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ABSTRACT

We apply E. Cartan’s method of equivalence to classify 7-dimensional, 2-nondegenerate CR
manifolds M up to local CR equivalence in the case that the cubic form of M satisfies a certain
symmetry property with respect to the Levi form of M. The solution to the equivalence problem
is given by a parallelism on a principal bundle over M which takes values in su(2,2) or su(3,1),
depending on the signature of the nondegenerate part of the Levi form. Differentiating this paral-
lelism provides a complete set of local invariants of M. We exhibit an explicit example of a real

hypersurface in C* whose invariants are nontrivial.
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1. INTRODUCTION

A CR manifold M of CR-dimension n and CR-~codimension ¢ is intrinsically defined to abstract
the structure of a smooth, real, codimension-¢ submanifold of a complex manifold of complex
dimension n + ¢. The most trivial example of such a submanifold is C* x R¢ ¢ C""¢, and the
obstruction to the existence of a local CR equivalence M — C™ x R€ is the Levi form £ of M, a
C¢-valued Hermitian form on the CR bundle of M whose signature in the ¢ = 1 case is a basic
invariant of M’s CR structure. Accordingly, attempts to classify CR manifolds of hypersurface-type
(¢ = 1) fundamentally depend on the degree of degeneracy of L.

The primary instrument for achieving such classification is the method of equivalence, a broadly
applicable procedure for constructing invariants of smooth manifolds under a specified notion of
local isomorphism. When a geometric structure on a manifold M is amenable to the procedure,
the method of equivalence constructs a principal bundle B — M and a parallelism w € Q!(B, g)
taking values in a Lie algebra g. The curvature tensor dw + w A w € Q%(B,g) along with its
higher derivatives then provides a complete set of local invariants of the geometric structure under
consideration.

When the curvature tensor vanishes identically, M is locally equivalent to the flat model of the
geometry — a homogeneous manifold G/Q where G is a Lie group with Lie algebra g and Q C G is
a closed Lie subgroup isomorphic to the structure group of B. The “flat model” terminology may
be understood by analogy with the case of Riemannian geometry, wherein w is the affine extension
of the Levi-Civita connection of a Riemannian manifold M, and the curvature tensor measures the
obstruction to M being locally isometric to a “flat” Euclidean vector space.

The method of equivalence has been successfully implemented to classify CR manifolds whose
Levi form is nondegenerate, and this classification naturally extends to straightenable CR manifolds,
which are locally CR equivalent to the Cartesian product of a Levi-nondegenerate CR manifold
and a complex vector space. For those CR manifolds that are Levi-degenerate but carry no such
local product structure, classification is so far limited to dimension five. This dissertation treats a
generalization of the 5-dimensional case to dimension seven. We now proceed to a description of
the contents of our report.

82 offers an overview of CR geometry by tracing the history of the subject and its interactions



with complex analysis, partial differential equations, and the theory of Lie groups. After motivating
the basic definitions in §2.1, we review necessary background material on CR manifolds in §2.2 and
use CR structures to illustrate the efficacy of the method of equivalence for studying differential
geometry in general. In §2.3 we discuss the Levi-degenerate case, including the known results in
dimension five. We also introduce the cubic form C — a higher-order analogue of £ that detects
obstruction to CR straightening — and define what it means for C to be of conformal unitary
type, thus arriving at a formal statement of the 7-dimensional problem to be solved in the present
work. All of the structures described theretofore are reformulated in §2.4 in terms of local, adapted
coframings on a 7-dimensional CR manifold M.

The technical core of the dissertation is §3, in which the 7-dimensional equivalence problem is

4(11) — M and a parallelism w € Ql(Bil),ﬁu*)

solved by the construction of a principal bundle B
taking values in the Lie algebra of SU, = SU(2,2) or SU, = SU(3,1), depending on the signature
of the nondegenerate part of £. A standard reference for the algorithmic procedure of the classical
method of equivalence is [Gar89]. The author also greatly benefited from the exposition of [BGGO03],
wherein the general theory is illuminated by the extended examples of Monge-Ampere equations
and conformal geometry.

The parallelism w and the invariants encoded in its curvature tensor are the subject of §4.
When the curvature tensor vanishes, M is locally CR equivalent to the flat model M, := SU, /P,
described in §4.1. Moreover, we demonstrate in §4.2 that the lowest order invariants appearing in
the curvature tensor suffice to detect local flatness. In §4.3, we show that P, is isomorphic to the

structure group of Bil), and that w fails to satisfy a certain equivariance property with respect to

the principal P,-action on Bil), as evidenced by the presence of two-forms in the curvature tensor

that are not semibasic for the bundle projection Bfll)

— M. Finally, in §4.4 we exhibit a real
hypersurface M C C* that is not locally isomorphic to M, , demonstrating the existence of so-called
“non-flat” CR manifolds which satisfy our hypotheses. Our work in sections 3 and 4 constitutes a

proof of the main result of this dissertation, which may be summarized as follows.

Theorem 1.1 Let M be a hypersurface-type CR manifold of CR dimension 3 such that ker L has
constant rank 1 and C is of conformal unitary type. There exists a principal P,-bundle Bfll) — M
and an absolute parallelism w € QY(B,su,). Differentiating w provides a complete set of local

invariants of M which measure the obstruction to M being locally CR equivalent to SU, /P;.



2. HISTORY AND PERSPECTIVES

Cauchy-Riemann (CR) geometry studies boundaries of domains in complex vector spaces and
their generalizations. In one complex dimension, the Riemann mapping theorem shows that any
simply connected domain which is not the entire complex line C is biholomorphically equivalent
to the unit disk D = {z € C : |z| < 1}. Already in C?, however, there are elementary examples
of diffeomorphic yet holomorphically inequivalent domains. Figure 2 depicts the boundaries of the
bidisk D? = D x D and open ball B = {(21, 22) € C? : |21]? +|22|? < 1} by graphing the moduli of

the standard coordinates z;, z» of C2.

bidisk: |z, |,[z,|<1 ball: |z |*+z,|*<1

z
|z,

|2,

l lz,|

Figure 2.1: The bidisk and ball in C?

The boundary dD? of the bidisk contains a copy of I, while the boundary 0B of the ball does
not. If there existed a biholomorphic map F : D? — B, one could choose a sequence in D? of open
disks that converge to the boundary disk, and the restriction of F' to the disks in this sequence would
form a normal family of holomorphic functions on . This normal family must have a subsequence
which converges to a holomorphic function f : D C dD? — dB. Now f(2) = (f1(2), f2(2)) takes
values in the sphere, so taking the Laplacian of the equation |f1(2)|? + |f2(2)|? = 1 reveals that f
is constant, which in turn implies that F' is constant on D?, a contradiction. (The details of this
proof — based on ideas from R. Remmert and K. Stein’s [RS60] as presented in [Nar71] — may be

found in [Ran86, Thm I1.2.7]). Hence, no such F' can exist.



Though the forgoing argument was rather specific to the two domains in question, this example
illustrates a crucial principle: namely, that useful information about a complex domain may be
educed from the differential geometry of its boundary. The central role played by domains in
the field of several complex variables therefore provides ample motivation to study boundaries
of domains — or more generally, hypersurfaces — in complex manifolds. In order to understand
the geometry such a hypersurface inherits from its ambient space, we examine some features of a

complex structure.
2.1  Complex Structure of C™

We denote i := \/—1, so that linear coordinates z1,...,2, on C™ (m € N) can be expressed
in terms of their real and imaginary parts z; = x; +iy; (1 < j < m). As a smooth manifold,
C™ is diffeomorphic to its underlying real vector space R?™, and the R-valued coordinates 5,5
determine a smooth, global coordinate chart on C™ ~ R?™. In particular, the tangent bundle is

parallelized by coordinate vector fields

0
ZRZm —
1 SpanR { 783';]

9
. 0y

m
} ; zeC™,
z

J=1

and the complex-algebraic notion of multiplication by i is recovered infinitesimally in this real-

geometric category by a bundle endomorphism

J: TR?>™ — TR?>™

o 0
aSUj 6yj
0 0
ay; " Oxy

Evidently, J? = —1 where 1 is the identity map on TR?™, whence the induced action of J on

the complexified tangent bundle
CTR*" :=TR*™ ® C

splits its fibers into +i-eigenspaces defining holomorphic and anti-holomorphic bundles H, H C



CTR?™:;

H = span {8_1<‘9_i‘9>}m T = span {3_1(5+i‘9>}m
= shalie 82’]‘ 2 81‘]' 6yj j:l’ ' c o”'Ej 2 8l‘j 8yj j 1.

These bundles have some remarkable properties. We have already remarked that they split the

complexified tangent bundle,
CTR*" =H o H.

Moreover, the Lie bracket of two local sections of H is once again a section of H — a fact which we

abbreviate
[H,H| C H,

and by taking complex conjugates we can similarly say [H, H] C H.

The tangent bundle of a hypersurface M C C™ will also admit a restricted action of J, whereby
the complexified tangent bundle CT'M will have intersection with the distinguished subbundles
H,H c CTR?*". It is exactly this tangential structure which motivates the definition of a CR
manifold. However, a submanifold M C C™ is an extrinsically defined object, so in order to work

intrinsically we must formulate the definition without reference to an ambient space.
2.2 CR Manifolds, the Levi Form, and the Method of Equivalence

Let M be a smooth (C°) manifold of real dimension 2n + ¢ for n,¢ € N. For any vector
bundle p : E — M, E, := p~!(z) denotes the fiber of E over x € M, I'(E) denotes the sheaf of
smooth (local) sections of E, and CFE denotes the complexified vector bundle whose fiber over z is
CE, := E, ®r C. References for background material in CR geometry include [Jac90] and [Bog91].

A CR structure of CR dimension n and codimension c is determined by a rank-2n subbundle
D of the tangent bundle TM, and an almost compler structure J on D; i.e., a smooth bundle
endomorphism J : D — D which satisfies J? = —1p, where 1p denotes the identity map of D.
The induced action of J on CD splits each fiber CD, = H, ® H,, where H C CD denotes the
smooth, C-rank-n subbundle of i-eigenspaces of J, while H is that of —i-eigenspaces. We refer to

H and H as the CR and anti-CR bundles of M, respectively.



If My, M5 are two CR manifolds with respective CR structures (D1, J1), (D2, J2) determining
CR bundles Hi, Hs, then a CR map is a smooth map F : M; — M, whose pushforward F :
TM, — TM, satisfies F.(D1) C Do and F, o J; = Jy o F,. Equivalently, a smooth map F is a
CR map if the induced action of F, on CTM; satisfies Fi,(Hy) C Ha. A CR equivalence is a local
diffeomorphism which is a CR map. We write M; =Zcr M> when M; is CR equivalent to Ma,
bearing in mind that this is a strictly local condition in our lexicon; i.e., My Zcr My when every
x € Mj is contained in an open neighborhood that is CR equivalent to an open subset of Ms.

Local sections I'(H) of the CR bundle are called CR wvector fields. A CR structure is integrable
if the Lie bracket of CR vector fields is again a CR vector field, often abbreviated [H, H] C H (or
by conjugating, [H, H| C H). We restrict our attention to integrable CR structures. Note that CR
integrability does not imply that D is an integrable subbundle of T'M, which would additionally
require [H, H] C H @ H. When the latter holds, the Newlander-Nirenberg theorem implies that

the almost-complex structure on D locally integrates to a complex structure, so that

M =ZoR C™ x R®. (21)

In this most trivial instance (2.1), we say that M is Levi-flat, as the obstruction to this triviality

is the familiar Levi form, the sesquilinear bundle map

L:HxH—CI'M/CD,

defined as follows. For X,,Y, € H, and X,Y € I'(H) such that X|, = X, and Y|, = Y,,

L£(X,,Y,):=i[X,Y]|, mod CD.

Though this is defined by the Lie bracket of local extensions of X, Y., the quotient projection
CTM — CTM/CD ensures L is tensorial. In particular, when ¢ = 1 so that D has corank-1 in
TM, L takes values in a complex line bundle and may locally be considered a Hermitian form on
H whose signature remains invariant under CR equivalence.

When ¢ = 1, we say that M is of hypersurface-type, and though all of the structures to be
defined in the sequel can be formulated for higher CR codimension, the results we will discuss

apply exclusively to the hypersurface-type case, so we will assume henceforth that ¢ = 1. Because



CR codimension is defined to generalize the notion of codimension of a real submanifold M C C™,

the hypersurface-type case includes the following class of examples.

Example 2.1 Suppose a CR hypersurface M C C*H! is given locally by a level set of a smooth,
real-valued function with nonvanishing gradient. Submitting C**t! to a biholomorphic change of

coordinates if necessary, it is no loss of generality to assume that M is the level set

f(z1, e 20y 21, - 5 20y Zntl +En+1):—%(zn+1—fn+1) for some f:C*" =R

The Levi form L of M is represented as the n x n Hermitian matriz of second-order partial deriva-

tives

2
c= | 2L
8zi(‘)zj ij<n

A biholomorphic transformation of C™t! restricts to give a CR equivalence on M. Though the ma-

trix representation of L may change under such a transformation, its signature remains invariant.

In 1910, E.E. Levi showed ([Lev10]) that for a domain in C? (later generalized to C**! by J.
Krzoska’s [Krz33]) bounded by M as in Example 2.1, the pseudoconvexity property characterizing a
domain of holomorphy is equivalent to the condition that the matrix £ is positive-semidefinite, with
the positive-definite case defining strongly pseudoconvex domains. Levi’s result exemplifies the rich
interaction between the fields of CR geometry, several complex variables, and partial differential
equations.

Perhaps even more fundamental than its interplay with analysis, CR geometry has decidedly
algebraic facets as well. Three years before Levi’s proof was published, the seminal work [P0i07]
of H. Poincaré demonstrated that two real hypersurfaces in C? can have distinct automorphism
groups, thus precluding biholomorphic equivalence and indicating the existence of invariants which
distinguish inequivalent hypersurfaces. Poincaré devoted particular attention to the 3-dimensional
hypersphere and its symmetry group. In arbitrary dimension, the hypersphere is one of an especially

important class of hypersurfaces known as the real hyperquadrics.



Example 2.2 To specialize Example 2.1, let f : C* — R be given by
f(zl,...,zn7§1,...7§n):hijzifj; h”:hﬂéR,
in accordance with the summation convention. By what we have seen in the general case,

L= [hlj]i,jgn’
and we say that L has signature (p,q) if the real, symmetric matriz [h] has p strictly positive and
q strictly negative eigenvalues. When L is nondegenerate so that p +q = n, M is called a real

hyperquadric, and may be exhibited as the homogeneous quotient

M=SU({p+1,q+1)/P

of the special unitary group in signature (p + 1,q + 1) by a parabolic subgroup P.

Late 19*"-century mathematics witnessed the generalization of Euclidean geometry in two sep-
arate directions ([Sha97, Preface]). In one direction, F. Klein’s Erlangen program abstracted and
contextualized the familiar Euclidean geometry and novel non-Euclidean geometries by modeling
them globally as homogeneous spaces of appropriate Lie groups of automorphisms. On the other
hand, the advent of smooth manifolds and vector bundles along with the innovation of covariant
differentiation allowed for “curved” Riemannian manifolds to generalize “flat” Euclidean vector
spaces, and gave rise to Ricci’s computationally convenient tensor calculus in local coordinates.

These two perspectives were unified and clarified under E. Cartan’s notion of espaces généralisés,
now called Cartan geometries. After Poincaré indicated that real hypersurfaces in C? should have
local invariants under biholomorphic transformations, Cartan produced ([Car33]) a complete set of
such invariants by constructing a Cartan geometry over any M C C2 for which £ # 0 (£ is a scalar
in dimension three, so this only excludes the Levi-flat case).

Specifically, Cartan constructed a principal bundle B — M with structure group P C SU(2,1)
as in Example 2.2, along with an absolute parallelism of B. The absolute parallelism is given
by a globally defined one-form w € Q(B,su(2,1)) taking values in the Lie algebra su(2,1) of

SU(2,1). Invariants of M are obtained in the form of an su(2,1)-valued CR curvature tensor



by differentiating w, just as the curvature tensor of an n-dimensional Riemannian manifold is
obtained by differentiating the so(n)-valued Levi-Civita connection. And just as a Riemannian
manifold whose curvature tensor vanishes is locally isometric to a flat Euclidean vector space,
vanishing of M’s CR curvature tensor implies that M is locally CR~equivalent to the hypersphere
SU(2,1)/P. In this sense, the hypersphere is the “flat” or homogeneous model of 3-dimensional
CR geometry, and the CR curvature tensor measures the obstruction to the existence of a CR
equivalence M =cg SU(2,1)/P.

The procedure Cartan used to construct B and w is his method of equivalence, an algorith-
mic application of his exterior differential calculus that has been used to classify a wide range of
geometric structures up to local equivalence, including conformal, projective, and Finsler mani-
folds as well as generic distributions arising from geometric PDE. Beginning in the early 1960’s,
N. Tanaka developed a sophisticated modification of Cartan’s method that facilitated the uni-
form construction of Cartan geometries and description of their invariants in broad generality
([Tan62, Tan65, Tan67, Tan70, Tan76, Tan79]).

In particular, Tanaka extended Cartan’s result in 1962 by constructing Cartan geometries corre-
sponding to Levi-nondegenerate, hypersurface-type CR manifolds of any CR dimension ([Tan62]).
However, the technical details underlying Tanaka’s work are forbidding, and his result languished
in relative obscurity until S.S. Chern replicated it in 1974 using Cartan’s classical method in joint
work with J. Moser ([CM74]). We summarize the Tanaka-Chern-Moser (TCM) solution to the CR

equivalence problem in the language of Example 2.2 with the following

Theorem 2.3 (TCM classification) Let M be a hypersurface-type CR manifold of CR dimen-
sion n whose Levi form has signature (p,q) with p+ q = n. There exists a principal P-bundle
B — M and an absolute parallelism w € QY(B,su(p + 1,q + 1)). Differentiating w provides a

complete set of local invariants of M which measure the obstruction to M 2cr SU(p+1,q+1)/P.

As stated, Theorem 2.3 is actually weaker than what Tanaka and Chern proved, since it merely
presents the “solution to the equivalence problem” rather than the assignment of a Cartan geometry
to the given CR structure. The distinction between these two statements depends on the parallelism
w. If w satisfies a certain equivariance condition with respect to the principal P-action on B, then
it determines a Cartan connection which is the defining ingredient of a Cartan geometry.

In general, equivariance is unnecessary for the purposes of identifying the homogeneous model



of a geometric structure or producing invariants that distinguish inequivalent manifolds. However,
Cartan connections have many desirable properties. For example, Cartan connections induce linear
connections on vector bundles associated to the principal bundle constructed by the method of
equivalence, giving rise to an invariant “tractor calculus” ([CG14, CG02, CG03, CG08]) analogous
to Ricci’s tensor calculus for appropriate geometries. We will elaborate on the equivariance condition

in §4.3.
2.3 CR Straightening vs 2-Nondegeneracy and the Cubic Form

The TCM classification settles the equivalence problem for CR manifolds whose Levi form is
nondegenerate, but this does not even exhaust all smooth boundaries of pseudoconvex domains,
for example, so there are many more cases to consider. To approach the middle ground between

Levi-nondegeneracy and Levi-flatness, define the Levi kernel,

K, ={X,€H, | L(X,,Y,)=0VY, € H,; x € M},

which we assume has constant rank 0 < k& < n so that K is a smooth subbundle of H (and
by conjugating, K C H). By definition of K, the Levi form of M descends to a well-defined,

nondegenerate Hermitian form on the quotient bundle

L:H/K x H/K — CTM/CD.

An application of the Newlander-Nirenberg theorem ([Fre74, Thm 1.1]) reveals that K & K C
CTM is the complexification of a J-invariant, integrable subbundle D° C D, so that M is foliated by
complex manifolds of complex dimension k. Thus, a coordinate chart adapted to this Levi foliation
provides a local diffeomorphism F : M — M x CF, where M is a CR manifold of CR dimension
n — k. It is not true in general that F' must be a CR equivalence onto its image, however, and M.
Freeman studied this phenomenon ([Fre77al) in the years immediately following the publication of

the Chern-Moser paper, leading to the notion of CR straightening (see also, [Chi91]).

Definition 2.4 A CR manifold M with rankc K = k is straightenable if there exists a CR manifold
M such that M e M x CF.

When M is straightenable, the Levi form £ of M descends to the Levi form £ of M. Since £

10



is nondegenerate, the TCM classification of M extends to a classification of M, as the factor C*
is Levi-flat and so contributes trivially to the CR structure of M. It therefore remains to classify
non-straightenable M, for which purpose we must first ascertain when straightening can fail. To

this end, we consider the transverse structure to the Levi foliation. CR integrability of M dictates

[H,H] C H,
hence the CR structure of M is integrable when
[H mod K&K, H mod K& K|CH mod K&K = [K,H)C K®H.

Thus, it is necessary that [K, H| C K @ H in order for M to be straightenable.

Let us rephrase this condition in terms of a family of antilinear operators on CT'M. For X €
I'(K) and Y € T'(H), Y denotes the image of Y under the quotient projection H — H/K, and we
define

adyx : H/K — H/K

Y — [X,Y] mod K@ H.

As with the Levi form, the quotient projection ensures adx is well-defined and tensorial in both
X and Y, and we write adx for the collection of all ady. Now we can say that M fails to admit
any straightening when the operators adyx : H/K — H/K are nontrivial. Clearly, H must have
rank at least two in order for H/K # 0, so the lowest dimension in which straightening can fail is
dimg M = 5. The prototypical example of a nonstraightenable CR hypersurface in dimension five

is the tube over the future light cone ([Fre77b],[1Z13],[MS14]).

Example 2.5 Let M C C3? be given by
(z1 +§1>2 + (22 +§2)2 = (2’3 + 33)2; (23 +23) > 0.

The CR bundle of H C CT'M can be explicitly parametrized as

a2 e i c1(z1 +71) + ca(22 +?2)i
1821 282’2 (23 +§3) 623,

11



where c1, co are C-valued fiber coordinates. The subbundle K C H is defined by the constraint

01(2'2 +§2) = 62(2’1 +§1)

Let X e T(K) be given by ¢y = (21 +Z1), ca = (22 +Z2) and Y € T'(H) by ¢1 =1 and ¢3 € {0, 1}
so thatY e T'(H/K) as above. Then

[X,Y]=-Y = adx(Y) = -Y,

which is nontrivial everywhere on M, asY ¢ K for at least one of co =0, 1.
Thus we see that M does not admit any CR straightening. Furthermore, M may be exhibited
(c.f. [1Z13],[MS14]) as the homogeneous quotient

M =50°(3,2)/Q

of the identity component of the special orthogonal group in signature (3,2) by a subgroup @ C
S0°(3,2).

The method of equivalence was first employed to classify 5-dimensional, non-straightenable CR
manifolds by P. Ebenfelt in 2001 ([Ebe01]), though his proof was valid only for a restricted class of
CR maps ([Ebe06]). In 2013, S. Pocchiola constructed parallelisms over embedded 5-dimensional
hypersurfaces ([Poc13]), and the general 5-dimensional case was treated by A. Isaev and D. Zaitsev
([IZ13]) using techniques adapted from the Chern-Moser paper. A year later, C. Medori and A.
Spiro presented an alternative proof ([MS14]) based on a variation of Tanaka’s construction. It is
notable that the Isaev-Zaitsev solution to the equivalence problem does not satisfy the equivariance
condition to determine a Cartan geometry, while the Medori-Spiro solution does. In any case, the

solution may be summarized with the notation of Example 2.5 as follows.

Theorem 2.6 Let M be a hypersurface-type CR manifold of CR dimension 2 whose Levi form
has constant rank 1. There exists a principal Q-bundle B — M and an absolute parallelism w €
OY(B,s0(3,2)). Differentiating w provides a complete set of local invariants of M which measure

the obstruction to M ~cr SO°(3,2)/Q.

In dimension five, both of K and H/K have rank 1, so the action ady : H/K — H/K is by

12



scalar multiplication which is either zero or nonzero. In higher dimensions, the question of straight-
enability is more nuanced. Fortunately, Freeman’s [Fre77a] provides a definitive characterization of
straightenability in terms of higher-order generalizations of the Levi form. When the Levi kernel K
of M has constant, nonzero rank, we can define what is sometimes called the cubic form ([Web95])

or third order tensor ([Ebe98]):

C:KxHxH—CITM/CD.

For X, € K, and Y,,Z, € H, with CR vector fields X € TI'(K) and Y, Z € T'(H) which locally
extend them, we define

C(Xs,Ys, Z,) :=1i[[X,Y],Z]| mod CD.

Now kerC C K is defined to be the kernel in the first factor of C’s domain, and Freeman showed

that M is straightenable exactly when this kernel is all of K. At the other extreme, we have
Definition 2.7 M is called 2-nondegenerate when ker C = 0.

In the intermediate case 0 # kerC C K, Freeman’s argument may be iterated to define higher-
order analogues of £,C, leading to higher-nondegeneracy conditions (see also, [BER99, Ch.XI])
and more refined notions of straightening. However, when £ = rankcK = 1, 2-nondegeneracy is
synonymous with non-straightenability. In order to make contact with our ad hoc condition of
non-straightenability via the adx maps, we first note that integrability of the Levi kernel shows

that C descends to be well-defined ([Fre77a, Thm 4.4]) on the quotient

C:K x H/K x H/K — CTM/CD

(X,Y,2)— C(X,Y, 2).

We therefore adduce CR integrability and the definition of the Levi kernel to write

= L(adx (Y), Z).

As such, C may be interpreted as the collection of the adx : H/K — H/K operators into a

13



single tensor by way of the nondegenerate Hermitian form £ on H/K. To further explore this

perspective, we make use of the Jacobi identity to calculate

L(adx (Y), 2) =i(=[[Y, Z], X]|o —[[Z, X],Y]|) mod CD

€EHQH

—L(Y,adx(2)),

whence we see that adx determines a family of normal (albeit antilinear) operators on H/K.
Distinguished among the set of normal operators on a Hermitian inner product space is the group
of unitary operators that act bijectively and preserve the inner product. More generally, we could
consider those invertible operators which preserve the inner product up to some nonzero conformal

factor, and it is in this vein that we offer the following definition.

Definition 2.8 The cubic form C of a 2-nondegenerate CR manifold M is said to be of conformal

unitary type if

L(adx (Y), adx (2)) = AL(Y., Z), VX € K; Y, Z € H,

where X is a non-vanishing, C-valued function on M.

Note that the cubic form of a 5-dimensional, 2-nondegenerate CR manifold is automatically
of conformal unitary type. Thus, the most direct generalization to higher CR dimension of the

hypotheses in Theorem 2.6 may be summarized as follows.

Statement of the Problem 1 Let M be a 2-nondegenerate, hypersurface-type CR manifold with

dimg M =7, rankc K =1,

such that C is of conformal unitary type. Determine a complete set of local invariants of M under

any CR equivalence.

2.4 7-Dimensional Case: Local Coframing Formulation

In this section as in the sequel, we adhere to the summation convention. We have already

observed that L takes values in a complex line bundle when M has CR codimension 1, whence
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L is locally represented as a nondegenerate Hermitian form on H/K. To achieve such a local
representation in a neighborhood of # € M, we choose a nonvanishing one-form ¢° € Q'(M) C
Q'(M, C) that annihilates D C TM, which we denote §° € T'(D+). Incorporating this choice into

our notation, we express the resulting Hermitian form

Ly:HxH—=C
(2.2)

(X,Y) — i0°([X,Y]) = —id0°(X,Y).

To understand the local formulation of the hypotheses presented in the Statement of the Problem

as articulated in the preceding section, we extend 6° to a full local coframing around x.

Definition 2.9 A 0-adapted coframing 6 in a neighborhood of x € M consists of local one-forms

69,01,60%. 63 ¢ I‘(HJ—) C QY(M,C) - and their complex conjugates — so that 0 satisfies

0° € T(D+) c Q' (M), 01,62 c T(K+) c Q'(M,C),

AN AN SN SN AN RN X1}

Here, 67 denotes the complex conjugate 07 of a C-valued form. CR integrability [H,H] C H is
equivalent to

d6’ =0 mod {6°,6",6%6°}; 0<i<3, (2.3)
while the integrability of D° (recall that CD° = K @ K) additionally gives
d0' =0 mod {6°,6",6%,67,6°}; 0<i<2. (2.4)
Furthermore, since #° is R-valued,
d6° =il 707 AOF mod {6°}; (1< k<2), (2.5)

b by ] s . .
for some £ % € C> (M), where ¢ := {411 /f} is real, symmetric, nondegenerate, and provides a
21 ~22

local matrix representation of £, (as a Hermitian form) as in (2.2). In order to consider the most

general case, we let ¢ = £1 and note that by changing the sign of ° if necessary, the matrix ¢ may
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be diagonalized with diagonal entries 1,e. If we also let §; = 0 and §_; = 1 so that e = (—1)%,
then we can say in general that the signature of £, is (2 — d, o).

We invoke (2.3) and (2.4) to write

67 = ul6® A 0% mod {6°,0',60°}; (1< k<2),

for some u% € C*(M,C), so that u := [Zg Zg is a local matrix representation of adx,, where
X3 € I(K) is dual to 63 in our coframing 6 — i.c., #3(Xs) = 1 while 6'(X5) = 6'(X3) = 0 for
0 <l<2and1<i<3. The hypothesis of 2-nondegeneracy merely says that the matrix u is not
zero, but the hypothesis that the cubic form of M is of conformal unitary type implies that u is

conformally unitary with respect to the 2 x 2 matrix ¢ — specifically, u is invertible and
ulu = M, (2.6)

for some A € C*>°(M,C).
Expressing 6 as the column vector [#°, 01,62, 63]" and fixing index ranges 1 < j,k < 2, we can

summarize our analysis in this section thusly:

de° il 709 A OF 6°
dot ulp? ok 6°,0',6°
do = = -~ mod . (2.7)
dp? u26? A OF 0°, 0%, 62
do? 0 0°,0%,6%,0°

We conclude this section with a remark about notation. As we have above, we will continue to
denote the conjugate of every C-valued one-form by putting overlines on its indices. By contrast,
we indicate the conjugate of a C-valued function with an overline on the name of the function itself,
without changing the indices. For example, the conjugate of the second identity in (2.7) would be
written

40t = w03 A 01 + w6 A 6% mod {6°,6%,6%).
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3. THE EQUIVALENCE PROBLEM

The construction carried out in this section will serve as a proof of Theorem 1.1. Because of the
technical nature of the calculation, we offer a brief outline of the steps involved.

In §3.1, the filtration on CT M determined by the CR bundle and Levi kernel is encoded in
a principal bundle By of complex coframes on M adapted to this filtration — an “order zero”
adaptation. The structure group Gy of By is 21-dimensional, and the globally defined tautological
forms on By are extended to a full coframing of By over any local trivialization By = Gy x M by the
Maurer-Cartan forms of GGy. These Lie-algebra-valued “pseudoconnection” forms are only locally
determined up to combinations of the tautological forms which take values in the same Lie algebra.

We gradually eliminate this ambiguity in the pseudoconnection forms when we restrict to sub-
bundles of By defined by coframes that are adapted to higher order, as this reduces the dimension
of the structure group and its Lie algebra. Therefore, in §3.2, we perform the first such reductions.
Restricting to the subbundle B; C By of coframes which are “orthonormal” for the nondegenerate
part of £ reduces the structure group to a 17-dimensional subgroup G; C Gy. Similarly, our hy-
pothesis on the cubic form implies there is a subbundle By C B of coframes which are analogously
adapted to C, and the structure group G, C G has dimension 13.

In §3.3, we exploit the ambiguity in the pseudoconnection forms on Bs in order to simplify the
expressions of the exterior derivatives of the tautological forms. This process is known as absorbing
torsion, and simplifying the equations facilitates the final two reductions in §3.4. The subbundles
B, C B3 C Bs constructed therein have structure groups G4 C G3 C G5 reduced from dimension
13 to dim G3 = 9, and ultimately to dim G4 = 7. At this point, no further reduction is possible
without destroying the tautological forms, but the pseudoconnection forms on B4 are still not
uniquely defined.

To finish the calculation, in §3.5 we prolong to the bundle Bfll) over By that parameterizes the
remaining ambiguity of the pseudoconnection forms on By in the same way that B, parameterizes
the ambiguity in our adapted coframes of M. In this sense we begin the method of equivalence anew,
but the structure group of Bf) as a bundle over By is only 1-dimensional. After finding expressions
for the derivatives of the tautological forms on Bi1)7 the ambiguity in the pseudoconnection form

on BS) is completely eliminated by absorbing torsion in these expressions.
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3.1 Initial G-Structure

Let V = R @ C3, presented as column vectors

V= {{2] :reR;zl,ZQ,zge(C}.

23

For x € M, a coframe v, : T, M — V is a linear isomorphism that will be called 0-adapted if
0
e v, (D;) = { [2} D 21,29,23 € (C},

Z3

L4 vw‘Dw oJ = ivw|Dx7

s o0 ={| 8] mect

Let 7 : By — M denote the bundle of all 0-adapted coframes, where m(v,) = z. A local section

[l

[N
[

s: M — By in a neighborhood of z with s(x) = v,, is a 0-adapted coframing 6, written as a column
vector like in §2.4, so that 6|, = v,. The tautological one-form n € Q(By,V) is intrinsically

(therefore globally) defined by

N, (X) = v (. (X]0,))s VX € I'(T'By). (3.1)

It follows directly from the definition of n that if 8 is a 0-adapted coframing given by a local section
s of By, then the tautological form satisfies the so-called reproducing property: 8 = s*n. Naturally,

the reproducing property extends to

df = s*dn. (3.2)

We will find a local expression for n by locally trivializing By in a neighborhood of any = € M.
To this end, first note that if v,, v, € By are two coframes in the fiber over x, then by the definition

of 0-adaptation, it must be that
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B T teR\{O}7

t 0 0 0

i ¢l ap ay 0 _

Vg = Vg where CJ? bk € C (b3 7é 0)7 1 S .ja k S 37 (33)
2 a? a3 0
C3 bl b2 bg

- - [“ “} € GLsC.

2
ap as

Call the subgroup of GL(V') given by all such matrices Gy, and its Lie algebra gog. Gy acts transi-
tively on the fibers of By, so fixing a 0-adapted coframing #; in a neighborhood of = determines a

local trivialization By = Gg x M, as every other 6 may be written

[ 6° ] [ t 0 0 O 17 69 ]
0! _ ¢t al ab 0 01 (3.4)
62 2 a2 a3 0 62

_93_ _c3 by by b3 | _9%_

for some Gg-valued matrix of smooth functions defined on our neighborhood of . In this trivial-
ization, the fixed coframing 6y corresponds to the identity matrix 1 € Gy, and by restricting to 6|,
61]. on each side of (3.4), we see that the Gp-valued matrix entries parametrize all v, € By in the
fiber over z, hence furnish local fiber coordinates for By.

By the reproducing property, the tautological V-valued one-form 1 on By may now be expressed

locally as

n° t 0 0 O 5*9%

1 11 1 xgl

n c ay ay; O 0
_ 1 02 1 7 (3.5)

n? 2 a2 a3 0 w02

773 C3 bl b2 b3 E*H%

or more succinctly,

n=g ‘x*0. (3.6)

The matrix in (3.5) is considered to be the inverse g=' € C°(By,Gp) in (3.6) so that left-

multiplication on coframes defines a right-principal Gy action on By. Differentiating (3.6) yields
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the structure equation

dn=—g tdgAn+ g tn*db;. (3.7)

The pseudoconnection form g~'dg takes values in the Lie algebra gg. We see from the parametriza-

tion (3.3) of Gg that go may be presented as matrices of the form

T 0 0 0

1 1 1 0

2 2 2 0

v B Ba B3

where all of the entries are independent, 7 € R, and the rest of the entries take arbitrary com-
plex values. For later convenience, we prefer instead to use the following, less obvious choice of

parametrization for go:

[ 2T 0 0 0 ]
Y a0
v of a0

7P =B i B B

By taking the entries of this matrix to be forms in Q!(By, C) which complete 7 to a local coframing

of By, the structure equation (3.7) can be written

n° 2T 0 0 0 n° =0
1 1 1 1 1 =1
n ¥ « « 0 n =
d = ! 2 A + , (3.8)
Un ¥ of a3 0 s E?
K Y =8 W =B B | | P ] | B

where the semibasic two-form = := g~ 17*df; € Q?(By, V) is apparent torsion. Note that the left-

hand side of (3.7) is a globally defined two-form, while the terms on the right-hand side each depend
on our local trivialization of By. In particular, the pseudoconnection forms in the matrix g~ 'dg are
determined only up to go-compatible combinations of the semibasic one-forms {nj,nj ?:07 which

will in turn affect the presentation of the apparent torsion forms. We will use this ambiguity to
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simplify our local expression for =, but first we must find what it is.
Fix index ranges 1 < j,k < 2. The differential reproducing property (3.2) and the identities
(2.7) imply
=0 =iLgn’ A+ € A,
= = Ul A+ G an’ + € An' + & A
=G A" +E AT FE AT HE AT,
for some unknown, semibasic one-forms ¢ € Q!(By,C) (with &) R-valued) and functions Lz e

C>(By), U% € C*°(By, C) whose value along the coframing 6 described in §2.4 would be

L (6].) = £5(x) and UL(6].) = ul(x). (3.9)

We will “absorb” as much of = into our pseudoconnection forms as possible. It is a standard
notational abuse to recycle the name of a pseudoconnection form after altering it to absorb apparent
torsion. We will try to minimize confusion by denoting modified forms with hats, and then dropping
the hats from the notation as each phase of the absorption process terminates. For example, the
top line of (3.8) reads

dn® = =27 An® +iLgP An® + €5 An°
= —(2r =€) An® +iL g’ AnF,

so if we let 27 = 27 — &), we have simplified the expression to
dn® = —27 A® + 1Lz A

Observe that 27 must remain R-valued for this absorption to be go-compatible, which is exactly

the case as &) is R-valued. To absorb the rest of the £’s, set

di:a?@_giv &jZVj_f(Jp ’?3:’73_537

By =B —i2 + &, Bo = Ba — i€} + &5, By = Bs — &5
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Now the structure equations (3.8) may be written

n° 27 0 0 0 n° iL g’ AP
1 21 Al A1 1 1,3 K
n 4 a a 0 n Uzn® An
d = ! i A +| F - (3.10)
U ¥ A a0 n? UZn* Anf*
K W= B =B B ] | 0]

3.2 First Two Reductions

We are done absorbing torsion for the moment, so we will drop the hats off of the pseudoconnec-
tion forms in (3.10). The remaining torsion terms are not absorbable, but we can normalize them by
first ascertaining how the functions L, U in (3.10) vary along the fiber over fixed points of M, then
choosing agreeable values from among those that L, U achieve in each fiber, and finally restricting
to a subbundle of By determined by the subgroup of Gy which stabilizes the chosen torsion tensor

over each fiber. To proceed, first differentiate the equation for dn° and reduce modulo 1°, 73, ng.

0= d(dn")

= i(dLyy + Lyg(27 — a1 — ag) — Ligaf — Lygal) At Ap!

+i(dLyz + Li3(27 — a1 — a3) = Lyzag = Lygad) At An’

+i(dLyy + Loy (27 — a% — a%) — Lﬁa% - L2§a%) A 772 A 171

+i(dLy5 + Lys(27 — ai — a%) — Llioé — Lﬁa%) An? A7 mod {n°, 7%, n*}.

If we momentarily agree that j # k, we can summarize these conditions

dL;;

—LVT(ZT—oﬂ:—ai)—&—L,EaE—&—ngak - - =
33 J 7 kY Tt mod {1°, 0,2, 0, ). (3.11)

— K J k
dL;z =-Lz(27 —af — o) + Lo + Lzaj

We will restrict to the subbundle By C By given by the level sets L7 = 1, Lys = € (as in §2.4)
and L;5 = L, = 0, which is simply the bundle of 0-adapted coframes in which 6!,6? are dual to
CR vector fields that are orthonormal for the Levi form. Such coframings must exist, as one can
apply Gram-Schmidt orthonormalization to nonvanishing CR vector fields which are not in the Levi

kernel. In the notation of §2.4, B; is determined by local 0-adapted coframings 6 which additionally
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satisfy

90 01 A 0T 4 €62 A 62 6o
ot ul6® A6 + ul6® A 62 6°, 61,62
d = B B mod . (3.12)
62 u20® A O + u20° A 62 69,61, 62
g3 0 6°,6t,6% 63

We call such coframings I-adapted, and fix a new 67 among them to locally trivialize Bj.
Computing directly with the coordinates of Gy as in (3.4), one finds that any such 6 with its Levi

form so normalized differs from #; by an element in G with
t = |al|® + €|a?|* = e|ad|* + |a3|? and alay + eaias =0, (3.13)

(which together imply |a}|? = |a3|?). This subgroup Gy C Gy is therefore the stabilizer of our choice
of torsion normalization, and the structure group of the subbundle By C By. When restricted to

By, we see by (3.11) that the pseudoconnection forms satisfy
2r=al+ol=aj+al  apteal= mod {n°, ", n*,n*,n" % n®}. (3.14)

Let ¢1 : By — By be the inclusion map. When we pull back our coframing of By along ¢1 to get
a coframing of Bj, we introduce new names for some one-forms, but we also recycle many of the
current names. For those being recycled, we view the following definition as recursive. Those being

recycled are

n n
T T
=1} : (1<7,k<3),
v ¥
| B ] | B |
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while we also introduce

0 —5(a1 —ag)
S —3(a3 — a3)
al al
= . (3.15)
¢ = el +aD
¢t —(af + €ag)
g | | r-d@d+ad |

Note that & and &5 are R-valued, and by (3.14), we know
€,¢,6 =0 mod {n°,n", 7%, 0’0" 0?0’} (3.16)

If we keep the names U% = LTU%, then pulling back (3.10) to B yields new structure equations

n° 27 0 0 0 n° in' An 4 ein? An?
nt A S 1) at 0 nt ULn® A nF 4+ e ant
d _ - A + B
n? v —ea T4+ic 0 n? U2n® A + G At + & AP
] P W6 W -8 B | P | 0

(3.17)
We turn our attention to normalizing the U%. Differentiating dn° and reducing modulo %, n', n?

will reveal that these functions are not independent on Bj.
0=d(dn°) = i(U} — eU2)n* > An* mod {n°,n*, 1%},
SO U% = EU%, and we can declutter some notation by naming
U:=U;=eUy Ut =14, U?:=UZ.

To see how these functions vary in a fiber over a fixed point of M, we differentiate dn' and dn? and

reduce modulo n°,n', n2.

0= d(dn")
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= (dU* — U (B3 — 2i0) + 2Uat +eUE) A At

+(edU — eU (B3 —io— i) — Ula! + U2al + eU (&3 — ) AP A> mod {1°, 7, n?},
and similarly

0 = d(dn?)
= (AU — U(Bs —io —is) — eU'al + eU%a + U(E] — €2) — UG + UE) AP At

+(dU? — U*(B5 — 2is) — 2Ua' — eUCY) An® An? mod {n°, 7', n%}.

With (3.16) in mind, we summarize

AUt = U'Y(Bs — 2ip) — 2U!
AU = U(Bs —io—ic) +eUlal — U2l mod {1°, 1", 7%, 7%, ", n?, n°}. (3.18)
dU? = U?(Bs — 2ic) + 2Ua!

Recall that the hypothesis of 2-nondegeneracy provides that for every local 1-adapted coframing
6, one of U,U',U? is nonvanishing at 0|,. We will show that this fact along with the differential
equations (3.18) implies there is a coframe in the fiber over # where U = 1 and U? = 0 as follows.

Suppose that U(6y],) = 0. Let X,Y € TI'(T'B;) be the (vertical) vector fields dual to Re(al)
and Im(a?l), respectively, with respect to the coframing of B; furnished by the real and imaginary
parts of the tautological forms and the pseudoconnection forms. The fiber (B;), is foliated by flow
curves of X and Y. For t € R, take cx(t) and cy(t) to be the flow curves in the fiber which go

through 61|, € (B1)s at time t = 0. By (3.18), we calculate

d d
| Ulex(t)) = dU <dt

. cX(t)>

= (U(Bs — o — i) + U — U%a") (X|. )

= (U = U*)(01]0);
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and similarly,

L Uley (8)) = —6(U" + U2)(611,).

t=0

Since we have assumed U(61];) = 0, one of these derivatives must be nonzero, and in particular
U is not identically zero in the fiber over . Thus, there is some |, € (B;), and a neighborhood
around it where U # 0. In this neighborhood, we can define X = 55X and Y = —55V, and their
corresponding flow curves cx (t) and ¢y (t) which go through 6|, when t = 0. For j = 1,2, we use

(3.18) again to calculate Vt € R,

d . , d .

L Uies —(—1) L ices — i

LU (@ () = (-1, L) =

whence U7 (¢x (t)) = (=1)7t 4+ U’ (6],) and U’ (éy (t)) = it + U7(0],.). As such, we can move along
flow curves to a coframe where one of U’ vanishes, and by our full-rank assumption on the maps

adg, we still have U # 0. From this coframe, we move along flow curves of vertical vector fields

dual to Re(f3) and Im(f3) in order to rescale U = 1. Let us restrict to the level set
U=1, U? =0,

which defines a subbundle ts : By < B; of 2-adapted coframes.
Note that we have not yet invoked the hypothesis that the cubic form is of conformal unitary
type. Without this condition, (3U! would be an invariant on B,. However, by imposing this

condition, it follows from (2.6) and (3.9) that we restrict to the case
Ul =o0.

As such, sections of By are local 1-adapted coframings € as in (3.12), but which additionally satisfy

00 01 A 0L + €102 A 62 00
o1 €03 A 02 00,61, 92
d - mod . (3.19)
62 N 6°,0", 62
03 0 0°, 61,02, 63
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Among such 2-adapted coframings we fix a new 6y in order to locally trivialize By. We saw that
By was locally trivialized By = G; x M by (3.4), where the subgroup G; C Gy was defined by
the added conditions (3.13). Now one calculates that a matrix in G; applied to the new 6y will

preserve our latest normalization if and only if we additionally have

1_ 2 1 _ 2 2 _ 1 2 _ 1
aj = bsaz, ay = ebzaz, a3 = bsag, €ay = bzas.

Since the diagonal terms in the matrices are nonvanishing, these relations imply ai = a2 = 0, while
b3 € C is unimodular. Let G2 C G denote this reduced group of matrices, which is the structure

group of Bs. If we let e denote the natural exponential, then we may parametrize G2 by

; r,s,04teR; ¢, b, €C. (3.20)

3 by by ei(r+s)

By (3.18), we see that when restricted to B, we have

Q
If

By = ip + i, = mod {n°, 0", n%n*,n', 0%, n°}. (3.21)

Pulling back our coframing along the inclusion ¢y, we rename accordingly. First, some familiar

names
n n
T T
0 0
S =] g
Y 0
b1 B1
| B2 | | B |
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The only new forms we must define are semibasic by (3.21), viz,

é—l —Oél
= 3
3 —fs +io+ic
We will also preserve the names of the unknown apparent torsion forms on B, except to combine

terms where appropriate:

& &
& | =u &2
& (?+eal

Pulling back (3.17) along o yields new structure equations on Ba:

n° 2T 0 0 0 n° in' A nT + €in? A 7]5
n' v T+ie 0 0 n' en® An? + & An' & AR
d =— A + " ,
n° " 0 T+ is 0 n* A +E A +E A7
n’ Yo =B iy =B de+ic n’ & A’
(3.22)
where &1, €2 are still R-valued, and by (3.16),(3.21), we can say
£1,63,61,63,65 =0 mod {n°,n", 0%, 0%, 0" 0?0’} (3.23)

3.3 Absorption

This section is devoted to absorbing as much as we can of the apparent torsion from the ¢’s in
(3.22). Tt is easy to see that we can absorb any 7" components of these forms into the 4’s (using
the 3’s to correct the equation for dn? if necessary). As such, we suppress these components when

i fi ook i k.
we adduce (3.23) to expand & = f5n" + e’
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e = fin' + flon® + flan® + Tun® + Fran® + Fian’.
& = fAn' + foun” + [0’ + T;UT + ﬁzf + ?;:ﬂ?é
f; = 10211771 + f212772 + f213773 + téjUT + 7%5775 + tégng,
§% = J0121771 + f122772 + fl23773 + tfﬂf + t%ni + tfgng,
& = 3t + f5n® + fin® + n" + 0 + thn®,
for some functions f,t € C°°(By,C). Because & and &3 are R-valued, t;% = ?;k for j = 1,2.

Though these coefficients are unknown, we discover relationships between them by differentiating

the structure equations. First differentiate idn° and reduce modulo 7°.

0 = d(idn")
= 26} At At — (€ + e2) AP At — (€] +E) ANt AR — 23 AP AP
= (2], — fh — B At AR+ (2F 1 — Fan — e2)nP At At 2fkn® At AgT
+ Qefh — effy — Bt AP AT+ (265 — €f1s — ti)nt AP AR+ 2ef3n® AP AT
+ (fa3 + el AP A+ (Fas + et25)00° An' AP + 2150 At Ant
+ (e + T An AP+ (ef1s + tig)n® An® A+ 2605507 AP AR

mod {n°}.

Coefficients of independent three-forms vanish independently, so this has revealed six distinct van-
ishing conditions and their complex conjugates. For example, we now know that fi; = f2; = 0.
We will see that these six equations allow us to simplify our apparent torsion tensor via absorption,

but first we find five more equations by differentiating dn' and dn? and reducing modulo 7°, 5!, 2.

0 = d(dn")
=e(E+E AP AP + (- AP An'

—2 —2 1 - = - - _ _
(€for —efia—€f11 + Etgi + 1%5)771 AP AR+ 6t§,§773 AP An® + (ef 15 — té§>773 An® Ant

mod {n°, n',n’},
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and similarly,

0 = d(dn?)
=(G+a - AP A0+ (G -eD)An’ A’
1 -2 -1 5 - = - = 5
=(f1o—foo—fu +t§§ + Gt%)n2 An® Ant +t§gn3 AP AR+ (fas — Et%)ng AP AP

mod {n", 7', n*}.
In addition to concluding that
f113 = f223 = tgg =0,
we have eight vanishing conditions. The first four

0= f213 + 65%57
0= f23 - Etlgv
0= 6.]0123 + E;g,

—2
0=¢€fi3— té§7

imply
-1 -2
f213 = f123 =ty =t3=0,

while the latter four
-1
0= 26J8221 - 6J0122 —ty3,
-2
0= 2f112 - f211 — ey,
(3.24)
—2 —2 —1 3 1
0 — 6f21 — €f12 — €f11 + EtBT + t2§7

1 -2 1
0=fia—fo2—foan +t§§+€t§?
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will be useful for absorbing the remaining terms. The structure equations (3.22) may now be

expanded to read

n° 2T 0 0 0 n®
n' YT+ 0 0 n'
d = A
n? 7 0 T +ig 0 n?
7] P =B I =B detic || 9P|

(3.25)

in' A nT +€in? An?

_ P _ _

e An? + (flan® + Fun' + Fien®) Ant + (fan' + ' +tn®) An?
_ _ ~ L

At 4 (fin® + 250t + 2507 Ant 4+ (fin" + fan' + faen®) An?

(f3in" + fon® + tin*' + t5m°) A

We will simplify notation by focusing only on those two-forms which are involved in each step

of the absorption. For example, in the structure equation for dn3, we have

dn® =B An' + Bo A + f5imt A + f&n® An® + .

= (B — F5m*) A0t + (B2 — fam®) AP+ ...

so we let 3 = B1— fan? and /32 = Ba— f3,m° to absorb these terms. Now that they are gone, we drop
the hats off of 81, B2, as we will need to modify them again when considering other terms. Many of
the remaining absorbable terms will be absorbed into the diagonal pseudoconnection forms ip and
is. Note that we can only alter them by purely imaginary, semibasic one-forms. Before proceeding,
we state that the result of our absorption will be that the apparent torsion tensor in (3.25) will be

changed to

in' An'+ ein? An?
en® An? 4 e(thon' +20?) Ant + (tn' + thon?) AP (3.26)

AN+ (Gt + Gan®) At e(tign' + Epn®) A’

0

We will arrive at (3.26) in two steps — one for each of the apparent torsion coefficients th and
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t% that currently remain in the equation for dn? in (3.25). First consider

di® = By At — (lo+i) AP + 3t Ap® + ...

-3 . . T 3
= (B = 5mn°) At = (Lo +is — 5" +Emn') A’ + ...
Let 31 := B8 — fgin?’. Note that if we choose any imaginary form ¢ € Q!(Bs,iR), and define
ca . T 3 . T 3
10 =10 — %(t%nl - tginl) +¢, 1§ 1= 1§ — %(tgfnl - t3T771) -, (3.27)

then we have successfully absorbed the t% term in the expression for dn3. We will choose ¢ so that

we also absorb terms in the expressions for dn', dn?. Let
o (P R gl T L (L g2 2 gl )t
Ci=—5(fuu—fiat+far—€tyz)n +5(fin— fia+ fo —eloz)n-
By the third equation in (3.24),
3,1 731 72 72 Ft 1), 1 2 2 1 71 1
tagn — s = <_f21 + fia+ f11— 5t2§) n - <_f21 + fia + f11 — €t2§) n,
so in (3.27) we have

.n . -1 71 T -1
ip=1i0— f1n" +etimn' + flin" — elymn’, (3.28)

e . =2 T =2 T
i =i+ forn' — fran' — fon' + flan® (3.29)
Now (3.28) shows

. -1 71
dn' = —ioAn' + fin' Ant+ ...

. —1 T T -1 1
—(io— fin" +etign' + fiin' — elyan') Ant +etlon' Ant 4.

= —ioAnt +et;§nT/\n1 +...
On the other hand, by the first equation in (3.24) we can write (3.29) as

. =2 T 2 2 T
i¢ =ic— foun' + (2o — fran' — fan' + fian'
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. =21 T
=ic— o’ +ethn' — fAn' + fin',
which shows

. 72 1
dn® = —ic An> + [l Ant + famt AnP 4 font A+

. 2T T T
—(is = foun' +etion’ — fAn' + flan') An® +etiont An® + ..

= AP eyt AP+

This concludes the first step of the absorption, by which we modified (3.25) to yield

n° 27 0 0 0 n®
nt v 4ip 0 0 nt
d = — A
n? ~2 0 T+ i 0 n?
K | =B i -8 da+ic | | 0P

in® Ant 4 ein? An?
_ . _ _
e’ AP+ (flon® + etogn + fron®) At + (fan' + thn® + tn?) An?

_ ~ _ o
n* At 4 ("t 55n?) Ant 4 (ethsn' + Faon®) AP

3,2 3
t3§77 An

We begin round two by dropping the hats off the pseudoconnection forms. Round two will
proceed analogously to round one, only this time we will use the two remaining vanishing conditions;

i.e., the second and the last equations of (3.24). We have

dn® = B, /\772—(ig+i<)/\773+t§§n§/\n3+...

73 s 7, 3
= (B2 = Tggn’) A” — (io +is — tin™ + Tggn®) A’ + ..
so let By = By — fg§n3. We'll look for a new semibasic ¢ € Q1(By,iR) to write

N . 9 -3 .~ . 9 -3
i0 =10 — $(tim* — T5an’) + ¢, i¢ :=ic — 2(t3m% — tyn®) — ¢, (3.30)
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and use the fact that the final equation in (3.24) implies
/3 5_%37 2 _ (7! -2 2 12 2 [ 2 1 f{ 2
3571 53 = (—fi2+ foa + o1 —€eti7)n Jia + foo + for —€tiT ) n°.

This time, define

—1 —2 —1 +2
Ci=3 (f12 + foo — fo1 — 675%) U (f112 + [ = fa 6tﬁ) 7,
so that (3.30) reads

. =2 3 5 2

10 =16 — f22772 + 675?1772 + f222772 - €t1T772»
. =15 =1 3

i0 =10+ f1on" — foun® — fian® + foun’

. 5
=i0— F1on® +et’n® — flon® + fan?,

where the last equality follows from the second equation in (3.24). As promised, we now have

n® 2T 0 0 0 n°
n! N 4ip 0 0 n!
d = — /\
n? 72 0 T+i 0 n?
|7 P =B ' =B dati | | 9P

(3.31)
int At + ein? An?
en® AP+ e(tion' +5m7) An' + (tmt 4+ tsn®) An?

P ANt (it + ) Ant 4 e(tin' +Em?) A

0

3.4 Last Two Reductions

After removing the hats from our pseudoconnection forms, we normalize some of the remaining

torsion coefficients and reduce the structure group as before. To see how these functions vary in
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the fiber, we first differentiate dn' and reduce modulo n°, n',n3.

0 =d(dn')

= (dtéT - t%T(T —2ip+1i¢)) Ant An? + (dt%i - t;§(7' —i0) — €Ba) A2 AR?
Now differentiate dn? and reduce modulo n°, 72, n?.

0 = d(dn®)

= (dt% - t%(T —i¢) =B ARt At + (dt% - t%(r +ip — 2i¢)) An? Ant
The two identities

1 — 41 .
dt 5 =t,5(7 — o) + €f2
mod {n°,n*,n*,n°,n", n*}

2 _ 42 .
dtﬁ:tﬁ(T—lg)+ﬂ1

imply that there is a subbundle B3 C By of 3-adapted coframes on which
142
lys =117 =0.

Observe how (3.32) shows that when restricted to Bs, we have

51’62 =0 mod {770;771’772777377717772}'

mod {1’ n*,n%}.

mod {n°, n*,n*}.

(3.32)

(3.33)

We fix a 3-adapted coframing 63 in order to locally trivialize Bs. An explicit parametrization of

the structure group G'3 C Go of Bj is found by taking g=! € C°°(Bs, G>) to be the matrix in (3.20)

and solving in coordinates the differential equations 8, = 0 and 2 = 0 from the identity

2T 0 0 0
1 .
5y T+ ip 0 0
g 'dg =
72 0 T+ i 0
| =B I =By dotic
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ir .2

The result of this calculation is that G3 is comprised of those matrices in G which satisfy by = %e c
and by = %eisc1 so that we locally have Bs = G35 x M where G3 is parametrized by

2 0 0 0

b el 0 0 )

‘ ; r,s,0£teR;¢ € C. (3.34)
c? 0 te'* 0
3 i 2 s i(ris
I c %enc %eléc e1(7 s) |

If 13 : B3 < Bs is the inclusion map, then we let

F' o= u5t!

2 . %42
oT> F= =515,

Aside from this relabeling, we maintain the names of every one-form that we pull back along 3, so

that the structure equations are the same except that 1, 82 are now semibasic. Thus, on Bz we

have
n° 2710 0 0 n° in' At + ein? An?
1 1 . 1 30,3 1,7 A2
n v T +ip 0 0 n en>An +F'n An
d S A + : g . (3.35)
n? ~2 0 T +ig 0 n? 3 Ant + F2p? At
K L iy detic | [ ] | BuAnt+BAn?

We use (3.33) to expand 31 and (32, implicitly using that we can absorb n° coefficients into 3.
Bi = fun' +tgnt + fron® +tizn® + fian®, Bo = faun’ +togn’ + faen® + tozn® + fosn®,

for some new functions f,t € C*° (B3, C).
We now seek to normalize ¢;7 and t,5 to zero. This will require us to collect a few identities.

First differentiate dn°.

0= d(dn")

= (=2dr+ iy An =iy  Ant e An? — iy An?) AnP,
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whence
2r =iy Ant =iy  An' + 2 An? — ey An? mod {n°3. (3.36)
Now differentiate dn!.
0 = d(dn")
= (—dy!' + (1 —i0) Ay — ey’ AP + FIyl An? — FI? At + e® An?) A (3.37
+ (—dr —ido — iv* A 77T +€iy? A 775 + 617g AnS+ F1F277§ A nT + |F1|277§ A?) At

+ (dF*! —Fl(T—2ig+i§)—|—ef2773)/\7]T/\772+6/31 An AR+ eBa A2 AN

If we reduce this modulo 1°, %, !, we see that fo3 = 0 in the expansion of 8. Furthermore, if we

reduce modulo n',n?, then by the top line we conclude
dy' = (r—ig) Av — e AP — F'y2 An' + ey An? mod {1°,n", 1}, (3.38)
Next, differentiate dn?.
0= d(dn?)
= (~d" + (r = 1) A = AR+ PP At = PP A’ 497 A A (3.39)
4+ (—dr —ids — e A +iv At + en® AP + F2F'nt An® + \F2|2nT/\7]1) AP
. - 5 T T
+ (dF? = F* (7 +io = 2i) + F ) A At + Bi At An' + B2 A A

Reducing modulo n°,n?, 17§ shows f13 = 0 in the expansion of 8;. Reducing mod n',n? then gives

Y = (1 i) AV = AN’ = F2 An? 47 Ant mod {n°, 0, 7%} (3.40)
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Finally, we differentiate dn?.

0 = d(dn*)

=—(dV¥+¥ A Q2T —io—15) + A B+ A B2) AP
— iy + 72 A (T — i) = P2y A2 + 43 Anh) An!

) 3 (3.41)
—i(dy' +9 A (T —i0) = F'2 ARt + ey® An?) AP
—|—(—idg—idg—ei’yQ/\nj—ifyl/\nT+€ﬁ1 /\77§+52/\77T)/\773
+(dBr — (T — i) A B — F2Bs An?) An' + (dBs — (T —i0) A B — F'By Anb) An.

For later use, we note that by reducing modulo 1%, 7', 7%, we get

ido+ids = —eiy> A2 —iv' Al + B A2+ B2 Ant mod %0t 0% 0. (3.42)

Returning to the unreduced equation (3.41), if we reduce modulo 7%, nt, 73, plug in the identity for
dy?! from (3.38), and expand f; and (32, then we have

0 = (dty — 2ty7(7 — i0) + 2iF92) A 77T An? — F1t1§77§ A 77T An?
+ (dtyz — ty3(27 — i0 — is) — 2i7®) AP A7 mod {n°,n', 7}

If we instead reduce modulo 1°, 7,73 and plug in dy? from (3.40), we see

0= (dt;7

—t,7(27 —ip —ic) — 2i73) A nT Ant— F2tﬁ77T A 775 Ant

+ (dtys — 2t,5(7 — <) + 20F2 ) A2 A ! mod {n°,n% n’}.

The two together show

dtys = t5(27 — ip — ic) + €2iy?

mod {n°,n*,n?, 1%, 0", n?}. (3.43)
dt,7 = t,7(27 — ip — ic) + 2ivy3

These imply that we can find a subbundle where one of ¢;7,%,5 vanishes identically, but it is

not yet clear that there are any coframings on which both vanish. To show this, we revisit the
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equations (3.37),(3.39). For the former, we wedge the right side of the equation with n?.

0= (d’n") An?
=(-dy' +(r—io) AY =P AP = F'? Ant + e An?) An® AP
+(=dr —ido— V' At + 2 AnZ 4+ en® AnP) At AP

+ P22 At At An? + etynt Ant AnE AR
Similarly, wedge the right side of the identity for d(dn?) with n'.

0= (d*) An'
= (A + (T —i) AV = AR = P2 AP + 3 At AnP A !
+(—d7’—id§—€i’}/2/\77§+i’71/\7]T+61’}§/\773)/\772/\7]1

—|—F2F17]T/\77§/\772/\171—|—t2§r]§/\n2/\nT/\nl.

Now subtract the latter from the former, reduce modulo 1°, 73, and plug in 2d7 and idg + ids from

(3.36) and (3.42).

0= (a*n") An* = (d®p) An!
= —(2d7 +ido +id¢) An* An* + (et — t2§)n§ A2 A nT Ant mod {770, 7]3}

2etyg — tyz)n” An° An' An! mod {n°, n*}.

Thus we see that et;7 = ty35, and by (3.43) there exists a subbundle By C Bs of 4-adapted

coframes on which ¢,7 = ty;3 = 0. We also see from (3.43) that when restricted to By,

v =0 mod {n°,n", 7% 0", n}. (3.44)

Fix a new 4-adapted coframing 63 in order to locally trivialize Bs. As with G3, we seek a

parametrization of the structure group G4 C G3 of By by taking g~! € C°°(Bs,G3) to be the
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matrix (3.34) and solving the differential equation 4* = 0 in

g 'dg =

2T

0 0 0

T+ 1ip 0 0

0 T +ig 0
iy? ivt o +ig |

The result is that we locally have By & G4 x M where G4 is all matrices of the form

t2 0 0 0
c! tel” 0 0 L o
. ; r,s,0£teR;c,c” € C. (3.45)
c? 0 tels 0
I tiQClC2 %eiTCQ %eiscl ei(r—i—s) |
Pulling back along ¢4 : By — B3, we keep the names of all the forms, and relabel
T° = j(for = fr2), F} = ijty3, Fy = dtor,
so that the structure equations (3.35) pull back to
n° 27 0 0 0 n°
nt y'or+ie 0 0 nt
d =— A
n? 72 0 T+ ic 0 n?
7’ 0 in? iy! ip+tis 7
- : - . - : i} (3.46)

int Ant+ ein? An?
end /\7]§—|—Fl77T/\172

773 /\77T+F277§/\771

I —BAR 4+ T3 A+ F32 At + E3nt An? |

We absorb the real part of T as follows. As in §3.3, we focus only on the relevant two-forms.

d® = —iy? At — iyt An? = (o +i) An® + T An + ..

= —i(y2 — i%ReT?’nQ) At —i(yt + i%ReTgnl) An?
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— (io+ i%ReT‘?’no +ic— i%ReT‘O’nO) A FAImT3nt An? 4. ..
so let
i0:=ip+1iiReT?;", i¢:=ic—iiReT?n’, 4':=+'+iiReT?n', 4% : =+ —iiReT?n?

and note that these choices leave the structure equations for dn', dn? unaltered. We drop the hats

as we prepare to absorb new torsion introduced by the pullback along ¢4 of ¥3. According to (3.44),

we expand
V=3 — it = Tint — fn? - TEn? — finP,
for some functions f,T € C°(By4,C). We absorb the f{ and f3 terms via
92 = iy — £, 50 = iy — £,

Now drop the hats for one final absorption — the imaginary part of f3 — which will proceed in a
similar manner to how we treated the real part of T2 above. Notably, we modify forms so that the

equations for dn', dn? remain unaffected. We have

dn® = =iy At —iy' An? — (o +i) AP + fan> An® + ...
= —i(v* +i3Im(f5)n°) An' —i(y" +idIm(f$)n") A n?

— (io +ic +ilm(f3)n°) An® + Re(f3)n° An°...,
so we define
0= io+1dIm(f)n0, i o= ic+iim(F)n°, A=A+ i2Im(fn', A7 =47 + SIm(fE)n’.
Let us drop the hats and rename

/% :==Re(f3), it3 .= ilmT3.
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By arranging for these torsion coefficients to be purely real and imaginary, we have exhausted
the ambiguity in the pseudoconnection forms v!,~2,ip,ic € Q'(By,C) which is associated with
Lie-algebra compatible additions of semibasic, iR-valued forms to ip and is. In particular, ip and ig

are now completely and intrinsically determined by our choices of torsion normalization, manifested

in the structure equations

n° 27 0 0 0 n°
n' y'or4ie 0 0 n'
d = — /\
n? ~? 0 T+ ig 0 n?
i 773 | i 0 i'y2 i’y1 io + ig | i 773 |

int At + ein? An?
e A2 + Flnl An?
773 /\77T+F277§/\771

| PP AR it A+ TEE AR + T2 An° + Fin? Ant + Fint An? |
(3.47)

In contrast to ip and is, the pseudoconnection forms 7, ¥, and 42 are not uniquely determined by
the structure equations (3.47), as they are only determined up to permissible additions of semibasic,

R-valued one-forms to 7. Specifically, these structure equations are unaltered if we replace

7 T y 0 0 n°
?}/1 = ")/1 + O y 0 771 ;yeCOO(B47R)' (348)
A2 2 00y ||n

The new variable y fully parameterizes the remaining ambiguity in our pseudoconnection forms;

i.e., adding any other combination of semibasic forms to 7,~',7? will not preserve the structure

equations.

3.5 Prolongation

The collection of all choices (3.48) of 7,41,4? preserving (3.47) defines an affine, real line bundle
e Bil) — By with y as a fiber coordinate. Bfll) is the prolongation of our G4-structure 7 : By —

M, and may be interpreted as the bundle of coframes on B, which are adapted to the structure
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equations, so that we are essentially starting over the method of equivalence. We commit our

usual notational abuse of recycling names as we recursively define the following global, tautological

one-forms on B il) .

_no_ (10000000 0] _no_
n* 01 00O0O0O0O0O n'
n? 001 0O0O0TO0TO 0O 7’
n® 000100000 n®
o |=]1000010000O0|7| o |- (3.49)
S 0000O0T1O0O0O0 S
T y 00000100 T
At 0y 000O0O0T10 At
2 00y 00O0GO0OTO 01 42

These four R-valued forms, along with the real and imaginary parts of these five C-valued forms,
are one real dimension shy of a full, global coframing of Bf). As usual, we find the missing one-form
by differentiating the tautological forms and normalizing torsion until the resulting pseudoconnec-

tion form is uniquely (hence, globally) defined. From (3.49) we see that if we maintain the names of

our torsion coefficients after pulling back along 7, the structure equations (3.47) still hold on Bil):

dn® = =27 An° +int An' + ein? A2,

dp' = =" A’ — (7 +i0) At + en® An? + Finl Av?,

dp® = = A = (r+ i) An> +0° Ant + F2p? Ant, (3.50)
dn® = —in? At — it An? — (o +i<) A + 2P An® + Pt Ap?

+ gt An® + T3 An® + FPn? An' + Fyn' An?.
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For the remaining tautological forms, we have in analogy with (3.8),

io 00 0 0 0 0 =e

is 00 0 0 O 0 =

di 7 |==]100 v 0 0 |[A|n |+]|E |, (3.51)
! 00 0 o n' =l

_72_ _00 0 0 1/}_ _172_ _52_

where ¢ € Ql(Bil)) is our new pseudoconnection form and the = € Q2 (Bil),(C) are 7-semibasic,
apparent torsion two-forms. As always, we discover explicit expressions for our =’s by differentiating

the known structure equations (3.50). Differentiating the equation for dn° yields something familiar:

0 = d(dn°)

= (=2d7 +iy' A nT — i’yT At +eir? A 775 - ei'yf A1) AP,
whence we conclude
2dr =iyt A nT — iVT At eir? A 775 — eivi An? 420 AP, (3.52)
for some R-valued (g € Ql(Bil)). Using the equation for dn', we find

0 =d(dn")
= (- '+ (r—ig) Ay — e AP + Iy An? = F'2 At — eBn' An? —ef*n An?) An°
+(=dr —ido—iV' At + a2 A + e AP + it An® + FU P22 Ant + |[FU202 An®) Ant

+ (dF' — FY(1 — 2ip +i¢) + 6?2773 + 6F237’]§) A nT/\ n,
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which by Cartan’s lemma yields

—dyt + (=i A — ey AP+ Il An? — Fl?2 At — eT3nt An? — ef*n An?
—dr —ido —iy' At + 2 An? + e AP+ et An? + FLE22 Aqt + [F' 202 An?
(dF! — FY(1 — 2ip + ic) + Fond + eF3n?) Ant

G G 4 n°
== ¢ ¢ &g N
& & ¢ n?

(3.53)
for some &,( € Ql(Bil),C). Plugging this back into the same equation 0 = d(dn') reduced by n*

shows
055%/\772/\770—1—55/\772/\771 mod {n'}
B (3.54)
=0=4,4 mod {n°,n',n* n'}.

Moving on to dn?,

0= d(dn?)
= (=Y + (T —i) AV = AP = P2 AP + PP At = TEn? An' — £20* An') An°
+ (—dr —idg +iy! At — e An? +en® An® —it*nt Ant + F2F'E An? + |F2|277T/\171)/\172

+ (dF? — F%(1 +ip — 2i¢) +F1773 + E3pYy An? Ant.
By the same argument,

—Ay? 4 (1 i) AP = AT A = PP AP+ P At = T At — PP At
—dr —ids + iy At — e A 4 en® AP —itnt Ant + F2Fnt An? + |[F22p8 An!
(dF? — F2(r +igp — 2ic) + F P + Finl) An?

@ G & n°
==& & & [N
;g ¢ '
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for more, yet-unknown &, € Ql(Bé(ll), C) which satisfy

0= A" A +& A0 AP mod {n*}
B (3.56)
= 0=¢,6 mod {n°,n',n* n’}.
From (3.52),(3.53), and (3.55) we have gleaned
dr =3y'Ant = Ant el AP — el AP+ G AP,
ido = -3~ A n'+ %VT/\ n' + ey A n? + e%’yf/\ n? + e’ AP+ éit’n® AP
+ FLERP At + [ FHP0? A® 4 (G = o) A + ARt + €5 A,
id¢ = %71 A 77T+ %VT/\ nt — 6%’)/2 A nj—i— e%*yi/\ n? + eng/\ n® —it3nt A 77T
+ P2 AP + [Pt At + (G = Go) An® + G5 AN + & An, (3.57)

dy! = (1 —ig) Ay — ey AP + Flyt AP — Py At — eIt An? — ef*n® Aop?

+ AN+ AR +E AP

d72=(T—iC)/\’72—VT/\Ug—szl/\Tlf—FFQ”yg/\Tll—TST}E/\T]T—JC‘BUB/\UT

A+ G AN+ E AR

We learn a bit more about the £’s and (’s by differentiating the final equation from (3.50).

0 = d(dn*)
=i(~dy? + (1 — i) A2 + F2 AP + T2 Ah) At
+i(=dy' + (1 —io) Ay + F192 A nT—i— eTlg’nT/\ 7]5) An?
+ (—ido — ids — iy' A nT — ey A 775 + (83 + f3)77§ AP +it = At A nT) AP
+(FSy" 1 = 20" + ™) A Ao

+ (FP? =i + VY + TEn*) At An°
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+ (dT2 — T2(37 — 2ip — i) — F3y2 + (TEF” — f*F3)n®) An' An°
+(AT2 — T2(37 — o — 2ic) — Fiy' + (T2F — PPED ') An? Aqf°
4 (dFE —2F3(r —i¢) — F3F n? — F3F2nY) A2 At
+(dF? — 2F3 (1 — i0) — F3F n' — F3F'%) A A2

+i(dt® = 2637 4+ PE) At AN+ (dfP = 2037) AP AL,
After plugging in (3.57), this becomes

0= (C2+& + 2" + (|F2)2 + 218 — ) An® An!
+ (68 + G+ e2in® + (IF')? — e2i(® + £2))n®) An® A
+ (1 + F3y +i(t — 7 + 20y A A
+ (1 + FPy? —i(t + )92 + Tn®) At An°
+ (dT2 — T2(37 — 2ip — is) — 372 + (TEF" — f*F3)n®) Ant An° (3.58)
+ (T2 — T3 (37 — i — 2ic) — Fi' + (TEF — f3FHn ) An® An°
+ (AFP — 2F}(r — i) + 2iF%y! — F§F 0% — (F3F? + 2T2)n") A A
+ (AF — 2F3 (7 —ip) + AF'Y* — FFn' — (FPF' + e2AT2)0%) At A

Hi(d? = 2887+ OO0 = L+ ) At A+ (A -2+ G+ G - 200) An A

For later use, we observe that if we reduce by {n°,n?, nt, 775} or {nt,n?, nt, 775}, respectively, then

we can say

0=de3 — 2637 + f330° — (L + &

0=df? —2f°7+ ¢ + G — 26

mod {n°,n", 0%, n*,n",n*}. (3.59)

Now we return to the unreduced equation (3.58). With (3.54) and (3.56) in mind, we see that
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reduction modulo {n°,n',n'}, {n%,n%, n%}, {n*,n 0t 0}, {n?,n%, 0%, %}, respectively yields

s = —e2iy® — (|FY)? — e2i( + )’ mod {n°,n*,n', 0%, 1%},
2= —2iy" — (IF?P +2i( — )’ mod {n°,n*,n*,n",7°},
i ’ o (3.60)
@& =iF — (8 — Pt + T2 mod {n*,n°,n",n*,n* 7"},
(G =10y + (8 + ) +1iTn° mod {n*, %, 0", %, 0", n°}.

Thus, if we define

&5 = (5 + e2in® + (|FY? — e2i(t® + f2)n?,
€0 = (¢ + 2" + (|F22 + 2i(° — £2))n,
€ = () —iFiy + (£ — ' — dTirp,

€= —iFPy? — (£ + f2)0? — 1207,

§o == Co + ¥,
&=+,
&5 = (5 + 1,
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then we are left with an expression for each of the Z’s in the structure equations (3.51) of Bé(ll):

E =iy At — I At + el An? — el A+ & A,

20 =St apl — 3T At ey A2 i A e’ AP+ LR Aqt

+ (|F'P = et®)n® An* — (IF?) + 2i(t> — f2)n" An' + (&0 — &) An° + 8 At + 68 AP,

E<=%’Yl/\nT—l-%vT/\nl—E%WQ/\775—63%75/\7724-6773/\773+F2F177T/\77§

(PP +it* )t Ant — (IFYP — e2i(f2 + )02 An? + (€2 — &) A1’ + & Ant + &5 A,

E' = (r—ig) AY = e AP +iFPy ARY + FIyt An? — Fl? AT+ (£ — 27" A

— e’ AP — it AP + 0P A+ AT+ & AR+ & A,

B2 = (1 — i) Ay =y AR HFP2 A — P2 A + P22 At + (88 + )02 A

— PP At =T A+ An° + A’ + €5 AP+ EE AT,

(3.61)
where, by (3.54),(3.56), and (3.60), we now have
&,6  mod {n°,n',n% '},
.6 mod {n°n',n% 0%},
0=4 & mod {n°, n?,n%,n',n’}, (3.62)
& mod {n°, n*, n',n?, 9},
&6 mod {n° ', 0", 0% 0’}
Using the fact that idp is iR-valued, we can write
0=2¢4E°
= (& + & —280) A’ + At + €2 AT + ity A+ 4i(8 — fPnt At (3.63)

—1—=2 5 i 3
+(E—F Fn' ) A + (62— FIF*n') A,
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which along with (3.54) shows that 3> = f3 = 0. Plugging these zeros into (3.59) yields

=-4+8
0=¢1 +&5 -2

mod {n°,n*, 7% n*,n",n*},

so in particular,

=& %
E:=8&-%

=0 mod {n°,n",n% n°,n",n*}. (3.64)

We know that &p is R-valued, so we can replace ¢ with 1[1 = 1 — &y, which has the effect of
removing the &y term in the equation for dr and replacing & with & := & — & (i = 1,2) in the

equation for dy’. We therefore update our structure equations

dr == A’ + 3y At = Iy Ant +ely? An? — el An?,

idQZ—%iVl/\77T—%i’YT/\Tll+€%’72/\77§+6%’Y§/\772+€T]§/\773+F1F277§/\77T

HIFP? AR — PPt At + & A + €8 At + 68 AP,

id¢ = %’ylAnT+%'yTA771—6%’72/\ni—e%i'yg/\nQ+e77§/\173+F2F1nT/\77§

F P2t At — | FYPP A 4+ €2 A0+ €5 At 4 €5 AP, (3.65)

' = b An' + (r =i Ay = e At Y A+ P At = Pl At

— T2t Ap? + T2 An° + G A° + €L ARt e AR

4y’ = = A0’ 4 (T 1) A =y AP PP A = Py A? + P2 At

—TEn* An' +iTEn° An® + & An° + &8 At + 8 An?
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where by (3.62) and (3.64) we can say

&,¢8 mod {n°,n', 7% n'},
&,& mod {1°, ', 7%, 7},
0=4q & mod {n°, 7%, 7%, 0", n*},
13 mod {n°,n',n%,n?,n*},
€5.63,¢.62 mod {n°, 0", 0t 0%, %, }.

By collecting coefficients of redundant two-forms and suppressing forms which are only wedged

against themselves in all of the equations, we may more specifically assume

.6 mod {n°n',n'},
.6 mod {n°n?% 0%},
¢ mod {n°,n?,n*},
0=4 & mod {n°, n', n*}
& mod {n',n', n%,7°},
& mod {n', n?, n%,7°},
¢.¢ mod {n', 0% n°}.
Let us therefore expand
& = Pon' + Pin' + PLn? + Pian®, €8 = PZn' + Pyn® + PLn? + Pen®,
3 = Pogn’ + Py + P21177Ta i = Pion® + Piyn® + P12§77§7
& = Qin' + Qi + Qi & = Q' + Q& + Q3
€2 = Rion° + Rygn® + Rusn?, €2 = Roon® + Ro1n' + Ryyn?,
&5 = S10n° + S12n? + Sy31%, €5 = Saon® + Syt + Sazn?,

for some functions P,Q, R, S € C* (Bfll), C). With these in hand, we return to our argument about

the imaginary value of idg from (3.63).

4

[1]]

0=

(1]

oy
_ o i _ L
= +EA+EAN +EA +(E-F Fo' ) A + (& - F'F’n') nn?

T 5 —1 —1 —1 3 5
= (Qin' + Qi + Qin® + Q' + Qan® + Q3n”) An® + (Rion® + Ryzn® + Risn®) An'
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— — - =T I )
+ (Rion° + Ryzn” + Risn®) An' + (Raon® + Rain' + Rygn' — F F'n') An?

+ (Roon® + Raxn® + Ry — F'F?pl) Anf.
Thus we see that

—1—2 —1 —1 —
Q3 = Ri3 =0, Royy=F F Ry = Q7, Ry = Qs, Ri5 = Ro1.

Similarly, i¢ is iR-valued, and we have
0==+Z
_ o B L o
=+ +(E-FF P )An' + (& - FPF'?) An' + & A" + A0
T 5 —2 —2 -2 7 5 —2—1
= (@' + Q50 + Q3n* + Q' + Qan” + Q3n°) A + (Swon” + Sian® + Sign® — F F ) An'

+ (S10m° + S12m? + Si5n? — F2FY2) At + (Saon® + Sopn® + Saan®) An?

+ (§20770 + §2T771 + §237I§) A 7757

whence

—1—2 —2 —2 =
Q3 = Sa3 =0, Sip=FF, S0 = Qr, Sz = U3, Siz = St

We reveal a few more relations by revisiting our original structure equations.

0=d*p! mod {n'}
=&AP A +EE A A} mod {n'}
71 —
= Pyn' An? A’ +Qan’ AP At mod {n'}
—1
=Py =Qy.
Similarly,
0 = d*p? mod {n?}
Eff/\nl/\77()—i—§“§/\771/\7]2 mod {n*}
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72 —
= PLn? An' An®+Qm° Ant An? mod {n*}

—2
=Ph = Q.
And finally,

0=d*’® mod {n',n?}
= (0 +E) AP AN+ (E5+ &) An® An? +igg AP An° +iE Ant Ay
Fi(=E +E) A AP+ E ) AP Ay mod {n", 7}
= @1+ QD1° An® At + @y + Qo AP AP

+i(Pynt + Psn®) An? A’ + i(Phn? + PEn®) Ant An° mod {n',n?}

=1 =2 =1 =2
=Py =i(Qz+Qy), Pu=iQr+Q1), Py =Py

We give preference to the (0’s in our notation, so we can rename the only remaining R := R,5 and

S := S,5. We also rename Py := P3; = P2, to emphasize that the equations for dy! and dvy? have
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this term in common. Dropping the hat off of ¢ in (3.65), we summarize our results so far.

dr = —p An® + Iy At — T Ant + el An? — el An?,
. . - .7 . 5 .5 = 5 T —1-—2
ldQ:—%’Yl/\nl—%’Yl/\nl+€%'y2/\772+€%72/\772+6773/\773+F1F27]2/\771+F Fnl/\UZ
7 T - =1 5 —=1
+ PP A =[PPt At + (Qin' — Qm' + Q3n° — Qan®) An°

+ R2 Ant + Bt An?,

. . - _—— . 5 .5 = - 5  —1-—2
1d§:%’71/\7’]1+%’yl/\’l’]1—6%’)/2/\7]2—6%72/\772+6773/\773+F1F27’]1/\772+FFnz/\nl
- 5 T =2 5 =2
+[F2Pn" Ant — |F'P® AP+ (Q3n' — Q' + Q30 — Qan®) An°

+Sn® An' +8nt A,

Ay = o An' + (r =i Ay et A Y A+ P A - Pl At
T 05 .aw T 5 .—=1  —=2
— Tt An? + dT2n® An° + (Pon' + Pjn' + Pign® +1(Qg + Qa)n®) A7’

B o _
+ (@' + Qin” — Qan®) An' + (Pyon” + Pyn') AP,

dy? = = An? + (1 —i0) A? =T AR +iFP2 A — F2y An? + F292 At
— T At T3P A + (P2’ + Pon® + P +i(Q1 + Qon®) A
+ (@20 — Q' + Q%) A + (Pin® + PLiP) At
(3.66)
By replacing @[AJ =+ %(Po + Po)n°, we absorb the real part of Py in the equations for d~y!
and dvy? without affecting the equation for dr. After this absorption (and dropping the hat),
1 is uniquely and globally determined, and we may replace Py in our equations with ipy where
po € C(B) is the R-valued —1i (P, — Py).
Note that our equations are now free of any unknown one-forms, which is just in time for us
to introduce the last one we will need. It shows up in the equation for dv, which we obtain by

differentiating 2dr.

0 = d(2dr)
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:(—ad¢—4¢AT+2w1Ay?+&hPA7?”
+i(PL — P20 An® +1(Pyz — ePor)n® An' + (Pl + ePio)n® An' +i(eP + Pyg)n' An?...
+ QL+ QD7 An® + (@1 + QDN AP + (@ + Q) At + (Q+ QD At
+ F‘;’yl Ant+ F3y Ant + efi’fyz AP+ eF32 An?. .
+ 67%73 At eTf’n§ Ant+ eT%n3 AP+ eTgng A 775) AL
Thus, for some R-valued ¢ € Ql(Bé(ll))7 we have a final structure equation
dp = -2 AT+ Ay + e AR+ AR + $(Ps— ePOQT)nT/\ n?
+ %(?(1)5 - GP(Q)T)WQ At + 3 (P + 5??0)772 At 5(ePy + P;o)nl A
+ 4 QL+ QD0 An? + X (@1 + QD AP+ 5@z +Q)n° At + 3(QL + QD) At
+ %ngl Ant 4+ %FQ?’WT A+ 6%??’}/2 An?+ E%Ff’vi A

=3 T T =3 5. 3
+ E%ng At + e%TT‘O’nS Ant+ G%Tgng An?+ €%T§3773 A D2
(3.67)

In order to expand (, we first revisit

0=d*?

. . . ) — _
= (dF3 — 2F3 (1 — ip) + 2iF*y? + (1(Q% — Q%) — FPF Y Ant An? mod {n°,n*,n?},
which implies
: . . . 2 T 2
dF23 = 2F23(7— - IQ) - 21F1’72 - (I(Q% - Q%) - Fl?)F )771 mod {7707 7727 7733 7713 772} (368)
Now differentiate dy' and reduce by all of the n’s except n°,n'.

0:d2,yl
= —C A" Ay +I(dF = 2F (7 —ig) + 28F'7*) Ayt A g

. . 1., =1 —=2 —1 5 _ - =
+ (idpo — 4ipoT + Q1" + Qv + Q27 + (Q3 —iF F5)v*) An' An®  mod {n*,n°,n', n* n*}.
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Plugging in (3.68) then yields

. . —1 —1 =
425" = (—idpo + 4ipor — ¢ — Q' — (Q2 —iFF ) — Qa7 — (Q —iF F)y?) An® An'
mod {i%, 1%, 0t 2, 1°},
= d%y" = (idpo — 4ipo7 — ¢ — QT — (QF +iF F2)y' — Q3% — Qg +iF'Fy)y®) An° At

mod {n*, 7%, 7%, 7%, 7},
where we have used the fact that ¢ and py are R-valued. We exploit this further to calculate
0=d*yt A nT — dzq/T At mod {n*,n*, 7757 773}
—1  —2 .3 —2 =1, ;=3
= (- 20— @+ QT +iF F2)y' — (@5 + Qs +iF'Fy)y?
- — _ B

—(QF+ Q2 —iFIF )y — (Q2+ Q5 —iF F)7?) An® A Arf

mod {n°,n",n*,n*,n", >, n°},
by which we find

—1 —2 =3 —2 —1 . —3
—2(@Q1+ QT +iF  F?)y' — 3(Qz 4+ Q3 +iF'Fy)y°

32 T 18y 3 T 3 3
— HQE+ Q2 —iFTF )Y — L(Q2 + QL —iF F))? mod {n°,n', 7%, n*.n',n* n*}.
(3.69)

S
Il

Thus, if we define £ € Ql(Bil)) to be

—1 —2 =3 —2 —1 . —3
C+3@Q1+ QT +iF F?)y' + L(Q3 + Q3 +iF'Fy)y?

_ o
+ U@+ Q2 —iFPF )y + L(Q2 + QL —iF )Y,

o
I

then by (3.69) we know
€=0 mod {1°,n',n*n* 0", %, 7},
which along with the fact that ¢ is R-valued (and wedged against n°) means we can expand

€ = 01" + 01" + Oz + 02 + O3n* + O3, (3.70)
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for some O € COO(BE),(C). We incorporate the expressions (3.69) and (3.70) into our equation

(3.67) for de, which we append to our list of completely determined structure equations

d??o2—27'/\770+i771/\’l7T—|—617’]2/\77§,
d771:—vl/\no—(T—Hg)/\771+6773/\77§+F177T/\7727
d? = =2 An® — (1 +i) A + 0P At + F2? Aqpt,
dp® = =iy Ant —int An? = (o +i¢) An® + T2 An® + TEn? An® + Fin? An' + Fin' An?,
dr = —p An® + Iy At — Iyt Ant + el An? — el Aq?
ido=—3~t At = Bt At el A el A+ e® AP+ FUF2? At T FFp AR
+|F P An® = (PP At + (Q" — Q' + Qb — Qan®) An°
+ Rp2 An' + Ryt An?,
ide = 14" Anl 4 i ’y Ant —e?é"y?/\n e%i'yi/\nQ—i—eng/\ng+F1F27]T/\77§+F1F2772/\771
HIF2 2T At — [P An? + Q2" — Qi + Q2% — Qan®) A
+Sn§/\771+§nT/\n2,
dfyl:—1/1/\771+(T—ig)/\71—eqlﬁ/\n?’—FiFQ?"yT/\nO+F17T/\772—}7‘172/\77T
— eTn" An? + dT20? An® + (ipon* + Pin® + Pon® +i(Qz + Qa)n®) A
+ (@M + Qh® — Qn®) At + (Pagn® + Pan') An?,
d’}/2:—¢A772+(T—ig)/\’)/2—’}/T/\773+iF13’y§/\770—F2’yl/\77§+F2’y§/\771
— T At AT An° 4+ (PEn' + ipon® + PAn® + 1@t + Qo) A’
+(Q20" — Q' + Q%) A + (PRn® + PEn®) A,
Ay = =20 AT + iy Ay + ein® A2 + (01! + 01t + Oan® + Oan® + Osn® + Og®) A 7P
— 3(@Qr+ Q1 +iF{FAy A — 5(Q5+ Qg +iF Fa)y? A
— L@+ Q2 —iFF )Y An® — H(Q2 + QL —iF F3)n® Anl + (Pl — ePE)nt A
+ 1(Poz — ePop)n® At + §(Ply + €Pro)n? At + 3(ePE) + Poo)n' Ar?
+ M QA+ QP AR + @1+ QDN AR + 1@z + Q)0 At + 5(QL+ QY Ayt
+%F271/\n1+%F§’7 /\77 + €35 Fv /\17 + €5 F’y /\77i
+ 6%7%773 A 771 + E%Tfo’ng A 77T + 6%7%773 A 772 + e%Tg’n§ A 775.

(3.71)
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Let m := o7 so we have the bundle 7 : Bfll) — M. At this point, the coframing of Bfll)

given by the five R-valued forms n°, 7, 0,<,% and the real and imaginary parts of the five C-valued
forms n', 7%, 13,71, 4% is uniquely and globally determined by the structure equations (3.71). Thus,
this coframing constitutes a solution in the sense of E. Cartan to the equivalence problem for

7-dimensional, 2-nondegenerate CR manifolds whose cubic form is of conformal unitary type.
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4. THE PARALLELISM

4.1 Homogeneous Model

Consider C* with its standard basis v = (v, Vs, v3,v,) of column vectors and corresponding
complex, linear coordinates z1, 22,23, 2%. A basis v = (v, va,v3,v4) of column vectors for C* will

be called an oriented frame if
Vi AVa ANV3 AVy =V AVy AV3 AVy. (41)

Let B((Cl) denote the set of oriented frames, and observe that fixing an identity element v determines
an isomorphism B((Cl) > SL,C whereby the oriented frame v is identified with the 4 x 4 matrix
[v1,v2,vs,va]. If Gr(2,4) C P(A2C?*) denotes the Grassmannian manifold of 2-planes in C?*, then

B((Cl) fibers over Gr(2,4) via the projection map
w(v) = [v1 A va],

where the bold brackets denote the projective equivalence class a la Pliicker embedding. This
fibration exhibits Gr(2,4) as the homogeneous quotient of SL4C by the parabolic subgroup P C

SL4C represented as all matrices of the form

i.e., the stabilizer subgroup of the plane spanned by v, v,.
Let €,0. be as in §2.4, and introduce a Hermitian inner product h of signature (2 + d¢,2 — )

on C* given in our linear coordinates by

h(z,w) = 2'%0* + 2w — %W + 237,

Now SU, := SU(2 + 6,2 — §.) C SL4C denotes the subgroup {A € SL,C | h(Az, Aw) =
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h(z,w) Vz,w € C*}, and Gr(2,4) decomposes into SU, orbits as follows. Let IT € Gr(2,4). In
the SU(2,2) case, h|i has one of the signatures (2,0),(0,2),(1,1),(1,0),(0,1),(0,0). In the SU(3,1)
case, h|r has one of the signatures (2,0),(1,1),(1,0). In both cases, we let M, denote SU, - [v; A¥s],
which is an orbit of codimension-one in Gr(2,4) where h|; has signature (1,0).

An oriented frame v € B<(C1) will be called a Hermitian frame if

0 00 1
0 — 0 0
[, v)i jo1 = ~ (4.2)
0 010
1 00 0

In particular, v is a Hermitian frame. Let B(Y) ¢ B((Cl) be the subset of Hermitian frames, and note
that fixing v once again determines an isomorphism B(Y) 2 SU, in the same manner as before. The
most general transformation of v which preserves the 2-plane [v; Av,] € Gr(2,4) and yields a new

Hermitian frame v is given by

vy = %el/4(_T+s)E1»
vy = 62671/4(T+38)11 _|_e—1/4(r+3s)!27

vy = —cle/ i Tely 4 eVilBriely,

vy = e ) iy — L(|! P — €|®[?))y, + e’ Ty, 4 e Ty, 4 el o)y

for r,s,t,y € R (t # 0) and c!,c?> € C. Thus we see that the eight-dimensional Lie group P, :=

P N SU, is parametrized by

%ei/4(*r+s) C2efi/4(r+35) _¢l ei/4(3r+s) tei/4(7r+s) (iy _ %(‘Cl ‘2 . 6|C2 ‘2))
0 efi/4("‘+35) 0 GEQtei/4(7r+s)
(4.3)
0 0 ei/4(3r+s) Cltei/4(,r+s)
0 0 0 tei/4(_7’+5)

60



The restriction of the projection 7 to BY) now determines a fibration over our model space M, by
which we realize M, as the homogeneous quotient SU,/P,. Observe that our parametrization of

P, may be decomposed into the product P, = P2P!P? where the factors are matrices of the form

(10 0 iy | (1@ @ (P —deP) ]
Pt 010 0 | Pl — 0 1 0 €c? |
001 0 0 0 1 !
00 0 1 | (00 0 1
[ %ei/4(—r+s) 0 0 0 4
po— 0 e~ /a(rt3s) 0 0 |
0 0 e/ +s) 0
0 0 0 te/H(=rts)

with matrix entries as above. Each of P, P?, and the product P?P} define subgroups of SU,, and

there is a corresponding tower of fibrations

p? SU, . (4.5)

SU,/P?

(P2P;)/P?

SU, /P,

The four vector-valued functions B(Y) — C* given by v — v; (1 <j <4) may be differentiated

to obtain one-forms w! € Q' (BW, C) which we express by

%

de = viwj s

so that w := [w}] is the Maurer-Cartan form of SU,. Differentiating (4.1) will show that trace(w) =
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0, while

which is simply to say

differentiating (4.2) reveals

4 2 3 7] [ 4 4 1

Wi —ewl wi wi wi Wi ws wy

4 2 3 1 2 2 2 2

Wy —ews Wy ws —ewj —ew; —ew; —ewy

_|_

4 2 3 1 3 3 3 3

wy —ews wy ws wy ws ws wy

4 2 3 1 1 1 1 1
| wp —ew wp wg | Wi ws w; wy |

that if we let

0’ = —Im(wi), "=, n* = wj, n’ =i,

io = 1(3wi + w3), ic:=—2(3ws +w}), iyt = wi, —i? = w3,
then we can write
—7 —ito+il¢ —iy? —iyt —iy
—6’177 —iig — i%g eng —ei*yi
w =
n* 7 ifo+ijs iy!

—in n? nT T — iig—&—i
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and the SU, Maurer-Cartan equations dw + w A w = 0 read

dn® = =27 A9° +int /\77T+ei772 /\775,

dn' = =y An® = (T +i0) A + e’ AP,

dn? = —y* An° = (r+i5) An® + 0 A,

Ay’ = —in? At =iyt An? = (0 + i) AP,
d7':—1/1/\170—|—%’y1/\77T—%’YT/\nl—|—e%’y2/\77§—e%’y§/\7]27 )

ido = —34' A nt — 3gvT/\ n' + el AP+ e%vj/\ n? +en® AP,

ids = Iy Apt + Iy At — €32 An? — B2 AP + e AP,
Ayt =~ At + (T — o) At — e AP,
dy? = —p AP+ (T — i) A% =t AP,

d¢=—2¢/\T+i'yl/\7T+6i*yQ/\7§.

Observe that the equations (4.7) show

AW =21 +10°) = (b =27 +1°) A (n° =) + iyt =) A (YL = 0h) + (V2 = nP) A (2 = P),
Ay =) =@ —2r + ") At + (Y =) AR+ (T —10) A (v =) — e(v? = ) AP,

A2 =) = (@ =21+ ") AP+ (P =) A + (T — i) A (V2 =) — (vF — D) AP,

which proves that the Pfaffian system Z := {¢) — 27 + 1°,74" — n%,72 — 2, 4" — 1,42 — 2} on
BW is Frobenius. We let Bz denote the maximal integral manifold of Z that contains v, with

t: Bz = BW as the inclusion. Then w € Q'(BM, su,) pulls back to

-7 —ijo+iis —in? —int —i(2r — %)
—6775 —i%g — i%g en7 —ei77§
Gw =" € Ql(BLﬁu*)a
n* 7 i30+ij¢ in!
I —in® n? nT T—ii@+ii§ ]
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and in particular on Bz we have

Cdw 4w A w = 0. (4.8)

Moreover, when restricted to the fibers of 7|p, : Bz — M, (where the pullbacks of the n’s vanish),
(4.8) is exactly the Maurer-Cartan equations of the abelian subgroup P? C SU,. By a theorem
of E. Cartan ([IL03, Thm 1.6.10]), there exist local lifts By — SU, by which the fibers of Bz are

diffeomorphic to P?, and the fibration

POHBI

corresponds to the lowest level of the tower (4.5).

Using our identifications B") = SU, and By = SU,/(P2P}), we see that B() fibers over
Br as the P2Pl-orbits of Hermitian frames in Bz. We therefore identify an intermediate bundle
B = SU,/P? as the (P?P!)/P2-orbits (P? is normal in P2P}). The significance of B is that it

corresponds to the bundle By constructed in §3 when M = M,.
4.2 Bianchi Identities, Fundamental Invariants

We return to the bundle 7 : Bfll) — M as in §3. The coframing constructed therein is interpreted
as a parallelism w € Ql(Bil),su*) by writing w as in (4.6). The structure equations (3.71) on Bé(ll)

are now summarized

dw=-wAw+C

where the curvature tensor C' € QQ(Bil),su*) may be written

Cl —iC —ic,  —iCl
—2 - _3 1
—eF 2 At C?2 eC —eiC
C- e 2 : 2. (4.9)
Flpt An? C3 C3 iC3
0 F22 At Flnl AnE o C)

for C1 € 02(BM, C) given by
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C3 =Tin' An° + Tgn> A0’ + Fin> An' + Fyn' Anf,

_ —2
Ol =1Q = Q2" At + 1(QL— Q2 A® + L@ — QD' A’ + 1(@Q5 — Q)P Af°
+ PP AR — SEE AR 4 L P A — Y PPt A

+ X R-S)m A? + LR - S)n? A,

C3 = HQL+3Q2m° An" + H(QL+3Q2)1° An® + L(@Q1 + 3Q3)m" An® + L@5+3Q3)n* An°
—%F1F2771/\772+%F F 7’]1/\7’]2—%|F1|2T]2/\’I72+%|F2|27’]1 /\771

+i(R+3S)77 /\77 + 2 (R—f—SS)n /\n,

— = —1 —2 —1 —=2
C3 =13+ Q)" An' — 1(3Q1+ Q)" An* + 1(3Q1 + QD1 An' + 1(3Q5 + Q)n° A
T 3 1=l=2 5 -
—%FleT]l/\T]Q—F%F F 7’]1/\7’]2—%|F1|2772/\7]2+%|F2|27]1 /\771
—2BR+ S An® = 2BR+S)n* An',

Ch=iF32 A — PPy AP + P22 At = T8n% A’ +iT20% A

N =

+ (P2t +ipon? + P +1(Q1 + QD) An® + (P2n° + Pon?) An'!

o, _
+(Q2n' — Q' + Qn*) A0,

C3 =iF. 7 AP —|—F1A/T/\772—F1"y2/\nf—eT%nT/\ni—i-eiT%ng/\no
+ (ipon1 + PLn" + PL? + i@z + Q3)n®) A’ + (Phon® + Phn®) An®

+ (4" + Qb — Qan®) A1,

— 7 = 3 —~ 3 —1 =2 =3
Ci = (01" + 01" + Oam® + O2n® + O30 + O30 ) A — 2(Q1 + Q7 +iF F?)y' An°

. 1==3 T —1 5
(Q2+Q2 1F1F2)72/\7IO_%(Q1+Q2 1F1 )'71/\770_%(Q%+Q%_1FF23)72/\770

l\.’)\»—l

_ — ] . i —2 -
+ A(PY — eP2mt An® + 1 (Pog — ePor)® At + 5(Phy + ePro)n® Ay

M\-
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i 1 =2 T
+ 1 (P2 + Pog)n An® + €2 (QE+ QAP An® + (@1 + Q) A + L(@Q5 + Qo) A
HQL+ QP At + 1Ty At + L3 AT + T2 AP + L F32 An?

—3 - - — - =
+ AT An' + ST At + e3Ton® An? + ST Ao,

The coefficients which appear at lowest order are F!, F2. We find how they vary on Bfll) by

differentiating the structure equations

0 = d(dn")

:(dFl—Fl(T—2i9+ig)+eF77 + P30 —Rp' — PLoy®) At A2,

and similarly,

= d(dn?)

= (dF? — F*(1 +i0 — 21§)+F77 + Fnt — Snp? — 1277)/\775/\771.
Therefore, for some functions le, 4, 12 f; € C“(Bil),(C) we can write

dFt = F! (7—21Q+1§)—€F77 —eF3772—|—R77 —|—P1177 +f177 + fan?, ( )
4.10

dF? = F*(7 + 10— 2ic) — F ® — Fon' + Si + PAn° + f2n' + f2n%.

Recall ([IL03, Prop B.3.3]) that a form a € Q'(Bfll),C) is m-basic if and only if @ and da are

m-semibasic. We consider the R-valued semibasic forms
|F1|2 07 ‘F2|2770a (4.11)
and use (4.10) to calculate

A(F Pn°) = —(F R+ FiF)° At = (F'R+ AT )° An' +i[F Pyt An' + F Fon® An?
— (F' 12 = FoF Y0 Ap® — (FY Ty — eFSF n° An? + 6| FYn° Af® + eF 20 AP,
A(|F?Pn°) = —(F°S + FoF2)n° An? — (F2S + f2F )0 A? +1|F? )P0  An' + eF Fon® Ay

—2 —3 —2 —2 T . 5 5y
— (F ff = eF FP)n° Ant — (F2f1 — eFYF )’ An' + el F?Pp® An? + eF FPn° AnP.
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These are semibasic as well, so we’ve shown that the one-forms (4.11) on Bil) are the m-pullbacks
of well-defined invariants on M.
Let us make a few more observations about the equations (4.10). First, they show that if F'! or

F2 is locally constant on Bil), then they must locally vanish. Second, we see that if either of F,

F? vanishes identically, the other must as well. By the same token, we will have
F}=F}=R=5=P;=P5,=0 (4.12)

in this case. In fact, if either of F'', F? = 0, we will show that every coefficient function in the
curvature tensor C' must vanish too. This will follow by differentiating more of the structure

equations. We revisit

0= d2773
= (T2 — T2(3r — 2i0 — i) — F57° — (@ + QY)n® — iPin") An' An°
+ (AT — T2 (37 — i — 2ic) — Fin' — (Q5 + QHn® —iPyn®) An* An°
+(AF — 2F) (1 — i) + 2iF*y" — (R+ S)n” + (i(Q3 — Q%) — FSF ) — (FSF” + 2iT3)n") An® A’
+(AFS — 2F3(r —ig) + 2iF'y* — (R+ 8)n® + (i(Q} — Q}) — FYF)n' — (FYF' + e2iT)n®) A ' A

+ (T3F —iPn* A" A + (TEF' —iP5)n" An? An°.
(4.13)

Reducing (4.13) by n° and plugging in F} = F§ = 0 implies TTS = Tg’ =0 and Q% = % Q% = Qé

Then, returning to the unreduced (4.13) and setting TT?’ = Tg’ = 0 will show

3 3 1 1 2 2 1 1 2 2
T =13 =01=0;=071=0;=F; =Pz =F;=F5;=0. (4.14)

We assume that we have (4.12) and (4.14) as we now differentiate idg and idg;

0 = d(ido)
= —3pon® At Ant 4 epon® An? An?

i —1 5 i —2 T
+ §(€P120 +3Py)n” An' An? — 5(ePig + 3P)n° An* Ant,
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and

0 = d(ids)
=pon” An* An' —e3pon® An? A

i —1 5 i —2 T
- §(E3P120 + Pyo)n® An' An® + 5(e3P1y + Pyo)n® A A,

which together demonstrate

po = Pyy = P}, = 0. (4.15)

Finally, we simply state that differentiating dy' and d+? will now show
01 =02=03=0. (4.16)

By (4.12),(4.14),(4.15), and (4.16), we have shown that C = 0 when one of (4.11) vanishes. In
this case, the structure equations of M are exactly the Maurer-Cartan equations (4.7), and M is

locally CR-equivalent to the homogeneous model M,.
4.3 Equivariance

Let us establish some general definitions which we will use to interpret the bundles 7 : Bil) — By
and 7 : Bil) — M constructed in §3. A reference for this material is [CS09]. Let G be a Lie group
with Lie algebra g, H C G a Lie subgroup with Lie algebra h C g, and exp : h — H the exponential
map. For each ¢ € G, G acts on itself isomorphically by conjugation a + gag~! Va € G, which
induces the adjoint representation Ady : g — g acting automorphically on g. By restriction of this
adjoint action, g is a representation of H as well.

Suppose we have a manifold M and a principal bundle 7 : B — M with structure group H. For
h € H, we let Ry, : B — B denote the right principal action of h on the fibers of B. In particular,
the vertical bundle ker 7, C TB is trivialized by fundamental vector fields (x associated to X € b,
where the value at u € B of (x is %L:O Rexp(ex)(u). The bundle w : B — M defines a Cartan

geometry of type (G, H) if it admits a Cartan connection:
Definition 4.1 A Cartan connection is a g-valued one form w € QY (B, g) which satisfies:

o w:T,B — g is a linear isomorphism for every u € B,
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e w(Cx)=X forevery X €b,
o Rjw= Adp-1 0w for every h € H.
The purpose of this section is to prove the following

Proposition 4.2 For B = Bil) and G = SU,, the bundles 7 : Bil) — By and 7 : Bil) — M are
principal bundles with structure groups isomorphic to H = P? and H = P, respectively — c.f. §4.1.
The su,-valued parallelism w constructed in the previous section defines a Cartan connection for

the former bundle, but not the latter.

By construction, w satisfies the first property of a Cartan connection, and the fundamental
vector fields are spanned by vertical vector fields dual to the pseudoconnection forms that are
vertical for 7 or 7, so it remains to determine if w satisfies the final, equivariancy condition. In the
process, we confirm the first statement of the proposition when we realize a local trivialization of
the bundle 7 : Bil) — M via those of the bundles 7 : BS) —Bjand w: By — M.

Let g4 be the Lie algebra of G4. We know that G4 € GL(V), so g4 C V ® V* and we
can define gil) to be the kernel in g4 ® V* of the skew-symmetrization map V @ V* @ V* —
V ® A2V*. This abelian group parameterizes the ambiguity in the pseudoconnection forms on By
(c.f. [BGGO3, §3.1.2]). In particular, if we write n € Q*(By, V) for the tautological form on By and
use underlines to indicate a coframing of B4 which satisfies the structure equations (3.47), we have

a local trivialization BS) = gfll) X By as all coframings of B4 which satisfy the structure equations:

100000000O0]]|2n°
0 1 00000O0]|]|n7n
00100000 0]|][7n
000100000]|]|7n
000010000 0 (4.17)
0000071000 s
y 00000100 T
00y 0000010/~
00y 00000 1|27

We abbreviate the coframing (4.17) by 7, € B£1)7 and we let 4 denote the column vector (3.49)
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)

of tautological forms on Bil . With this notation we can concisely say

Ny = 7"ny.

For fixed y € R, let g € gfll) be the group element represented by the matrix (4.17) where the fiber
coordinate y € C'* (Bfll)) equals §. The right principal gil)—action Ry : Bfll) — Bil) is simply given

by matrix multiplication

Ry :my — g_lny = Ny—y-

Thus, the pullback R} : T;WQBS) — T;y Bil) of the tautological forms along this principal action

is also given by matrix multiplication

Ring =g 'ny
More explicitly,

_ r . ; -
n' n'
N n?
P P

Rl ol=| o | (4.18)

S S
T T — gno
7' Y —gn'

IR A e

It remains to determine R}%, for which we enlist the help of the structure equations (3.71) of

Bil). We differentiate the equation
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and use (4.18) to conclude
—Ry (W) A = = = 257) An”,
whence we see that
R;(¢) =4 —2g7 mod {n°3.
Let us therefore write
Ry () = ¢ — 2§74 an’
for some a € R and differentiate again, this time reducing by 7°, 72,13, 7%, 7% to get

* (T3 =3 % /753 —=3. T T . . -
0= 2(Ry(F,) — Fo)v' An' + 5(Ry(Fy) — Fo)y! ant —i(a— %)n' An'

mod {n°, 7%, 0%, 1%, °}.
Thus we conclude
Ry (¢) = — 297 + *1°,

which along with (4.18) shows

—(r—igm°) —igo+igc —i(y? —gn?) —i(y —gnt) —i(y — 27 +7*n°)
—en? —ito—idc en® —ei(y? — gn?)
Riw =
n* n? i20+ilc iyt —anh)
i i " 0! (r—9n°) —ije+izs

(4.19)

It is clear that gfll) is isomorphic to P? as they are both one-dimensional, abelian Lie groups.

71



We formally define an isomorphism ¢ : gfll) — P2 by mapping the element represented by the

inverse of the matrix (4.17) to the P? matrix in (4.4). In particular,

_100iy_
. 010 0
sa(g)—()OlO,
(00 0 1|

so it is straightforward to check that Ad,;-1)ow agrees with the matrix (4.19). Thus we have shown

that 7 : BL(LI) — By is a principal P2-bundle for which w € Ql(Bil),su*) is a Cartan connection.
Recall that the bundle = : By — M from §3.4 is locally trivialized as By = G4 x M by fixing

a 4-adapted coframing 63 of M. This trivialization parameterizes local 4-adapted coframings by

g~ 101 where g~ is the matrix (3.45). Furthermore, the tautological forms on B, have the local

expression
i’ 2 0 0 0 769
nt ct tel 0 0 0% r,5,0 #t € C®(By);
= ;
7’ ? 0 te'* 0 0% ct,c? € C®(By,C),
QS t%clc2 %eirc2 %eiscl ei(rJrs) E*G%

t2 0 0 0 00000 69
ct telr 0 0 00000 T 01
2 0 tels 0 00000 63
ti?clc2 1eir02 igisl ei(r+s) 00 0 0 0 E*Q%
0 0 0 0O 10000 o | (4.20)
0 0 0 0 01000 S
yt? 0 0 0 00100 T
yc! ytel” 0 0 00 01O 11
yc? 0 ytels 0 000 0 1 72

and this defines a local trivialization of the bundle 7 : Bil) — M as Bil) = Gfll) x M where the
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structure group Gfll) = gfll) X (G4 is parametrized as shown. We extend the isomorphism ¢ above

to an isomorphism GS) — P, by mapping the inverse of the matrix (4.20) to the matrix (4.3). In

)

this way we realize 7 : Bil — M as a principal P,-bundle over M.

We need not attempt to verify the equivariancy condition on this bundle; w cannot be a Cartan
connection for 7 : Bil) — M since the curvature tensor C given by (4.9) is not m-semibasic; see

[CS09, Lem 1.5.1].
4.4 A Non-Flat Example

Recall from §4.2 that a necessary and sufficient condition for a 2-non-degenerate CR manifold
M to be locally CR equivalent to the homogeneous model M, is that the coefficients F', F? of
the fundamental invariants (4.11) vanish. We saw that this implies the curvature tensor C as in
(4.9) is trivial, and such M is therefore called flat. To demonstrate the existence of non-flat M,
we consider C* with complex coordinates {2, z;};l:l, and let M be the hypersurface given by the
level set p~1(0) of a smooth function p : C* — R. In this setting, we can take the contact form
0° € QY(M) to be

Ip

60 = —idp=—i-"
P

dz". (4.21)

After a change of coordinates if necessary, the equation p = 0 may be written
F(2h, 22, 23, zT, zi, zg) =zt 4 217

for F: C3 — R, and the forms dz7,dz7 (1 < j < 3) complete §° to a local coframing of M. In the

simplified case that F' is given by

F(2', 2%, 23,21, 2% 2%) = f(2t + 21, 22 4+ 22, 2% + 29)

for some f : R?® — R, we have

L_OF _OoF .
108 g T
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and we denote their common expression by f;. Thus, (4.21) may be written
00 = —if;d27 +idz*. (4.22)

Second order partial derivatives are indicated by two subscripts, so that differentiating (4.22)
gives the following matrix representation of the Levi form of M with respect to the coframing

{d29, dzj}f—:l:

fir fiz fi3
fiz fa2  fo3
fiz foz  fa3
If we impose the condition that fi» = 0 while all other f;; are nonvanishing, then Levi-

degeneracy is equivalent to the partial differential equation

0 =det(fjr) = firfoafas — f11(f23)® — fa2(f13)?, (4.23)

which is satisfied, for example, when

(f23)® = L faa f33, (f13)% = L f11f33- (4.24)

We further assume that f;; > 0 for j = 1,2,3, so that when (4.24) holds, frs = £,/ %fkkfgz; for
k =1,2, and the coframing given by

60 1 0 0 0 60
6! _ 0 Vi 0  £y/ifs dz! (4.25)
0° 0 0 Vfn *y/3/m dz?
63 0 0 0 1 dz?

diagonalizes the Levi form,

de° =i0' A 6T + 162 A 62.

We will compute the structure equations for a concrete example: let x1,x2, 3 be coordinates
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for R3 and take Ri to be the subspace where all coordinates are strictly positive. Define

—z31n (W) . (4.26)

In the sequel, we will continue to denote z; = 27 + 27 in order to compactify notation. Thus, (4.22)

is given by

N P L (m (““2) - 2) dz* +idz*,
1 L2 (z3)

and our first approximation (4.25) at an adapted coframing is

69 1 0 0 0 6°

0" 0 ¥ o9 L dz!
_ 1 e Vs (4.27)

2 T3 1 2

0 0 o0 = 7% dz

63 0 o0 0 1 dz?

We differentiate to determine the structure equations so far,
d6° = i0' A G + 62 A 67,
1_ 1p3 1 1 pl 1 1 gl 3, 1 p1 3

de —?39 NG +¢T?9 N, 2m39 N, +2I39 A (428)

2 _ 1p3 2 1 p2 2 1 p2 3 1 p2 3
A6 = LO°NG* + =P NG — 507 NG+ 567 N 6P,

de? =o.

Recall that the structure group Gy of all 0-adapted coframings is parametrized by (3.3), and that
the subgroup G which preserves 1-adaptation is given by the additional conditions (3.13). The
structure equations (4.28) show that our coframing is 1-adapted as in (3.12), and we maintain this

property when we submit it to a G-transformation to get a new coframing
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The new structure equations are

dn® =i0Y A0 +i0% A 67,

1 _ p3’ 2’ 1+i o1’ 1’ 1—i pl’ 2’ 1—i 2’ 1’ 1+i o2’ 2’
do =6> NGO +4\/E9 AB +4\/E9 A6 +4\/59 N +4\/E9 A6

+ 10V A (6% —6%),

B B B B B (4.30)
d0* = 0> AOT + L0V N0+ 5 EL0T AOP + 0T A0+ 102 A 02

+ 1627 A (6% —6%),

d6* = 6* 6%,

so our coframing (4.29) is now 2-adapted according to (3.19). The structure group Gz of the bundle
of 2-adapted coframes is parametrized by (3.20), so our 2-adaptation is preserved when we apply a

G transformation to get a new coframing

n° 1 0 0 0 n°

nt ¢l 1 00 oY (431)
n? e 01 o 2 | '
3" 0 by by 1 0%

for some ¢!, c? by, by € C*°(M,C). The effect of this transformation on the first three structure

equations may be written

dn® = in* At +in? An? +in° A @0t = eyt + 27 - ),

_ 5 2,/z5(by —2ic')—1—i T 2y/@3(2b1+b2)—1+i 3
d771:773/\772+b72771/\772* ﬁ(‘l\/ﬁ) 771/\7717 ﬁ(4m2) 771/\772
—i T | 4yZ3(ict —b2)+1+i 2 3" ”
+ fin? At 4 DEU 2 A2y Lyl A (0% - 67 mod {°},
2 __ 3 T b 1 2 | 4ymz(ic®—by)+1—i 1 T 2yZ3(b1+2b2)—1—i 2 T
di? =0’ At = Gt AP SRRyt At - SRR Ay
i 5 2/Z3(ba—2ic%)—1+i 5 3’ ’
+ iyt An? - BEEE T2 A In2 A (65— 0%) mod {1°}.

(4.32)
We choose functions b, ¢ that eliminate the coefficients of n' A nT and nZ A 775 in the identities for
dn',dn? in (4.32). Therefore, set

L -1+ s 1+i

€ 41/$3 ’
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Now we have

dn® =int Ant + i An* 4 =’ AL = D0t + (L Dnt + (L Dn? + (1= 1)n%),

dpt = 0> An? + £t AP+ St At gt A7 = 07) — g A (it -t P i),
dif? = 7* A"+ AT+ et An? 4+ P A 05— 0) + o’ A (! — " —in? + ),
dg*" = 6% £ 6%

(4.33)

Finally, we apply a Gs-transformation — see (3.34) — to get

; (4.34)

—_
o

o o o
3
—

3 A 00 1 63"

which effects the following alteration of the latter three structure equations (4.33)

dn' =0 An® + S2nt AP+ AnT 4 St A (07— 0)
g’ A (@ = &) = i)n' =0T = = (Ssc® + ),
dif? = n* A"+ L AT+ Byt An? 4+ L A (07 - 6%) (4.35)
+ ino A (' = (8asc® +i)nt + (dxs(@ — &) — )n? + ),
dn® =n® A 77§ +ic*nt A nT +ic*n? A TF mod {n°}.
If we take
v = 813 L ((4a3(@ — ) — i)' —n' —* — (8z3¢> +i)n?) mod {1},
3

V= g (' = Bas® + i)t + (4a3(@ — ) —)? +9?) mod {1°},

then we can equivalently express (4.35) as

dnt = —y" A0 0P An 4 S2Ent A’ 4 220 At + gt A (0T -0,
dn2:,,)/2/\7’0+773/\771+41\;—%772An1+4{}k%771/\772+%772A(93 703 )’
d773 = —i72/\771 —i71 /\772+773/\77§+ i16x3c3—1(n1 /\77T—|—772 /\775)

Swg

81377 A 81377 At mod {n°}.
(4.36)
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We select ¢ to eliminate the n' A 77T and n? A 775 terms in the identity (4.36) for dn?, viz,

03 = ! .
16.133

Now the forms 1% n',n%,17% on M are completely determined. We summarize in terms of our

C* coordinates z', 22, 23, z*, whose real parts we assume to be strictly positive (except for z*),

70 = 252! 4 2155 d? 4 21 (1n (CHEEE)) —2) 2 4 212,

1 (-Vei4e? g1 (1-DVEA4ed g2 (1) 1n_<(z +21)(z* +z2>) de® — L ,4
2(z1421) 2(22+422) 2\/z3+z§ (23+23)2 2/ 23 423 ’

2 _ (4)VEES g1 (VRS (1-i) (<z1+zT><z2+z5)) R R
= 2(z1421) dz 2(22+27) 2\/z?’+z§ In (23+2%)2 dz 24/ z3+z§dz ’
6+m(ﬁiﬁﬁii»
3 _ 1 1 1 2 (z3+2%)? 3 1 4
7= s 9t e s 8(z3 + 23) & e 47

The structure equations for these forms are

dn® :inl/\nT+i172/\n§+

st AL =Dt + A+ + @+ + (1 - 1)n?),

dpt =0° An® + gt An? L0 Ant g0t AP = 0P) = g A Gt + 20"+ 207 + 1),

d? = ° At + B At 2t A+ 50t AP = 0P) + g A 20t —in' —in? + 21%),

an* = g (L' = (=" = (1= D)n* + (1L+ D)) A

+ o AN+ gt A0 A,
(4.37)

which shows that the coframing 7°, 1%, n?,73 of M defines a section of the bundle By — M of

4-adapted coframes. If we denote the pullbacks along this section of the pseudoconnection forms
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on B4 by their same names, then we write

=g =(1—i)n' + @+ + L+ + (1 1)),

s
i0=30" = ") + 5= ((1—Dn' = (L+in" = A+ D)p” + (1= i)n’),
ic= 30" —n°) — 5= (L= in' = L+ D" = L+ + (1 =), (4.38)

7= 64(1;3_;3/2 770 - lﬁlxg (inl + 2771 + 2% + i772)7

7Y = 64(195;;3/2 1’ + 1555 (20" —in' —in? +2°),

and the structure equations (4.37) may be written according to (3.47)

n® 2T 0 0 0 n®
nt v oT+ip 0 0 nt
d = - A
n? v? 0 7+ig 0 n?
i n3 | i 0 i? ivt o +ig | i n3 |
int Ant+in? An?
773 /\TITJFangAUl
LTI AR+ TEP AR + Fi? At + Fint An? |
for
1—-i 1+i
Fle ——— FPe —— (4.39)
4V 28 + 28 4V 23 + 23
T%:,;L, Té’):l#t(’ Fi?:;i’ ngf;i_
64(23 + 23)%2 64(23 + 23)%2 8(z3 4 23) 8(23 + 23)

In particular, the coefficients (4.39) of the fundamental invariants (4.11) are nonvanishing, so M is
not locally CR equivalent to the homogeneous model M,.

At this point, the forms 7, o,¢,7,7 on M are adapted to the B4 structure equations, so they
define a section of the bundle Bil) — M, and they are exactly the pullbacks along this section
of the tautological forms with the same names (3.49) on Bil). Thus, to find the pullback of the

full parallelism w € Ql(Bé(ll),su*) as in §4.2, it remains to find an expression for the pullback of v,
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which we will also call ¥». To accomplish this, we differentiate 7 and 4! according to the structure

equations (3.71). We begin with 7,

dT:%71/\7717%71An1+%72/\7727%72/\772

1 el —
* oy’ M+ (=Dt = (=D~ (4 D),
SO wWe see

To find the coefficient of n° in the full expansion of 1/, one takes the real part of the coefficient of

n° An' in the expression
dy' = (r =i Ay P A —iFSY A = I A+ FlR A

We simply state that the result of this calculation is

1 0

- 128(23 + 25)277 + (T4 + (1 =)' = (1 —D)n? — (L +i)n?).

(4

128(23 + 23)%/2

With this one-form in hand, the pullback of the parallelism w to M is completely determined.
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5. CONCLUSION

The computational intensity of §3 reveals how formidable the challenge of classification in Levi-
degenerate CR geometry can be. In dimension seven alone, the equivalence problem remains open
with regard to those M for which C is not of conformal unitary type or rankcK = 2, though
homogeneous models may have been discovered in these cases ([Sanl5]). Moreover, the question of
whether a Cartan geometry can be associated to the case we studied is also unresolved. Recall that
the Isaev-Zaitsev and Medori-Spiro solutions in dimension five differed in this respect, which is not
without precedent.

In Cartan’s celebrated “five variables” paper [Carl0], the parallelism he constructs over a man-
ifold equipped with a generic distribution of growth vector (2,3,5) does not satisfy the equivariance
condition of Definition 4.1. However, Tanaka’s solution to the equivalence problem ([Tan70, Tan79])
for a much more general class of differential systems proved the existence of a canonical Cartan con-
nection for such a geometry. This discrepancy is attributable to the choices of torsion normalization
implemented in each construction (c.f. [Ste64, Ch VII Prop 2.1]).

The ingenuity of Tanaka’s procedure lies partially in its utilization of Lie algebra cohomology to
ensure that equivariancy is maintained in each stage of torsion normalization, though this comes at
the expense of hypotheses on the geometric structure which limit the procedure’s applicability. In
particular, Levi-degenerate geometries do not fall under Tanaka’s purview due to the fact that the
Levi kernel is integrable. However, in ongoing work with Igor Zelenko, we adapt Tanaka’s construc-
tion to generalize the known results in dimensions five and seven, and we anticipate some degree of
resolution to the question of when Cartan geometries can be constructed over 2-nondegenerate CR
manifolds.

Beyond 2-nondegeneracy, we hinted in §2.3 that Freeman’s work also characterizes higher nonde-
generacy conditions which have yet to be classified. Similarly, despite limited progress in low dimen-
sions ([$S00],[CS02],[SS06]), equivalence problems abound for higher-codimensional CR structures.
It seems likely that CR geometry and the method of equivalence will continue to motivate each

other’s evolution as they have so far.
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