) pi() dz
max
i#J€L(K) — 2rcs,, br(@ ¢i)

(3.9) Vi

Note that this definition implies that

(3.10) > [ IR0 Ve @) de < 3 dxvilK]

KeS;; KES;;

This is proved as follows: let Iij := > e g Jie 1 F (i (1) Vi (@) || Lo (1) i dz; then

Ykes,, VrlK
Lj=1I KeS;; Z§K|K|Z T 219[(|K|1/K
KeSij

]
ZKGSu Uk|K KES;; KeS;;

3.4. Maximum time and boundary conditions. The boundary conditions
are assumed to be either periodic or the initial data is assumed to be compactly
supported. It the first case, there is no issue with the boundary conditions and the
maximum time of existence of the numerical solution is infinite, i.e., we set Tinax =
+00. In the second case we are interested in the solution in a time interval [0, Tiax]
such that the domain of influence of uy over [0, Tinax] does not reach the boundary of
Q. Let us now estimate Ty,ax. The numerical maximum speed of propagation of the
information is at most %, i.e., nonzero values can propagate over one cell per time
step at most since the scheme is explicit and the mass matrix is lumped. Let R,
be the radius of the smallest ball in which the support of ug can be inscribed. Up to
a translation we assume that 0 is the center of this ball. Let R, be the radius of
the largest ball inscribed in €2 and centered at 0. Then the numeriAcal solution is well

t

defined and compactly supported in €2 for all times 7" < Thyax := 5 (Rmax — Rmin)-

3.5. L2-stability. We establish the L2-stability properties of the method in this
section. We start by estimating the viscosity.

LEMMA 3.2 (viscosity bound). Under the assumptions of Theorem 3.1, the fol-
lowing bound holds for all K € Ky, and all KCp:

(3.11) v < B ’;‘“d"

Proof. Owing to the initialization assumption (3.1) and Theorem 3.1, u}(x) €
[Umin, Umax) for all n > 0 and all & € Q; this implies that || f'(u}(-))- V(pJHLoo (K) <
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BlIV@;ill k). Let K € Kj and let v be the viscosity coefficient defined in either
(3.8) or (3.9). The above inequality together with the definition of ¥ in (2.11), the
deﬁnltlon of hy, and the inequality [ ryi(x)de <p x| K| implies that
IVoillLe(s,y) Js, pide . B
v < max = e
K= ﬁi#jGI(K) ﬁmin|5ij| - ﬁmin QK

This proves the statement. a

LEMMA 3.3 (L?-estimate). Under the assumptions of Theorem 3.1 and whether
the viscosity is defined using (3.8) or (3.9), there is constant Ao > 0 (independent of
At and h) such that the following estimate holds for all A < Ao and all N > 0:

N
N+12 n n o, n 012
(3.12) lap M3+ At Y vikbk (g up) < Jufllz.

KeKy,
Proof. Let us multiply (3.7) by 2AtU ™" and sum over i = 1,..., T

g 1% + lap ™ = il

+ 2At Z vicbi (up,up) = ||uZ||§%z + R1 + Ro,
KeKy,

where Ry = 2At Y pec e, Vicbi (ufy, up —up ™) and Ry = 2A¢ [o (V- ) (up —up ™) de.
Since the mapping X, x X > (vp,wn) — b (vp,wp) € R is a scalar product (see
(2.13)), we can estimate the first term R; as follows:

|R1| < 2At Z V}}bK(uZ,uZ)%bK(uZ upf g — uZ’Ll)%
Kekp
< eAt Y kb (uf,up) + e e R up — up 720,
KeKy,

where we used (3.11) and € > 0 is an arbitrary positive number. The second term Rs
is estimated by invoking Lemma 3.4

|Ro| < Aee ™ lupp — up ™7 + €At Y vikbi(ur, up).

KeKy,
Collecting the above estimates with € = % gives
2+ (0 Mg =%+ Ar ST viebse(ufuf) < [luf
KeKy,

We conclude by assuming that A < £ and by summing the above estimates over

n. O
LEMMA 3.4. For all € > 0, there exists a constant ¢ (independent of €, At, and
h) such that the following holds for all g € Xp,:

1) | [ V@] < SRlal 5 S vl )

KeKy,
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Proof. Upon setting U := C(u}') and G := C(g), we infer that

I
/Q V- @)g(@) dz = 3 (U; — UG /5 ) Ve @) @) de

4,j=1

Then using the definition of v}, (2.13), (3.5), and (3.10) we deduce that

I
| [ V@@ de| < Y dunll ~ VG Y KR

i,7=1 KCSij
Sﬁmax Z V}L{|K| Z Z |UJ_U1||G1|
KeKkp JEL(K) j#ieT(K)
1
ny\i ny\1 n nyi 2 2
< ; n

<emax (V)! Y () S, uf)? (ma Y 62)"

KekKy i€Z(K)

Using the estimate (3.11) to bound v} from above, we finally derive

| [ tti@ng@de| < SRlally + 5 3 vibalui ),

KeKy,
where € > 0 is an arbitrary positive number. This completes the proof. a

4. Error analysis. We are going to prove convergence to the entropy solution
by establishing an error estimate based on Kruzkov’s doubling of the variables tech-
nique. The argument introduced by Kruzkov [19] for proving uniqueness to scalar
conservation equations has been modified by Kuznecov [20] to prove error estimates
for numerical methods. This powerful, but cumbersome, technique is used, for in-
stance, in Cockburn and Gremaud [5, 6], and Cockburn, Gremaud, and Yang [8]
to prove convergence of some stabilized finite element techniques. We are going to
adopt a variation of this method by reformulating Kuznecov’s lemma (see Lemma 2,
p. 1492, in Kuznecov [20]) in the spirit of Bouchut and Perthame [2, Thm. 2.1] using
a Gronwall-type argument from [5, Prop. 6.2] and [6, Lem. 5.4]. The approximation
result, Lemma A.3, is established in the appendix. This general result can be used
for the analysis of other methods.

In the rest of the paper we restrict ourselves exclusively to the discrete flux

(4.1) Fhwn = 7 (f(0n)),

since we have not been able to prove entropy estimates with the exact flux fj ., =

f(vn). We henceforth denote f;' := m,(f(u})), where we recall that 7, is the La-
m (:B) _ f(U;l)*f(U?)'

grange interpolation operator. This definition implies that f;7, S i
; U]

4.1. Global solution. We denote D := R? if we solve a Cauchy problem in R?
(i.e., D is open in this case) and D := Q if Q is the R%torus and periodic boundary
conditions are enforced (i.e., D is closed in this case). To summarize we define

(4.2) D {%d if Cauchy problem,

Q  if periodic boundary conditions.

Let Timax be the maximal time defined in section 3.4. Let T' € (0, Tiax| be a fixed
time. We denote by W21 (Dx[0,T]; R) the set of the Lipschitz functions compactly
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supported in Dx[0,T]. We define a global approximation, uy,, of the solution to (2.1)
over the domain Qx[0,T7] as follows:

(4.3) up(x,t) = uj(x), ifte[t" "), VeeQ, Vtel0,T).

If a Cauchy problem is solved in R%, we extend @, by zero outside  and we abuse the
notation by denoting again uy the extension in question. If the domain is periodic we
are going to abuse the notation by using the same symbol to denote a function defined
over D and its periodic extension defined over R?. The rest of the paper consists of
estimating |[up (-, t) — u(-,t)|[z1(py for all t € (0, Tinax] using Lemma A.3.

4.2. Quasi interpolations and Kruzkov entropies. Let 7, : L'(Q) — X,
be the quasi-interpolation operator defined as follows:

1
@8 mO)E)= Y v, ee  wi=m [ vwe)dy

We will use the following standard approximation result.
LEMMA 4.1. There exists a constant ¢ (uniform with respect to h) such that the
following holds for all v € WP (D) and all p € [1,+00]:

(4.5) 9 = Tn(O)Lr ) < chlIVPllLrag)y, Ak = Uiezx)Si, VK € Ky,
Let k£ be a real number such that ug,in, < k < umax and let

(4.6) n(w) =lv—kl,  Fy(v) = sgn(v—k)(f(v) = f(k))

be the associated Kruzkov entropy and entropy flux, where sgn(z) is the sign function

with the convention that sgn(0) = 0. Note that using the convention that (k) = 0,

we have n'(v) = sgn(v — k), i.e., we can also write F,(v) :=n'(v)(f(v) — f(k)).
LEMMA 4.2. Kruzkov entropies are such that the following holds for all a,b € R:

4.7) 7' (a)(a—b) =nla) = nb) +rba),  rba):=nd)(1—n(a)y (b)) =0
Proof. Using the definition of n(u) = |u — k| and n’(u) = sgn(u — k), we obtain
(4.8) n(a)y’(a) =n®)n'(b) =a—k—(b—k) =a—b.

Hence

1'(a)(a —b) = 7' (a)n(a)n’(a) —n'(a)n(d)n’ (b) = n(a) —n(b) +n(b) —n'(a)n(b)n’ (b)
= n(a) —n(b) +n()(1 —n'(a)y' (b)),

which proves the result. a
Remark 4.1 (definition of 7, (1 (vs)1)). Let 1 € C%(Q) and v, € X, with V :=

C(vp). In the rest of the paper we set 7, (1 (v )) () := Zle sen(V;—k)(a;)pi(x) =
S (@) (as) i),

Remark 4.2 (general entropies). Lemma 4.2 can be reformulated for any smooth

entropy, i.e., 7'(a)(a—b) = n(a) —n(b) +r(a,b), where r(a,b) = [ (b—a)"(€) d€ > 0,
for all a, b.
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4.3. Discrete entropy inequalities. We first start by establishing entropy
inequalities using the Kruzkov entropy family defined in (4.6). These inequalities are
the premises of Lemma A.3.

LEMMA 4.3. Let T < Thax be some positive time. Let 1 be a nonnegative
Lipschitz function compactly supported in Dx[0,T], v € Wh>(Dx[0,T];R"). Let N
be such that T € [tV tV*1); then we have

(4.9) I (n(@n (-, T)FRY (™))l — [l7en (n(@n (-5 0))Ta1 (-, 0)) e
- /0 [ (n)0ct + By @) 90) de dt = —Ru(w) ~ Ralw) ~ Fa(w)

where Ry, Rs, and R3 are defined as follows:

Ri(v) = // (up, 8twdacdt—//7rh (up )0 de dt,

Ra(t) = //F i)V da dt + ZAt/ (V£ (o (Y (7)) da,

N—-1
Z[Zmﬂ?“l (U UM + A wichre (up, mo (f (up )7 (07 F1) |-

n=0Li=1 Kekp

Proof. Let 7, be the quabi interpolation operator defined in (4.4) and let us
set Wi(r) := (Tn)(ai,7) = 7= [ (@, 7)pi(@) d (we henceforth denote W} :=
W, (") to alleviate the notatlon) We multiply (3.7) by m/ (U)W and upon
denoting AUl-”Jrl = Ui”Jrl — U]" and using Lemma 4.2, the term involving the time
increment is rewritten as follows:

m U (U AU = mp P An(U7HY) + mp U e (UF, U,

We sum over n from 0 to NV — 1 and rearrange the time summation

N—1

Z mi\I/?Jrln/(UZlJrl)AUi"Jrl = mUNnUN) — m; @ (U?)

n=0
N—1 N1
D —man(UMAVIT 4y ma (U, U,
n=0 n—0

We now sum over ¢, and upon observing that

tn+1

mdw = [ (e~ )e@de = [ g e e

which also implies that

tn+1 I

I
S man@nAw = [ [ w0 Y nUr o) dea
i=1 o JQ i=1

trtt trtt

- / B (e, tym (n(ul)) da dt = / Oy (e, tym (n(Tn)) dac
tn Q tn Q
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we obtain
I N-1
DO maty (U AU = Zmz Nn(UN) - win(U?))
i1=1 n=0 i=1
N—-1 1
/ /aﬂp x, ) () de dt + m O (U, UMY,
n=0 i=1

The rest of the proof consists of realizing that

The conclusion follows readily. 0

4.4. Entropy production estimates. We now have to estimate the remainders
in the right-hand side of (4.9), Ri(¢)), Ra2(v), and R3(¢), as needed in the a priori
estimate (A.7). In the rest of the paper we denote

1
. A 1= Lo (A x[tn tntl]) T S |OtP|Loo (K x[tn tn+1]) n )
(4.10) || VY + ﬂla Wl vn >0

where we recall that Ax 1= Ujez(k)Si-

LEMMA 4.4. Assume that the discrete flux is defined by (4.1) and the artificial
viscosity is defined by (3.9). Then, there are constants \g,c¢ > 0 (uniform with respect
to At and h), such that the following holds for all A < \g:

N—-1
(411)  Ru(¥) + Ra(¥) + Ra(¥) = —cB Y At D hicldlag [ Vuilloa).

n=0 Keky,

Proof. The key observation to establish the statement is to realize that Rs(v)
produces dissipation in time and space, i.e., it generates two nonnegative terms, and
these terms are essential to control Ry (1)). The term Ry (%)) is harmless and controlled
separately.

(1) Control of R3(¢). Let us denote by Rg 1(¢) and Rs2(1) the two terms com-
posing R3(¢). The first term R31(¢) := Z ZZ LI (U UMY s clearly
nonnegative. This is the entropy dissipation created by the Euler time stepping. It
will be used later to control time discrepancies arising elsewhere. The second term
Rso(1p) = Atz ZKGK}UKbK(uh,Wh(’I]( w7, (YY) is the source of en-
tropy dissipation 1nduced by the artificial viscosity, up to a time discrepancy. This
term needs to be handled carefully to extract the entropy dissipation induced by
the artificial viscosity which will then be used to dominate space discrepancies aris-
ing elsewhere. Actually, it is particularly important to realize that this term induces
space-time dissipation, meaning that it is not a good idea to try to correct the time
discrepancies in R32(1). Let K € Kj and let z;, := m, (1 (u DR (") then
using (2.13), we infer that

bic(uppyzn) = Vx[K| D0 D0 (U = U (U] = U w),

i€L(K)I(K)3j<i
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Note here that we did not correct the time discrepancies. We now use (4.7) from
Lemma 4.2 to derive

(U7 = U U7 = (U7 = U7 (U + (U = U (U7 )
= n(U7) = n(UPh) = r(UF, U + (U7 ) = (UF) + (U}, U7
=n(U") = n(U}") = r(UF, U7 + r(UF, U7,

which in turn implies that

(U =U7) (3 (U)W (U7 )W) = W (U, U+ L (U7, U
n+1 n n+1 n+1 n n+1 n+1 n+1 n n
= (U U)W (U, UF) 4 (BT — ) (n(U}") = n(U}))
n+1 n n+1 n+1 n n+1 n+1 n n+1
> WU UT) + U (U UFT) = e (U, U
= U (U U = chic [l ag [UT = U,
where we used the shape regularity of the mesh and recall that we denote |1| An =
IV| Loo (A g x[tn ent1]) + %|atw|Loo(K><[tn’tn+l]) to shorten the notation. This estimate
is essential; it means that, up to time discrepancies (U, U) + r(U}‘,UJ’-”l),
which are present in Rs1(¢), the bilinear form bx induces space-time dissipation
since (U, UMY) + #(U, U7) > 0. In conclusion, using the estimate (3.11) we
obtain

vibi (up, zn) > VU K| K| Z r(U, UM wrtt

i#jEL(K)

— vV K| 2(ng — V)r(UP, UMY T — chiclb| ap vic| K| ur —ur|
K J

i€Z(K) i#jET(K)
>vglk|K| Y r(Ururthertt
i#jEL(K)
—cfhyt Y mar(U, U — ¢ Bhue || ag [ Vup | iy
i€Z(K)

Putting together all the above estimates, we infer that

N-1 N-1 I
Rs(1h) > —cBY ALY hillan [Vupllpi gy + (1= ¢N)Y > mar (U, U wrH
n=0 Kekp, n=0 i=1
(4.12) + ZAt > ukdk|K| > (U, Ut
n=0 KeK, i#jEL(K)
(2) Control of Ra(1)). Recall that
gntl N—-1 I
Z/ up) Ve dmdi+ Y ALY (i),
n=0 i=1
where we have set (i) := [,(V-fi')pi(x W (UMY E dz. We now define the

approximate entropy ﬂux
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Then, upon introducing " () = =, f i (x,t) dt, we rewrite I5(i) as follows:
L) = /Q (7 (UFYY-f = VB i) 0t da
+ [(VFpe@)@ - v (@) da
+ [T = B @) de+ [ 9-(F )" @) () da.

which, after using the partition of unity property, proves that Ra(v)) = Ra1(¢) +
Ry (1)) + Ra,3(1¢), where

N—-1

Ro1 (1 ZAtZ/ (UMY fi = V-Fr) ()00 de,

n=0 i=1

Roa(V) = Z Atz JVFee) w0 @) de
Raa(v ZAtZ/v U))@)) da.

Now we estimate R 1(?). Recalling that we have set f}' = m,(f(u}})) and using again
the partition of unity property, we obtain

L -me@m @
-¥ .(f (U}) = £(8) Vs @) i@ (U)W da

jez(s:)”’ S
f ) n n n
Z / U” — " Vpj(@)ei() (U] — k) (UMY de,
JEL(Ss)
with the convention that w should be replaced by 0 when U;" = k. This

%'VQOJ(CU)%(‘B)(U? —k) = (f(UM) —

f(k))-V;(x), and this number is zero if U = k. Now we evaluate exactly (UJ” -
Ui")n’(Ui”H). We use (4.7) from Lemma 4.2 to derive

U = Ry (U7 = n(U7) = k) = (U7, U7 4 (b, U7
= n(U}) = r(U}, U7,

Recalling that n(UT') = »'(U)(U} — k) and F,(U}) = o' (UM)(f(U}) — f(k)), we
conclude that

/Q (V-F2)pr (@) (U2 B0+ s

modification is not important because

>/ TOD T 9o (@) - r(v7. U0 ) e da

J
JEI(S:)

:/ (V-F;fh)%(m)qf;?+1dw+Jg(i),
S

i
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where

==y > / UG )ij(x)cpi(w)r(Uj’»L,U{‘“)\I/f“da:.

KeS; jeI(K

This proves that

N—1 I
Roa(y) = Y Aty (i)
n=0 =1

We now have a little problem since in order to use the last positive term in the
estimate of R3(1), (see (4.12)), we need to produce a local viscosity using a local
wave speed. The purpose of the coming developments is to transform the above
integral to invoke local speeds only. Let us rewrite J5(4) as a sum of integrals: J5(i) =
> kes, J2(i, K), with obvious notation. Let K be a cell in S;. Now we observe that
itk < mmJGI(K)(U ) or maxjer(x)(Uj') <k, then ' (Uj') = ' (Ul") for all j € Z(K),
which means that in this case

rUp UMY
ur—k UM —k
=0/ (UYL =/ (U ) (UFT) = 0 (U)X = (U (UF)).

(U1 =1 (U7)' (U7)

Let us then assume that k < minjez(x)(UJ') or maxjer(x)(UJ') < k; then the parti-
tion of unity property together with the above argument implies that

-2 / )o@y (U (= (U7 (U +) w3+ da

JEI( K)
f U”) i i n__rrn\,,/ n e ny, ./ n+1 n+1
Un iR e Vei(@)ei(e) (U =U" ) (U] (1= (U )0 (U;)) U7 de
JGI(K)
f ) n n n n n
/ ‘ 'VQOJ‘(EL') @i(m)(T(Ui 7Ui +1) +T(Uj 7Ui +1))\Iji +1d:L’,
z;éjGI(K)

where we used

U7 = UM (U =7/ (U (UF) = (U = k) (U (1 =o' (O (UFT)
(k= UM (U = (U )' (U] +)
r(UF UMY — (U] UM,

_|_

which implies that
(U} = UM (U (L =" U (U7 )] < r(UF, UFFY) + (U7, UFTY).

Otherwise, if minjcz(x) (U} ) <k< maXJGI(K)(U ), then

/ = Un— ®) Vs @)pn(@yr (U, U2 da

=r(U7}, Uty \1/n+1Un / /f $)-V,(x)pi(x)dzds

—T‘(Un Un+1 \Ijn—i—l/ Hf uh )VQP‘]( )”LOO K)Sol( )d
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where we used that [mlnjeI(K)(U ), max;er(r)(U)] C up(K). Hence, we proved
that the following holds in all the cases:

-3 / 1 () Vo ()] iy 01 ) (r (U7, U7 )

i#i€T(K)
+r(UF,UM) U da.

Then upon invoking the bound (3.10), we have

Bz = 3 [ IOV @)= gow @) O U7

i#£JEL(S;) KESij
+r(U}, UM U de
>— > (r(UP UMY + (U, U O ST wkuk| K.
i#JEL(S:) KeSi;

Now we are able to conclude that there is a uniform ¢ > 0 such that

R2 1 > — Z At Z Z/K’L9K|K| Z T(anvUin-i_l)\Il?-i_l
n=0 KeKp() i#JET(K)
N—-1 1

_ C)\ Z Zml Un UnJFl)\IjnJFl

n=0 i=1

The term Ry 2(1)) is controlled by proceeding as in the proof of Lemma 3.4. Namely,
we rewrite

/Q (W () (V-F )i () dae
-y / (W g @) (UT)(F ) — F(R) Vs ()i () da.

JEZL(Ss)

Here, again we need to localize the estimate by getting rid of f(k). Let us consider
K € S;. Let us assume first that & < minjezx)(U}') or maxjez(K)(U ) < k; then
the partition of unity property implies that we can replace f(k) by f(U!"), i.e

/K (W — g (@) (V-F )i () dae
- ¥ / (W @) (UP)FUT) — FUM) Vo (@) () da

JEI
U Uy
= > [arr-vemwonw; -l DL ve @
JEI(K) J 4
This implies that
/K (U~ " (@) (V-FD )i () da
> U ey S U — U7 / 1 () Vo5 L e acy 01 .

JEL(K)
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If minjez(r)(U') < k < maxjez(r)(UT') < k, by proceeding as above we have
| @ = @)(V-F )@ d

> T ey SO U — K] / £ (2 () Vsl =iy 01 dz
JGI(K)

> U Y ey S U U7 / 17 (0 ()Y | e rcr 01
JGI(K)

where in the last inequality we used that £ is a convex combination of (U");ez(x)
and we used the triangle inequality repeatedly. Upon invoking the bound (3.10), the
above argument implies that the following holds independently of the value of k:

/Q (W — g (@) (V-F )i () dae
> —c(140) Y [Wlaghxvi|K| > [UF=UP| = =B Y hilvlap [ Vupllo i)

Kes; i€T(K) KeKy,

In conclusion, Rg (1)) > —cﬁz At Yorerc,hllan [[Vup | k). Now we esti-
mate Ry 3(1)). The partition of umty property implies that

Ro s Z Atz |7 = By @) @) e
- i At [(Ep, = Fu) 90" (@) do
-~ Z A S Y [ - B Vi @) ) e

KeKy, jeZ(K)
—CﬁZAt S lay Yo IKINUP - upl,
Keky JET(K)

where we used the Lipschitz continuity of the entropy flux. In conclusion, R 3(¢)) >

—cf Z At Yoker,rlblan [VupllLi k). Putting together the above estimates we
obtain

Z“Z”WMKI > (g uptet

n=0 KeKj i#jEL(K)
N-1 I N-1

—cA Z Zmir(Ui", urthertt ¢ p Z At Z hic||an [[Vuy| L k)
n=0 i=1 n=0 Keky,

(3) Control of Ry(1). Recall that Ry(¢) = fOTfQ(n(ﬂ — 7w (n(u)))0) dee dt.
Using the partition of unity property of the shape functions, we have n(up(z,t)) =
Zle n(up(x,t))pi(x) for all € K, which in turn implies that that

I
/Q (o) = o) o = 3 /S )~ T, 1)pi0
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The conclusion follows readily since |n(a) — n(b)] < |a — b| and @y, is a discrete
function, i.e., the following inequality holds for all ¢ € [t t"*1): [, |up(x,t) —
up(ai, 1)]|0s(x, t)| de < chi||Vupll L g |00 | Loo (i x (#m gty for all K € Ky In

conclusion we have

N—-1
Ri(y) > —cB > At > hil|ag [ Vuploi).-
n=0

= Kekn
(4) Now we conclude by combining all the above estimates:

N-1 I

Ry(¢) + Ra(¢) + Ra(yp) > (L—cA) 3 > mar(U, U)Wt

n=0 i=1

N-1
—dBY ALY hillap I Vuplp ).

n=0 Kek,
The conclusion follows by assuming that the CFL number, )\, is small enough. d

4.5. Convergence estimates. The purpose of this section is to derive an error
estimate; this will be done by using Lemma A.3 together with Lemma 4.4. We
henceforth assume that vy € BV(Q) and that u} is evaluated so that

(4.13) HUO — U}O.L”Ll(g) < Ch|u|BV(Q).

We introduce three mutually exclusive assumptions that we henceforth refer to:
(H1), (H2), (H3). In the first case, (H1), we assume that there is a uniform BV bound
on the approximate solution uy, i.e., there is a constant ¢ independent of h, At, and
T such that the following holds true for every uy € BV (2):

N—-1
(H1) Z At Z hi |Vupll (k) < ¢Thluo| gy (o)-
n=0 KeKy,

The proof of this estimate in one space dimension is standard and can be done by
using Harten’s lemma [17, Lem. 2.2] (the details are left to the reader). The estimate
is also true in two space dimensions on meshes composed of equilateral triangles, but
it may fail on general meshes, as shown in Després [10, eq. (6.8)]. In the second case,
(H2), we assume that the flux does not degenerate in the sense that there is a constant
a > 0 so that

/
Hf () ||L ([ min s max]) 2 aﬁ’

H2
( ) 0#neRd ||’I’LH@2

where the L°-norm is defined in (3.6). In the third case, (H3), we introduce a
parameter o > 0 and we change the definition of the viscosity over each cell K € Ky,
so that the new viscosity is equal to max (v, a%), namely, we modify (3.9) as follows:

af Ykes,, S 1F (wn()-Vo; (@)l Lo (1) i () dw)

H3) vi =max|-—, max
(H3) vk (hK i#j€T(K) —Yrcs,; br(w), i)

This assumption is pretty standard; for instance, it is similar to assumption (2.4b) in
Cockburn and Gremaud [5], and it is also similar to the fact that €; in (2.5) in [5]
does not vanish when g = 0.
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We are in position to state the main result of the paper.

THEOREM 4.5 (L$°(LL) error estimate). In addition to (2.2), assume also that
ug € BV (Q), the discrete flux is defined by (4.1), and the artificial viscosity is defined
by (3.9). Then, there exist constants ¢, \g > 0 (independent of At, h, T, and ug) such
that the following holds for all X < Ag:

(i) Under assumption (H1) we have

(4.14) (-, T) = @ (-, T) 1) < ch? /BT ol sy ()
(ii) Under assumption (H2) or (H3) we have

- 1 1 1 1 1
(4.15) lu(-, T) = an (-, T)llpr() < chT|QIZ(BT) T uo| y (g lupl?,

where [uf|x = ([[uf |70 — HuhHL2(Q))2 and v := \QI Jov(z) da.
Proof. Owing to Lemmas 4.3 and 4.4 it is legitimate to apply Lemma A.3 with
on =0, T, =tV and

N-1
(4.16) Ar(y) =eB Y At Y hicl|agIVuplLio,

n=0 Kekp

where we recall that N = N(T) is defined by T’ € [tIV,#¥*1). Then using Lemma A.3
and the BV bound on ug, we have ||ug — uon||1 () < ch|uo|py (o) and obtain

lu(-,T) = (-, T)|| L1 () < c((€+ h)|uolpv o) +AF),

and the rest of the proof consists of estimating

A* — fO fD dde
O§T§T Fa(T)

where ¢(x,y,t,s) := w(x — y)ws(t — s) has been defined in (A.2) and we denote
= fOT ws(s)ds for any 7 > 0. From now on we assume that h < e.

Consider T € (0, T] and define N such that t¥ < T < tN+1. We have that

)

N-1

T T
// Az(9) dyds—cﬁZAt ZhK||vuh||L1(K>// |6|ap dyds.
0JD

n=0 Keky,

Recalling the definition |¢|A;L{ = |vm¢|Lm(AKX[tn_’tn+l]) + %|8t¢|Loo(K><[tn_’tn+l]),
and recalling that h < e, it can be shown that there is a uniform constant ¢ > 0 such

that
c e

o lag < o [ [ (Flowt@ vt o)+ IVeot@pon o)) dea

forall0 < n < N — 1, which implies that

T
//|¢('7y,-,8)|w;< dy ds
0JD

- At|K| o /AK// ( Ocd(@, .t 5) + [ Vad(@, y, ¢, s)||) dy ds dz dt.
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Now we evaluate fOTfD(%Wth(w,y,t, s)| + |Vad(z,y,t,8)||) dyds. Using that n <

N — 1, since Az involves a sum for n = 0 to n = N — 1 (see (4.16)), we infer that

0 <" <t< ¢ <N < T, which implies that 0 < ¢ < 7. We then can apply
Lemma A.1 for all ¢ € [t", ¢" 1],

,1": ~ ~ ~
// (l|3t¢(zc,y,t,s)|+|Vmgz5(cc,y,t,s)||) dyds < 00 | Do) W Ls(@)
oo\ 35 ¢ ¢

This computation in turn implies that

T ~
I's(T

// |¢(7y778)|A%dyd5§C 6( )
0JD €

Using the above bound, we estimate fOT Jp Az (¢) dy ds for T € (0,T] as follows:

N-1 -~

/T o Ds(D)
O/DAT@) dyds <cB S At S hue| Vo) =L

€
n=0 Keky,

Therefore, we obtain that for any T, 0< T < T, we have

ITf A=(¢)dyds g N= .
0JD T 7 S?ZAt ZhK”vuhHLl(K)'
Fé(T) n=0 KeK,

In conclusion, taking the supremum over 7' € [0, 7], we infer that

N—-1
C
(4.17) A< ?5 STAL D> hi|| Vupllpx)-

n=0 Keky,

We finish the proof of the theorem by bounding the right-hand side of (4.17) in each
of the three cases (H1), (H2), and (H3).
(1) Assumption (H1). Using (H1) we infer that

. _C
A < ?ﬂhT|UO|BV(Q)~
Then we have
) hBT
JuteT) = il Doy < ¢ (e Wlualviay + 2 fuolavea )

It possible to optimize the choice of € in the above estimate. We choose €2 = BhT,
which implies that

(-, T) = @n (- T)| 1) < eVhy/BT|uo| v (a)-

This proves the error estimate in the case of assumption (H1); see (4.14).
(2) Assumption (H2) or (H3). The L2-estimate (3.12) implies that

N-1
S A acbicuup) < [l — oI
n=0 KeK,
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Recall that @) := Ifll\ fQ u% (z)dx. Using the mass conservation property of the
method, [, uf(x)dx = [, up () dx, we have that

2 = 1916@)? < a5

Using the above and the fact that u) is orthogonal to u) — ) with respect to both
the L%(Q2) and ¢2 scalar products, we obtain

Z At Z vih (up, up) < HU?zng [Juy’ ||e2 < HuhHé2 ||ﬂh||§§ = [l —ﬂhH?g
KeKy
<cllup = |72g0) = ¢ (HU?LHiz(Q) - ||ﬂ2||2L2(Q)) :

This bound together with (2.14) implies that there are uniform constants ¢,¢’ > 0
such that

N-1 N—-1
C/BZAtZ b |IVup 25y < ZAtZ vichr (ujy, up) < e ([[up |70 =@l 72();
n=0 KeKn n=0 KeK

where we used that each of the assumptions (H2) and (H3) implies that there is ¢/ > 0
buch that v > ¢ 7= o8 Tt is then possible to estimate Z At ke, PrlVuy ok
n (4.17). We have “that

Zm S bVl s ey = Zm ZhK/ V| d

KeKy, KeKy,

< (ZAt > hK|K|>2<ZAt ZhK/ |Vu”|2d:n)

n=0 KeKy, Keky,
1111 1
<ch2B72T2 Q2 (up 1720y — T 11720)
which in turn implies that
. C 1 1 _ 1
AT < |Qfhz (8 T) (|lupl 220y — @17 20)) %
Then we have

QIR (BT)*
€

~ 1
[u( T)=tn (- Tl Ly @) <c <(6+h)luo|3v<n>+ (lunllZ2() — Il Q))2>

which after optimizing e gives
- 141 1 1 012 1
lu(-, T) = an (- T)|prga) < ch|QU2 (BT) ¥ |uo| by oy (lunllZ2() — 1T lZ2() -
Recalling the definition |uf|. = (||u2|\%2(9) - Hﬂzﬂizm))%, we finally obtain

- 1L 1 1 3
lu(, T) = an( T)llpr (@) < ch? QU2 (BT)T|uol By o) lupl? -

This concludes the proof. O
Remark 4.3 (higher-order approximation). The method described in this paper
(see (3.7)) is only first-order, but the proposed methodology can be modified to make
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it formally second-order as shown in Guermond et al. [16]. The main idea consists of
combining the present first-order method and a high-order entropy viscosity method
(see Guermond, Pasquetti, and Popov [15]) by using the Boris—Book—Zalesak flux
correction technique (see Boris and Book [1] and Zalesak [21]).

Remark 4.4 (numerical tests). We have programmed the above method using
continuous piecewise linear finite elements on nonuniform Delaunay meshes composed
of triangles in two space dimensions, the time stepping being done with SPP RK(3,3).
Extensive tests show that the convergence rate is O(h) for smooth solutions and
O(h*) for nonsmooth solutions with s € [1,1] (results are not included in the paper
for the sake of brevity). For instance, for the Burgers equation with flux f(u) =
(1u?,0) on the square (—2,2)? with ug(x) = —1z and boundary condition u,_4o =
+1, we obtain s ~ 0.84 in the L'-norm and s ~ 0.48 in the L?-norm. We have
also programmed the method with the entropy viscosity technique from Guermond,
Pasquetti, and Popov [15] augmented with the Boris-Book—Zalesak flux correction
technique. The observed convergence rate in the L'- and L?-norm is O(h?) for smooth
solutions. For nonsmooth solutions the L rate is O(h?), p € {1,2}, with s € [2,1].

Appendix A. Kruzkov estimates revisited. We revisit general results estab-
lished in Proposition 3.1 from Cockburn, Coquel, and LeFloch [7], Lemma 3.1 from
Cockburn and Gremaud [5], Proposition 5.3 from Cockburn and Gremaud [6], and
Proposition 3.18 from Holden and Risebro [18]. The route that we follow consists
of reformulating Kuznecov’s lemma (see Lemma 2, p. 1492, in Kuznecov [20]) in the
spirit of Bouchut and Perthame [2, Thm. 2.1] using a Gronwall-type argument from
[5, Prop. 6.2] and [6, Lem. 5.4]. Our objective is to reduce the establishing of an a
priori estimate to that of entropy inequalities using only the Kruzkov entropy family,
i.e., we do not want to invoke smooth entropies and to deal with the associated loss of
symmetry of the entropy flux. Theorem 2.1 from [2] is not sufficient for this purpose
since it requires an a priori bound on the BV-norm of the approximate solution. The
results [7, Prop. 3.1], [5, Lem. 3.1] and [6, Prop. 5.3] are not appropriate either since
they mix the error estimation with the proof of the entropy inequalities, making the
technique very difficult to follow and to apply (at least to us). The main result of this
section is Lemma A.3.

We introduce § > 0 and ¢ = 3J, and we define two mollifiers ws and w,
(A1)

5. [t <9,
ws(t) == 25352“', 5 < |t| <26, we(x) =T we (), @:=(21,...,24).
0 otherwise,

Now, following an idea of Kruzkov [19] we define
(A2) (b(iL’, Y, t, S) = we(m - y)w§(t - 8) V(y, S) € DX[Oa T]

Moreover, as done in Cockburn and Gremaud [6, 5], we set I's(t) := fot ws(s)ds.
LEMMA A.1. The following holds for all t € [0,T]:

T
(A3) / fwhs — )]s <4 2L
1 T
(A.4) §F6(T)§/o wsls — t)ds < 2T5(T).
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Proof. Tt can be shown that 5fOT lwh(s —t)]ds < 2f0T |was(s — )| ds, which in
turn implies that

5/0T|wg(s—t)|ds§2</Otw25(s—t)ds+/tTw25(s—t)ds)

< 2(Pas(t) + Das(T — 1)) < Al25(T).

We conclude by showing that I's5(7") < I'5(T"). The details are omitted. This proves
(A.3). The two inequalities in (A 4) are a consequence of fOT ws(s —t)ds =Ts(t) +
I's(T —t) and fgwg )ds < f ws(s)ds. O

The following lemma, which is a Gronwall—type estimate, is inspired from an ar-
gument invoked in Cockburn and Gremaud [5, Prop. 6.2] and Cockburn and Gremaud
[6, Lem. 5.4], (see also Holden and Risebro [18, Lem. 3.17]). This result is essential
to complete the proof of Lemma A.3, which is the main result of the appendix.

LEMMA A.2 (Gronwall). Let 0 : [0,Tmax] — R+ be a nonnegative bounded

function and assume that there exist a > 0 and b > 0 such that the following holds for
all T € [0, Tinax]:

T T
(A.5) al's(T)0(T) + /0 O(r)ws(T —7)dr < bT5(T) + /0 O(T)ws(T)dr

then there is c(a) such that 6(T) < be(a) for all T € [0, Tmax] and all 6 > 0.
Proof. We consider three cases: T € [0,9], T € (0,24], and T > 2. Assume first
that T € [0,6]. The definition of the kernel ws implies that w(t) = w(T —t) for all
€ [0,7]. As a result, (A.5) implies that 0(T ) < Lif T €[0,6]. Assume now that

€ (6,26]. Then observing that < T's(T) < £, we have

b T
T)— 5 < / 0(7) (ws(1) — ws(T — T))+ dr

0

5 T
< / 0(T) (OJ5(T))+ dr —|—/ O(1) (ws(1) —ws(T — T))+ dr.

0 §
Now we use that ws(r) = 3—16 when 0 < ¢ < 0 and ws(7) — ws(T — 7) < 0 when
d <t <26, and using the bound already established above on 6(¢) for 0 <t < ¢ we

obtain that

b
< —.
o(T) — 3

N)I@‘

+). Finally let us assume that 7' > 26; then using (A.5)

In conclusion §(T") < %b(%

we infer that

a b T b 2 b 3b 1\ 1
z < Z _Z <2y 2z )z
5 0(T) < 5 +/0 O(T)ws(T)dr 5 + | O(T)ws (1) dr < 5 + (2 + 3a) 3’

giving the estimate 6(T ) < a 3+ L) for all T > 26. This completes the proof
with ¢(a) = Tmax(1+ & + 5,2 + 1), |
LEMMA A.3. Assume (2.2) and uy € BV (Q). Let up : DX[0,T] — R be an
)

approzimate solution of (2.1) as defined in section 4.1 with T € [0, Tnax]. Assume

l\DIOJ _|_
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that the following holds for all k € [tumin, Umax] and all nonnegative Lipschitz function
 compactly supported in Dx[0,T):

T
(A6) — // (Jan — k|Ow + sgn(un — k) (f(un) — £(k))- Vo) da dt
0JD
+ lmn (@ (- T) = k)7 (5 To) ey — ln (@ (-5 0) = B)mntp (- o) lon < Ar(¥),

where || - [ is defined in (2.7), |T = Tp| < yAt, |0 — o] < yAt, where v > 0
is a constant, and Ap(¢) is a bounded functional on Lipschitz functions. Then the
following estimate holds:

(A7) [ulT) = (- Ty < e (o — ufllsy + (€ + b+ BA luo| gy (@) + A7),

o s
where A* = SUP, < Fep ‘IO‘IDII}% and ¢ is defined in (A2)
S45 s

Proof. Following the work of Kruzkov [19] and Kuznecov [20], we are going to
establish the error estimate by using the technique of the doubling of the variables.
Let (y,s) € Dx[0,T] and let us set k = u(y, s) in (A.6); note that this is legitimate
since Umin < u(Y,t) < Umax- Then (A.6) implies that

T
- / /D ([ — u(y, )| + sgn(@n — u(y, ) (F@@n) — F(uly, 5)))-Ve) da di

+ (@ (- T)) = uly, ) (1)) o |0k < Ar(¥).

Let us introduce € > 0, § := ¢/, and set ¥(x,t) = w(x—y)w (t—s), where w, and ws
are the two mollifiers introduced in (A.1). We select ¢ so that ¢(x,t) = ¢(x,y,t, s),
where the function ¢ has been defined in (A.2). From now on we replace Ar(v) by
Ar(¢) to account for the presence of the two new parameters (y,s) € Dx[0,T]. We
integrate the above inequality with respect to (y, s) over Dx[0,T] and obtain

T T
_// // ([un — u|:d + sgu(un — u)(f (@n) — f(u))-Vao) da dt dy ds
0JDJOJ D
T T
[ ] i (@)~ at ) motn o) gty as 7 < [ Ano)ayas.

Moreover, u being the entropy solution to (2.1) implies that

T
— [ (k= (. 5)10.0 + snth — sy ) (FR)  Fu(w.))-0) dyds
106 =, DO T sy 1|k = (- 0))8(,0) 23y < 0

for any 6§ € W1>°(Dx[0,T];RT). Now we choose 0(y,s) = w(x — y)ws(t — 5) =
o(x,y,t,s) and k := up(x,t), where (z,t) € Dx|0,T], and we integrate with respect
to (x,t) over Dx[0,T7,

T, T
- // // (|n — u]0s¢ + sgn(tn — u)(f (un) — f(u))-Vyo) dxdtdyds
o/pJoJpD

T
| [ 1.0 = ut o)l oy [y de e <o
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Upon observing that ¢, = —¢ and V¢ = —Vy¢ (this is the decisive observation),
the above arguments imply that

T
Ev(Th) — Ex(0n) + Ea(T) — Ex(0) < /0 /D A (@) dy ds,

where E1(o1), E1(Th), and Es(r), 7 € {0, T}, are defined as follows:
= | T/D I (@ (-, 0) = u(y, ) Fu (g, o0, ) | dy ds,
= /OT/D 17 (@ (-, T) = u(y, $))7ne( ¥, T, 5)) [l dy ds,

) = /T/D | Gin(,£) — u 7)o@, .7l (o) da dt.

We are going to estimate E1(oy) and E;(7p) by invoking the decomposition up(a;, 0)—
U(y, S) = ﬂh(aia 0) - ﬁ-hu(aiv O) =+ 7Trhu(aia 0) - U(y, 0) + u(ya 0) - U(y, S) For El (Uh)
we are going to use |up(ai,0) — u(y,s)| < |un(a;,0) — 7pu(a;,0)| + |Thu(a;,0) —
u(y,0)| + Ju(y, 0) — u(y, s)| and for E(Tp) we are going to use |up(a;,0) —u(y, s)| >
[un(ai,0) — Thu(a;, 0)] — |Thul(aq, 0) — u(y, 0)| — |u(y, 0) — u(y, s)|, yielding for both
cases

Ervi(Th) — E12(Th) — E13(Th) < E1(Th), Ei(on) < Evi(on) + Erz(on) + Erz(on).

We start by estimating E11(on), Ei2(0on), and Eq3(0p). Using the definition of
the ¢} -norm and that of the operator 7j,, we deduce that

Fui(on) // Zmzm a;,0) — Thu(a:,0 |—/ 62,3, 7n, 5)ps(2) dz dy ds

:;|ﬁh(ai’0)—”h“(aia0)l/()/[) (/D¢(Zaya0h75)dy) pilz) dzds
! T
= Zmdﬂh(ai, 0) — mpu(a;, 0)] /o ws(s —op)ds =Ts.0,(T)le(,0)[ a2,

where we have defined e(x, 7) := up(x, 7) — Tpu(x, 7) and I's (T') := fOT ws(s —7)dt
for any 7 > 0. Lemma A.1 implies that

Evi(on) < 205(T) el 0)ll;

We now estimate F12(op,) as follows:

Era(on) // mehu a;,0) — u(y,0 I—/ ¢(2,Y,0n, 5)pi(2) dz dy ds

0) — u(y, 0))ps(w) dw\ [ o) azay

i. /D/D(U(w,O)—u(y,O))sDi(w)we(z—y)goi(z)dzdw dy.
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The triangle inequality yields

I
Bia(on) <205(0) [ 30 [ [ Julaw,0) — u(z,0)| i (w)ewe (= ~ w)i(2) dz duw dy
D—{ ™Mi JpJD

I
+205(T) [ S [ u(2.0) — 0w, 0) (w2 = )i (2) dz duwdy.
i=1 "

Let us denote by I's(T)E$,(0) and T's(T)E%,(0) the two terms in the right-hand side
of the above inequality. For any fixed 7 > 0, a standard approximation result on BV
functions gives

Ely(t <Zmz/ / [u(w, 7) — u(z, 7)|p:i(w)pi(z) dz dw

i=1

1 — A0 7
gZH//|uwT—u(zT|dzdw<Z d|Q:i| " ul- ) BV Qi)
i=1

where @); is the smallest cube that contains S;; see Cohen et al. [9, eq. (2.13)]. More-

over, the mesh regularity assumption implies that there is a uniform constant ¢ such
1 . .

that |Q;] < ¢m; and |Q;|7 < c¢h, thereby implying that

Eiy (1) < chz lu(-,7)|Bv Q) < c "hlu(-, m)lBv(e)-

We finally obtain El,(7) < chluo|py(a), since it is known that |u(-,7)|pv @) <
luo| v () for any 7 > 0. Let us now estimate E7y(7). We have

E12

—u(y, 7))we(z — y)pi(z) dz| dy

< A ; A |u(z’ T) - u(y, T)""Je(z - y)soz(z) dz dy

= / |u(z,7) — u(y, 7)|we(z — y)dzdy = / lu(z,7) —u(z — w, 7)|we(w) dz dw
DxD DxD

_ / we(w) sup / hu(z,7) — u(z — ,7)| dz dw < celu( 7y < deluolsy @
D lylleoeo <2eJ D

We infer that Eio(1) < I's(T)c(e + h)|uo|py (o) for any 7 > 0. Next, we estimate
E13(0p) by invoking the Lipschitz continuity in time of the exact solution wu, i.e.,
lu(-;t) —u(-,s)ll 1Dy < Bluol sy ()|t — 5| (see Holden and Risebro [18, Thm. 2.14]):

Buon) = [ [ Zmzw (9.0) = (g 3) = [ olzy.0n9)pi(2) dzdy ds
T
— [ ] 1u(0.0) = uty. s(on — ) dy as
0JD

T
= / lu(-,0) = u(-, s)||L1(pyws(on — 5) ds < 2T's(T') (20 + yAt)|uo| v (0)-
0
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Note that here we used the assumption o, < yAt and |s — op| < 2§. In conclusion,
(A.8) Ey(on) < Eri(on) + cUs(T)(h + BAt + €)|uo| By ()

where we recall that E11(on) < 20s(T)|le(-, )[4 -
We estimate the term E(75) in the same way as we did for E1(op) and we obtain
the following bound:

(A.9) E11(Th) = cTs(T)(h + BAt + €)|uo| gy (o) < E1(Th),

where E11(Tn) = Uo7, (T)[le(-,T)|l ¢, and %F(;(T)He(-,T)HZ}z < E11(Ty) owing to
Lemma A.1 again.

We now estimate Es(7) for 7 € {0,T} by invoking the decomposition uy(x,t) —
u(y, 7) = up(x, t) — mpu(z, t) + Tpu(e, t) —u(y, t) + u(y, t) — u(y, 7) and by applying
the triangle inequality: |E2(7) — Ea1(7)| < Ea2(7) 4+ Ea23(7). For E2(T') we are going
to use Ey(T) > Ea1(T) — E22(T) — Ea3(T) and for E2(0) we are going to use Eo(0) <
Eo(T) + Exa(T) + E23(T'). The definition of Es(7) implies that

T
Es(7) = ; D|17h(w,t)—ﬁhu(w,tﬂ/qu(w,y,t,T)dydwdt

T
= [ etz yustr )t
0

We now estimate Fao(7),
Bl // / [Thu(e,t) — u(y, t)|é(z, y, t,7) dy da dt
T
< A/D A(|Whu($, t) - U(Ccat” + |u(sr:,t) — u(y7t)|)¢(w’y’ t,T) dy de dt

<cls(T)h sup |u(-,t)|gv(p) + Ts(T) sup / lu(x,t) — u(x — w, t)|w(w) de dw
0<t<T 0<t<T JDxD

< cls(T)(e+ h)|uo| By (0)-
We finish with Ea3(7), and we have

En(r ///|uy — uly, 7)lé(@, y,t, 7) dy da dt
=/()Z;ml|u y.t) — uly, |—/ 6(2, 9,7, 5)01(2) dz dy ds

- / /D [y, 7) — uly, 5)|ws(7 — ) dy ds

T
= / lu(-,7) = u(-, s)|| 1 (pyws (T — 5) ds < 2I'5(T) 3| uol By () -
0

In conclusion |Ey(7) — E21(7)| < eT's(T)(h + €)|uo| gy (q), thereby implying that
T
(AIO) / He(',t)”Ll(D)’LUg(T—t) dt—CFg(T)(h+€)|U0|Bv(Q) S EQ(T),
0

T
(A.11) E5(0) < A ||€(-,t)HL1(D)w§(t) dt+CF5(T)(h+€)|U0|BV(Q)
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We now combine all the above estimates for Fy(oy), E1(Th), E2(0), and Ex(T),
e., (A.8), (A.9), (A.10), (A.11), to infer that

T
SADeC Ty + [ e Ol s — )t < 24D, 0l
T T
+/ ||€(-7t)HL1(D)OJ5(t)dt—I—CF(;(T)(G-I-ﬂAt—I-h)|uO|BV(Q)+// AT(¢)dyds.
0 0JD

Since e(-,t) € Xp, 0 <t < T, and the discrete norm || - [|2 is equivalent to the Li-
norm, there are uniform constants a,a’ > 0 such that alle(-,T')||L1(p) < %He(-,T)Hg}L
and 2|le(-,0)[lr < a’[le(+,0)|[z1(p), thereby implying that

aTs(T) (-, T HU@+/H BDlloac m(—tw</n Dl (pyws(t) dt,

Us(T) (a'[le(-, 0)l| 1 (py + c(e + BAL + h)|uo| By (o) + A7),
T ~ s
SupO<T<T fo fDFJT(‘Fb) dyd . Usmg

T)
Lemma A.2 with 6(t) = |le(t)|| 1 (py and b = a’ |[e(-,0)|| L1 (p)+c (e+BAL+D)|uo| v (o) +
A*, we finally conclude that

where we recall that we have defined A* :=

e(T) < max(1,d,¢)cla)(|e(-, O)ll 1oy + (e + BAL + h)|ug| gy () + A¥).

This completes the proof. a
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