GENERATING FUNCTIONS FOR MOMENTS OF THE
QUASI-NILPOTENT DT-OPERATOR

KEN DYKEMA AND CATHERINE YAN

ABSTRACT. We prove a recursion formula for generating functions of certain renor-
malizations of * moments of the DT (dg, 1) operator T, involving an operation ® on
formal power series and a transformation € that converts ® to usual multiplication.
This recursion formula is used to prove that all of these generating functions are
rational functions, and to find a few of them explicitly.

INTRODUCTION

In combinatorics, one of the most useful methods for studying a sequence is to
give its generating functions. The two most common types of generating functions
are ordinary generating functions ) f(n)z", and exponential generating functions
> f(n)z™/n!. In this paper we study the *—moment generating functions — a fam-
ily of multivariable power series F,,  of a particular operator 17" that arose in the
theory of free probability. We prove that F,’s are all rational by applying a linear
transformation between these two types of generating functions.

The central object of this paper is the collection of *—moments of a particular
bounded operator 7" on Hilbert space, which was constructed in [1] and which is a
candidate for an operator without a nontrivial hyperinvariant subspace. (A hyperin-
variant subspace of an operator T" on a Hilbert space H is a closed subspace Hy C H
that is invariant under every operator S that commutes with 7', i.e. S(Hy) C H,. It
is an open problem whether every operator on Hilbert space that is not a multiple
of the identity has a nontrivial hyperinvariant subspace.) The von Neumann algebra
generated by T has a unique normalized trace 7, and by the x—moments of T" we
mean the values

M(ky, Ly, ko €)= (T TS (T T,

with n € N, ky,.... k,, 01,...,¢, € NU{0}. These *—moments determine a repre-
sentation of T" on a Hilbert space, (which can be shown to be bounded, see [1]), via
the construction of Gelfand, Naimark and Segal, (cf. [2]) and hence they encode all
essential properties of the operator. Our effort to understand the * moments is part
of an attempt better to understand the operator 7.
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2 T-moments

To be precise, T is a DT(d, 1)—operator, in the class of DT—operators constructed
in [1]. T can be realized as the limit in smoments of strictly upper triangular
random matrices having i.i.d. complex gaussian entries. In [1], it was proved that T’
is quasi-nilpotent, i.e. has spectrum {0}. It was shown that M (k;, ¢y, ... k,, ¢,) =0
if ky +---+ky # L1 +---+£,, and also a recursion formula for M was proved (cf. [1,
Theorem 8.5]). It was conjectured in [1] that

nk
TV = ———  (kneN), 1
(@ T = gy (kmeN) 1
In this paper, we will consider the quantities
0 if ky+---+k,
Fl+- 4L,
N(ky, by, ... k. 0,) =
(ks ) (m+ DM (ki b, .. ke £y)  if moi=ky + -+ Ky,
=0+ + 0,

(which must be nonnegative integers by [1, Lemma 2.1]), and their generating func-
tions

Fo(z1, w1,y 2n, wp) = Z N(ky, by, ..., kn,ﬁn)zflwfl ot (2)
K1k >0
0 >0
We will prove a recursion formula for the functions F},, involving an operation ©® on
power series, which can be decsribed as multiplication with reweighting of homoge-
neous parts. In order to compute these generating functions, we will define a linear
transformation of formal power series, called the E-transform, which maps these
power series to exponential generating functions of a new variable ¢, and converts
the operation ® to the usual multiplication. This will allow us to prove that F, is a
rational function for all n, and to give an algorithm for computing F,.

In §1, the operation ® and the transform € on formal power series are introduced,
and several properties are proved. In §2; recursion formulas for N(ki, 0y, ... k.. 0,)
and for the generating functions F), are proved. The latter are shown to be rational
and several examples are computed. In §3, we use the method of contour integration
to verify the conjecture (1) in the case n = 2.

1. FORMAL POWER SERIES

In this section, fix variables x;, xq,... and fix N € N. (In the next section we will
use only the case N = 2.) Let © = Oy be the algebra of all formal power series in
x1,xs, ... of the form

[y, x,) = Z Chyon TN xFn (3)
Kt yeeerkin >0

for some n € N, and such that ¢, ., = 0 whenever ky + - - - + k,, is not divisible by
N. Given a formal power series as in (3) and given & € N U {0}, write f*) for its
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N k—homogeneous part:
f® (2, ) = Z Chyo ey T, (4)
kit +kn=Nk
Definition 1.1. Let ® = ©®y be the binary operation on © given by
k+1
fog=>), < f )f(’“)g“)-
k,£>0

Note that @ is bilinear, commutative and associative. If f; € © (i € {1,...,p})

then
ky+---+k, (ki)
(h© L0 = > (km )Hf
K1yeery kpZ
Let © be the set of all formal power series in variables x1, x5, ... and the additional
variable q.

Definition 1.2. The & transform & = &y : © — O is the map given by

qk
ef = /"

k>0
Note that € is linear.

Proposition 1.3. (i) If f,g € © then E(f ® g) = (Ef)(Eg).
(ii) If f € © and if a € © is a homogeneous polynomial of degree N then

—gq(&(af)) =alf, ie.
Elaf)(x1,29,...,9) =a q8 T1,To...,t)dt.
(af)( q) /o f( t)dt

(iii) If r € N and if uq,...,u, € © are distinct homogeneous polynomials of degree
N, then

1 ufteau

! F £
(T —wu)(1 —ug)...(1—u,) ;H#i(ui—uj)
which in the case r =1 means E(1/(1 —uy)) = e.

(iv) Letr € N and k € {0,1,...,r — 1}. Ifuy, ..., up,aq,...,a; € © are homoge-
neous polynomials of degree N with w1, ..., u, distinct, then

8((1—%)(1—1@)---(1—%)) akZH]#(uz u;)-
Proof. For (i),

eion -0 5 (1)0a0 = % (40) (%) = enieo

>0 ' kdd=r k,£>0
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For (ii),
ig(af) = —S(iaf(k)) = aii ¢ f(k) — ai q f(k) —alf
dq d k=0 dg & (k+1)! k!

For (iii),

8((1_1“)% (l—ur)>_i% Sl

On the other hand,
- uz_leq“i

S e T e E T
1 Hj;éi(ui — uy) 0 k! 4 1 Hj;éi(ui — uj).

Hence it will suffice to show

Z k Z k+r 1

Mo = (5)
T HJ#Z ui — ;)
for all £ > 0. We will proceed by induction on r, treating uy,...,u, in (5) as any n

distinct elements in a field. The case r = 1 is clear. If r = 2, then we have

k k1 k+1
E ki, ks _ Kk § Uy _ k(ul/uz) —1
e qu 0 (U2> By fug) — 1
=

k1+ko=k
uk Tt ukt ukt!
p— p— ~|> y
Uy — Uz Uy — Uz Uz — U1

as required. Assume r > 3. Using the induction hypothesis, we have

oty 3 (@)@ )

ky+-tkr=k K'=0  kotthp=

’“ (/)7

z:o; Hnélz ((ui/ur) = (uj/ur))

r /ul)kH _ 1) (Ui/u1)r_2
ul/ul - 1) Hj;éli ((U/Ul) (U]/Ul))

T k+r—1 —2

B z:ZQ Hj;é:(“i —u Z [1

M

jyéz - UJ)
We must show

r -2 2
u; (e

i:ZZ Hj#i(ui —u;) Hj;él(ul — u;)

Z w2 H (up —ug) = 0. (6)

1<k<t<r
k0 A

or, equivalently,



T-moments 5

Using the Vandermonde determinant

1 ... 1
Uy U9 v Up—q
det : : : . = H (ue — ur)
r—2 r—2 r—2 Isk<tsr-1
(5 Uy cee U
and expanding the determinant
r—2 r—2 r—2
Uy Ug u,
1 1 1
det Uy Uz Uy
r—2 r—2 r—2
ul /L[/2 “ .. u,’.

along the first row, we find the latter is equal to the LHS of (6), but is also clearly
equal to zero.
To prove (iv), use (iii) and iterate (ii). O

Remark 1.4. If one knows that 2 € © is in the image of &, then to find &1(h),
simply replace every occurrence of ¢ by k!. This can sometimes be used to compute
foag.
We now turn to some cases of f @ ¢ which will be used in §2.
Proposition 1.5. Ifm € N, k€ {0,1,...,m—1} and ifaq, ..., ax, U1, ..., Uy, v € O
are homogeneous polynomials of degree N such that uq, ..., u,, are distinct, then
a...ap o ay ... ap(l —v)m-k-1
=) (=u) 0= O—w-0)l-t=0). (= —0)

Proof. Using Proposition 1.3, we have

a...ak 1
(IT—wy)...(1=up)  (1—wv)

m —
3 Z u;" '
— ay...ar

" ((u; +v) —v) MR ga(uit)

= CLl...akZ Hﬁél( ’U,])

m—k—1 m
m—k—1 (u; + v)mRp=lea(uitv)
= ai...ak (—1) ( ) Z
p=0 H];éz ((ul + U) (u] + ’U))
m—k—1
S (—l)p(m_k_1>vp ai...a
p [L:(1—ui—wv)

p=0
ay...ap(l—v)m=k-t

(1—u—v) (1 —u—v)...(1—upy —v)
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Proposition 1.6. Let m,n € N and let k € {0,1,...,m — 1}, £ € {0,1,...,n —
1}, Let uy, ... Uy, @1y ooy G, U1 oo, Uy by, oo by € © be homogeneous polynomials of
degree N such that (w; +v;)1<i<m,1<j<n 5 a family of mn distinct polynomials. Then

ap...a . bl..-bg 7CL1...CLkb1...bgPT]fl’£L
(1—u1)...(1—um) (1—1)1)...(]_—1}”) Hi’j(l—ui—vj),
where PRt = PR (g, ... Uy, v1, ... 0,) s a polynomial in the variables (u;)7 and

(vj)1, having degree bounded above by mn —k —{ — 1.

Proof. Using Proposition 1.3 and Remark 1.4, we have
ay...a bl...bg

[La—u) “TLO=0)

e b ) “ u;n_k_leq“i - U;L_é_leq”i
= a1...001...0p E
i1 [Tz (i — ur)

el 4
ay---arby.. by Zz]: (1 —u; — Uj)(Hi';éi(“i —uy))( [0 = vy))

_ (al...akbl...bg) Q
H%](l — U= vj) (Hp<q(up - uq)) ( HT<S(UT - vs)) 7
where Q = Q(uq, ..., Up, V1, ...,V,) is the polynomial

Q=30 (I - )
]

(#,3")# (i)

( 11 (up_uq))( I (vr—vs)).

p<q, pFi, ¢Fi r<s,r#j, s#j
(7)

We will show that for every 1 <a < b < m, u, — u divides Q. It will suffice to show
that substituting u, = = and w, = z into the RHS of equation (7) yields zero. This
substitution makes all terms of the sum zero except possibly when i € {a,b}. These
remaining terms are equal to the common factor

xm—k—l( IT 0 —u - Uj’)) ( I - uq))

i'¢{ab p<q

12{"53 p,q¢{a,b}
Z(—l)”v]"’E’IO -z — ;) H(l —x —vy)?
i=1 J'#i

times the quantity

(—1)* H (up — uq) + (_1)b H (up — ug)- (8)
p<q p<q
be{p,q} ac{p,q}
a¢{p,q} b {p,q}
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However, since a < b, we see that the quantity (8) is equal to

o (T o) (e w) + 0 (T -0) ( I1 G- w)

p<b,pta b p<a g>a, b
=((=1)*(=1)"" + (=1)") (g(up - x)) < I[#(x - uq)> = 0.

By symmetry, we have that v, — v, divides the polynomial @, for every 1 < c¢ < d < n.
Thus

Pt < )

7 (Hp<q(up - uq)) ( HT<S(UT - Ué’))
is a polynomial in uq,...,%,,v1,...,v,. The upper bound on its degree is easily
computed from (9) and the expression (7). d

Proposition 1.5 shows P} = (1 —v)™*~" and P} = (1 — uy)" ", Here are
some other examples.
Examples 1.7.

0,1
P272 =1- U1Ug — V1 — V2 + V1V2
1,1
P27’2 =2—U] — Uy — V] — Vg
pll_9_ 3 2_ g 4 2 2 2
93 = 2= oUj + uy — Sug + 4ujus — ujU2 + U5 — ULy — V1 + UV + UV — UL UV,
— Vg + UVg + UgV2 — UU2V2 — V3 + UIV3 + UgV3 — U UV3 + V1 VU3
1,2 2 2
P2,3 = 3 —3uy +uj — 3ug + uus + u5 — 201 + UV + UV — 2V + ULV + UV

+ VU9 — 203U1V3 + UgV3 + V1V3 + VoUs.

2. GENERATING FUNCTIONS

We will now define N (ky, 1, ..., kn,0,), but extending the definition found in the
introduction to allow k;,¢; to be —1. The reason for this extension is to allow a
recursion formula to be proved for N(ky,¢y,..., ks, ¢,) that holds for all k;,¢; €
N U {0}.

Definition 2.1. Let n € N and ky, ..., ky, l1,..., 0, € NU{O, —1}. If ky+-- -+ k, #
01+ -+L, then set N(ky,lq,..., ky, ¢,) = 0. Suppose now ky+---+k, =l1+..., 0y,
and let m =k; +---+k,. If k; > 0 and ¢; > 0 for all 7, then let

N (ki by, kn, b)) = (m 4+ DIe (T T (T 1),
In the case n = 1,k = ¢ = —1 let N(—1,—1) = 1. In all other cases, (where n > 2
and k; = —1 or £; = —1 for some j), let N(ky,(q,..., ky, C,) = 0.
The following is immediate from [1, Proposition 8.4].

Proposition 2.2. (i) N(ky, by kn, ln) = N(ly, koo loy ook, Uy k).
(il) N(ky, b1y kn, bn) = Nl kpy b1, k1, oo 1, k).
(iii) If n > 2, if k1. .. ko, b1, ..., 0y > 0 and if ky = 0, then

N(k}l,gl, ceey knygn) - N(k’g,gg, ceey kn_l,ﬁn_l, knygn + 61)
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Theorem 2.3. Ifn € N and ky, ..., k,, 01, ..., 0, € NU{0}, then

N(ki, b,k ) = > Nom(fy, ..., 0y;5(1),...,5(r)) (10)

r=11<j(1)<~<j(r)<n

(N(klv gl: SRR kj(l)—lv gj(l)—l; kj(l) - 1a Ej(r) - 17 kj(r)-l—lgj(r)-l-lv SR kna gn)
r—1

IV @a = 1 ki Lo - Kien—1 Ligan—1s Bjan) — 1)>,

i=1
where Nom(ly, ..., 0,;5(1),...,5(r)) is the multinomial coefficient

( bt -+ 4y, )
Ot lyya ey o by Gy + o l@)ns o Geony o by 1)

Proof. It ky+---+k, # {1+ - -+{, then both sides of the equality are zero. So suppose
ky+---+k,=0+---+10, ki ... k0, ..., 0, > 1 then the equality follows
directly from the recursion formula [1, Theorem 8.5]. To verify the equality (10) in
general, we will proceed by induction on n. Let N'(ki,/ly,..., k,,¢,) be the RHS
of (10). In the case n = 1, we need only check that N'(0,0) = 1, which is clear.
Assume n > 2. Writing ki, 04, ...,k,, £, on a circle, it is clear that both sides of
equation (10) are invariant under the following permutation of order n:

ki — ko — - — k, — ky, bl — by — - — L, — 0.

Therefore, it will be enough to consider three cases: (i) k = 0, £, # 0, (ii) k1 # 0,
0, =0, (iii) & = £, = 0.

In case (i), all terms in the sum (10) having j(1) = 1 are zero. If j(1) > 2, then
using Proposition 2.2 we have

Nk G- k-1 Goy-1s ki) = L ey = Lo Rjeeliey s -+ kny ) =
N(kg, by, ... kjay—1, Liy—1, kjy — 1,
= ‘gj(r) - 1: kj(r)+1€j('r)+1: SR knfla gnfla kn: gn + El) if ](T‘) <n
N(kg, 62, ey kj(l)—la gj(l)—la kj(l) — 1, gj(r) —+ 51 — 1) lf j(’l") = n.

Therefore,

N’(kl,él, ey kn; gn) - N,(kg, 62, ey kn—la gn—la kn, gn + 61)
- N(k27£27 teey kn—lagn—la kna En + gl)
= N(0, 01, kg, lo, ..., kn, L),

where the second equality is by the induction hypothesis and the third is from Propo-
sition 2.2.
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In case (ii), (k1 # 0, £, = 0), one similarly shows

N'(ky, l1y oo kny o) = N'(ky + kny 01, ko, oy oo k1, 0n 1)
— N(k?l + kn; 61, kg, 62, ey k?nfl, gnfl)
- N(kla 617 yree kn—h R kn—lagn—la kTu 0)

In case (iii), (ky = £, =0), given 1 <r <nand 1 < j(1) < --- < j(r) < n, let
t(j(1),...,7(r)) be the corresponding term in the sum (10) for N'(ky, 0y, ..., ky, {y),
and, if j(r) < n, let £(j(1),...,j(r)) be the term corresponding to 1 < j(1) < --- <
j(r) < n —1 in the analogous sum for N'(ko, la, ... ky_1,ln_1,k,, 01). Tt 5(1) > 1
and j(r) < n, then using Proposition 2.2 we have

N(ky, by, .o k-1 G00-1 k50 — L4y — L Ejoy+1: Ljay1s - - - Bny £n) =
N(]CQ, EQ, ey kj(l)—lv gj(l)—l, k](r) — 1, g](r) — 1, kj(r)—‘rl’ ‘gj(r)—‘rl’ ey k?nfl, anlv kn, ‘61)7

which, taken in the sum (10), shows

t(i(1),....5(r) = (1) = L....j(r) = 1).
If j(1) =1 and j(r) < n orif j(1) > 1 and j(r) = n, then t(j(1),...,4(r)) = 0. If
j(1) =1 and j(r) = n then since
N(=1,=1)N(ly — Lko, lo, ..., kj2)-1, Lj2)=1, Kji2) — 1)
= N(ko, la. ... . kji2)-1,Lj2)-1, kji2) — 1, €1 — 1),
we have
tG(), ..., i(r)=tG©2) —1,...,5(r—1) —1,n—1).
Therefore,
N'(ky, 01y kp, ) = N'(koy loy oo k1, b1, iy £1)
= N(ko,lo, ..., kn 1,0n 1,kn,01)
= N(0,01,ka, oy ... ky1,lp_1,kp,0).

O

Recall the generating functions F),, defined in the introduction. The following
theorem is a recursion formula for these, using the operation ® = (&, introduced
in §1. Here, as promised, we are using objects defined in §1 with N = 2.

Theorem 2.4. [fn € N and n > 2, then

(1_lel_"'_ann)Fn(zlawla---aznawn) :Z Z (11)

r=2 1<j(1)<-<j(r)<n

(Zj(l)wj(r>Fj<1)+n—j(r)(217 Wiy - -5 Z(1)—15 Wi(1)—15 Zj(1)s Wi(r)s Zj(r)+1> Wi(r)4+1s - - -5 Zns wn))

r—1 ~
© < O (Wi 2540 Fi0)-50) (Wit 200415 Wit +15 -+ -5 250411 W) =15 Zj<i+1>))> )

i=
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= Fi(xy, 1, 25,y;)  if =2
Fy(z,m, -, Lyy) = e
J(-Ilvyl, ,-IJ y]) {F1($1,y1)/($1y1) ij - 1.

Proof. We will use the recursion formula (10) for the coefficients in the definition (2)
of F,. Since n > 2,if j € {1,...,n}, then

Z N(kl,gl, ey kj—lugj—la k’j — 1,@‘ — 1, kj+1;£j+1a ey kn,gn)Z{clw? .. .erinwfn

kh---,anO
£1,08n>0

= zjwiF,(z1, w1, ..., 2, Wy).

This takes care of all terms in the sum (10) with » = 1, and these together with the
LHS of equation (10) give the LHS of formula (11). Let 2 <r <n and 1 < j(1) <
-+ < j(r) <n. Then

S Nom(ly, ., £ 5(1), - (1)):
k1yeeiskn >0
01yl >0

: (N(kla by kj(l)—l) gj(l)—la kj(l) -1, gj(T) -1, kj(r)—l—lgj(r)—l—l) ooy ko, gn)

r—1
LTI N6 = L Ejon G - ki1 a1 ki — 1))-
i=1
. zf’ wfl . zﬁ"wﬁ"
_ Z (p1+"'+pr)
b1y, -y Dr

P1seespr >0

> (12)

( kitlytetkjy 1+ 1k )+
5 (r) TRy 11+ () 41+ R =P

N (ki by, - k-1 Gay-1: k) — L) — LiKje) 1 Gy - -« Ky £n)-

ki, kjoy—1, Gay—1 ki), Gty K+, G+ En, o ln .
-1 Yi-1%) Vi) Fim+ Vi Fe Wn
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+kjrn -1+ —1TK (41 =Pit1

Ny = L ki, Liys - - - Kirn—15 Lirny—1, Kjirr) — 1)

i Ko Lo kjarn -1 Gigrn—1 kit
3(2) Zi()+1 TiE)+1 7 T+ -1 T 5(i+1)—175(i+1)

Consider a summation beginning at (13) for some fixed 7. If j(i 4+ 1) — j(i) > 2 then
all terms with either £;;y = 0 or kj(;+1) = 0 vanish and the summation is equal to the
2p;+1-homogeneous part of

wj(i)zj(i+1)Fj(i+1)—j(i) (wj(i)a Zi(@)+1, Wi(i)4+1s - - - 5 Zj(i4+1)—=1, Wj(i+1)—1, Zj(i+1))'

On the other hand, if j(i + 1) — j(i) = 1, then, since N(k — 1,/ — 1) = N(k,?)
for all k,¢ € N U {0}, this summation is equal to the 2p;;; homogenous part of
Fi(wjay, zji+1)). In either case, the summation is equal to the 2p;1;-homogeneous
part of

W) Zj(i+1) Figi+1)—j(0) (w]-(i), Zj(a)+1 Wi(a)+1y - -+ 5 Zj(i+1)—1; Wj(i+1)—1, Zj(z'ﬂ))-

Similarly, we see that the summation beginning at (12) is equal to the 2p;—
homogeneous part of

Zj(l)wj(r)Fj(1)+n—j(r) (21, Wiy« 5 Z5(1)—15 Wi(1)—15 Z5(1) Wi(r)s Z5(r)+1s Wi(r)+1s - - - 5 Zn,y wn)-

Now using the definition of the operation ® and summing over 2 < r < n and all
1 <j(1) <---<j(r) <n, one proves the recursion formula (10). d

It is straightforward from the recursion formula that

1

Bz wn) = =2

Starting from this, one can (in principle) compute F,, for arbitrary given n, using the

recursion formula (10). Below are the results for n = 2,3,4. We were motivated to

find and write down Fj, although it is rather long, because, while we were able to

find F, and F3 using ad hoc methods to work out, in the notation of Proposition 1.5,
1 1 a 1

d
—w 1= ™ I wi-w Y1=v

we were unable to find, in the notation of Proposition 1.6,
a b
© )
(1 — ul)(l — UQ) (1 — ’Ul)(l — ’02)

which is needed in computing F}, until we discovered the E—transform.
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Examples 2.5. (n = 2):

1
Fy(21,wy, 20, w3) = ﬁ(Fl(zlaUJQ) ® Fi(wy, 22))
1 11
D\ L= 2wy 1 — w1z

1

1
(1= i) (1 = ug?)

where u§2) = zjwy + 2wy and uf) = 21Wsy + ZoW1.
(n=3):
F3(Z1,7~U1,2’2,w2723:w3) =
1
= PG ((Z1w2F2(21,w27237w3)) © Fi(wi, 22)

+ Fi(z1,w3) © (wlngQ(waz,wz;%))
+ (2wsFy(z1, w1, 22, w3)) © Fi(wo, 23)

+ Fi(z1,w3) © Fi(wy, 22) © Fl(w2>23))

- 1 <1 21Ws 293 2511 )
(1-— ug3))(1 - ugg)) 11— uég) 11— uf) 11— u?)
where
Uf’) = Z1W1 + 22W2 + 23W3 U§3) = z1w3 + 22w + Z3Wo
ué?’) = Z1W9g + 2oW1 + Z3W3 uf’) = 21W1 + 2oW3 + 23w
uég) = 21Ws + 29Wy + Z3W;.
(n=4):
F4(Z17w17 22, W2, 23, W3, 24, U)4) -
1
= m ((Z1w2F3(21, W, 23, W3, 24, Wa)) © F1(wy, 22)

+  (zwsFa(z1, w3, 24, wye)) © (wrz3Fo(wy, 29, we, 23))
Fi(z1,w4) © (w124 F5(w1, 20, wa, 23, w3, 24))
(2ows F3(21, Wi, 22, W3, 24, Wy)) © F(wo, 23)

(zowaFo (21, w1, 20, w4)) © (Wozg Fo(we, 23, w3, 24))

+ o+ o+ o+

(zswyF3(21, Wi, 22, Wa, 23, Wy)) © Fy (w3, 24)



where

Theorem 2.6. For every n € N with n > 2, F,(z,ws,..
function in variables z, . .

T-moments

+ 4+ 4+ o+ o+

(z1ws by (21, ws, 24, wy)) © Fi(wy, 20) © Fi(we, 23
F1 (21, w4) @ F1 (wl, ZQ) @ (w2z4F2(w2, Z3, W3, 24)
Fi(z1,wy) © (wy23Fo(wy, 29, we, 23)) © Fy(ws, 24

(zowy by (21, W, 20, wy)) © F1(wa, 23) © Fi(ws, 24

2oWs3

Z4W1

13

)
)
)
)

Fi(z1,w4)) ® Fi(wy, 29) ® Fy(wg, 23) © F1(w3,Z4)>

Z1W2

ZoWy Z3W1

1 Z23Wy
(1—u@x1—u9)( 1— )

24W2

1— ué4)

Z21Ws3

1— ué4)

1— ugl)

Z123WoW4

1— ugl) 1— u%)

2923W3

(4) (4)

22w wy

_|_
(1 —uf") (1 —uy)

2224WaW4

+ +
1—u (1 —ul”) (11—

2924WaWy

4 4
u$) (1 = uly)

Z%’UJ3UJ4

+
(1 —ul™)(1 = u)

2122w§

+
(1 —u) (1 —u?)

(1-

4 4
us) (1 — )

+ +
(1 —ul”)(1 —ufy)

2924 W1 W5 2324W? 22w W N
2 1 1 1 1 1
(1 —uf)(—uly)  (—u)0-ul)  0—u)1—u))
2924W1W3 2123W1Ws3 2123W1W3

+ 1 7 +
1—uf(1—uly) (11—

21 243

4 4
ut) (1 - uly)

Z%’LUQU}S

+
4 4
(1 —ud)(1 —uly)

+ +
4 4
1 —u(—u) (-

4
Ug ) = Z1W1 + ZoWsg + Z3W3 + Z4Wy

4
ué ) = Z1W1 + 2oWo + 23W4 + Z4W3

4
ug ) — 21W1 + 2oWs + 23W9 + Z4Wy

4
Ug ) = Z1Ws3 + ZoWg + Z3W1 + Z4Wy4

4
ué ) — Z1W1 + 2W4 + 23Wo + Z4W3
4
ugl) = Z1W4 + 2oW1 + Z3W3 + Z4W2

4
Ugg) = 21W4 + 22W3 + Z3W2 + Z4W1

ey Ry Wiy .

4 4
u") (1 —uly)

(4)

21 Z3WaWy )
4 4
(1—uf”) (1 - ufy)

Uy = = Z1W4 + ZoWq + Z3W9 + Z4W3
%(14) = Z1W1 + 22W4 + Z3W3 + Z4Wo
ué4) = 21W4 + 2oW9 + 23W3 + Z4W1
ué4) = Z1W2 + ZoW1 + Z3W3 + Z4W4

, Wy,

4

ugo) = Z1W4 + 2oW9o + ZzWi + Z4W5
4

ng) = Z1W3 + zowy + Z3Wo + Z4Wy

4
Ug4) = Z1W2 + Z2W1 + Z3W4 + Z4W3.

oy Zn, Wy) 1S a rational

It is, moreover, a sum of terms of the
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form

Ziy e e Ry Wiy oo Wiy

(T—uy)...(1—uyp)
for some £ € {2,....n}, k€ {0,1,...,0 — 1}, i1,..., ik, J1,---,Jk € {1,...,n} and
for uy, ..., uy of the form

= Zziwgp(i)
i=1

for distinct permutations o1, ...,0, of {1,...,n}.

Proof. This follows by induction on n from the recursion formula (10) and Proposi-
tion 1.6. 0

Examining the power series of F,, for each n the conjecture (1) yields a conjectured
identity involving multinomial coefficients. For example, when n = 3 we get the
conjecture

3 3k
3p
37 =2, <j,j,j) (mm)*

J.k>0
Jtk=p

27+ "\ (2k+ K\ [(L+ 0+ 0"
AEED DD DD (JJJ)(kk’k’ Lo
7,k,£>0 k' 0'>0 7’4" >0

JHE+l=p=1 K/ 4l/=k+L+1 j'+0"=j+L+1

for all p € N.

3. CONTOUR INTEGRATION

It follows from Theorem 2.6 that F,(zy,wy,..., z,,w,) is a holomorphic function
of complex variables zy, wq, ..., 2z,,w, in a suitably small ball around the origin. It
is possible, at least in principle, to verify the conjecture mentioned at equation (1) in
the introduction for a given value of n from the generating function F;, by performing
2n — 1 contour integrations. For example, letting

Gy, ...wy) = > N(ky ki ko ko, ki k)2t ke,

n
klu---yanO

for suitably small € > 0 we have

G, (y2,...,yn =

G G Gy, T - G G ) G - - dC

n|=€

C1|—6
Lettlng
= ZN (ko k,... k k)"

—_~
=0

2n times



T-moments 15
we have

H, (") =
1 ~ _ 1, -
W/II /| 7721---ﬁann(%---Unbyﬁzlb,ﬁslba---;ﬁnlb)dﬁn---dﬁz
n2|=€ n|=€

The conjecture (1) is that

1
Hn(a) = 1 —n"a
for every n € N.

Although the counjecture can be verified without difficulty in the case n = 2 using
combinatorial methods, we will illustrate the method described above in checking
it. However, even for n = 3, we have been unable to prove the conjecture using the
method of contour integration.

We have
1
Gél)(y1722-/w2) 327/ Fy(Cyr, ¢y, 20, wo)CTHAC
T Ji¢)=e
1 1

72m’(1 — 2 — ZoWy) I¢|=¢ ¢ — Cyrws — Yy

dg

and ¢ — CPyrwy — Y122 = yrwy (r1 — ¢)(¢ — r2) with

1+ /1 —4y?z0wy
2y1w2 '

ry,re =

If |y1], |22], |wa] < & for § > 0 small enough, r; can be forced arbitrarily close to zero
and 79 can be forced close to co. By the residue theorem,

1
€S , 29, Wy) =
2 (o172 2) (1 —y§ — 20ws)y1wa(r1 — 12)
B 1
(1 — 12 — zwo) /1 — 4220w
Therefore,
1
G , = )
2<I1 'IQ) (1 — T — 332)\/1 — 4331.7)2
Finally,
1
Hy(b?) = — “1Go(nb,ntb)d
2(0) = 5 nGa(nb,n~"b)dn

In[=1
1 / L
2miv/T — 452 Jyyr n—b— 112"
1

Tl
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