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Moments of Matching Statistics
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We show that for a large family of combinatorial statistics on per-
fect matchings, the moments can be expressed as a linear combi-
nation of double factorials with constant coefficients. This gives a
stronger analogous result of Chern, Diaconis, Kane and Rhoades
on statistics of set partitions, in which case the moments can be
expressed as linear combinations of shifted Bell numbers, but with
polynomial coefficients.
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1. Introduction

Recently Chern, Diaconis, Kane and Rhoades [8] found that for many combinatorial statistics on set
partitions of [n] = {1,2,...,n}, the moments (mean, variance and higher moments) have simple
closed expressions as linear combinations of shifted Bell numbers, where the coefficients in the
linear combinations are polynomials in n. This allows one to derive exact formulas of the moments
based on data for small values of n. In particular, the method applies to the number of blocks, the
dimension index, the number of crossings, and the number of levels for set partitions. Combining
with a stochastic algorithm of Stam [15] for generating a random set partitions, Chern et al. [9]
established the limiting normality for the numbers of 2-crossings, dimension index, and the number
of levels.

The main goal of the present paper is to study the analogous results of [8] on the set of perfect
matchings on [2m]. A partial matching M on [n] is a partition in which every block has at most two
elements. If every block has exactly two elements, the matching is called a perfect matching. Denote
by May, the set of all perfect matchings on [2m]. Then Ma,, is a subset of II(2m), the set of all set
partitions of [2m]. Hence the general approach in [8] applies to Ma,,. However, perfect matchings
are special partitions with uniform block sizes. This allows us to get stronger characterizations,
simpler formulas and more efficient algorithms. In particular, we will focus on the simple statistics
which count the appearance of patterns in perfect matchings and present closed expressions for
moments of crossings, nestings, and their variants.

Let us introduce necessary notations first. We represent a matching M on [2m] by a diagram
on the vertex set [2m] with arcs (¢, 7) whenever ¢ < j and {7, j} is a block of M. For instance, the
matching M = {(1,4), (2,9), (3,5), (6,7), (8,12), (10, 11)} is represented by the diagram in Figure 1.

For a matching M, the set of openers, denoted by O(M), is the set of left endpoints of the arcs in
the diagram of M. Similarly, the set of closers, denoted by C(M), is the set of right endpoints of the
arcs. For the matching in Figure 1, we have O(M) = {1,2,3,6,8,10} and C(M) = {4,5,7,9,11,12}.

The following definitions are adapted from the ones defined for set partitions in [8].
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Figure 1: The diagram of the matching M = {(1,4), (2,9), (3,5), (6,7),(8,12),(10,11)}

Definition 1.1. 1. A pattern P of length k is a partial matching P on [k] with a set of vertez-
disjoint pairs A(P) C ([g]) and a set C(P) C [k —1]. Let P := (P, A(P),C(P)).
2. An occurrence of a pattern P of length k in M € Ma,, is a tuple s := (t1,ta,- - ,tg) with
ti € [2m] such that
(a) t] <tg < --r < tg.
(b) (ti,t;) is an arc of M if (i,j) € A(P).
(¢) tiv1 =t; + 1 whenever i € C(P).
Write s €p M if s is an occurrence of P in M.

Definition 1.2. A simple statistic is defined by a pattern P of length k and a valuation polynomial

Q € Quy1,y2, - s yg,n]. If M € Moy, and s = (x1,22,--+ ,x) €p M, write Q(s) = Q
Let

Yi=Ti,n=m-

FM) = fro(M):= Y Q(s).
sepM
Let the degree of a simple statistic fpq, denoted d(f), be the sum of the length of P and the degree
of Q. A statistic is a finite Q-linear combination of simple statistics. The degree of a statistic
1s defined to be the minimum over such representations of the mazximum degree of any appearing
stmple statistics.

REMARKS.

1. In the above definition, C(P) defines a set of consecutive elements.

2. The field Q can be replaced by any field K of characteristic zero. We use Q here because it is
the case in most combinatorial applications.

3. In [8] a pattern of set partitions also contains specified sets of first and last elements. This is
not necessary for matchings since the set of arcs of P uniquely determines O(P) and C(P).

Examples.

1. Number of arcs of M. For any matching of [2m], the number of arcs | M| equals m. It is trivial
to see that | M| is a simple statistic with pattern P of length two along with A(P) = {(1,2)},
C(P) = @ and Q(y17y27n) = 1.

2. Sum of vertex indices in O(M) or C(M). For a matching M € Ma,, let

Synin = E 7 and Srmaz = g 7.

i€O(M) ieC(M)

Then both S, and sy,4, are simple statistics with P of length 2 along with A(P) = {(1,2)},
C(P) =0, and Qmin(y1,y2,7) = Y1, Qmaz(y1,Y2,n) = Y.
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3. k-crossings, k-nestings, and k-alignments. Let k > 2 be an integer. A set of k arcs { (i, i) :
1 <t <k} in the diagram of M forms a k-crossing if i1 < i < -+ < i < j1 < jo < -+ < Jk.
Similarly, it is a k-nesting if 11 < io < -+ < i < Jp < Jr—1 < --+ < j1, and a k-alignment if
N<ji<ig<jgo<- <t <Jk.

Let crg, neg and alp, be the number of k-crossings, k-nestings, and k-alignments of M. They
are simple statistics with patterns of length 2k and

A(P(ery)) = {(LE+1),(2,k+2),...,(k 2k)}
A(P(ney)) = {(1,2k),(2,2k—1),...,(k, k+1)}
AP@ly)) = {(1,2),(3,4),...,(2k —1,2k)}.

For all of them, @ =1 and C(P) = (.
4. Dimension exponent. The dimension exponent d(\) of a set partition A arose from the study of
the character theory of upper-triangular matrices. See [8, §3.3] and references there. Explicitly,

l

d(N) =Y (M; —m; +1) —n,
=1

where [ is the number of blocks of A, M; and m; are the largest and smallest elements of the
1th block. Specialized to perfect matchings, the dimension exponent is the statistic obtained
by taking a linear combination of Sy,q, and Syn, as

d(M) = smaz(M) — Smin (M) — m.

5. Blocks consisting of consecutive vertices. Another simple statistic is obtained by counting the
number of blocks that consists of consecutive vertices, i.e., arcs of the form (i,7 + 1). It is
represented by the pattern P of length 2 with A(P) = {(1,2)} and C(P) = {1}, and the
valuation polynomial ¢ = 1. Following [8] we denote this statistic by fieyei-

Let T, be the number of matchings on [2m], i.e., Toy, = [Mop| = (2m —1)(2m —3)---3-1 =
(2m—1)!!, the double factorial of 2m—1. By convention, set Ty = 1 and Ty; = 0 for i < 0. In the next
section we give closed formulas for the aggregate >, f(M) over Ms,,. We show that for a general
statistic f, the sum ) ,, f(M) can be expressed as a linear combination of {T%; : ¢ > 0} with finitely
many ¢ and constant coefficients. In Section 3 we present closed expressions of higher moments of
statistics. Section 4 deals with simple statistics whose associated pattern is a perfect matching
with empty C(P), and whose valuation function is a constant. In that case the coefficients in the
expression of higher moment can be obtained by a linear recurrence. As examples, we present results
for k-crossing, k-nesting, and k-alignment. In the last two sections, we compute higher moments
for statistics associated with crossings/nesting with consecutive left (right) endpoints, and with the
dimension exponent.

2. Aggregate of matching statistics

It is proved in [8] that for any statistic f of set partitions, the aggregate > AETI(n) f(A) is a linear
combination of the shifted Bell numbers with polynomial coefficients. We show that when restricted
to matchings, the Bell numbers are replaced with the double factorials, and the coefficients are
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constants. Explicitly, for any statistic f, define

M(f.2m) = 3 f(M

MeMas,,

Clearly the expected value of f for a uniform random matching in Ma, is given by E(f) =
M(f, 2m)/T2m.

Our main results are the following two theorems which give two general expressions for M ( f,2m).
One of the techniques used in proving the following results is the left compression of numbers cor-
responding to the set C'(P). It is interesting to note that a similar tool is commonly used for graphs
and hypergraphs to modify the set system without changing the matching number (for instance see
(1], [2], [5], [12] and [13)).

Theorem 2.1. Let fp o be a simple statistic of degree N associated with pattern P and valuation
polynomial Q(s). Assume ¢ = |A(P)| and ¢ = |C(P)|. Then

(1) M(fp.q,2m) = P(m)Tym )

where P(x) is a polynomial of degree no more than N — c. Equivalently for m > €, M(f,2m) can
be expressed as a linear combination of Th;’s with constant coefficients, i.e.,

0 m </
Z—egigN—e—c Cilymssy m 24

@ M(7p.g.2m) = {
with constants c; € Q.

Proof. Assume that f = fp g where the pattern P = (P, A(P),C(P)) is of length k, and the
valuation polynomial @) is of degree N — k. Then

M(fpq,2m) = Z froM) = Z ZQ(S)

MEMzm MEMzm SEPM

= > Q) Y L

SE([an]) ]‘égﬁ/}ﬁm

Fix an occurrence s = (t1,---tx) of P, the k — 2¢ singletons in s can be joint with vertices in
[2m] — s and form arbitrary matchings. So there are Ty(,,_s perfect matchings on [2m] that contain
s. Hence s contributes T5(,,_¢) to the inner sum of M(fp, q,2m) whenever it satisfies the condition
(c) of Definition 1. Otherwise it contributes 0. Therefore

M(fp,q,2m) = To(m—_p) Z Q(s).
1<t <to<--<tp <2m
ti+1:ti+1 fOI‘ ZEC(B)

To deal with the constraints caused by C(P), we use the standard trick to compress numbers, as
did in [8]. We call i 4+ 1 a follower if i € C(P). If j is the index of the i-th non-follower then let
y; = tj — j +i. Then the values of (¢1,...,) are determined by (y1,...,yx—c), where ¢ = |C(P)|
and @ can be viewed as a polynomial of yi,...,yr_. and m. Hence

(3) M(fB,Q’ 2m) = T2(m—€) Z Q(?/h v Yk—c m)

1<y1 <y < <Y —<2m—c
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for some polynomial @ of the same degree as Q. The summation yields a polynomial of m of degree
at most deg(Q) +k—c=N —c.

To see Equation (2), let g;(m) be a polynomial of m defined by gi(m) = Tom—rt4)/To(m—0)-
Then g; is of degree ¢, and hence {g;(m)}°, form a basis of Q[m]. It follows that any polynomial
of degree k can be written as a linear combination of go(m), ..., gr(m). This implies Equation (2).

|

From Formula (3) we get the following simple form when @ is a constant.

Corollary 2.2. Let f be a simple statistic with pattern P of length k and the valuation function
Q=qeQ. Then
2m —c
M(f,2m) = qu(mz)< r e )

where ¢ = |A(P)| and ¢ = |C(P)|.

We refer to Equation (1) as the polynomial form, which is a product of a polynomial and a T;
for some i. Equation (2) is referred to as the linear form, which is a linear combination of T;’s with
constant coefficients. For simple statistics both expresses contain N —c+1 undetermined coefficients.
Consequently, we have a polynomial form and a linear form for M (f,2m) for an arbitrary statistic

f

Theorem 2.3. For any statistic f of degree N, there is a positive integer L < % such that for all
m > L,

(4) M(fa Qm) = R(m)T2(m—L)v

where R(x) are polynomials of degree no more than N + L. Equivalently, we have the linear form

(5) M(f2m)= > diTypmey  (m>1L)
—L<i<N

for some constants d; € Q.

Proof. Assume that

t
f=> rifr.o
=1

with r; € Q. Then

~+
~+

M(f,2m) =Y riM(fp,q.,2m) =Y riPi(m)Tagm—0),
=1 =1

where ¢; = |A(P;)| and degree of Pj(m) is no more than deg(f;) — ¢; < N with ¢; = |C(F)].
Combining likely terms of T yields the equation

L
f72m :ZRJ (m—3)»
7=0
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where Rj(m) is a polynomial of degree no more than N, and L = max(l;) < % . Since To(sqp) =
pr(s)Tas (if s > 0) in which pg(s) is a polynomial of degree k, we get the polynomial form Equation
(4) for m > L.

The linear form Equation (5) is obtained by expanding R(m) under the basis
{1, Topm—r41)/Totm-1) - - - > Totm+ Ny / To(m—1) }- i

Theorem 2.3 allows us to compute the closed formula of M(f,2m) whenever we know the
exactly values of M (f,2m) for a set of L + N + 1 values of m > L. To a specific statistic, usually
we would use the combinatorial structure to get a better bound on the degree of the polynomial
R(m) in (4) , or equivalently, the number of terms in (5).

Example 2.1. The statistics Spin and Smaz are simple statistics of degree 3 with £ =1 and ¢ = 0.
By Theorem 2.1 and Formula (3),

2m(2m +1)(2m — 1 1
M (Smaz, 2m) = To(m—_1) Z to = ( 3)( )T2(m71) = gTQ(erQ) — To(my1)-

1§t1 <ts §2m

Similarly

2m+1 1 1
M (Smin, 2m) = To(m_1) Z i1 = < 3 >T2(m1) = 6T2(m+2) - §T2(m+1)
1<t <t,<2m

Example 2.2. Let f be the simple statistic associated to P of length 3 with A(P) = {(1,3)}, and
C(P) = 2. That is, an occurrence of P is an arc on non-consecutive vertices. Assume Q(t1,te,t3, m) =
ts. Then by (3)

M(f,2m) = Tymery Y, (24 1) = Tagmoy (2 (2? ) " <2m2_ 1>)

1<t; <t,<2m—1
(2m —2)(2m — 1)(4m + 3)
= 5 Tym-1)

1 3 1
= 32(m+2) — §T2(m+1) — §T2m-

3. Higher Moments of Simple statistics

In order to compute higher moments, it is necessary to consider products of statistics. The next
theorem establishes that Q-linear combination of statistics and product of statistics are in fact
statistics. This allows us to compute the higher moments E(f"), or equivalently, M(f",2m) =
E(f")Tay, for any statistic f. Theorem 3.1, Definition 3.1 and Lemma 3.2 are analogues to the ones
in [8], which can be proved in the same way and hence the proofs are skipped.

Theorem 3.1. Let S be the set of all statistics thought of as functions f : UpMay — Q. Then
S is closed under the operations of pointwise scaling, addition and multiplication. Thus, if fi, fo
€ S and a € Q, then there exist matching statistics gq, g+ and g« so that for all matching M,

afi(M) = ga(M),
(M) + fo(M) = g+(M),
filM) fa(M) = g«.(M).
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Furthermore, d(ga) < d(f1), d(g+) < max{d(f1),d(f2)} and d(g.) < d(f1) + d(fz).

To use Theorem 3.1 we need a notion of merge of two patterns.

Definition 3.1. Let Py, P, and Ps be patterns of length ki, k2 and ks respectively. The pattern
P is called a merge of P, and Py if there are two strictly increasing functions hy : [ki] — [ks],
ho : [ke] — [ks] such that

(1) ha[k1] U halko] = [ks],

(2) (i) € A(Py) if and only if (i,5) = (), b (7)) or (i) = (hali'), ha(§")) for some (¥, )
in A(Py) or A(P») respectively,

(3) i € C(Ps) if and only if there exists either a j € C'(Py) withi = hi(j) andi+1=hi(j+1) or
aj € C(Py) with i =ha(j') and i+ 1= hao(j' +1).
A merge is denoted as (hi,h2) : Py,Py — Ps. Similarly one defines the merges (hi,...,hy) :
P,,---,P. — P for any positive integer r > 2.

Lemma 3.2. Let P, P, be patterns. For any matching M there is a one-to-one correspondence:

(6) {(s1,82) : s1€p, M,s2 €p, M} <> {P3,53 €p, M, and (h1,hz) : Py, Py — P3}.

The above results enable us to compute the aggregate for a product of statistics, as

M(fp.@ifp,02m) = > D> > > Qulhu(s1))Qa(ha(s2)).

MeMz,, Ps s3€p, M (hyi,hs)

= 2 M(fp,q:2m)
P

where

Y Qul(51))Q2(ha(s2)).

(h1,h2)

Consequently, for any statistic f and positive integer r, f" can be written as a linear combination
of simple statistics, and hence M (f",2m) can be expressed as a linear combination of Th;’s with
constant coefficients.

Theorem 3.3. For any statistic f of degree N and positive integer r, we have

(7) M(f",2m) Z diTo(m+i) whenever m > 1
I<i<J
where I and J are constants bounded by I > —"™N and J < rN.

Proof. Assume

t
f=> rifr.o
=1

with 7, € Q. Let P be a merge (hi,ha,...,h) : (2;,P;,,...,P; ) — P where each Bz‘,- €

{Py1,-, Py}, and Q(s) = Qi (h1(s1))Qiy (h2(s2)) - -~ Qi, (hr(sy)). Assume P = (P, A(P),C(P)) is
of length k with £ arcs and ¢ = |C(P)|. Let fp o be a simple statistic associated with the pattern P P

and polynomial Q. Then M(f",2m) is a sum of linear multiples of terms of the form M ( Ip O 2m).
By Theorem 2.3 each such a term can be expressed as a linear combination of Tg(m:i)’s with
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. .. d X .
constant coefficients, where the lower bound of 7 is —% > —%, and the upper bound is

deg(fpg) <TN. 1

Corollary 3.4. Let fp; be simple statistic for which the pattern P is of length k with £ = |A(P)],
¢ = |C(P)|, and the unit valuation function. Then we have

(8) M(féla 2m) = Z o)

—rl<i<rk—{—c

for some constants ¢; € Q and m > rf.

Proof. Since () = 1, the degree of f is k. Let P be a merge of r copies of P with length %, ¢ arcs
and ¢ consecutive pairs. Then k < k < rk, £ < ¢ < rf and ¢ < ¢ < re. Formula (8) is obtained by
applying the linear form (2) to simple statistic P and summing over all such P. |

In addition, there is a summation form for M (f} ,,2m), which can be useful when the combi-
natorial structure is easy to analyze.

Proposition 3.5. Assume the pattern P has length k with ¢ = |A(P)|, ¢ = |C(P)| and Q = 1.
Then

) ., 2m — ¢
(9) M(fp,2m) = Z ci(;,%,éTQ(m—Z)< k—¢ )

with nonnegative integer coefficients cé%ﬁ where k < k < kr, £ < 0 < lr, and ¢ < & < cr. The
coefficient c]%%~ counts the number of ways to merge r copies of P to patterns with k vertices, {

»£,C

arcs and ¢ consecutive pairs of vertices.

The advantage of Formula (9) is that the coefficients have clear combinatorial meanings. In
application, we can use some simple combinatorial constraints to limit the number of nonzero
coefficients, and hence obtain a tighter bound on the number of undetermined coefficients when we
transform the sum M (f",2m) to the polynomial form or the linear form. Then we could find the
undetermined coefficients by using data of M (f",2m) with small values of m.

4. Patterns with constant valuation and empty C(P)

For simple statistics with constant valuation, empty C(P), and k = 2/, the polynomial form of
M(f",2m) gives a simple formula whose coefficients satisfy a linear recurrence. In the following we
simply assume @ = 1, since for the case Q = ¢ € Q, M(féq, 2m) = q¢"M(fp,1,2m).

Theorem 4.1. Let f be a simple statistic defined by a pattern P of length k = 2¢ with the valuation
function Q@ =1, £ = |A(P)| and C(P) = 0. Then the r-th moment of f can be written as

(r—1)¢

T r 2
(10) M(f72m) = Y )<2(€’Zé)>T2<m_g_i),

=0

(r)

for some constants c;
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Proof. For any merge P of r copies of P, the pattern associated to P would have length 20 if it has
¢ arcs, and C(I:’) = () always. Let cl(r) be the number of such merges with ¢ = i 4 £ arcs. Then they
contribute cz(»r) (Q(QZZ))Tﬂm—e—i) to the sum M (f",2m). Summing over all ¢ from 0 to (r — 1)¢, we

get the formula (10). 1

Example We explain Theorem 4.1 by computing the second moment of ¢ro, the number 2-crossings
in a matching. Since r = 2 and ¢ = 2, by (10) we obtain

2m 2m 2m
M((CT2(M))27 2m) = Co( 4 )TQ(mQ) + Cl( 6 >T2(m3) + C2< 3 >T2(m4)7

where ¢; is the number of patterns P3 with ¢ + 2 arcs that can be obtained as merges of two copies
P1 = P2 = B(CT’Q).

e For i = 0, there is only one possible merge, namely P; = P, = P3. Hence ¢y = 1.

e For i = 1, assume Pj is a pattern of length 6 obtained by merging P; and P». First observe
that if P3 has two 2-crossings, then there are exactly two ways to define h; and ho. If P
has three 2-crossings, then there are 6 ways to define hy and hs. There are three P3 with
cra(Ps) = 2, namely, {(1,3),(2,5),(4,6)}, {(1,4),(2,6),(3,5)}, and {(1,5),(2,4),(3,6)}, and
one with cro(P3) = 3, namely, {(1,4),(2,5),(3,6)}. Putting together we have ¢; = 12.

e For i = 2, note that if a merge (hy, he) : P1, P» — P3 has 4 arcs, then hy(P;) and ha(P,) must
be disjoint. This gives ¢y = (i) =T70.

Combining the above cases, we have

(11) M((era(M))2, 2m) = <2;”> Toms + 12 (2:5”) Tom—g + 70 <2;”> Tom_s.

Even for simple statistics as described in Theorem 4.1, getting the coefficients cgr) ’s by analyzing

combinatorial structures can be tedious and time consuming. Instead, we could take advantage of
the special form of M(f7,2m) and the fact that for any positive integers (§) = 0 if b > a (or by
defining T, = 0 whenever k < 0). Explicitly, for £ < m < ¢r, Equation (10) becomes

M(fr,20) = o'Ty

» (2042 \
M(f7,20+2) = cé)< ” >T2+c§)To,
. (2044 (2044 \
M(f7,20+4) = Cg>( o >T4+c§)<%+2>T2+c§>TO

20r

» [ 20r ”

>T2(r—1)e—2 +-+ CE:),l)gTo-

This is a triangular system of linear equations on the unknowns cér), e ,cgz)_ 16 with 7o = 1 on

the diagonals. Hence the values of M (f",2m) for £ < m < ¢r determine all the coefficients by the
(r)

following recurrence of c;
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Proposition 4.2. Let fp1 be a simple statistic with unit valuation function. Assume the pattern
P has length 2¢ with ¢ arcs and empty C(P). If M(f",2m) is known for { < m < {r, then the
coefficients {CET) :0<i<(r—1)} can be obtained by the linear recurrence

A= M(fT,20)

: i—1 . / .
&) = M(fr2+i) =Y )<;(<g I;;)Tm—j) for0<i<(r—1)L
j=0

For example, with the aid of a computer program we can easily get M((cra(M))?,4) = 1,
M ((era(M))?%,6) = 27, and M ((cro(M))?,8) = 616, which give the coefficients in Equation (11).

Using Proposition 4.2, we provide explicit formulas of the second and third moments of k-
crossings, k-nestings, and k-alignments for some small values of k. (The first moment is given by
Corollary 2.2.). Note that the statistics cro(M) and nea(M) have the same distribution [10] over
Moy, In fact, there is a bijection ¢ on Ma,, such that cro(M) = nea(¢(M)), e.g., see [14]. Thus,
for any positive r, M ((cr2)",2m) = M((nez)", 2m).

The second moment of cr for 2 < k < 5.

M((era(M))2 2m) = M((nea(M))2, 2m) — (T) Ty + 12 <22”> Ty + 70 (Z") Tom_s.

2m 2m 2m 2m
= Top— 20 Tor— 180 Tor— 924 Tom—19.
<6> 2m—6 + <8> 2m—8 + (10) 2m—10 + (12> 2m—12

2m 2m 2m
= Topm— Tom— Top—
<8> 2m 8+30<10> 2m 10—1—378(12) 2m—12

2m 2m
+ 2800 < 14 ) Tom—14 + 12870 ( 16 ) Tom—_16-

M((cr5(M))2, 2m) = M((ne5(M))2, 2m)
2m 2m 2m 2m
= < 10 > Toym_10 + 42 < 19 > Tom_12 + 700< 14>T2m14 + 6864< 16 > Tom—_16
2m
20

2m

Tom—20.
18 >2m20

+ 44100( )sz_u; + 184756(

The third moment of cro, crg and nes.
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M((CTQ(M))37 2m) = M((neg(M))3, 2m)

2m 2m 2m
= < 4 >T2m—4+42< 6 >T2m—6+762< 3 >T2m—8

2m 2m
+ 7560< 10 ) Tom—10 + 34650( 19 ) Tom—12.

2m 2m 2m 2m
M((CTg(M))g, 2m) = ( 6 >T2m6 + 84( 8 >T2m8 + 2520 < 10>T2m10 + 45372< 12)T2m12

2m

2m
2 Top— 432432
+ 55 636<14> om—14 + 43 30(16

2
)Tgm_m n 17153136( fg) Tam—1s,

and

2 2 2 2
M{((nes(M))3,2m) = ( é") Tom—g + 84< ;”) Tom_s + 252o< fg) Tom—10 + 45468( g) Tom—12

2m

2 2
+ 552960< 14 > Tom—14 + 4324320< fg) Tom—16 + 17153136( 12;) Tom—18-

The small moments of als, als.

2m 2m 2m
M((alg(M))2,2m) = ( 4 )Tgm_4 + 14< 6 >T2m—6 + 70( 8 )Tgm_g.

2 2 2
M((ala(M))3,2m) = ( f>T2m4 +48< g”) Tom-—6 +930< g‘) Tom—s

2m 2m
2 Top— 4 Tom—_19.
+ 88 0<10) om—10 + 3 650(12> Ym—12

2m 2m 2m 2m
M ((al3(M))?,2m) = < 6 >T2m6 + 24< 3 >T2m8 + 238< 10)T2m10 + 924( 12>T2m12'

We observe from the above formulas that the third moments of ¢rg and neg are different. Hence
the numbers of 3-crossings and 3-nestings have different distributions. On the other hand, the
second moments of k-crossings and k-nestings coincide for 2 < k < 5. The next theorem establishes
that the second moment of k-crossings and k-nestings for matchings in Mo, are always the same.

Theorem 4.3. For any positive integer k > 2, the second moment of k-crossings equals the second
moment of k-nestings over the set Map,.

We need the following two lemmas.
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Lemma 4.4. Let m and n be non-negative integers. Let xqg, x, yo and y be non-negative integers.
Then the following identity holds:

2
(12) Z To+yo\[(T+y\(To+tT+yYo+y — (m4n+1) m-+n '
Srmadi ) x T+ x m

Yo+y=n

Proof. We use the identity

() e - (GO G

The left side of Equation (12) equals

n-+m

M=
]+
vy
&
8 +
Ny
N———
7\
3
_|_
3 s
|
8 8
|
Ny
N———

N

I
Y
Ny
NEE
)i
I 3 o
(=)
N
8 3
~_
N\
< 3
~__
~
RN
8 3
+ +
< 3
~

[N}
3
1l
:Qﬁ
_

3
3 + 3
N———— \_:/ N———

il

(en)

—
3

=3
3

N—
M
VS
g8 3
N———
N
e 3
N————

Il
X\
3
3 +
3
N————
[\
e 3
+
3
3
k‘+l—l
Z
7N
3
= +
3
N———

Lemma 4.5. Let m and n be non-negative integers. Let xqg, x, yo and y be non-negative integers.
Then the following identity holds:

2 2
o + Yo 2x + 2y m+n
1 = 1 .
3 () ) = (M)
Yo+y=n

Proof. The above identity follows immediately from a slightly general identity, proved by Andrews
and Paule in [3, Identity (2.2)] using computer algebra:

[M/2] [N/2) ,. = 2 . . M+N+1 M+N+2
i+ M+ N —2i—25\ (=D A=)
22 ( J > < N —2j >_ (LD DS DA D!

One simply lets M = 2m and N = 2n to get (13). [ |

i=0 j=0

Proof of Theorem 4.3. By Theorem 4.1 it is sufficient to show that the number of ways to merge
two k-crossings is the same as the number of ways to merge two k-nestings to matchings with
exactly 2k — i arcs. We would give explicit formulas for such numbers and compare them.
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(1) Merging two k-crossings A and B to get matchings with 2k — i arcs. It means that there
are 1 arcs from A that coincide with 4 arcs from B. Listing the arcs by their left endpoints from
left to right. Assume that M is the matching obtained by merging A and B, where the arcs
e1 < eg < --- < e; of A coincide with the arcs fi1 < fo < --- < f; of B, and they correspond to arcs
my < mg < --- <m;of M.In the k-crossing A, let xg =e1—1,2; =ej1—e;—1forj=1,...,i—1
and x; = k — ¢;. Then z; € N and g + 1 + - - - + z; = k — 4. Similarly define yg, y1, ..., y; for the
k-crossing B. We have the following observation in M.

1. Before the left endpoint of arc my, there are xg + yg left endpoints, where xy coming from A
and yg coming from B.

2. For each j = 1,...,7 — 1, between the left endpoints of arcs m; and m;; there are x; + y;
left-endpoints, where x; coming from A and y; coming from B.

3. Between the left endpoint of m; and the right endpoint of m1, there are x; left endpoints and
xo right endpoints coming from A, and y; left endpoints and yg right endpoints coming from
B.

4. For each j = 1,...,7 — 1, between the right endpoints of m; and m;; there are x; right
endpoints coming from A and y; right endpoints coming from B.

5. After the right endpoint of m;, there are x; right endpoints coming from A and y; right
endpoints coming from B.

Then the number of ways to merge A and B to matchings with 2k — ¢ arcs is given by

i
Zj +y T + 2o+ Yi + Yo T; + Yy

To+-+x;= z] =0 j=1
y0+ +yz k

(i +u\E [z + w0\ (@i + v\ (T + To + vi + vo
CE o (G )( I [0 [ W |
o+t =k—i j=1 0 ! ! 0
Yo+ +y1k

(2) Merging two k-nestings to get matchings with 2k — ¢ arcs. Similar to the argument above,
we have the formula

i—1
ne xj—i_yj . 21’i+2yi . T + i
wo= Y () () (v

To+-+x;= l] =0 j=0
Yo+ +yi= ]f

(15) _ Z H <x] +yj> <2xi2;2y,~>_

o+ -+, =k— z] 0
Yo+ +yi=k—

Comparing formulas (14) and (15), we see that it is sufficient to show that the following two
sums are equal for any nonnegative integers m and n:

2
o+ Yo\ (T +¥i\ [To+ xi + Yo+ Y o + Yo 2x; + 2y;

16) > - Y ,

16) < o >< T )( ;i + xo ) ( o )( 2x;

To+Ti=m To+xTi=m
Yo+y:=n Yot+yi=n

This equation follows from Lemma 4.4 and Lemma 4.5. Summing over all possible values of
Ti,...,%i—1,Y1,---,Yi_1, we obtain the equation ck2 = ck2 |



14 Khare. et al.
5. Crossings and nesting with neighboring vertices

For simple statistics with @ = 1 but nonempty C(P), we can use either the linear form (8) or the
polynomial form (9) to compute M(f",2m). In general the linear form is simpler. But in certain
cases we can use the combinatorial properties of the pattern to reduce the number of unknown
coefficients in the polynomial form.

Example 5.1. Consider the level statistic, fievei(M), which counts the number of blocks of M
that consist of two consecutive integers. The pattern P is given by a matching P of length 2 with
A(P) = (1,2), C(P) = {1}, and Q = 1. Any merge of r copies of P must contain arcs of the form
(i,i+ 1) only. For fixed k lying between 1 and r, there is a unique such pattern with k arcs, i.e. the
alignment of k arcs, and the number of merges can be described as the number of surjective maps
from [r] to [k] and is given by S(r,k)k!, where S(r, k) is the Stirling number of the second kind and
counts the number of partitions of an n-set into k blocks. Hence

M((frever(M))",2m) =Y " KIS(r, k) <2mk_ k) Toim—r)-
=1

Our next example is on k-crossings and k-nestings with consecutive left or right endpoints.
Nestings with consecutive left endpoints, called neighboring nestings, were introduced by Stoimenow
[17] in the study of regular linearized chord diagrams, and matchings with no neighboring nestings
were further investigated in [4, 6, 11]. In [7] Chen, Fan, and Zhao presented generating functions
for partial matchings with no neighboring alignments or neighboring nestings. Here we consider
simple statistics that counts the occurrences of neighboring crossings/nestings.

Definition 5.1. The pattern left-k-crossing, denoted by P(Lcry), is the matching P of length 2k
with k arcs, defined by

A(P(Lerg)) ={(L,k+1),(2,k+2),...,(k,2k)},

with C(P(Lery)) = {1,2,...,k — 1}. The pattern right-k-crossing, P(Rcry), is the matching of
length 2k with A(P(Rcry)) = A(P(Lery)) and C(P(Rery)) ={k+ 1,k +2,...,2k — 1}. Similarly,
the left-k-nesting and right-k-nesting are matchings of length 2K with

A(P(Lney,)) = A(P(Rney)) = {(1,2k), (2,2k — 1),..., (k,k + 1)}
and C(P(Lneg)) = {1,2,....k— 1}, C(P(Rney,)) = {k+ 1,k +2,...,2k — 1}.

Let Lery, Rerg, Lne, and Rneg be the simple statistics that count the numbers of left-k-
crossings, right-k-crossings, left-k-nestings, and right-k-nestings, respectively. In other words, they
all have the unit valuation.

Reversing the diagram of a matching (i.e., reflecting through a vertical mirror placed at the
right of the diagram), the left and right endpoints are exchanged. Hence Lery and Rery, have the
same distribution over Ms,,, so do Lnei and Rney.

Proposition 5.1. There is an involution ¢ on May, such that Rery(M) = Rnep(¢(M)).

Proof. In [14, Theorem 1.2] it is proved that there is an involution ¢ : II,, — II,, exchanging the
numbers of 2-crossings and 2-netsings. We will use the same map ¢ but restricted to the set May,.
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In general this map ¢ does not exchange the number of k-crossings to that of k-nestings for k > 3.
However, we show that ¢ exchanges the numbers of right-k-crossings and right-k-nestings for all
positive integers k > 2. For completeness, we describe the construction of ¢ for perfect matchings.

First every matching M in Moy, can be uniquely represented as a Dyck path of length 2m
with labeled down steps. To wit, one replaces each ¢ € O(M) with an up step U = (1,1), and
each i € C(P) with a down step D = (1, —1). This defines a Dyck path from (0,0) to (2m,0). Let
C(P) ={j1,J2,---,Jm}<- The height of the k-th down step is hy if it is a step from (jr — 1, hx) to
(Jk, hie — 1). Assume that (i, ji) is an arc of M. Label the k-th down step by ~; if

Y —1=[{i € OM) :i <y, (i,j) € M, and j > ji }|.

Then 1 < 4y, < hy, for all k. In addition, cro(M) = >0 (hi — %) and neg(M) = Zle(fyk —1). For
example, for the matching M in Figure 1, the corresponding Dyck path is given by the sequence
UUUDDUDUDUDD with C(P) = {4,5,7,9,11,12}. The height and 7, at each down step is

Downstep |4 |5 | 7|9 |11 ] 12
height hyy |3 ][22 2] 2 | 1
Vi 11221 2

One checks easily that cra(M) = neay(M) = 3.

A key observation is that such labeled Dyck paths encode right-k-crossings and right-.-nestings.
The arcs (i1,71),.- -, (ig, jx) of M form a right-k-crossing if and only if j; < jo < -+ < ji are
consecutive integers in C(M), (hence their heights are consecutive integers from large to small),
and their labels satisfy 4 < 79 < --+ < 4. These arcs form a right-k-nesting if and only if
J1 < ja < --- < ji are consecutive integers in C(M), and their labels satisfy v > 9 > -+ > 4.

The involution ¢ maps a labeled Dyck path with labels (v;)!”; to the same Dyck path with
labels (h; —; +1)I",. Clearly it exchanges right-k-crossings with right k-nestings. |

Corollary 5.2. For any positive integers v, m > 2 and 2 < k < m, following equations hold:
(17) M (Lcry, 2m) = M (Rery,, 2m) = M(Rnej, 2m) = M (Lnej,, 2m)
Our purpose is to compute the 7-th moments of Lerg. We will combine the polynomial form

(9) and the linear form (8). Note that if P is a merge of r copies of P(Lcry,) with £ arcs, then P
has length 2¢. Let ¢ = |C(P)|. Clearly k — 1 < & < r(k — 1). Hence by Prop. 3.5 M(Lcrk,Qm) can

be expressed as
k—1) _ g
(r) .
s ( _: ) Tym-y>
1

r

—~

rk
(18) M (Lery, 2m) Z
=k C=k—

for some constants cg).
,C

It is easy to see that when 2m — ¢ > 0,
2m —c 2m—-0)+1)2m—£4)+2)---(2m —c¢)
— — — 1\
<2£_C> sty = (2(m— )~ 1)l o

(19) — P(m)Tom—c if ¢ is even
T\ QUn)Tam_cr1  if cis odd,
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where P(z) is a polynomial of degree £ — §, and Q(z) is a polynomial of degree £ — % Therefore,

(22”;:06) T5(;n—y) is a linear combination with constant coeflicients of terms Ty, ), where —5 <7 <

¢ — c. Combining with Formula (18), we have

Theorem 5.3. For any positive integer r and m > r(k — 1)/2, there is a closed formula

M(Lery,2m) = Z djT2(m+j)’

1<i<J
where I and J are constants such that I > —r(k —1)/2 and J < (r — 1)k + 1.

As an example, we compute the 2nd and 3rd moments of the number of occurrence for the
pattern P(Lcry), which has length 4, £ = 2 and ¢ = 1. We start with the polynomial form (18),
and simplify the double summation by analyzing the combinatorial structures. For example, the
following simple constraints would reduce the number of unknown Cjzin (18) by half.

Proposition 5.4. 1. Ifg: k, then¢ =k —1 and Cgl)g—l =1.

) _ ~ (r) _ r(1+k
2. If £ = rk,~then ¢c=rk—1), and Cobr(b—1) = (1+k5,1(+;€|:-~?71+k)'
(k—1)

3. ¢ > DL
4. ¢ <0—1.

Proof. If ¢ = k, then all r copies of P(Lcry) coincide with P. There is only one way to get such a
merge. If { = rk, then the r copies of P(Lery) use disjoint set of arcs. A merge of r independent
copies of P(Lecry) is obtained by shuffling the vertices of each copy into a sequence, where for each
copy the first two vertices are consecutive in the shuffling. Using the same trick as in the proof of

Theorem 2.1, we obtain (1 Tk ’i(i:k) 1+ k) many merges. For item 3, note that the arcs of P are unions

of the r copies of P(Lcry). For any merge s = (hy, ha,...,hy) : P(Lerg)” — P, the left-endpoints
of P are formed by consecutive segments of vertices of length at least k, in each segment all but the
last vertex must be in C(P). Item (4) is because in any pattern there is at least one left endpoint
that are not in C(P). |

Proposition 5.5. Let m be a positive integer. We have the following two equivalent formulas for
the second moment of Lecrs.

2m —1 2m — 2 2m — 2
(20) M(Ler3, 2m) = ( 3 )T2m4 + 2( A )T2m6 + 20( 6 )szg
and
9 1 1 1 1
(21) M((LCTQ) ,Zm) = _6T2(m_1) + ZT2m - 6T2(m+1) + %Tg(m_‘_g).

The second equation is true when m > 1.

Proof. Here we have k = 2, ¢ =1, and r = 2. For a merge P of two copies of Lery, the number of
arcs { ranges from 2 to 4.

If 0 = 2, by item 1 of Proposition 5.4, ¢ =2 — 1 = 1, and the coeflicient is 1.

If ¢ = 3, by item 3 of Proposition 5.4, ¢ > 3/2. Hence the only possible value of ¢ is 2.

If / = 4, by item 2 of Proposition 5.4, & = 2 and the coefficient is () = 20.
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Therefore

2m —1 2m — 2 2m — 2
(22) M(LC”g’?m):(m?) >T2m—4+c3,2<m4 >T2m_6+20< m6 >T2m—8

for some constants c3 2. Using the data M (Lcr3, 6) = 12 we get formula (20).

Alternatively, any formula of the form (22) is a linear combination of Ty, 1), Tam, To(m+1) and
T5(m42)- One can find the coefficients by solving a linear system with M(Ler3, 2m) = 0,1,12,155
for m = 1,2, 3,4. The result is Formula (21). |

Proposition 5.6. Let m be a positive integer. The third moment of left-2-crossing is

2m —1 2m — 2 2m — 2
M(Lcr%(M),2m):< 3 >T2m4+6< 4 >T2m6+60< 6 )Tgmg

2m — 3 2m — 3 9 2m — 3
6 Topm— 210 Top— Torm—_19.
+ < 5 ) 2m—8 T ( 7 > 2m 10+<3’373>< 9 > 2m—12

Alternatively, we have

1 5 11 1 1
M (Ler3(M), 2m) = ZTQ(mfl) - ﬂTQm + mT2(m+1) - ﬁT2(m+2) + %TQ(er?))a

form >2. Form =1, M(Lcr3(M),2) = 0.

Proof. Here we have k =2, ¢ =1 and r = 3. For a merge P of three copies of Lers, the number of
arcs £ ranges from 2 to 6. Using Proposition 5.4, we have that only the following pairs of (¢, ¢) are

possible: (2,1),(3,2), (4,2), (4,3),(5,3) and (6,3). In addition, co1 = 1 and cg3 = (35 ). Hence
2m —1 2m — 2 2m — 2
M(LCTS(M), 2m) = ( 3 )TQm—4 + C3,2 < 4 >T2m—6 + c4.2 < 6 >T2m—8
2m — 3 2m — 3 9 2m — 3
2 Tom— Tom— Tom—12-
(23) +C4,3< 5 > om 8+C5,3< . > om 10+<3’3’3>( 9 ) 2m—12

The coefficients c32,c42,c43 and c53 can be obtained by counting the number of corresponding
merges. But our purpose is to avoid too much details on combinatorial structures and rely on the
data available. One way to get the ¢; ;’s is to use the value of M (Ler3(M),2m) for m = 3,4,5,6 to
establish a system of linear equations. Using a computer programming we have

m [1]2|3] 4| 5 | 6
M(Ler3(M),2m) | 0| 1|16 | 261 | 4536 | 85533

These data yield c32 = 6,c42 = 60,c43 = 6 and c53 = 210.

Alternatively, with the equation (23) we could turn to the linear form. Applying Formula (19)
to the above equation, we have that for m > 2,

M(Ler3(M),2m) = c1Tom-1) + coTom + c1Ton1) + 2Togn+2) + c3To(mt3)



18 Khare. et al.

for some constants c_1,co, c1, 2, c3. Using the values of M(Ler3(M),2m) for m = 2,...,6 and
Maple, we get
1 5 11 1 1
C—1—1, Co——ﬂ7 Cl—m, 02——ﬂ, 037%.

6. The dimension exponent in matchings

We finish this paper by giving a closed formula for the moments of the dimension exponent d(M).
Recall that for M € Moy, d(M) = S$pmaz(M) — Smin(M) — m. By definition, d(M) is a linear
combination of simple statistics Syqe and Smin, for both of which () is not a constant.

First we show that there is a pattern such that d(M) counts the occurrence of this pattern.
Proposition 6.1. Let T be a partial matching of length 3 with A(T) = {(1,3)} and C(T) = 0.
Then for any M € May,, d(M) = fr1.

Proof. By definition

dM)= > (G-i+l)-2m= Y (j—i-1).

(i,7)eM (4,5)EM

Hence d(M) counts the number of triples ¢ < ¢t < j where (7, ) is an arc of M. It is exactly the
simple statistic associated to the pattern T = (T, A(T"), C(T)) and @ = 1. 1

Now that d(M) can be expressed by a simple statistic with @) = 1, we can use Proposition 3.5
to compute its higher moments. For any pattern P that is a merge of r copies of T, if P has length
k and ¢ arcs, (C(P) =0), then 1 < /¢ <r, and 2¢ < k < 2{ + r. Hence

(24) YTETIIETORSD 3 D ] (il e

== 20 41

where cg? is the number of ways to merge r copies of T to a pattern with ¢ arcs and total length

20 + i. Note that for m > l,

2m B 2m)(2m —1)---(2m —20+1)
(2@+¢>T2<m_f) = (@m-6H-Di (20+ 1)
(2m —20)(2m — 20 —1)---(2m — 20 — i + 1)
(25) = Ty R(m),

where R(m) is a polynomial of m of degree i+£. Note that R(m) has factors 2m(2m—2) - - - (2m—2¢),
hence (25) is also true for 0 < m < ¢. Thus we can write (;ﬁz) Ty(m—¢) as a linear combination of
Tom, To(mi1)s - - > Lo(maive)- Summing over £,0 =1,...,7, we get

Theorem 6.2. For any positive m and r,

2r
M(d(M)T7 2m) = Z djTZ(m-I—j)
=0
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for some constants d; € Q.

For example, when r = 1, using either Corollary 2.3 or the Example 1 in section 2, we have

M), 2m) = (%) T,

which can also be expressed as

1 1
M(d(M), 2m) = QTQm - TQ(erl) + 6T2(m+2)'

When r = 2, we have

2m 2m 2m 2m 2m
M(d(M)?,2m) = < 3 >T2(m—1)+2< 4 >T2(m—1)+2< 4 >T2(m—2)+16< 5 >T2(m—2)+20< 6 >T2(m—2)7

which equals

1 8 5) 8 1
2
M(d(M)?,2m) = 1 Lom = 3 Toman) + 5 Tomt2) = TpToom+s) + 55 Tomte)
for all m > 1.
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