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ABSTRACT

Due to the exponential growth of the dimension of the space of tensors V1 ®- - -®@V/,,
any naive method of representing these tensors is intractable on a computer. In
practice, we consider feasible subspaces (subvarieties) which are defined to reduce
the storage cost and the computational complexity. In this thesis, we study two such
types of subvarieties: the third secant variety of the product of n projective spaces,
and tensor network states.

For the third secant variety of the product of n projective spaces, we determine
set-theoretic defining equations, and give an upper bound of the degrees of these
equations.

For tensor network states, we answer a question of L. Grasedyck that arose in
quantum information theory, showing that the limit of tensors in a space of tensor
network states need not be a tensor network state. We also give geometric descrip-

tions of spaces of tensor networks states corresponding to trees and loops.

i



ACKNOWLEDGEMENTS

I would like to thank my thesis advisor, J.M. Landsberg, for bringing these prob-
lems to my attention and very inspiring conversations. I am indebted for his constant
support and guidance, both from a mathematical and human perspective.

I would like to thank my committee members, Dr. Colleen Robles, Dr. Frank
Sottile, Dr. Paulo Lima-Filho, and Dr. Katrin Becker for the guidance and support
throughout the course of this research.

I would like to thank the department faculty and staff, as well as my colleagues

and friends for their support and help.

iii



TABLE OF CONTENTS

Page
ABSTRACT . . . . i
ACKNOWLEDGEMENTS . . . . . ... o iii
TABLE OF CONTENTS . . . . . . . . . iv
1. INTRODUCTION AND BACKGROUND . . .. ... ... ... ..... 1
1.1 Motivation . . . . . . . . ... 1
1.2 Equations for the secant varieties of Segre varieties . . . . .. .. .. 1
1.3 Tensor network states . . . . . . . .. ... Lo )
2. PRELIMINARIES . . . . . . . 7
2.1 Dimensions of Secant Varieties of Segre Varieties . . . . . . . . .. .. 7
2.2 Subspace Varieties . . . . . . . ... 8
2.3 Strassen’s Equations . . . . . ... ... L 9
2.4 Inheritance and Prolongation . . . . . .. .. ... ... ... ... 9
2.5 Normal forms of points in o3(Seg(PA; x --- xPA,)) ... ... ... 10

3. EQUATIONS FOR THE THIRD SECANT VARIETY OF AN N-FACTOR
SEGRE VARIETY . . . . . . 12
3.1 Outline of the proof of the main result . . . . . ... ... ... ... 12
3.2 Proof of the main theorem . . . . . . . .. ... ... ... ...... 14
3.2.1 Case 1: T € O'3(X2) \ O'Q(XQ), T ¢ S'U,b3’2 ..... 2(141 X An) - 14

3.2.2 Case 2: T € O'3(X2) \ O'Q(XQ), T e SU/b&Q ..... 2(141 XX An> \
Sub272 _____ 2(141 KR An) ..................... 16
323 Case3: T e 0'3(X2) \ O'Q(Xg), T e SUbQQ 77777 2(A1 KRR An) .o 22
324 Cased: T €oa(Xa) o o o v v o v i i il 31
4. ON THE GEOMETRY OF TENSOR NETWORK STATES . .. ... .. 33
4.1 Definitions . . . . . . . .. 33

v



4.2 Grasedyck’s question . . . . . ..o 34

4.3 Connections to the GCT program . . . . . . ... ... ... ..... 35

4.4 Critical loops . . . . . . . 36

4.5 Zariskiclosure . . . . . ... 37

4.6 Algebraic geometry perspective . . . . . ... ... 40
4.7 Reduction from the supercritical case to the critical case with the same

graph . . . . . 41

4.8 Reduction of cases with subcritical vertices of valence one . . . . . . . 42

4.9 Trees . . . . . . e 43

5. SUMMARY . . . . . 44

REFERENCES . . . . . . . . 45



1. INTRODUCTION AND BACKGROUND

1.1 Motivation

Tensors are ubiquitous in mathematics and the sciences, and are especially im-
portant in algebraic statistics, biology, signal processing, and complexity theory
(15, 16, 24, 29, 35, 37]. For example, in scientific computation the problem of de-
termining the complexity of matrix multiplication can be viewed as decomposing a
particular tensor (the matrix multiplication operator) according to its rank [28,29];
in statistics, the problem of recovering the mixing matrix and source vector from
the observation vector can be viewed as the symmetric tensor decomposition of the
associated cumulants (25,29, 36, 42]; in signal processing, CP decomposition, block
term decomposition and other tensor decompositions are important [23,27,29]. In
the study of tensors, the rank and border rank of a tensor are the standard measures
of its complexity. Due to the geometric interpretations of rank and border rank, it
is natural to study the secant varieties of Segre varieties since equations for these
varieties produce tests for the border rank of a tensor. In practice, small secant va-
rieties of Segre varieties play an important role as they correspond to tensors of low
complexity. Another model defined to reduce the complexity of the spaces involved
is tensor network states in quantum information theory. In this thesis we study both

these models.
1.2 Equations for the secant varieties of Segre varieties

The study of equations for secant varieties of Segre varieties is a classical problem
in algebraic geometry, but these equations are still far from being understood [29].
Before exploring the known results of these equations, let us review the basic defini-

tions of rank, border rank and secant varieties of Segre varieties.



Definition 1. A function f: Ay x -+ x A,, — C is multilinear if it is linear in each
factor A;. The space of such multilinear functions is denoted by A} ® --- ® A} and
called the tensor product of the vector spaces A3, ..., Al. ElementsT € AJ®--- QA

are called tensors.

Definition 2. Given 5 € A, ..., B, € A, define an element /1 @ --- ® B, €
AT@- @A by 1@ @ Bulur, ..., up) = Pr(ur) - Bu(un) for any u; € A;. An
element of A} ® --- ® A} is said to have rank one if it is of the form /1 ® --- ® 3,
for some f5; € Af. The rank of a tensor T € Ay ® --- ® A,,, denoted by R(T), is the

mainimum number r such that T = Z Z,, with each Z, of rank one.

u=1
Definition 3. A tensor T has border rank r, denoted by R(T), if it is a limit of

tensors of rank r but is not a limit of tensors of rank s for any s < r.

Remark 1. Note that R(T) > R(T). If T € A1 ® As is a matriz, then R(T) = R(T).
But this is not always true for T € Ay ® --- ® A, when n > 3. For example, let
T=01bRc;+a; b1 Rca+a1Rby®¢c; +asR0b; ey € AQ BRC. One can check
T has rank 3, but T = 1151_{% %[(t —1)a; @by @ ¢1 + (a1 + tag) @ (by + the) ® (1 + tea)],
hence R(T) = 2.

Definition 4. Define the n-factor Segre variety to be the image of the map

Seg:PA; x -+ xPA, - P(A;®---® A,)

([v1] ooy [on]) = 1 @ - @ vy

Remark 2. Seg(PA; xPPAy) is the set of rank one matrices, and Seg(PA; x---xPA,,)

15 the set of rank one tensors.



Definition 5. The join of two varieties Y, Z € PV s

Jwv.zy= |J P

xy?
z€Y,YEZ,z#Y

where P;y 18 the projective line through x and y.

Definition 6. The join of k varieties X1, ..., X, C PV is defined by induction to be
J( X1, Xg) = J(Xq1, J(Xa, ..., Xk)), and the k-th secant variety of Y is defined
to be the join of k copies of Y, op(Y) = J(Y,...,Y).

Remark 3. o4 (Seg(PA; x PAy)) is the set of matrices with rank at most k, and

or(Seg(PA; x --- x PA,,)) is the set of tensors with border rank at most k.

It is clear that the ideal of Seg(PA; x PAs) is generated by all the 2 x 2 minors,
denoted by A?A} ® A?A3, and the ideal of 0,(Seg(PA; x PA,)) is generated by all
the (r 4+ 1) x (r 4+ 1) minors, denoted by A"t A} @ ATT1AS.

Given W = A1 ®---® A, define a flattening A;® A; of W to be a decomposition
(A, ®--®A;,)®(Ai,,, ®--®A;,), where I = {iy,... i} and J = {ipt1,...,in},
TuJ=A{1,...,n},and INJ = @. Since Seg(PA; x --- xPA,) can be embedded in
Seg(PA; xPAj), then A2AF@AZA% give equations for Seg(PA; x - - - xPA,). It turns
out that Seg(PA; x --- x PA,) is ideal theoretically defined by all the 2 x 2 minors
of flattenings, i.e. all A2A} ® A2A% generate the ideal for Seg(PA; x --- x PA,).

Since 0,.(Seg(PA; x- - -xPA,)) can be embedded in o,.(Seg(PA; xPA;)), N"T1 A5
ATTLAY give equations for o,.(Seg(PA; x --- x PA,)). When studying Bayesian
networks, Garcia, Stillman and Sturmfels conjectured that all the 3 x 3 minors of
flattenings give all the equations for o9(Seg(PA; x --- x PA,)) [22]. Landsberg and
Manivel showed the set theoretic version of this conjecture is true [30], and Raicu

proved the ideal theoretic version is true [44]. For more history, see [3,30,34,44].
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It turns out that minors of flattenings are not enough to define higher secant
varieties of Segre varieties. In 1983 Strassen discovered equations for o3(Seg(PA; x
PA; x PA3)) beyond 4 x 4 minors of flattenings [48]. Landsberg and Manivel proved
o3(Seg(PA; x PA; x PA3)) is set theoretically defined by Strassen’s equations and
4 x 4 minors of flattenings [20,31]. Landsberg and Weyman proved the ideal of
o3(Seg(PA; x PA; x PA3)) is generated in degree 4 by the module which arises from
Strassen’s commutation condition [34].

For the fourth secant varieties of Segre varieties, Friedland showed o4(Seg(PA; x
PA; x PA;3)) is the zero set of certain equations of degree 5, 9 and 16 [20]. Bates
and Oeding showed o4(Seg(PA; x PAy x PA3)) is the zero set of certain equations
of degree 5, 6 and 9 by numerical methods [4]. Friedland and Gross gave this result
a computer-free proof [21].

For higher secant varieties of Segre varieties, for example o6(IP? x P3 x P3), there
are no equations known. On the other hand, there are some qualitative descriptions of
equations of secant varieties of Segre varieties. Draisma and Kuttler proved that for
arbitrary fixed r, there is an uniform bound d(r) such that o,(Seg(PA; x - - - x PA,,))
is set theoretically defined by equations of degree at most d(r) for any n [17].

In this thesis, we determine set theoretic equations for the third secant variety
of the Segre product of n projective spaces, and from the proof of this statement
we derive an upper bound for the degrees of these equations. Given any partition
TUJUK ={1,...,n}, 03(Seg(PA; x --- xPA,)) can be embedded in o3(Seg(PA; x
PA; x PAg)), thus Strassen’s equations for all the partitions TUJUK ={1,...,n}
and 4 x 4 minors for all the flattenings give us equations for o3(Seg(PA; x - - - xPA,)).

Our main result is [43]:

Theorem 1. o3(Seg(PA; x --- x PA,)) is set theoretically defined by Strassen’s



equations of all partitions ITUJUK = {1,...,n} and all 4 x 4 minors of flattenings.

Corollary 1. o3(Seg(PA; x --- x PA,)) is set theoretically defined by Strassen’s
equations of degree 4 for the partitions {i} U {j} U {1,... iy ,3, -+ n} and all

4 x 4 minors of flattenings.

1.3 Tensor network states

Tensor network states are interesting models in physics defined to reduce the
complexity of the spaces involved. In physics, tensors describe states of quantum
mechanical systems. If a system has n particles, its state is an element of H; ®
- ® H, with H; Hilbert spaces. In numerical many-body physics, in particular
solid state physics, one wants to simulate quantum states of thousands of particles,
often arranged on a regular lattice (e.g., atoms in a crystal). Due to the exponential
growth of the dimension of H; ® --- ® H,, with n, any naive method of representing
these tensors is intractable on a computer. Tensor network states were defined by
restricting to a subset of tensors that is physically reasonable, in the sense that
the corresponding spaces of tensors are only locally entangled because interactions
(entanglement) in the physical world appear to just happen locally. These spaces are
associated to graphs, i.e. for a fixed graph, we can associate complex vector spaces
to each vertex and edge, and define a corresponding tensor network state. More
precisely:

Let Vi,...,V, be complex vector spaces, let v; = dimV;. Let I' be a graph with
n vertices v;, 1 < j < n, and m edges e5, 1 < s <m, and let €= (ey,...,e,) € N™.
Associate V; to the vertex v; and an auxiliary vector space E of dimension e; to
the edge e;. Make I' into a directed graph. (The choice of directions will not effect
the end result.) Let V=V, ®---® V. For I, s € e(j) means e, is incident to vj,

s € in(j) are the incoming edges and s € out(j) the outgoing edges.



Define a tensor network state TNS(I', €, V) to be:

TNS(T,E V) := (1.1)

{T eV |3IT; €V; ® (Rscin(j)s) @ (Qtcomj £y ), T = Con(Ty @ --- @ T,)},

where C'on is the contraction of all the E,’s with all the E7’s.

Such spaces have been studied since the 1980’s, and go under different names:
tensor network states, finitely correlated states (FCS), valencebond solids (VBS),
matrix product states (MPS), projected entangled pairs states (PEPS), and multi-
scale entanglement renormalization ansatz states (MERA), see, e.g., [14, 18,19, 26,
45,49] and the references therein. We will use the term tensor network states.

If T is a tree, then TNS(I', €, V) is closed [24]. Lars Grasedyck asked if every
tensor network state is Zariski closed. In this thesis, we give a counterexample and
show a tensor network state is not closed if the corresponding graph contains a cycle
whose vertices have non-subcritical dimensions. We also give geometric descriptions
of spaces of tensor networks states corresponding to trees and loops.

Grasedyck’s question has a surprising connection to the area of Geometric Com-
plexity Theory, in that the result is equivalent to the statement that the boundary
of the Mulmuley-Sohoni type variety associated to matrix multiplication is strictly
larger than the projections of matrix multiplication (and re-expressions of matrix
multiplication and its projections after changes of bases). Tensor Network States are

also related to graphical models in algebraic statistics [29].



2. PRELIMINARIES

2.1 Dimensions of Secant Varieties of Segre Varieties

Terracini’s lemma is a fundamental tool to compute the dimension of a join

variety. Let Y, Z be projective varieties, and 1/}, 7 be the cones over Y, Z.

Lemma 1 (Terracini’s lemma). Let (v,w) € Y x Z be a general point, and [u] =
v+ w] e J(Y,Z), then
TiyJ(Y.2) = TyyY + Tl Z,

where fMY denotes the affine tangent space of Y at [v].

Definition 7. We call a variety X C P™ nondegenerate if it spans P", i.e. is not
contained in any hyperplane. If X C P" is an irreducible nondegenerate variety whose

r-th secant variety o,.(X) has dimension strictly less than min{r dim X +r—1,n}, we

say that X is defective, and define the defect 6,(X) =rdim X +r — 1 — dimo,(X).

Here we list some known results on the dimensions of secant varieties of Segre

varieties, for more results see [1,8-11,13].

Theorem 2 ( [12]). Consider o,(Seg(P“~! x --- x P™~1)), and assume a, >
H?:_ll @i — Z;;l a; —n+1.

LoIfr <TI0 as — S0 as — n+ 1, then 0,(Seg(P®~' x -+ x P*~1)) has the

expected dimension r(ay + -+ a, —n+1) —1;

2. Ifa, >r > H;:ll a; — Z?;ll a; —n+1, then 0,(Seg(P® =1 x - x P=~1)) has

defect 5, = r* —r([[\=) ai — S0 ai — n + 1);

3. Ifr >min{a,...,a,}, then o,(Seg(P~1 x - .. x Pan—1)) = Pllizi i1,



Theorem 3 ( [13]). The secant varieties of the Segre product of k copies of P!,

o, (Seg(P! x -+ x PY)), have the expected dimension except when k = 2,4.

2.2 Subspace Varieties

Subspace varieties are important auxiliary varieties in the study of equations for

secant varieties.

Definition 8. The subspace variety Suby, . p, (A1 @ -+ ® A,) is defined to be
Subp,,. b, (A1 @@ A,) =P{T € Ay ® - ® A,[dim(T(A})) < b;}.

Proposition 1 ( [29]). The ideal of the subspace variety Suby,  p, (A1 @ - @ A,)

.....

is generated in degrees b; +1 for 1 < j < n by the irreducible modules in /\bJ'“A; ®

/\bj+1(AT®...®A;f_1®A;+1®--'®A2)~

The following Kempf-Weyman desingularization of Suby, (A1 ® -+ ® A,) is

-----

useful for finding equations, minimal free resolutions, and establishing properties of

singularities [29,50].
Proposition 2 ( [50]). Consider the product of Grassmannians
B = G(bl,Al) X+ X G(bn,An>
and the bundle
p:&S®---0S, = B,

where S; is the tautological rank b; subspace bundle over G(bj, A;). Assume that

by <-..<b,. Then the totalspaceZ of S1®---®S, mapsto A, ® ---® A,. The

.....



2.3 Strassen’s Equations

In 1983 V. Strassen [48] discovered equations for tensors of bounded border rank
beyond minors of flattenings. We present a version of Strassen’s equations due to G.
Ottaviani, which is easy to generalize to higher cases.

Given T € A B C,ie. T : B* 5> A®C, Idy ® T gives a linear map
A®B* - A® A® C, compose Idy ® T with the projection A ® A — A%2A to define
Th,: A® B* = N2Aw C.

Theorem 4 ( [41]). Let T € A® B® C, and assume 3 < dim A < dim B < dimC.
If [T] € 0,(Seg(PA x PB x PC)), then rank(Th,) < r(dim A — 1). Thus the size
r(dim A—1)+1 minors of T, furnish equations for o,(Seg(PA x PB x PC')), which

are called Strassen’s equations.

Proof. If T = a®b®c, then the image of Tj , is aAA®c and thus rank(75,) = dim A—

1 and the theorem follows because rank((T} + Ty)s,) < rank(Ti5,)+rank(Typ,) O

Theorem 5 ( [20,31]). 03(Seg(PA x PB x PC)) is the zero set of the size 4 minors

of flattenings and Strassen’s equations.
2.4 Inheritance and Prolongation
Inheritance is a general technique for studying equations of G-varieties.
Proposition 3 ( [30]). For all vector spaces B; with dimB; = b; > dimA; =

aj > r, a module S, B} @ --- ® S, By such that l(p;) < a; for all j, is in the

ideal 15 (0,(Seg(PBy x --- x PB,))) if and only if S, AT ®---® S, A% is in the ideal

MUn“*n

I (0,(Seg(PB; x --- x PB,))).

Corollary 2 ( [30]). Let dim A; > r, 1 < j < n. The ideal of 0,(Seg(PA; x --- x

PA,)) is generated by the modules inherited from the ideal of o,(Seg(P"™! x -+ x

9



-----

scheme and set theoretic results hold as well.

According to this corollary, when studying these equations we only need consider
the small dimensional cases.
Prolongation is a general technique for finding equations of secant varieties. We

list some basic facts about equations for secant varieties obtained by prolongation.

Proposition 4 ( [29,47]). Let X, Y C PV be subvarieties and assume that I5(X) = 0
ford <dy and Is(Y) =0 for § < dy. Then I5(J(X,Y)) =0 ford <dy +dy — 2.

Corollary 3 ( [29,47]). Let X;,..., X, C PV be varieties such that I5(X;) = 0 for
d <dj. Then Is(J(X1,..., X)) =0 ford <dy+---+d, —r.

As a special case we have:

Proposition 5 ( [29]). There are no nonzero degree d < r homogeneous polynomials

vanishing on o,(Seg(PA; x --- x PA,)).

2.5 Normal forms of points in o3(Seg(PA; x - -+ x PA,))

In this section we present how points of o3(Seg(PA; x --- x PA,)) are explicitly

parametrized.

Proposition 6 ( [5]). Let X denote Seg(PA; x -+ x PA,,) and p = [v] € 09(X),
then v has one of the following normal forms:

1,pe X;

2, v=ux+y with [z],[y] € X;

3, v=2a" withz' € ﬁx]X.

Theorem 6 ( [5]). Let X denote Seg(PA; x---xPA,) and p = [v] € o5(X)\ 02(X),

then v has one of the following normal forms:

10



l.v=x+y+z with [z],[y], [z] € X;

2. v=a+2 +y with [z],[y] € X and 2’ € T\[:C]X;

3. v=a+a + 2", where [x(t)] C X is a curve and x' = 2/(0), 2" = 2"(0);

4. v =2a"+ 1y, where [z],[y] € X are distinct points that lie on a line contained

in X, x € ﬁx]X, and y' € T\[y}X.
Normal forms for Theorem 6 are as follows:

Theorem 7 ( [5]). Let X denote Seg(PA; x ---xPA,) and p = [v] € 03(X)\ 02(X),
then v has one of the following normal forms:

1. v:ai@---®a’f—|—a§®---®a§+a§®---®a§;

2. v:Za%®~--®a§’l®a§®a§“®~~®a’f+a§®~-®a§;

=1
3. U:Za}@---®a§_1®aé®a§+1®~--®a{_1®ag®a{+l®-~-®a?+2a%®
1<j i=1
@0 ®a®at @@
L o= 6®de -0d'®aged e -ed+) a® --Qd'Qde
s=2

=1
i+1 n
a; " Q- Qay,

where a§ € A;, and the vectors need not all be linearly independent.

11



3. EQUATIONS FOR THE THIRD SECANT VARIETY OF AN N-FACTOR
SEGRE VARIETY

3.1 Outline of the proof of the main result

Our main result on equations of the third secant varieties of Segre varieties is:

Theorem 8. o3(Seg(PA; x --- x PA,)) is set theoretically defined by Strassen’s

equations of all partitions ITUJUK = {1,...,n} and all 4 x 4 minors of flattenings.

Given T € A, ®---® A,, for each A; we fix a basis {a}} and its dual basis {a}}.
Let Xy := Seg(PA; x -+ - xPA xP(Ap11®---®A,)), and X := Seg(PA; x---xPA,).

Outline of the proof of the main result. f T € A; ® --- ® A, satisfies all the
equations given by 4 x 4 minors of flattenings, we may assume that 3 > dim A; >
-+ >dim A,, > 2 [30]. If T satisfies Strassen’s equations of the partition {1} U {2} U
{3,...,n}, then T' € o3(X3). We split our discussion into 4 cases to show T" € o3(X).

Case 1: T € 035(Xs) \ 02(X2) and T ¢ Subss, 2(A1 ® -+ ® A,), then T has
one of the four types of the normal forms in Theorem 7 for o3(X3). Because 4 x 4
minors of T : A7 ® A - Ay ® Ay ® --- ® A,, vanish, T has to have the same type
of normal form for o3(X3). Similarly, by considering 4 x 4 minors of T': A} ® Aj —
AR ® ;l; ®---® A, we use induction to show that 7" has to maintain the same
type of normal form for o3(X).

Case 2: T € 03(X2) \ 02(X2) and T € Subza 2(A1® - @ A,) \ Subgs  2(A1 ®
-+ ® A,), then T has one of the normal forms in Theorem 7 for o3(X3). Because
dim Ay = --- = dim A,, = 2, the discussion of this case is more complicated than
Case 1, and we split the argument into several subcases for each type of normal form.

For each subcase, by considering 4 x 4 minors of 7': A ® A} - A0 A, ®---® A,

12



and T: A0 Ay - A ® A ®---® A, we show T has one of the normal forms for
03(X3). Note that the type of the normal form of T' for o3(X3) could be different
from the type of the normal form of T for o3(X3). By induction, we show that T'
has one of the normal forms of points in o3(X).

Case 3: T € 03(X2) \ 02(X2) and T € Subep. 2(A1 @ ---® A,). In this case, T'
has two types of normal forms, T' = (a] ® a? + a3 ® a2) @b + ai @ a2 @ b3 + ad ® a? @ b
or T'=a; ®ai @b} +a) ® a3 @b3 + ay ® ai @ b3 for some b} € A3®---® A,. For the
generic normal form T' = (a] ® a? + ai ® a3) @b + a] @ a3 @ b3 + al @ a? @ b3, we show
that there is a rank 2 matrix ¢s; in the kernel of T, : A1 ®A; = A3®---® A, and
21 (T) € S?A, ® (A3®---® A,,). So if for each 2 < i < n, T has the generic type of
normal form for o3(Seg(PA; xPA; xP(A,®- - @A - ‘®A,))), then similarly we have
a 2 x 2 matrix ¢;; € Ker(T} ,,) with full rank, and ¢,10---0 ¢y (T) € S™A;. Since
each ¢;; is nonsingular, 7' € o3(X) if and only if ¢,1 0 -+ 0 ¢y (T) € 03(v,(PA})),
where v, is the n-th Veronese embedding. Since the equations for o3(v,(P')) are
known [33], we can check Strassen’s equations and 4 x 4 minors of flattenings give
equations for o3(X) in this situation. If for some 2 < ¢ < n, say i = 2, T does
not have the generic normal form for o3(X5), 7' must have the other type of normal
form T = a} ® a} ® b3 + a] ® a3 @ b3 + a} ® a? ® b3. By considering 4 x 4 minors
of T: AA®A, - AHRA® - @A, T : AAA - A4, ---®A,, and
T:AQAS®A; - A4®---® A, we deduce T' € 03(X3). Then we use induction to
show T' € 03(X) by checking each type of the normal forms in Theorem 7, under the
assumption that 7" is not of the generic normal form for o5(Xs). When proceeding
by induction, because dim7T(Af ® --- ® A*) < 3 we can view T as a tensor in
TA;® - @ AY) ® A3 ® --- ® A, and reduce most cases to Case 2. For the
remaining cases, we show directly T € o3(X).

Case 4: T € 0,(X5), then T has one of the three types of the normal forms

13



in Proposition 6 for o3(Xs3). We verify by induction that for each normal form

T e O'3(X).

3.2 Proof of the main theorem

We only need to show that if T satisfies Strassen’s equations of all partitions
TUJUK ={1,...,n} and 4 x 4 minors of all flattenings I U J = {1,...,n}, then
T € 03(Seg(PA;x---xPA,)). For each A; we fix a basis {a}} and its dual basis {a}}.
Let Xj := Seg(PA; x -+ - xPA xP(Ap11®---®A,)), and X := Seg(PA; x---xPA,).
For any flattening ITUJ = {1,...,n}, 4 x4 minors of T': A} — A vanish if and only
if dim7T'(A3) < 3. By Corollary 2, we can assume 3 > dim A; > --- > dim 4,, > 2.
Since T satisfies Strassen’s equations of the partition {1} U{2} U{3,...,n} and 4x 4
minors of all flattenings, by Theorem 5 we have T' € a3(X3). We split our discussion

into 4 cases to show 1" € 03(X).
3.2.1 Case 1: T € Og(Xg) \ O'Q(Xg), T g_ﬁ Subgg ,,,,, 2(A1 K- ® An)

Since T' has one of the normal forms in Theorem 7, we use induction to show
T € 03(X) by verifying each normal form.

Type 1: Without loss of generality, let T' = al ®a? @u; +al a2 @us+al @ a2 @us,
where u; € A3® - ® A,,. dimT (A} ® A3) < 3 implies that u; : A} > A4, ®---® A,
has rank < 1 for all 4, say u; = b? ® v; for some b3 € Az and v; € A, ® - @ A,.
Therefore T = a] @ ai @ b} @v1 + a3 @ a3 @by @vy +aj Qa3 @b @us, Le. T € 03(X3).

Now we use induction, assume T’ = al ® a2 @b} @ - - @b +al @ a2 @03@- - - Qb5 +
A ®a2 @3- - @bk, then dim T(AT @ A;) < 3 implies that bF : A7 — A1 ®---® A,
has rank <1 forall 1 <7 < 3.

Type 2: T = a] ® a2 @ v3 + af ® a3 @ v} + a3 ® a? @ v} + a} ® a2 ® v3, where

v} € A3® - ®A,. Since T ¢ 09(X3), v} and v3 are non-zero. dimT(A; ® A}) <3
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implies v? and v3 : A} — A, ®---® A, have rank 1, say v} = b3 @0} for i = 1,3 and
some b} € Az, v} € Ay ®---® Ay, and for each j = 2,3, ai @ v () + a5 @vi(a)) is a
linear combination of a2®v3(a?)+a2@v3(a?) and a2®@v3(a?), then v3 = bB@vi+biu]
for some b3 € Az and v € Ay ®@ - @ A,. Thus T =al ®@a? @b} @ v} +al ®a? @
b ®vy + a1 ®al @03 Q@i +a) ®a3 Qb Qv+ ai ® a3 ® b3 ® vs.

k
Now we use induction, and assume that T = Z e - b 'ethebe- -

WY+ by ® - @b, where b; = aé- for i = 1,2 and 112; j < 3. The induction argument
is similar to the case k = 3 above.

Type 3: T =al Qa3 @05 +al®a?@v3+a@adi @03 +al ®@a? @v3+al ®a2®
v+ al ®a? @u}, where v} € A3®---®A,. If v2 =0, T has been discussed in Case
1 Type 1. If v3 = 0, T has been discussed in Case 1 Type 2. So we assume v; and
v are non-zero. dim T'(A; ® A%) < 3 implies v3 = u @uj, v = u$ @ uj+ud @ui and

3 _ 03 svad a3t a3 sl 3,3 .3 4 .4 4
vy = Uy @us +u; @us+us @uy for some uy, uy, uz € As, and uj, us, u; € A4®---@A,.

Denoteaz» byu§- when ¢ = 1,2, then T' = Z u%@---@ué@---@ué@---@u%—i—
1<i<j<4

4
Sulg 0ue - oul
= The induction argument is similar the above argument.
Type 4: T = al®a?@vi+al@a3@v3 +al ®a?@vd+al ®a2 @0} +ad @a? @v}
for some v} € A3 ®--- @ A,. Since T' ¢ 02(X3), v} # 0, then dim T'(A} ® A5) <3
3 _ 3 _

: fag 13 — 13 &yt 34 3 sl 34 13 & 3
implies v7 = uy @u7, v5 = Uy @ us + Uy VU, v = Uy @ us + uz @ uj for some u; € As,

4
u§€A4®---®An. Denotea;'»byuéfori:1,2,thenTzZU%@---@Ué@---@
i=2

4
U%-‘-ZU%@"'@U;@@"‘@U%-
i=1

The induction argument is similar.
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3.2.2 Case 2: T € 03(X3) \ 02(X>),
T e S’U/b372 ,,,,, 2<A1 Q- An) \ SUb2,2 ..... Z(Al @ An)

We show T' € 03(X) by induction on each type of the normal forms.

Type 1: T = a; ® b @ b} + ay ® b3 ® b3 + aj ® b3 ® b3, where b} € Ay and
b} e A3 ®--- ® A,. Without loss of generality, we can assume b} and b3 are linearly
independent, then b2 = b? or b3 = b? + b3.

If b2 = a2, since dimT(A} ® A3) < 3, then either b3 : A — A, ® --- ® A, has
rank 1, or both b3 and b3 have rank 1 as maps A} = A, ® -+ ® A,,.

When b3 : A5 - A; ® --- ® A, has rank 1, let b5 = a3 ® b5 for some b €
Ay ® -+ ® A,. We only need to consider the case that at least one of b} and
by : Ay — Ay ® -+ ® A, has rank 2. Without loss of generality we can assume
b = ud ® bf + ul ® b3 for some u} € Az and b} € Ay ® --- ® A, where i = 1,3, then
dim T'(A} ® Aj) < 3 requires bj(a) = x;b] + y;b3 for some x;,y;, where j = 1,2.
Consider A3z ® V,, where V} is spanned by bj and b3, after a change of basis, we
can assume b3 = v ® b} + ud ® b3 and b3 = Il @ b} + uf @ b3 + Ml ® bi, or
by = pud @bl +vui @bi. Then T =T' + al ® b2 @ a3 @ by, where T" = (ai + \al) ®
B @uf @bl + (ot + Mad) ® b3 @ u @ b + al ® b2 @ ud ® bl € T(u1 y ratjorzeutons X3, OF
T = (a} + pa3) @ b2 @ ud @ b} + (a} + val) @ b @ ul @ by + a} ® b3 ® a3 @ b.

When b3 and b3 : A5 — Ay ® --- ® A, have rank 1, say b} = a? ® b} and
b3 = u3 ® b3 for some u3 € Az and b} € Ay ®--- @ A, where i = 1,3, and assume
by Ay — Ay ® - ® A, has rank 2, dimT(4; ® A}) < 3 requires u3 = a up
to a scalar, and dimT'(A} ® A%) < 3 requires b] = bj up to a scalar, then T' =
(al +a}) @3 @ad @b} +al @13 ®a? @b3(ad) +al @ b3 ® a3 @ b3(a3).

If b2 = b? 4+ b3, dim T'(A5 ® A%) < 3 implies b5 or b3 : Ay — A4 ®---® A, has rank

1. If only one of them has rank 1, without loss of generality we assume that b3 = a3 ®
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uf +a3®@uj, and b3 = ud @uj. dim T(A5® A3) < 3 implies b3 = u} @u] for some uj €
Ay®- @A, dimT(A;®A3) < 3requires that uj and uj are linearly dependent, then
we can assume uj = uz. dimT(A} ® A%) < 3 also requires uj is a linear combination
of uf and uj. Consider Az ® Vj, where Vj is the subspace of A4 ® --- ® A, spanned
by uf and uj, after a change of basis, we can assume b3 = a3 @ uj + a3 @ uj is still the
identity matrix, and b3 = b3 = a3®@uj or a?®@uj. Then T = (al +al)@V3@a}@ui+T",
where 7" = al @ 3@ ad Qui +al @3 Qa3 @uj+al @3 @ al @uj € fa%(@b%@a?@u%){g,
or T = (aj +a3) © b ®@ai ®@ui + (a3 +a3) ® b3 @ af @ uj + a; @ b3 ® a3 ® uj.

If both b2 and b3 have rank 1, let b2 = @ ® uf and b3 = u3 ® u3. If uf and
uy are linearly independent, dim T'(A} ® A%) < 3 implies b3 : A = A, ® - ® A,
has rank 1. If u{ and uj are dependent, say uf = ui, and if u3 = a3 up to a
scalar, since dimT'(A} ® A%) < 3, then b3(a?) = xb3(a3) + yuf for some z, y. So
T = (a1 +ya3) @b @ai @ui+ (ad+ya3) @b3®@at @ui+ai® (b5 +b3) @ (zai +a3) @b3 (o).
If u3 and a} are independent, we can assume u3 = a3, since dimT(A4; ® A3) < 3,
then b3 : A5 - A, ® - ® A, has rank 1.

Now we use induction. Assume T'=a] @02 ®@--- Qb +al @2 @ --- @ b5 +al ®
b2 ® - @bE, without loss of generality we can assume b? = a?, b3 = a3, then b3 = a?
or b3 = a} + a3. The induction argument is similar to the case k = 3.

Type 2: T =a; @b; @by + a; @ b3 @ b} + a3 @ b @ b} + a3 ® b3 @ b3, without loss
of generality we can assume b3 = a? and b3 = a3, then b3 = a3, or b2 = a2 + \a? for
some A € C.

When 02 = a2, dim T'(A5 ® A3) < 3 forces b} : A5 — A4®---® A, has rank 1, say
B=al@0bl. Ifb3: A5 - Ay ®--- ® A, has rank 2, say b3 = a} ® b3 + a3 @ bi, then
dim T(A; ® A3) < 3 requires that b] and b3(a3) are both in the subspace spanned by

by and bj. After a change of basis, we can assume that b3 = a? ® b3 + a3 ® b3, and

b3 = a? @b; or b3 = a} @ bi. We can assume b3(a3) = b3 + \bj or b3(a3) = b3. So we
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have four cases:

Case 1: If b = a3 @bj and b3(a3) = b3+ \b5, T = al ®a? ®a3 @b3 () +al @a? ®
(Aa3)@bs+a; @a;0a]@b3+a;®a3 @aT @bz +-a; ®aT ®a3 @by +a;®a ®ai @by +a3Rai®
as3@bj. Let S(t) = (al+tal+t2a))@(a?+12a3) @ (a3 +ta3+t2Aad) @ (bi+tby+t2b3(a?)),
then 7= 5"(0).

Case 2: If b3 = a? @ b3 and b3(a3) = b3, then T =T' + T", where T" = a} ® a? ®
ad@b(e})+al ®ad @ai @bl +al @3 @al @b+ al@at ®al @b} € Togweatan Xs,
and 7" = a; ® ai ® a} @ by + a; ® af ® a3 ® by € faé@a%@a%@bg){s-

Case 3: If b3 = a3®@b3 and b3(a3) = b3+\bi, T = T'+(\a} +al)®@a?®a3@bi, where
T = a1 ®ai®a3@b3(ad)+ a1 ®ai@a3 @by +a] ®a3Ra} Qb3+ (a3 +a3) ®ai@al @by €
fa%@a%@a{’@bg){s-

Case 4: If b3 = a3 @03 and b3(a3) = b3, then T = T'+(a} +al) ®a? ®a3 @ b3, where
T = a1 ®ai®a}b3(ad)+al@a3@at @b3+ (a3+a3) ®ai ®al @by € fa%@)a%@a?@b%Xg.

If03: Ay — Ay ® -+ ® A, has rank 1, say b3 = (za} + ya3) ® b3, and b} and b3
are linearly independent, dim T'(A; ® A3) < 3 forces b3(a3) is a linear combination
of b} and b3. We can assume b3(a3) = b] or b3(ad) = b5 + \bf. If b3(ad) = bf,
T=T+a®a®(zad+yad)@bi, where T" = al ®ai@a}@b3(a3) +a} ®a? @a3 @b+
al®a3Rai@bi+a3®ai®@ai @b} € fa%(@a%@a?@bi&X:}. If b3(ad) = b3+ b, we can assume
b3 = a3®bj or b3 = (a3+pa3)@bi. I b3 = a3@0b3, then T = T"+(aj +ad) ®a?@a3®b3,
where T" = al®a?®a3@0b3(a3)+al ®@a?@(\a3) @bl +al®@ai a3 @bl +al®@a? @a3@b] €
fa%@)a%@a;{@b%Xz),. If b3 = (a} + pa3) @ b3, and if p # 0, let a = ad + pas, then T =
T'+(1/pal+ad) @a2@ai@b, where T' = al@a?@a3@[b3(a3)—1/u(bi+AbH)]+al®a?®
(A pad)@bi+al@ad®adobi+ay0a©ad @bl € ThgpeweanXs. Hu=0,T =T'+T",
where T" = al®a?®a3®@b3(a3)+at®@a?®@(\a3) @bl +al@ai®ad @bl +ai@a?@ad @b} €
Tusasaeon Xs, and T" = al ® a} @ a} @ b + 0} ® a? ® a} @ b} € Tojoasaion Xs-

If b} and b3 are linearly dependent, say b} = b3, then T = T’ + T”, where T’ =
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0l @a? @a} @ b3(0}) +al ® a3 @ ad @ b + (0} + wab) ® af @ a} ® b} € Togazsatan: Xs,
and T" = a1 ® ai @ a3 ® b3(a3) + (ya3) ® ai @ a3 @ by € Toipa2eagen Xs.

When 02 = a3+ \a?, dim T'(A5® A%) < 3 implies three cases. Case 1: b3 = a3 @b}
and b3 = a3 @ b3 for some b}, b3 € A, ®---®@ A,; Case 2: b} = a3 @b} and b3 = a3 @b}
for some b},05 € Ay ® - ® A,; Case 3: b3 = a3 ® b} and b3 = a3 ® b3 for some
bibie Ay®- @ A,.

For case 1, if b3 = u} ® uj for some u} € Az and u3 € Ay ® --- ® A,, then
T =T +ai®(ai+ ) a?)@ui@ui, where T = i ®a? Qa3 @by +al ®aiQa3 @bl +aiRa?®
@} @b} € TpppaaenXs. 103 A} = Ay®@ - ® A, has rank 2, dim T(A] ® 43) < 3
requires b] = b3 up to a scalar, and bj is a linear combination of b3(a?) and b3(a3), say
b3(a3) = zbi(ad) +ybi or bf = b3(a3) up to a scalar, then T' = (al +ad +yAad) ®a? @
a3 @a3@bi+(a}+yal)®ai@ad @b +al@(a3+ a?) @ (zad+a3) @03 (ad), or T = T'+T",
where T" = a}®a3®a3 @b} +ai®@a3@a3@b3 () +aiR@ai@ab] € T\aé@gag@a:{,@bz{Xg, and
T" = (a}+a}) ®ai@a@bi+ai@ai@ai@Ab(0})+al@ai@(Aad) @b € Tsasaon Xs

For case 2, if b = b] up to a scalar, then b3 = b3 up to a scalar, and T =
al ®@a? b3+ (al +a}) ®a3 @ b3 + (aj + \al) ® a? @ b3, which is discussed in Case 2
Type 1. Hence we assume b} and b3 are linearly independent. dim T'(A} @ A%) <3
implies b3(a3) = b up to a scalar, then T'= T" + al ® (a3 + \a?) ® a? ® b}, where
T'=al®ad@adebal)+a @b +al®@adeadebl+adadb] €
Ta}@a%@a?@bi‘X&

For case 3, dimT(A} ® A%) < 3 requires b3(a3) = b] up to a scalar. Then
T=T+a® a3+ \a?) ®a3@bi, where T" = al @ a} @ a3 @ b3(a}) +al ® a? ® a3 ®
bi+al®ad®@a} @b} +ab ®al ®al @b € TypaaatenXs:

K
Now we assume 7= Y b1 @ @b ' @b @b @ - @b +bj®-- @5 The

i=1
induction argument is similar to the case k = 3.
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Type 3: T=a; @b3Q@b5 +a; Qb7 Qb3+ ay ®b3 @b +a; @b @b3 +a] b3 ®
b3 + ai @ b2 ® b3. Without loss of generality, we can assume b? = a?, b3 = a3, and
b2 = za? +ya3. dim T(A;® A3) < 3 implies two cases. Case 1: b3 = a? ® b} for some
b € Ay ®---® Ay, b3(a3) = bf up to a scalar, and b3(a3) = b3(a3) + \b] for some
A € C; Case 2: b} = a? ® b}, and b3 = a3 ® b3 for some b}, b5 € A, @@ A,.

Forcase 1, T = al ® a2 @ a3 @ b3(ad) + al ® a2 @ a3 @ b} + ad ® a3 @ a} @
bi(a3) +al ®al ® a3 @bl + a) @ a3 ®a} @b+ af ® af @ aj @ b3(a3) + af ® af ®
a} @b3(a}) +al @ (y+ N)ai @ a} @b + (xai + Aaj + a}) ® a3 @ a3 @ bf. Let S(t) =
a1 +tag+1?(vai+Aay+a3)|@[ai+ta3+t*(y+A)a3]@(af+ta3) @ [bi +13(a3) +12b3 (o)),
then 7' = 5"(0).

For case 2, if b3 = \bi for some A € C, then b = \b3, T = [(y + N)al + ] ® a2 ®
b3 + (zai + Aad +al) ® a3 @ b3 + al ® a? @ b3, which is discussed in Case 2 Type 1.
Thus we assume b] and bj are independent. dim T'(A} ® A%) < 3 implies b3(a3) = b]
up to a scalar,so T =al ®a2®@a3 @b+ ad @2 @ad @by +al®a2®@ad @bt +al ®
ai ®aj®@b3(a}) +a;®af®@a3 @b +a} ® (vai +ya3) ®af @b +a3@ai®aj @bi. Let
S(t) = [a] +tay +t?ai] @ [af 4+ ta3 + t*(za] + ya3)| @ (a3 + t%a3) @ [b] + tbs + t2b3(a3)],
then T' = S”(0).

Now we assume T =Y b ®@-- @b '@bheb" @ --ob ook @ g

i<j
b+ zk: W@ @b @beb™®---®bF, and use induction to show T' € a3(X).
The ii;cliuction argument is similar to the case k = 3.

Type 4: T = a3 @b} @ b3+ a3 @ b3 @b+ a; @b @ b3 + a1 @ b3 @ b3 + a3 @ bT @ b3.
f03=0T=0a00Qb5+a; 2R3 +a] @3 Rb}+ (a3 + a3) ® b ® b3, which is
discussed in Case 2 Type 2. Hence we can assume b? = a? for 1 < i < 2. Assume
by = wai + ya3, then T' = (yaj + a3) ® af ® b + (ya; + a3) ® a3 ® b + a1 ® af @

(b3 — yb3) + (zai + ai) ® a? ® b3. Therefore after a change of basis, we only need
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to consider the case T = ad ® af @ b3 + ad ® a2 @ b3 + a] ® a @ b3 + a} ® a? @ 3.
dim T'(A5 ® A3) < 3 implies b3 : A5 — A4 ® -+ ® A, has rank 1, say b3 = a3 @ b} for
some bf € A, ® - ® A,.

If b3(a?) and b3 (a3) are linearly independent, dim T'(A;®A3) < 3 implies b1, b3(a3)
are in V, where V} is spanned by b3(a?) and b3(a3). For the subspace Az ® Vj, after
a change of basis, we can assume a} and a$ ® b3(a}) + a3 @ b3(a3) are preserved, and
b} = b3(ad), or b = b3(a3). So we have two cases:

Case 1: If b} = b3(a3), assume b3(a3) = xb3(a?) + yb3(a3), then T = T' + (yal +
a}) ® ai ® a3 ® b3(a3), where 7' = a; ® af ® af ® b%zi”) +a3 ®af @ (za3) @ b3(af) +
ay ® a3 ® aj @ b(a}) + (a1 + a3) ® af ® af @ b3(af) € L®a?ealeb](ad) X3-

Case 2: If b] = b3(a3), we can assume b3 (a3) = b3(« ) + Ab3(a3) for some \ € C,
or b3(ad) = \b3(a3). If b3(a3) = b3(a3) + Ab3(a3), T = a ® a3 @ a3 @ b3(ad) + a} ®
a?® (N\a3) @b3(a3) +ad ®@as®@ad @b3(ad) +al®al®ad @b3(a3) +ad ®a? ® a3 ®
b3(af) + a1 ®af @ af @ b3(at) + aj ® af ® a3 @ b3(3). Let S(t) = (az +tay +ta3) ®
(a3 + t?a3) ® (a3 + ta3 + t*\a3) @ (b3(a3) + th3 () + t2b3(a?)), then T = S”(0). If
by(as) = Ab3(a3), T =T +T", where T" = a ® a? ® a3 @ b3(a}) + al @ a? @ a3 ®
bi(03) + ab ® af @ a} ® b(0d) + a} ® af @ a} ® b(0d) € TuwawatenayXs and
T" = a} ®a} ® a} @ b(af) + al ® a? @ 0} ® b3(03) € Tutswsatontad) Xo-

If b3(a3) = Ab3(a3) for some A € C, then we can assume b3 = a} ® b3(a?) or
b3 = a3 ® b3(a?). Thus we have four cases:

Case 1: If b3 = a2 ®@b3(a3), b3(a?) and bf are linearly independent, we can assume
b3(a3) = zb] + yb3(a?) for some z,y € C due to dim T'(A} ® A3), then T =T" +T",
where 7" = al ®@a? @ a3 @ b3(ad) +al @ a? @ wad @b+ al @2 @ a3 @b} + al @ a? @
al @b} € fa%@)a%@a?@b‘l‘X& and 7" = al ® a? @ ya3 @ b3(a}) + al @ a? @ a? @ b3(af) €
Toseaedeniod Xs:

Case 2: If b = a3 @ b3(a?) and b3(a?) = pb] for some p € C, T =T+ ay @ a? ®
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a3 ®@b3(a3), where T" = ay®@ai®@ai®@bi(af) +ay®@a3@ai @b+ (uai+az) @ai ®ai @by €
fa%@a%@a{’@b‘fx&

Case 3: If b3 = a3 ®b3(a}), b3(a?) and bf are linearly independent, we can assume
b3(a3) = zbj+yb3(a?) due to dim T (A;®A%), then T = T'+(yai+a})@ai®a3 b3 (),
where T’ = al®@a?®a3 @b3(a}) +ai @a?@rai @b} +ai @ai@a? @bl +al®a? @a3@b] €
fa%@a?@a{’@b‘sz-

Case 4: If b3 = a3 @ b3(a?) and b3(a?) = pbf for some p € C, T =T'+T", where
T'=a}®dl®d@bj(e}) +al®ad®a} @b} +ai ®a @ al ® b € TpeeatanXs,
and 7" = a} ® a? @ af ® pb + a @ a3 ® a3 @ b3(03) € Topeareagen Xs.

k k

Now assume T = » by @bj@-- @b ' @byobi!' @@t +> o b 'e

i=2 i=1

by @b @ - @b%, and use induction to show T € o3(X). The induction argument

is similar to the case k = 3.
3.2.83 Case 3:T € Ug(Xg) \ O’Q(Xg), T e Subzg ,,,,, 2(A1 Q- An)

Since dimT(A} ® --- ® A¥) < 3, then after a change of basis we can assume
T(A;®---® A%) C V, where V is spanned by {a] ® a? + a} ® a3,a] ® a3, a3 ® a3}
or {al ®a?,al ®a3,al ®a?}. So T has 2 types of normal forms.

Type 1: T = (a} ® a? + al ®a3) Qb3 + a] ® a3 @ b3 + ay ® a? ® b3, we reduce the

problem to finding equations for o3(v,(P')), which has been settled.

Lemma 2. Let T € A® B ® C, where dim A = dim B. If there is an element
¢ € Ker(Th,) with full rank, then ¢(T) € S?PA® C.

Proof of the lemma. Let {a;}, {b;}, {cx} be bases for A, B, C respectively, and
{a'}, {b}, {c*} their dual bases. Let T = Y a*a; ® b; @ ¢, then Th, : a; @V
>k @ (ana;)@cy. Let ¢ =37 Blai@V € Ker(Tp,), then Y- Bl *(aha;)@c, = 0,
which means }_. fla* = 37 fial*. Since ¢(T) = 3 fja’ a; @ a ® ¢, then
o(T) € SPAx C.
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]

Let V be a complex vector space. Given ¢ € SV, let ¢y g0 € SV @ STV de-
note the (a,d— a)-polarization of ¢. As a linear map S*V* — SV rank(¢na-a) <

rif [¢] € o, (va(PV)) [33).

Theorem 9 ( [33]). o3(v3(P")) is ideal theoretically defined by Aronhold invariant
and size 4 minors of ¢12. 03(va(P")) is scheme theoretically defined by size 4 minors

of ¢22 and @13 when d > 4.

Now given any T' € A1 ® - - - ® A, if there is some 1 < ¢ < n, and for any j # 1,
there is a ¢;; € Ker(TIQin) with full rank, then T = Gnio- -0 (T) € S™A; has the
same rank with 7. If T" satisfies 4 x 4 minors of flattenings, T satisfies size 4 minors
of symmetric flattenings, by Theorem 9 T' € o3(v,(PY)), then T € o3(X). If T is of
Type 1, we always have a1 ® a3 + ay ® a} € Ker(T}, 4,) with full rank, hence if for
any 2 < i < mn, T is of Type 1 when viewed as a tensor in 4; ® 4; ® (A2 ® -+ ®
A @A @A @ @A), then T € 03(X). HT € A @ A ® (A3 @ -+ @ Ay)
is not of Type 1, then it must be of Type 2, and we will use induction to show that
T € 03(X) in this situation.

Type 2: T = aj ®a? Qb3 +ai ® a3 Qb3+ a) ®@a? @ b3, the dimension of T(A%® A%)
implies b3 : A3 - A, ® -+~ ® A, hasrank 1, or b3 : A5 — A4 ®--- ® A, has rank 1.

If b3 : A — Ay ® -+ ® A, has rank 1, say b5 = a3 ® b3, and b5 : A} —
Ay ®---® A, has rank 2, say b3 = a? @b} + a3 ® b3, then dim T'(A5 @ A3) < 3 implies
b3(a3) = Ab] + ubjy for some A, € C. If b3, b] and b3 are linearly independent, then
dim T'(A; ® A5 @ A%) < 3 forces b3(a}) = zb3 + ybi + zb3 for some z,y, z € C, thus
T =a}®a®(yad @bl + za3 @b+ a3 @b} + pa3 @by) +a} @ a3 ® (a3 @b + a3 @ b3) +
(rai+al)®a?®@a3®@bj3. For the subspace A3@V), where V; C A4®---® A, is spanned

by b} and b3, after a change of basis we can assume a ® b} + a3 ® b3 is preserved, a3
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is mapped to ua? +wvaj for some u,v € C, and ya3 @b} + za3 @ bi + a3 @b} + pa3 @ b3
is of the Jordan canonical form, i.e. a} ® b + a3 ® b3, or a® ® b}, or a3 @ b3, or
Ba3 @ bl + a3 @ bl + Ba3 @ by for some 0 # 3 € C. Hence we have:

Subcase 1: T = aj ® (a? + a3) @ a} @b + ai ® (a? + a2) ® a3 @ by + (va} +al) @
a3 ® (ua? + va3) ® bs.

Subcase 2: T' = al ® (a3 + a3) @ a3 @ b} + al ® a3 ® a3 @ by + (va} + a}) @ a3 ®
(ua? + va3) ® bj.

Subcase 3: T' = T' + (zaj + a}) ® a? @ (ua$ + va3) @ b3, where T = al ® a3 @ a3 ®
b3+ al ® a3 ®al ® b+ al ® a3 ® a3 @ b € T pazmatonXs.

Subcase 4: T =T + (za} + a}) ® a? @ (ua? + vad) ® b, where T" = ai @ (fa? +
a3) ® a} @ bl + a} ® (Ba? + a3) @ ad @ b + al ® 6} ® af @ b € Toro(a a2 oatont Xs-

If b3 = pb} + gbj for some p,q € C, for A3 ® Vj, after a change of basis we can
assume a3 and a? @ b] + a3 ® b are preserved, b3 = b or b3, and a3 @ b3(a3) is of the
form x{a? ® b} + xiad @ by + x3a3 @ b + x3a3 @ b3, If b3 = b] we have:

Subcase 5: T'=T"+ai @ (v3a2 +a3) @ a3 @ b3, where T" = af ® a? @ a3 @ [b3(a3) +
b+ aibd]+al ®@al @ (23a3) @bl +al ®ad@al @b+ a} @ad@al @bl € Toparsaten Xs.
If b3 = b3, by changing a3, b3 and a?, we can assume z7 = 1 or 0. So we have:

Subcase 6: T = a} ® af ® a} @ [b}(a}) + z1b] + x3b3] + a] ® af ® (23a3) @ b3 +
R +al @b +al@di®ad @b} +al ®a2®al@bi Let
S(t) = (a} +t%ad) @ (a? +tad) @ (a3 +ta3 +t2x3ad) @ [0+ tb] + 12 (b3 (ad) + x1b] + x3b3)],
so T'= S"(0).

Subcase 7: T =T'+T", where T' = a}l ® a? ® a3 @ [b3(a}) + 21b] + 23b3] + af @
a? @ (22a3) @b+ at @ al ®@ad @) € fa@a%@a?@bg)(g, and T" = ai ® a3 ® a3 ® b] +
al ®@al®a3 @b € fa%m%@a?@b%Xg.

If03: Ay — Ay®---® A, has rank 1, say b3 = a} ®@0bj for some b € A, ®---® A,

and b3 : Ay — A4 ® - ® A, has rank 2, say b3 = a} ® b} + a3 ® b for some
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bi,bi € Ay ®---® A, then dim T'(A} ® A3) < 3 implies b3(a3) = Ab] + ubi for some
A\ € C. If b, b and bj are linearly independent, then dimT(A; ® A5 ® A3) < 3
forces b3(a?) = xb + ybj + 2b3 for some z,y, z € C. For the subspace A3 ® V}, where
ViC Ay ®---® A, is spanned by bj and bj, after a change of basis we can assume
a? @ b + a3 @ b3 is preserved, a? is mapped to ua? + vaj for some u,v € C under the
new basis, and za$ ® b} + za3 @ b + \a3 ® b] + pad ® b} is of the Jordan canonical
form, i.e. a} @b} + a3 @ b3, or a3 @b}, or a3 @ b3, or fal @ b} + a? @ b + Ba3 ® b3 for
some 0 # [ € C. Hence we have:

Subcase 8: T = (ai +ad) ® a3 @ a3 @ b} + (al + a}) ® a? ® a3 @ b} + a @ (ya? +
a3) ® (uaj + va3) ® bs.

Subcase 9: T = (a} +d}) ® a? ® a3 @ b} + a} ® a3 @ a3 @ b + a} @ (ya? + a3) ®
(ua3 + vad) @ by.

Subcase 10: T =T’ + ai @ (ya? + a3) @ (ua? + va3) @ b, where T" = af ® a? ®
d} @b +ay®al®al @bl +ab®a} @ ad @ bh € TomsatanXs

Subcase 11: T' = T" + af ® (ya? + a2) ® (ua? +vad) @ by, where T = (Bal + al) ®
a3 ®a} ® bf + (Bal + a}) ® af @ af @ b} + a} ® af ® af @ b} € T{gat s atymateaton Xs.

If b3 = pb} + gbj for some p,q € C, for A3 ® V}, after a change of basis we can
assume a3 and a? @ b] + a3 @ b are preserved, b3 = b or b3, and a3 @ b3(a3) is of the
form xia? ® b} + xiad @ b3 + 23a3 @ b + x3a3 @ bi. If b3 = b} we have:

Subcase 12: T = T+ (z2a} +a}) ® a3 @ a3 @03, where T = a} ®a? ® a3 @ [b3(af) +
1bf + 23] +al @ a2 @a2a3 @b +a] ®ai Qa3 @b} +aiRatRadRb] € fa%@,a%@a?@b%Xg.
If b3 = bi, by changing a3, b3 and a3, we can assume z7 = 1 or 0. So we have:

Subcase 13: T' = al ® a? ® a3 @ [b3(a3) + z1b] + 23b3] + al ® a? @ (22ad) @ b +
l@dedbki+dodd bl +ad ®@add®a @b +ad ®@a?®a b3 Let
S(t) = (a} +tad) @ (a3 +t2a2) @ (a3 +ta3 +t2x3ad) @ [b5 +tb] + 12 (b3 (ad) + x1b] +23b3)],
so T'= 5"(0).
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Subcase 14: T =T'+T", where T" = a} ® 0} @ a} @ [b3(a?) + 210} + 22bd] + al @
a? @ (22a3) @bi+al ® a2 @ ad @b € T\a@a%@a?@bg)(g, and T" = a} ® a? ® a3 ® b] +
ay®al a3 b € fa%m%@a?@ngg.

If both b3 and b3 : A5 — A4®---®A, have rank 1, say b3 = a3®b} and b3 = u3 @b}
for some u3 € Az and b3,b3 € A4 ®---®A,, and b : A} - A4 ®---® A, has rank 2,
say b3 = a3 @ uf + a3 ® uj for some uj,ui € Ay ®@---® Ay, b3, ui and uj are linearly
independent, then b3 = zbj + yui + zuj for some x,y, 2 € C. After a change of basis,
we can assume = 0 or 1, u3 = a? or a3. For the subspace Az ® Vj, where V} is
spanned by u] and ui, after a change of basis we can assume a3 ® uf + a3 ® uj and
a? are preserved, and yui + zu3 = uf or uy. Then we have:

Subcase 15: If uj = a3, x = 0, yu} + zuj = u}, then T = (al + dd) ® a? ® a3 ®
uf +at ®a? ®ad @uj + al ® a2 @ ad @ b;.

Subcase 16: If u3 = a}, x = 0, yu] + zuy = u3, then T =T + af ® a3 ® a} ® b3,
where T" = al @ a? @ a? @ui+al @ad?@a3 @ui+al®a?@add @uj € fa@a%@a?@uéX&

Subcase 17: If u3 = a3, x = 1, yui + zuj = uj, then T = (a} + ad) ® a? ® a3 ®
(uf +b3) +al ®a? @ a3 @ujs + aj @ (a2 — a?) ® a? @ b3,

Subcase 18: If uj = a}, * = 1, yu] + 2uy = uj, then T = T’ + T”, where
T'=al®adl®ad Qu]+a;®a3Qa b3+ as ®a? @a} b3 € fai@)a%@a?@bg)(g, and
T"=al®@a®aQuj+al®@al Qal@uj € fa%(@a%@a?@u%X&

If u = a3, for the subspace Az ® Vj, after a change of basis we can assume
a} @ uj + a3 ® uy and a3 are preserved, yui + zuj3 = uj or u3, and a} is mapped to
a3 + pay for some A, i € C under the new basis. Then we have:

Subcase 19: If z = 0, yu] + zu3 = ui, then T =T" + a ® a3 @ (\a? + pad) ® b3,
where T" = al @ a2 @ ad @ui+al @ad?@a3 Qui+al®a?@a@ul € Tai@)a%@a%@u%X&

Subcase 20: If z = 0, yuf + 2u3 = uj, then T = al ® a? ® a? @ uj + (a} +al) ®

a2 ® a3 ®u;+al ®@ad® (\ad + pad) @ bi.
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By adjusting a3, we can assume Aa} + pa3 = a3 or a$ + paj. So we have:

Subcase 21: If Xa? + pa3 = a3, x = 1, yui + 2u3 = uf, T = T+ T", where
T'=al®aRaQui+a ®a3 Qa3 Qb5+ ay@al ®a3 b3 € fa}@aa%@ag@bg){s, and
T'=al®adl ®a@ui+al®a?@ad@ul € fa%@a%@a%@u‘llx&

Subcase 22: If Aa} + pad = a3, v =1, yul + 2uf =ui, T = (a} +a}) @ a? ® a3 ®
(uy +b3) + ai ® (a3 — a}) ® a3 ® by + a1 ® a] ® af ® .

Subcase 23: If Aa3+puad = ad+pad, v = 1, yui+zui = uj, let ¢ = a2, ¢ = a%—a?,
v} =uf + by and vy = b3, then T = af ® a3 @ (2 Q@ v} + 2 @ v3) +al ®ad R (3
Uy + e} @ vy + ey ® vy) +ay @ a3 @ i @i = 1"+ a1 ® ¢ ® (af + pa3) ® vy, where
T'=al®3®adovi+al @3 Q@ (uvs +ul) +ad @A @a3 v € fa%®0%®a3®U%X3.

Subcase 24: If \a} + pad = a$ + pad, p # 0, v = 1, yul + 2uj = uj, let ¢ = a?,

c2 = pa3 —a?, v{ = uj + b5 and vy = by, then T' = (al + a}) ® & ® a3 @ v} +al ®

c%@(%a‘;’+a§)®v§‘+a}®cf®a§®(u‘f+ 1;Mv§).

Subcase 25: If Aa3+pa3 = a?, x = 1, yul+2uj = ul, then T = T"+(a} +a}) ®ai®
as3@(uj+b3), where T" = al®@a?@a@ui+al@(a3—a?) Qa3 @bj+al@a?@ (a3 —a3) by €
fa%@a%@a?@bg){&

If b3 is in the subspace V; spanned by u] and u3, after a change of basis of A3V}
we can assume b} is preserved, and bj = uj or u3. So we have:

Subcase 26: If by = uf, T = al®(a?+a3) Qa3 @ui+al @a? @a3@ui+al@ai@uiRbi.

Subcase 27: If by = uj, T =T + a} ® a} ® u3 @ b3, where T = a} ® a? ® a3 ®
uf +al®al ®ay@us+al ®aiRal @uy € fa%@a%@a?@u%X?)'

Subcase 28: If b3 : A — A;®---®A, hasrank 1, say b5 = u}®b] for some u? € Aj
and b} € Ay®---®@A,, then T = al ®a? @u3 @b +ai ®a2®a @b3+ad @at @ui Rbi.

Now we assume 7" € 03(X;_1), and T is of Type 2, but is not of Type 1 when

viewed as a tensor in A; ® Ay ® (A3 ®---® A,). For each normal form, we show by

induction that 7" € o3(X).
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Subtype 1: T=bl® - @0 + bl @ - @ b5 + bl ®--- @bk Since we assume
T(A;@---®A;) C V, where V is spanned by aj®a?, aj®a3, and aj®a?, then bj@b? €
A1 ® Ag has rank 1 for any 1 < j < 3 implies b; = aj or b5 = a3. Hence we have two
subcase: T = a}®a?Q03R- - QY +al ®a3Qb3R- - - Qb5+ (Aai+pal) @ai b3 - - @bk
orT =03l @b +a@dd@bi®- - @bk +al @ (a4 pal) @b3®- - bk
Here we only show the first case since the argument for the second case is similar.
For the first subcase, if A = 0, T" has been discussed in Case 3 Type 1, so we
assume A # 0. Now let ¢f = a3 ® a3, ¢} = a] ® a3, and ¢} = (\aj + paj) ® af. From
the argument of Case 2 Type 1, we can deduce directly that T € o3(X}) except
for the following several subcases.

Exceptional Subcase 1: b} = a? for 1 < j < 2,03 = a} +a3, b = df @ uf"' +af ®
ub™ for some uf Tt kTt € Ay @ @ A, B = bE = af @ufT bl = b) = b, for all
4 < i < k—1, then there is no harm to assume k = 4. So T = (¢} +c})® a3 ®at @uj+

caRa®al@ul+cl@ad®ai@ui+cdd®@ad®@at@ul. When p# —1, T = [Aal + (u+

1)a§]®a%®(a§’+ﬂ K a3)@ai@uy+T', where T' = al®a2@ai@al@u} +al ®ai®ai®

+1
a%®ag®a%®ug = T\a%®a§®a§®a‘f®u§X4’ When p = -1, T =T"+1T",

@®@+%®M+1
where 7' = a} ®a} @ A} @ af @ ud + (Aa} — a}) ® a} @ a3 @ af ® 3 € Togazsatsaton X1
and 7" = at @ a3 ® af ® af @ uf + 0t ® 0 ® 4} @ a3 @ 13 € T puzeatoaton X
Exceptional Subcase 2: T = (cl +c}) @al @bl @ - @V ' @di@uf™ +(c}+ch)®
Bt - ' edou +d®debl®- - @b ®adk @ubT. Tt is harmless

L
+1

a1 @[(u+1)a;+ a3 Qa3 ®@al @ul +a; ®a; ®@a; ®as @uy. When p = —1,

to assume k = 4. When pu # —1, T = [Aaj + (u+ 1)a}] ® a} @ (a} + p a3) ®aj ®

5 1
uy +

p+ 1
T=T +al ®a3®a3@a;@u3, where T" = a} ® a? @ \a? @ a] @ uS + ai ® a3 @ a3 @
ol @} + (Aat — a}) @ 3 @ ad @ al @ 4} € Topwsagsaton Xa

Exceptional Subcase 3: T' = (¢l +yc})@a3@bi®- - @b ' @df @ui™ 4+ (ch+ycl) ®
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;@@ @b @d@u + @ (0 +a) @b @ @b ® (v} +a}) ® U (ah)

for some x, y € C. It is harmless to assume & = 4. When ypu+1 # 0, T =

yp o o4 4o 5, 1 YA
Aal + +Ddll®a®? ® (a3 + ay) a; @u; +a; @ (———
[y 1 (y,u )2] 1 (1 g+ 1 2) 1 1 1 (yu+1

al ® uj + (Aaj + pay) ® ai @ (a3 + a3) ® (raj + a3) @ by(ay). When yu + 1 = 0,

a:+a3) ®ay @

T =T +\al+pad) @a?® (a3 +a3) @ (ral+a3) @b3(a3), where T = ai ® a3 @ylai @
i @uf+y(Aat+pab) @t @ai®al @} + 0} @3 @ a3 @al ©u} € Thpasagsaton Xi.
k
Subtype 2: T=) b ®--- @b ' @bt @ - @ +bj®-- @b} Since
T(A;®---® AX) C ‘ifz,lwhere V is spanned by af ® a?, a} ® a3 and a} ® a?, and
bl ® b2 € V has rank 1, we can assume b} = al, b? = a?. If b} and b] are linearly
independent, then assume b = aj, otherwise assume by = al. If b3 and b7 are linearly
independent, then assume b3 = a3, otherwise assume b2 = a3. Since b ® b2 is a rank
1 matrix in V, then b ® b2 = (zaj + ya}) ® a? or b} ® b2 = a} ® (za? + ya3). Hence
we have three subcasgs:
Subcase 1: T:Za}®af®bi”®---®bj1®(b§+%b§)®b§“®---®b’f+
ay @ a3 @bl ® - ®Zl?§3: which is discussed in Case 3 Type 1.
Subcase 2: T = (a%@a%+a%®a§)®b‘%®~'®b’f+2k:a1®a§®b:{’®~~®bi1®
obme - @b +a ®a?®b3®---® b, which helngbeen discussed in Case 3

Type 1 after a change of basis.
k

Subcase 3: T = (ai ®a?+al ®a2) b3 @ - - -®b’§+z MRERER- -0
V'@ @b + @b @b - @bk, where b} and c:%::;re independent, or b2 and a?
are independent. Let ¢} = aj ® a?, ¢} = ad ®a? +al ®a3, ¢} = bl @03, and V; denote
the subspace of A; ® Ay spanned by cf, ¢} and ¢}, since b} ® b3 = (zai + yal) ® a? or
by @ b3 = ai ® (za} + ya3), by the argument of Case 2 Type 2, we have T € o3(X})

directly except for a few subcases. From the argument of Case 2 Type 2, we can

see it is harmless to assume k = 4 when considering these exceptional subcases.
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Exceptional Case 1: b3 = a? for j = 1,2, bj = af ® b} for some b} € A;@--- @ A,
by = a3 + Aa? for some A € C, b} : A — A5 @ --- ® A, has rank 2, say bj =
aj @ ub + a3 ® u3, and b3 is a linear combination of v} and u3, then by redefining a}
and a3, we can assume ¢} = a} ® a? or a} ® a3, u} = b} — puj for some p € C or
us =0 Ifcd =al @a?, uf =0} — pul, then T = al @ [a2 — (1 + N\)a?] ® a3 ® af @
b+ (al +ad) @a? @ [(14+ N)a +ad] @ af @ b7 + a) ® a? @ (a3 + Aa3) ® (a3 — pat) @ uj.
fced=a®ad uy=0T=T+a ® (a3 — \a}) @ a} @ a] @ b}, where T =
R0 +a®a®(a3+Ma}) Ra @V +ad ®a? @ (a3 + Na?) ®al @uj +
al®@a?® (a3 + X ad)@a3 b} € fa%é@a%@(a%)\a?)@#@b?)ﬁ. If ¢} = aj ®a3, uf = xb3 +yus

for some 0 # z,y € C, T = a} ® (a? + a3) ® [za3 + (2 + 1)a}] @ a] @ b3 + (a} —
A+ 1

) ®a; ®a} ®a @b +a; @a3@ (a3 +Aa}) ® (yay + a3) @ u3. If ¢y = ay @ a3,
uy =03, T =T+ (al - Mal)®a?®a3@al @b, where T" = a ® a2 ®@a3 ®a} @0 +al®

@ a3+ ad)@al @b} +al ®a3® (a5 +\a}) @al @ud +af ®a2 @ (a3 +Nad)@aj @b €

)

w1 ga3e(ad 4 ad)paten Xa. If 2 =0, 0] = b3 and b3 : A} — A5 ® -~ ® A, all have rank

—_

Exceptional Case 2: If ¢} = al ®a?, b} = b3 = a @b} for some b} € A5®@---® A,
by = ai ® u + a3 ® uj for some ul,u) € As ® --- @ A, and uj = xu + yb} for
some 7,y € C,then T =al @ [(y —A—1)a? +dd]®ad@al @0+ (a} +dd) ®d? ®
(a3 + A+ 1)ad] ® af @b} + af ® a? ® a3 @ [za] + al] @ uj. If ¢} = al ® a3, then
T=a0®@+a3) a3+ AN+ 1)af]@al @b +[az+ (y—A—1)aj] ®af Qa @ai ®
b +ai ® a3 ® ai @ (zaj + a3) ® uj.

Subtype 3: T=) b @ @b '@hel' e b 'ekhet" e
1<J
N J
B+ bi@- @b @b @bt @ @bk If bl = bl, b3 = b2 up to a scalar, then
=1
2

11 1 32 2 o2 gl 1 2 :
we can assume b, = by = ay, b; = bf = a3, b3 = a3, and b5 = aj. This has been

discussed in Case 3 Type 1. Otherwise, Let ¢f = b} ® b?, ¢} = bl @ 02 + b} ® 03,
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and ¢ = b} ® b3 + b} @ b3 + b} ® b3. By the argument of Case 2 Type 3, we can
see T' € 03(Xj) except only one subcase, and by the argument of Case 2 Type
3 it is harmless to assume k = 4 for the exceptional subcase, b? = ag? for j = 1,2,
b3 = za? + ya3 for some z,y € C, b} = b3 = a} @ b for some b} € A5 @ -+ @ A,, b3 :
A; = As®- - -®A, has rank 2, say b3 = af®@ui+a5Qus for some uf, uj € Az®- - -®A,,
u3 and bY are linearly independent, and u3 = A\uj + ub} for some A\, € C. So T =
[(z+u—5)ci+2ch+ | ®@at@al @5 +[(y+2)ci +ci]®@ad®at @b +-c a3 @ (Naf+a3) @ud,
which has been discussed in Case 3 Type 1.

k k
Subtype 4: T =Y behi® - @b ' @bt @ @b+ b0
i=2 i=1
V@b @b @ @bF. If by = bl up to a scalar, T has been discussed in Case 3
Type 1. Otherwise, let ¢f = b} ® b3, ¢ = by @3, ¢} = b) @ b3 + b ® b}. From the

argument of Case 2 Type 4, we can see T' € o3(X}).
3.2.4 Case 4: T € 09(Xs)

We assume T € 09(Xj_1), and show T € o3(X}) by checking each type of the
normal forms in Proposition 6.

Type 1. T=0® - @bf. ThenT=bl®@--- @b ' @d @)+l @
Vil @ak@bi(ak) + bl @ @b @ ak @ bE(ak).

Type 2: T = bi®- - @b +bi®- - -@b5. Since there is some 1 < i < k—1 such that
bi and b, are linearly independent, then dim T'(A ® A;) < 3 implies at least one of b¥
and by : Af — Apy1 ®---® A, has rank 1, and the other one has rank at most 2, say
Ve = ab @b and b = aF @5 +ab @bt for some BYTL DAL ATl € A @@ A,
Hence, T = bl®@- - - @b ' @a! @b T 40l @- - - @05 ' @a @b ™ +0i®- - -@bE ' @ab@bb ™

k
Type 3: T' = Z b @ @b @b ®- - @b, Without loss of generality, we
i=1
can assume b} and b} are linearly independent, and b2 and b3 are linearly independent,

then dimT(A} ® A;) < 3 implies V¥ : A} — Apy @ -+ ® A, has rank 1, say
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V¥ = af @ byt for some byt € Ay ® - ® A, and {BfT) b5(ak), bE(ak)} spans

an at most 2 dimensional subspace. Thus we can assume b (ak) = 265! + ybk(ab)

for some 7, y € C, then T = T" +al @ --- @ Vi ' @ (ak + yak) ® bh(ak), where
k—2

T'=>bhe o' oot o - ' edetf +he- @b ®d e
i=1

k(. k 1 . k—1 k k+1 -
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4. ON THE GEOMETRY OF TENSOR NETWORK STATES

In this chapter we study tensor network states, and answer a question of L.
Grasedyck that arose in quantum information theory, showing that the limit of ten-

sors in a space of tensor network states need not be a tensor network state.
4.1 Definitions

Let Vi,...,V, be complex vector spaces, let v; = dim V;. Let I' be a graph with
n vertices vj, 1 < j <n, and m edges e5, 1 < s <m, and let € = (eq,...,e,) € N™
Associate Vj to the vertex v; and an auxiliary vector space F of dimension e, to
the edge e;. Make I' into a directed graph. (The choice of directions will not effect
the end result.) Let V=V, ®---® V. For I', s € e(j) means e, is incident to vj,
s € in(j) are the incoming edges and s € out(j) the outgoing edges.

Define a tensor network state TNS(T', €, V) to be:

TNS(T,& V) = (4.1)

{T €V | 371] € ‘/J ® (®s€in(j)ES) ® (®t€out(j)Et*)7T = Oon(Tl Q- Tn)}a

where C'on is the contraction of all the E,’s with all the E7’s.

Example 1. Let I" be a graph with two vertices and one edge connecting them, then
TNS(T, e, Vi®Va) is just 6., (Seg(PVy xPVy)), the cone over the e;-st secant variety
of the Segre variety. To see this, let €1, ... €., be a basis of By and €',... € the
dual basis of E*. Assume, to avoid trivialities, that vy, v > e;. Given Ty € Vi ® E;
we may write Ty = w1 @ €1 + -+ + Uy, @ €, for some u, € Vi. Similarly, given
Ty € Vo @ Ef we may write T} = w1 @ €' + -+ + we, @ €' for some wy, € Vo. Then

Con(Thy ®@Ts) =uy @wy + -+ + Uy @ W, .
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The graph used to define a set of tensor network states is often modeled to mimic
the physical arrangement of the particles, with edges connecting nearby particles, as

nearby particles are the ones likely to be entangled.

Remark 4. The construction of tensor network states in the physics literature does
not use a directed graph, because all vector spaces are Hilbert spaces, and thus self-
dual. However the sets of tensors themselves do not depend on the Hilbert space
structure of the vector space, which is why we omit this structure. The small price to
pay is the edges of the graph must be oriented, but all orientations lead to the same

set of tensor network states.

4.2  Grasedyck’s question

Lars Grasedyck asked:

Is TNS(T',e, V) Zariski closed? That is, given a sequence of tensors 7, € V
that converges to a tensor Ty, if T, € TNS(I', €, V) for all € # 0, can we conclude
To e TNS(T',e, V)?

He mentioned that he could show this to be true when I' was a tree, but did not
know the answer when I' is a triangle. In the physics literature they were implicitly

assuming tensor network states were closed, so he asked this question.

Definition 9. A dimension v; is critical, resp. subcritical, resp. supercritical, if
vj = ILecgies, resp. v < lgeeijes, resp. v; > Haeejyes. If TNS(T €, V) is critical

for all j, we say TNS(T', €, V) is critical, and similarly for sub- and super-critical.

Theorem 10. TNS(T', €, V) is not Zariski closed for any T containing a cycle whose

vertices have non-subcritical dimensions.

Notation 1. GL(V') denotes the group of invertible linear maps V- — V. GL(V7) x

X GL(Vy) acts on Vi@ @V, by (g1, -+, gn) 01 Q- QU = (g101) Q-+ - ®(gnvn).
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(Here vj € V; and the action on a tensor that is a sum of rank one tensors is the sum
of the actions on the rank one tensors.) Let End(V') denote the set of all linear maps
V — V. We adopt the convention that End(Vy) X - - - x End(V},) acts on V1 ®---®V,
by (Z1,...2,) 1@ Quy, = (Z1v1) Q- - ®(Z,vy). Let gl(V') denote the Lie algebra
of GL(V). It is naturally isomorphic to End(V') but it acts on V1 ® --- ® V,, via the
Leibnitz rule: (Xi,...,X,) 11®- - Quv, = (X101) Qs ® -+ - Qv + 1 @ (Xov2) Rz ®
QU F R QU ® (Xyvy). (This is because elements of the Lie algebra
should be thought of as derivatives of curves in the Lie group at the identity.) If
X C V is a subset, X CV denotes its closure. This closure is the same whether one
uses the Zariski closure, which is the common zero set of all polynomials vanishing
on X, or the Fuclidean closure, where one fixes a metric compatible with the linear

structure on V' and takes the closure with respect to limits.
4.3 Connections to the GCT program

The triangle case is especially interesting because in the critical dimension case

it corresponds to

End(Vy) x End(Va) x End(V3) - Mmulte, cye,,

where Mmulte, ¢, ., € V1®@V2o®V3 is the matrix multiplication operator. In Geometric
Complexity Theory (GCT) people study Mmult and its GL(V}) x GL(V3) x GL(V3)

orbit closure ( [6]) which is a toy case of the varieties introduced by Mulmuley and

Sohoni [7,38,39]. The varieties are GL,z2 - det,, and G'L,2 - ["~™ perm,,, where det,, €
S"C" is the determinant, n > m, | € S*C', perm,, € S™C™ is the permanent,
and an inclusion C™°*! c C™ has been chosen. It was shown that Endg,> - det, #+
GL,2 - det, [32], and determining the difference between these sets is a subject of

current research.
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The critical loop case with e, = 3 for all s is also related to the GCT program, as
it corresponds to the multiplication of n matrices of size three. As a tensor, it may
be thought of as a map (Xy,...,X,) — tr(X;---X,). This sequence of functions
indexed by n, considered as a sequence of homogeneous polynomials of degree n on
Vied---@dV,, is complete for the class VP, of sequences of polynomials of small

formula size, see [40].
4.4  Critical loops

Proposition 7. Let v; = eseg, vo = ezeq, v3 = egey. Then TNS(A, (vy, v, v3), V1 ®
Vo®V3) consists of matriz multiplication and its degenerations (and their different ex-
pressions after changes of bases), i.e. TNS(A, (vy, v2, v3), V1 @ Vo®V3) = End(V;) x
End(V3) x End(V3) - M, eg.e,- It has dimension e3e3 + e3e? + ee? — (€2 + €2 +¢2 —1).
More generally, if T is a critical loop, TNS(T, (ene1, €169, ..., €n-16,), V1@ - @ V,)
is End(V}) x -+ x End(V,,) - Mgz, where Mz : Vi1 ® --- ® V,, — C is the matrix

multiplication operator (X, ..., X,) > trace(X; -+ X,,).

Proof. For the triangle case, a generic element T} € E, ® E5 ® V; may be thought of
as a linear isomorphism £} ® F3 — Vi, identifying V; as a space of es X eg-matrices,
and similarly for V5, V5. Choosing bases e¥s for E%, with dual basis e,, s for Ej,
induces bases T2 for Vietc.. Let 1 < i< ey, 1 <a<e3, 1 <u<e. Then
con(T1 Ty ®T3) = > 2! @y*® z* which is the matrix multiplication operator. The

general case is similar. O

Proposition 8. The Lie algebra of the stabilizer of M, in GL(V}) x

n€1,E1€2,...,€n—1€n

-+ X GL(V,,) is the image of sl(Ey) & - -- @ sl(E,) under the map

ard---Day, ’_)(IdEn ®a17_af®]dE2aO7"-vO)+(07[dE1 ®012,—Qg®[dE3,0,---

et (_az®]dE1,O,...,0,]dEn_1 ® ).
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Here sl(E;) C gl(E;) denotes the traceless endomorphisms and T as a superscript

denotes transpose (which is really just cosmetic).

The proof is safely left to the reader.

Large loops are referred to as “1-D systems with periodic boundary conditions”
in the physics literature and are often used in simulations. By Proposition 8, for a
critical loop, dim(TNS(I',é, V) = efe3 + -+ + e2_je2 +e2ef — (ef + -+ €2 — 1),
compared with the ambient space which has dimension €? - - - ¢2. For example, when

e; =2 for all j, dim(TNS(I',€,V)) = 12n + 1, compared with dim V = 4".
4.5 Zariski closure

Theorem 11. Let V1 = €g€3, Vg9 = €361, V3 = €3€7. Then TNS(A, (’Ul, V2, ’Ug),‘/l ®
Vo ® Vi) is not Zariski closed. More generally any TNS(T', €, V) where I" contains a

cycle with no subcritical vertex is not Zariski closed.

Proof. Were T(A) := TNS(A,(vy,vs,v3), V1 ® Vo ® V3) Zariski closed, it would

be GL(V1) x GL(Va) X GL(V3) - Mgy ey.e,- To see this, note that the G = GL(V}) x
GL(V,) x GL(V3) orbit of matrix multiplication is a Zariski open subset of T'(A) of
the same dimension as T'(A).

We need to find a curve g(t) = (¢1(t), g2(t), g3(t)) such that g;(t) € GL(V;) for
all £ # 0 and limy_,o g(t) - Me, 4, is both defined and not in End(V;) x End(V3) x
End(V) - Moy er-

Note that for (X,Y,Z) € GL(V}) x GL(V,) x GL(V3), we have

(X7 Y, Z) ) Mez,es,el (Pv Q, R) = trace(X(P)Y(Q)Z<R>>

Here X : B ®E3 —» B3 @ F3, Y 1 Ei®E, —» E;® By, 7 : Bt @ By — E} @ F.

Take subspaces Ug, g, C E3®Fs, Ug,p, C E3QFE;. Let Ug, g, := Con(Ug,gs, Upyk,)
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C Ej ® E; be the images of all the pq € £ ® E; where p € Ug,p, and q € Ug,p,
(i.e., the matrix multiplication of all pairs of elements). Take Xy, Yo, Zy respectively
to be the projections to Ug,g,, Ug,g, and UélEQ. Let X1,Y7, Z; be the projections
to complementary spaces (so, e.g., Xo+ X1 = Idy+). For P € V¥, write Py = Xo(P)
and P, = X;(P), and similarly for @, R.

Take the curve (X, Y;, Z;) with X; = \/%(XO +tXy), Y, = \/%(YO +tYh), Zy =

%(Zo +tZ;). Then the limiting tensor, as a map V}* x V5 x V¥ — C, is

(P,Q, R) — trace(PyQoRy) + trace(PyQ1Ry) + trace(PiQoRy).

Call this tensor M. First observe that M uses all the variables (i.e., considered as a
linear map M : ViF — Va®V3, it is injective, and similarly for its cyclic permutations).
Thus it is either in the orbit of matrix multiplication or a point in the boundary that
is not in End(V}) x End(V3) x End(V3) - Me, e, ¢, , because all such boundary points
have at least one such linear map non-injective.

It remains to show that there exist M such that M ¢ G - M, ey, To prove
some M is a point in the boundary, we compute the Lie algebra of its stabilizer
and show it has dimension greater than the the dimension of the stabilizer of matrix

multiplication. One may take block matrices, e.g.,

and Yy, Y7 have similar shape, but Z,, Z; have the shapes reversed. Here one takes
any splitting e; = €, + €7 to obtain the blocks.
For another example, if one takes e; = e for all j, Xy, Yy, Z; to be the diagonal

matrices and X, Yi, Zy to be the matrices with zero on the diagonal, then one
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obtains a stabilizer of dimension 4e* — 2e > 3e* — 1. (This example coincides with
the previous one when all e; = 2.)

To calculate the stabilizer of M, first write down the tensor expression of M € Vi®

Vo®V3 with respect to fixed bases of Vi, V5, V3. Then set an equation (X,Y, Z).M = 0
where X € gl(V}), Y € gl(V32) and Z € gl(V5) are unknowns. Recall that here the
action of (X,Y,Z) on M is the Lie algebra action, so we obtain a system of linear
equations. Finally we solve this system of linear equations and count the dimension
of the solution space. This dimension is the dimension of the stabilizer of M in

GL(V1) x GL(V2) x GL(V3).

To give an explicit example, let e; = es = e3 = e and let X, = diag(z},...,x¢),

Yo = diag(yy, ..., ys), Zo = diag(z1, ..., 2¢), X1 = (25) — Xo, Y1 = (y}) — Yo, Z1 =

ceey R

(25) — Zo. Then

ij=1

Let X = Zagi))X((lf)) be an element of gl(V7), where {XC;))} is a basis of gl(V}), and
] (s and o)

define Y and Z in the same pattern with coefficients b (k)’s and c(i>’s, respectively.

l !
Consider the equation (X,Y, Z)-T = 0 and we want to solve this equation for agf% ’s,
l
bgi,))’s and cgi))’s. For these equations to hold, the coefficients of Zg’s must be zero.
l l

That is, for each pair (j,7) of indices we have:
‘o , iy i . N l
Z a(i) 'yl + b(i) zhy, + a(;) Ty + b<;) iy + c(f>(a:fyf + zfyf) = 0.
2 agiy iy ThaE T+ oy b o)

For these equations to hold, the coefficients of y!’s must be zero. For example, if

s # j, r # s then we have:



Now coefficients of = terms must be zero, for instance, if i # 7 and i # r, then we

have:

If one writes down and solves all such linear equations, the dimension of the solution
is 4e? — 2e.

The same construction works for larger loops and cycles in larger graphs as it
is essentially local - one just takes all other curves the constant curve equal to the

identity. O]

Remark 5. When e; = ey = e3 = 2 we obtain a codimension one component of
the boundary. In general, the dimension of the stabilizer is much larger than the
dimension of G, so the orbit closures of these points do not give rise to codimen-
siton one components of the boundary. It remains an interesting problem to find the

codimension one components of the boundary.

4.6 Algebraic geometry perspective

We recast the previous section in the language of algebraic geometry and put it
in a larger context. This section also serves to motivate the proof of the previous
section.

To make the parallel with the GCT program clearer, we describe the Zariski
closure as the cone over the “closure” of the image of the rational map (i.e., the

closure of the map defined on a Zariski open subset)

PEnd(V:) x PEnd(Va) x PEnd(V3) --» P(Vi ® Va ® V3) (4.2)

([X]7 [Y]7 [Z]) = (X7 Yv Z) ) [Mez,e:s,m]'

(Compare with the map v in [7, §7.2].) A dashed arrow is used to indicate the map
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is not everywhere defined.
The indeterminacy locus (that is, points ([X],[Y],[Z]) where the map is not
defined), consists of ([X], [Y], [Z]) such that for all triples of matrices P, Q, R,

trace(X(P)Y(Q)Z(R)) = 0.

In principle one can obtain (4.5) as the image of a map from a succession of blow-ups
of PEnd(Vy) x PEnd(Vs) x PEnd(V3).

One way to attain a point in the indeterminacy locus is to take ([Xo], [Yo], [Z0]) as
described in the proof. Taking a curve in G that limits to this point may or may not
give something new. In the proof we gave two explicit choices that do give something
new.

A more invariant way to discuss that M ¢ End(V}) x End(Va) x End(Vs)-Me, ey ¢,

is to consider an auxiliary variety, called a subspace variety,

Subg,,..;,(V) ={T € Vi®---@V, | IV CV;,dimV] = f;, and T € V/®---®V, },

and observe that if T € x,;End(V;) - Mg and T' ¢ Xx,;,GL(V;) - Mg, then T €
Suby, . 1. (V) where f; < e; for at least one j.

The statement that “M uses all the variables” may be rephrased as saying that
M & Subeyes—1.ere1—1,e5e1-1(V1 @ Vo @ V5).

4.7 Reduction from the supercritical case to the critical case with the same graph

For a vector space W, let G(k, W) denote the Grassmannian of k-planes through
the origin in W. Let & — G(k, W) denote the tautological rank k vector bundle
whose fiber over E' € G(k,W) is the k-plane E. Assume f; < v; for all j with at

least one inequality strict. Form the vector bundle §; ® --- ® S, over G(f1,V;) x
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-+ X G(fn, V), where S; — G(f;,V;) are the tautological subspace bundles. Note
that the total space of S; ® -+ ® S, maps to V with image Subz(V). Define a
fiber sub-bundle, whose fiber over (U; x -+ x U,) € G(f1,V1) X -+ X G(fn, Vy) is
TNS(I,e,U; ® --- ®U,). Denote this bundle by TNS(I',€, 51 ® --- ® S,,).

The supercritical cases may be realized, in the language of Kempf, as a “collapsing

of a bundle” over the critical cases as follows:

Proposition 9. Assume f; := e jyes < vj. Then TNS(I',€, V) is the image of

the bundle TNS(I',€,81 ® --- ® S,,) under the map to V. In particular
dim(TNS(T, €, V)) = dim(TNS(T,&,C @ --- @ C)) + >~ f;(v; — f)).
j=1

Proof. If Il cc(jes < v;, then any tensor T' € V;®(®scin(j) Es) ©(Dtcout(j) Er ), must lie
in some V} ® (@scin(j) Fs) @ (Dicout(j) B;) with dim V] = f;. The space TNS(I', €, V)

is the image of this subbundle under the map to V. O]

This type of bundle construction is standard, see [29,50]. Using the techniques
in [50], one may reduce questions about a supercritical case to the corresponding

critical case.
4.8 Reduction of cases with subcritical vertices of valence one

The subcritical case in general can be understood in terms of projections of critical
cases, but this is not useful for extracting information. However, if a subcritical vertex

has valence one, one may simply reduce to a smaller graph as we now describe.

Proposition 10. Let TNS(I', €, V) be a tensor network state, let v be a vertex of I'
with valence one. Relabel the vertices such that v = vy and so that vy is attached by
ey tovy. If vy <eq, then TNS(T, e, Vi ®---®V,) :TNS(f,g,ﬁ RV3®---V,),

where T is T with v1 and ey removed, ¢ is the vector (€9,...,€,) and V, = Vi® V.
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Proof. A general element in TNS(I', €, V1 ®---®@V,,) is of the form Zfljfl Ui QUi QW5,
where w, € V3 ® -+~ ®@ V,,. Obviously, TNS(I,é&,V; @ ---® V,) C TNS([,é,V; @
Vi®---@V,) = TNS(T,¢é, V). Conversely, a general element in TNS(T, ¢, V)) is
of the form Zz X, ®w,, X, € V; ® V5. Since v; < ey, we may express X, in the
form > u; ® v;,, where uy, ..., u,, is a basis of Vj. Therefore, TNS(T', €, V) D
TNS(T,é, V). O

4.9 Trees

With trees one can apply the two reductions successively to reduce to a tower
of bundles where the fiber in the last bundle is a linear space. The point is that
a critical vertex is both sub- and supercritical, so one can reduce at valence one
vertices iteratively. Here are a few examples in the special case of chains. The result

is similar to the Allman-Rhodes reduction theorem for phylogenetic trees [2].

Example 2. Let T' be a chain with 3 vertices. If it is supercritical, TNS(T', €, V) =
Vi @ Vo ® Vs, Otherwise TNS (L', €, V) = Sube, eren.e0 (Vi @ Vo @ V).

Example 3. Let I' be a chain with 4 vertices. If v, < ey and vy < e3, then, writing
W =Vi®V, and U = V3 ® V4, by Proposition 10, TNS(I',€, V) is the set of rank
at most ey elements in W ® U (the secant variety of the two-factor Segre). Other

chains of length four have similar complete descriptions.

Example 4. Let I' be a chain with 5 vertices. Assume that vi < e, v5 < ey
and vivy > ey and vyvs > e3. Then TNS(T', €, V) is the image of a bundle over
G(e2, Vi®@Va) X G(es, V4@V5) whose fiber is the set of tensor network states associated

to a chain of length three.
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5. SUMMARY

In this thesis we study two feasible spaces of tensors, the third secant variety of
the product of n projective spaces o3(Seg(PA; x --- x PA,)), and tensor network
states. These spaces arise in numerous applications such as signal processing and
quantum information theory.

We determine the set theoretic defining equations of o3(Seg(PA; x --- x PA,)).
For higher secant varieties of Segre varieties, it is known [17] that there is a uniform
bound d(r) such that o,.(Seg(PA; x --- x PA,)) is defined by equations of degrees
at most d(r) for any n, and [30] when dim A; > r for all 1 < i < n, the equations of

o.-(Seg(PA; x---xPA,)) can be obtained from the equations of the r-th secant variety

of the Segre product of n copies of P !’s, ie. o, Seg(lP”"1 X e X Pr’i) . We

vV
n—copies

conjecture that when dim A; > r for all ¢, the equations for o, (Seg(PA; x - - - xPA,))

can be obtained from the equations for the r-th secant variety of the Segre product

of only 7 copies of P""'’s, i.e. o, | Seg(P"™' x --- x IPT_ll)

TV
r—copies

We discuss under what conditions tensor network states are closed under the
Zariski topology, equivalently (in our situation) the Euclidean topology. The re-
search of the GL,2 orbit closure of the determinant det,,, GL,2 - det,, in the GCT
program provides additional motivation to study the geometry of tensor network

states. In particular, when I' is a triangle, the corresponding tensor network state is

GL(V1) x GL(V3) x GL(V3) - Mult, where Mult is the matrix multiplication opera-
tor. Very little of the geometric properties even the triangle tensor network state are

known, for example, the number of irreducible components of it is still unknown.
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