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ABSTRACT

The Chow variety of polynomials that decompose as a product of linear forms
has been studied for more than 100 years. Brill, Gordon, and others obtained set-
theoretic equations for the Chow variety. I compute Brill’s equations as a GL(V')-
module. I find new equations for Chow varieties, their secant varieties, and an
additional variety by flattenings and Koszul Young flattenings. This enables a new
lower bound for the symmetric border rank of xyx5--- x4 when d is odd and a new
complexity lower bound for the permanent. I use the method of prolongation to
obtain equations for secant varieties of Chow varieties as GL(V')-modules. The goal
of studying these varieties arising in complexity theory is to separate VP from VNP,

which is an algebraic analog of the famous P versus NP problem.
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1. INTRODUCTION

1.1 Motivation
1.1.1  Motivation from algebraic geometry

There has been substantial recent interest in the equations of certain algebraic
varieties that encode natural properties of polynomials (see e.g. [9, 29, 33, 35, 36]).
Such varieties are usually preserved by algebraic groups and it is a natural question to
understand the module structures of the spaces of equations. One variety of interest
is the Chow wvariety of polynomials that decompose as a product of linear forms,
which is defined by Chy(V) = P{z € SV |z = w; - - -wy for some w; € V} C PS4V,
where V is a finite-dimensional complex vector space and PS?V is the projective
space of homogeneous polynomials of degree d on the dual space V*.

The ideal of the Chow variety of polynomials that decompose as a product of
linear forms has been studied for over 100 years, dating back at least to Gordon [18]
and Hadamard [25]. Let S°(S9V) denote the space of homogeneous polynomials of
degree § on S4V*. The Foulkes-Howe map hsq : S°(S?V) — S4(S°V) (see §2.5 for
the definition) was defined by Hermite [27] when dim V' = 2, and Hermite proved
the map is an isomorphism in his celebrated “Hermite reciprocity”. Hadamard [24]
defined the map in general and observed that its kernel is I5(Chy(V*)), the degree
0 component of the ideal of the Chow variety. The conjecture that hsg is always
of maximal rank, which dates back to Hadamard [25], has become known as the
“Foulkes-Howe conjecture” [15, 28]. Miiller and Neunhoffer [41] proved the conjecture
is false by showing the map hs 5 is not injective. Brion [4, 5] proved the Foulkes-
Howe conjecture is true asymptotically, giving an explicit, but very large bound

for 0 in terms of d and dim V. This map is not understood when d > 4 (see



[4, 5, 15, 25, 28, 38]).

Brill and Gordon (see [17, 18, 31]) wrote down set-theoretic equations for the
Chow variety of degree d + 1, called “Brill’s equations”. Brill’s equations give a
geometric derivation of set-theoretic equations for the Chow variety, and it is a
natural question to understand these equations as a GL(V)-module, where GL(V)

denotes the general linear group of invertible linear maps from V to V.
1.1.2  Motivation from complexity theory

Informally speaking, the P versus NP problem (see e.g.[44]) asks whether every
problem whose solution can be quickly verified by a computer can also be quickly
solved by a computer. An early mention of it was a 1956 letter written by Kurt Godel
to John von Neumann. Godel asked whether a certain NP-complete problem could
be solved in quadratic or linear time [26]. The precise statement of the P versus NP
problem was introduced in 1971 by Stephen Cook in [11] and is considered to be the
most important open problem in theoretical computer science [14].

In computational complexity theory, a decision problem is a question in some
formal system with a yes-or-no answer, depending on the values of input parameters.
The class P consists of all those decision problems that can be solved in an amount
of time that is polynomial in the size of the input; the class NP consists of all those
decision problems whose positive solutions can be verified in polynomial time given
the right information. For example, given a set A of n integers and a subset B of A,
the statement that “B adds up to zero”can be quickly verified with at most (n — 1)
additions. However, there is no known algorithm to find a subset of A adding up to
zero in polynomial time.

Leslie Valiant [48] defined in 1979 an algebraic analogue of the P versus NP

problem The class VP is an algebraic analogue of the class P, and the class VNP



is an algebraic analog of the class VP. Valiant Conjectured VP # VNP. If Valiant
Conjecture failed i.e. VP = VNP, then P = NP [48, 49]. Valiant’s Conjecture
VP # VNP [48] may be rephrased as “there does not exist polynomial size circuit
that computes the permanent”, defined by perm, = ZJGG“ T10(1)T26(2) " Tno(n) €
S"C"*, where G, is the symmetric group and C"" has a basis {zi}1<ij<n. The
readers can refer to Appendix A to learn more about circuits, complexity classes and

Valiant’s Conjecture.
1.1.83 A geometric approach to Valiant’s conjecture

A geometric method to approach Valiant’s conjecture implicitly proposed by Gup-
ta, Kamath, Kayal and Saptharishicite [23] is to determine equations for certain
secant varieties (defined below).

Let W be a complex vector space and X C PW be an algebraic variety, define
od(X) = Up, . prex(P1s - pr) C PW, where (py, ..., p.) denotes the projective plane
spanned by pi1,...,p,. Define the r-th secant variety of X to be 0,.(X) = 60(X) C
PW, where the over line denotes closure in the Zariski topology.

Let X C PV be an algebraic variety, define the Veronese embedding vq(X) C
PSSV of X by vy(X) = P{z € SV |z = w? for some [w] € X}, vg(PV) is called the
Veronese variety.

Let h,, and g, be two positive sequences, define h,, = w(g,) if lim,_, Z—: = 00,
define h,, = Q(g,) if lim, Z—: > C for some positive constant C.

The following two theorems appeared in [32], they are geometric rephrasings of

results in [23].

Theorem 1.1.1. [23, 32| If for all but a finite number of m, for all r,n with rn <



9 (v/mlog(m))

[I"Mperm,,] & UT(Chn(Cm2+1))a

then Valiant’s Conjecture VP # VNP [48] holds.

Theorem 1.1.2. [23, 32] If for all but finite number of n, and for 61,92 ~ \/n, for

r,p with rp < 2v(Vnlog(n))

[perm, ] & o, (vs, (o (v5, (")),

then Valiant’s conjecture VP # VNP [48] holds.

Theorems 1.1.1 and 1.1.2 motivated me to study the equations for o,(Chy(V))
and o,(vs, (0,(vs,(PV))). The results obtained here are not in the ranges needed
to separate VP from VNP. However, the results come from a geometric perspec-
tive and are amenable to generalizations. For the first problem I obtain equations
for secant varieties of Chow varieties using two different methods. For the second
problem, this is the first time that equations for o,(vs, (o, (vs,(PV'))) are approached

geometrically.
1.2 Results
1.2.1 Brill’s equations as a GL(V')-module

The group GL(V) has an induced action on SV (see §2.2). The Chow variety
Chg(V) is invariant under the action of GL(V'), therefore the ideal of Chy(V) is a
GL(V)-module (see §2.2). For any partition A, let SyV be the irreducible GL(V)-
module determined by the partition A (see §2.3). For example SyV = SV, while

SaayV = A%V is the d-th exterior power of V.



In Chapter 3, I prove

Theorem 1.2.1. Assume dim V' > 3 and d > 2. The degree d + 1 equations for
Chy(V') discovered by Brill, as a GL(V')-module, are:

5(773’2)‘/*, if d= 3,

By Siz—janV*, if d#3.

Remark 1.2.2. Compare the codimension of Chy(C?) with the dimension of all the
modules in Theorem 3.2.1 that define Chq(C3) set- theoretically: When d = 2, the
codimension of Chy(C?) is 1 and the dimension of S22 C* is 1. When d = 3, the
codimension of Chs(C?) is 3 while the dimension of 5(77372)((:*3 s 35. In general the
dominant term of the codimension of Chq(C3) is % , but the dominant term of the
dimension of the modules from Brill’s equations that define Chq(C?) is d2—7. Therefore,

the Chow variety is far from being a complete intersection.

1.2.2 Symmetric border rank of monomials

For a given polynomial P € SV, the symmetric rank Rg(P) of P is the smallest
integer r such that [P] € 0%(vy(PV)), and the symmetric border rank Rg(P) of P is
the smallest integer r such that [P] € o, (vs(PV)). Notice that Rg(P) > Rg(P).

It is an open problem to determine the symmetric border rank of z; - - - z4. Classi-
cal results show that Rg(z1 - - - x4) > (chl j) ~ \%. Ranestad and Schreyer [42] showed

Rg(zq -+ xq) = 2771, Therefore (ja,) < Rg(z1--2q) < Rg(zy---24) = 2971

d
14)
In §4.1 I prove a new lower bound for Rg(x; -+ z9,41) when d = 2n + 1, which

is (2n+1

- ) plus an additional exponential term in n.

2

Theorem 1.2.3. Rg(z1 - 22,41) > (77 (1 + Wm)

n



Remark 1.2.4. When d = 2n, I conjecture that with the same method one can show

Ry(z1- - x20) > (X (1 + £) for some constant C and for n big enough. I did not

n

prove that, but I verified small cases with a computer. When d = 3, Rg(x1x0m3) > 4,

so Rg(z1w9m3) =4 > (?) When d = 5, (g) < 13 < Rg(ryz0137475) < 16.
1.2.83 A new lower complexity bound for the permanent

In §4.2, 1 prove a new lower complexity bound for the permanent:

Theorem 1.2.5. Let §;,05 ~ /n and dim V = n?, when %@?ﬁ@ = w(1), i.e.

r= 22x/77—10g(n)w(1);

perm,, & a,(vs, (9, (vs, (PV))))

fOf," p < QW(\/ﬁlOg(n))‘

1.2.4 Equations for secant varieties of Chow varieties

Let W be a complex vector space and X C PW be an algebraic variety, and let
I;(X) denote the degree d component of the ideal of X.

In §5.2, I prove:
Theorem 1.2.6. If dim V' < 6, then I7(0o(Chs(V*))) = 0.

Remark 1.2.7. When dim V' < 4, 09(Chg(V*) is the ambient space and the ideal
is 0. When dim V' > 7, any module with 7 rows in S™(S3V) is in I;(do(Chs(V*))).

Also I prove:
Theorem 1.2.8. [f dim V > 6, then 5(575’575,371)‘/ C Ig(O'Q(Chg(V*)))

Remark 1.2.9. When dim V =5, I expect Is(o2(Chg(V*))) = 0, but I did not prove
it. When dim V' = 6, I expect Is(02(Chs(V*))) = Sis55531)V. When dim V > 7,

6



any module with more than 7 rows in S®(S3V) is in Ig(o2(Chs(V*))), in addition to

the module 8(5757575’371)‘/.
In §5.3, I prove:

Theorem 1.2.10. Consider dim V > 4r,
S(6,6,44T*2)V C I4T+1(O'T(Ch4(v*)).

Remark 1.2.11. The lowest degree in the ideal of Chy(V*) is 5, and by The-
orem 5.1.3, the lowest possible degree in the ideal of o,(Chy(V*)) is 4r + 1, so
Ly (0,,(Cha(V*)) = 0. When dim V' = 4r, I expect S(g644r—2)V = Lypi1(0,(Chy(V*)).
When dim V' > 4r, any module with 4r+1 rows in S 1(SYV) is in I1,41(0.(Cha(V*))),

in addition to the module S 1r—2)V .
In §5.4, I prove:

Theorem 1.2.12. The isotypic component of S g, aym (gmy2mr—m)V in S2mrl(g2myy)

18 1N IZmTJrl(O-r(Cth(V*))).
1.3  Overview of methods
1.3.1  Computing the image of Brill’s map

Brill’s equations [17, 18, 31] are set-theoretic equations for the Chow variety
Chq(V). The Chow variety C'hgq(V) is the zero set of a polynomial map 9B : SV —
SaaV ® SP=AY of degree d 4 1 (see §2.4). Brill’'s equations are the span of the
coefficients of the polynomial map 8. The polynomial map B is complicated and it
is hard to write down the coefficients explicitly from Brill’s presentation. I determine
Brill’s equations as a GL(V)-module to understand these equations and write down

these equations explicitly.



The idea is to construct the polarization (see §2.1) B of B, where B : S¥1(S4V) —
Saa)V @ S¢=d\/ and then determine the image of B, whose dual is isomorphic to
the GL(V)-module corresponding to Brill’s equations. I call 8 Brill’s map.

Brill's map B is a GL(V)-module map, the space S(44)V ® S~V can be de-

composed by Pieri’s rule (see e.g. [16] or §2.3),

d
Saa)V ® STy — @ Staz—j,a.5)V,

=0
I determine which irreducible GL(V)-modules are in the image of Brill’s map.

1.3.2  Flattenings, Koszul Young flattenings and determinantal equations

Equations for the secant varieties of Chow varieties are mostly unknown, and
even for the secant varieties of Veronese varieties very little is known. One class of
equations is obtained from the so-called flattenings or catalecticants, which date back
to Sylvester: for any 1 < k < d, there is an inclusion F 4 : SV — S*V @ S4=*V,
called a polarization map. For any P € SV, define the k-th polarization Py 4y,
of P to be Fj 4 (P). Then P4 € S*V ® STV can be seen as a linear map
Pya— SkV* — S9=FV . The image of Py, q—1 is the space spanned by all k-th order
partial derivatives of P, and is studied in the computer science literature under the
name the method of partial derivatives (see, e.g. [10] and the references therein).

If {z1,...,2,} is a basis of V, then {ailaﬁ}iﬁ...ﬂn:k is a basis of S*V*, define
-731 0Zn

Pk’d_k(axil(?lfax;") = axi?f-]; .n and extend it linearly.

If [P] € va(PV), the rank of Py 4y is one, so the size (r + 1)-minors of Py 4 are
in the ideal of I, 1 (o, (va(PV))). If [P] € Che(V) with dim V > d, then the rank of
Py is (Z), so the size T(Z) + 1 minors are in the ideal of o,.(Chg(V)).

Other equations come from Young flattenings, see [12, 13, 35| for a discussion



of the Young flattenings and the state of the art. For P € SV, the Koszul Young
flattening is a linear map Pﬁg_k : SRV @ APV — SRV @ APV it is defined by

the composition of the following two maps
SPVE@ APV = STV @ APV = SRV @ ALY

where the first map is defined by tensoring Py 4, with the identity map Idary :
APV — APV, and the second map Ag_j, : STFV @ APV — STV @ APTLV s

defined as follows:
d—k A
l1~~ld,k®m1/\m2~-/\mpn—>lelz-«ls---ld,k@ls/\ml/\m2«~~/\mp,
s=1

then extend linearly to the whole space. In the tensor setting, Koszul Young flat-
tenings have led to the current best lower bound for the border rank of matrix
multiplication in [34, 37].

Another Young flattening Py 4—x(p : S*V*®@S'V — S¥FV/ is obtained by tensor-
ing Py 4_x with the identity map Idgn : S'V — SV, and projecting (symmetrizing)
the image in S *V ® SV to S %/ This map goes under the name “method
of shifted partial derivatives” in the computer science literature. The method of
shifted partial derivatives is studied in [22]|, where Gupta, Kamath, Kayal and S-
aptharishicite proved if 6;,8, ~ /n, dim V = n? and [perm,| € o,(vs, (PS°2V)),
then r = 29%(Vn),

By computing the Koszul Young flattenings of Chow varieties and their secant

varieties, I obtain equations for these varieties.

Theorem 1.3.1. Let V = C? with a basis {z1,...,24} and P = x1---x4, and let



2<k<T[4], p<[2]. The map

Bt STV @ APV = STV @ AP

has rank

min{p,d—k—1}
d d—s d—k+p—2s—1
d k) = E 1.1
3(p,d k) (8)(d—k+p—28)< p—s ) (1)

s=max{0,p—k}
0 R @)

- pl(d—p—1)! Z d—k+p—2s

s=max{0,p—k}

(1.2)

Therefore the (S(p,d, k) + 1) x (S(p,d, k) + 1) minors of PIQSJC are in the ideal of
Chy(V).

Theorem 1.3.2. Let V = C' with a basis {x1,...,2,q4} and P = xy- 24 +

Tg1 - Tod + -+ Tr_1yas1 - Trg. Assume k < (%ﬂ, p < (g}, r > 2. Then the

map
PIQZ% DSV @ APV — STRTIY @ APTLY
has rank
rank(P;QS—k) < T[(Z)((CZ) — (ﬁ)) +S(p,k,d)]. (1.3)

In particular, when d > 2, and p =k =1,
rank(P)y_;) < d*r* —r.

Therefore the (d*r® —r + 1) x (d*r® —r + 1) minors of P{\;_, are in the ideal of

10



- (Chg(V)).
Remark 1.3.3. Theorems 1.2.3 and 1.3.2 are consequences of Theorem 1.3.1.

To prove Theorem 1.2.5, I compute the flattening rank of a generic polynomial in
vs, (0, (vs,(PV))) C PS"V, where dim V = n? and 4,5 ~ y/n, and then I compare

it to that of the permanent.
1.3.83  Prolongation and equations for secant varieties

Let W be a complex vector space and X C PW be an algebraic variety. Suppose
we know the ideal of X. Then there is a systematic method called prolongation (see
§5.1.1 for definition) to compute the ideal of o,.(X), but this method is difficult to
implement. This method was studied by J. Sidman and S. Sullivant [43], and J.M.
Landsberg and L. Manivel [33].

The group GL(V) has an induced action on S*(S4V), so S¥(S?V) can be de-
composed into a direct sum of irreducible GL(V')-modules, the multiplicity of S\V/
in S*(S9V) is the plethysm coefficient py(k,d). To obtain equations for secant va-
rieties, on one hand I compute prolongations directly via differential operators and
representation theory. On the other hand, I rephrase prolongations and reduce com-
puting prolongations to computing the polarization maps via plethysm coefficients
and Littlewood-Richardson coefficients. This gives a path towards obtaining equa-

tions for secant varieties of Chow varieties and other varieties.
1.4  Organization

In Chapter 2, I include mathematical preliminaries for this dissertation, which are
polarization of a polynomial map, G-variety, Brill’s equations, representation theory
and Foulkes-Howe map and the ideal of Chow variety.

In Chapter 3, I determine Brill’s equations as a GL(V')-module.

11



In Chapter 4, I obtain determinantal equations for the Chow varieties, their
secant varieties and secant varieties of Veronese reembedding of secant varieties of
Veronese variety by flattenings and Koszul Young flattenings. Consequently, I get a
new lower bound for the symmetric border rank of z x5 - - - x4 when d is odd, and a
new complexity lower bound for the permanent.

In Chapter 5, I use the method of prolongation to obtain equations for secant
varieties of Chow varieties as GL(V')-modules.

In Chapter 6, I give a summary of the dissertation.
1.5 Notation

1. Chg(V): Chow variety of polynomials that decompose as product of linear

form.
2. GL(V): the general linear group of invertible linear maps from V to V.
3. SV : the space of homogeneous polynomials of degree d on the dual space V*.
4. A?V: the d-th exterior power of V.
5. S°(S9V): the space of homogeneous polynomials of degree § on S4V*.
6. S, the symmetric group of order n.
7. perm,,: the permanent defined by perm, = ZUEGn T10(1)T20(2) * * * Tno(n)-
8. " ™Mperm,, : The padded permanent.
9. 0,(X): the r-th secant variety of X.
10. v4(X): Veronese embedding of X.

11. v4(PV): the Veronese variety.

12



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Let h, and g, be two positive sequences, define h,, = w(g,) if lim,, Z—: = 00,

define h,, = Q(g,) if lim,, o Z—: > C for some positive constant C.

A partition A of order d and length m: A = (A1,...,\,) with Ay > -+~ >\, >

O, )\j € N and Z:nzl )\z =d.
[A]: irreducible &, representation corresponding to the partition A of order d.
S,V irreducible GL(V') representation corresponding to the partition .

A semi-standard tableau of shape A and content k£ x d: a semi-standard tableau
associated to A and filled with {1, ...k} such that each i € {1,... k} appears

d times.

Lexicographic order of partitions: A > p if the first nonvanishing \; — p; is

positive.

Dominance partial order of partitions: o« > S if oy + -+ a; > 1+ -+ +

B; for each 1.

Rg(P): the symmetric rank of P.

R(P): the symmetric border rank of P.

I45(X): the degree d component of the ideal of X.
P: the (complete) polarization of a polynomial map P.
Py.a—r: the k-th polarization of P € SV, or the k-th flattening of P € S9V.

P+ Koszul Young flattening of P € SV

13



2. PRELIMINARIES

2.1 Polarization of a polynomial map

Definition 2.1.1. Let Vi,...,Vy be complex vector spaces, define a map p : Vi X

X Vg2 V@ Vyby p(vr,...,0q) = v1 ® -+ @ vg. The universal property

of tensors is the following: given a complex vector space W and a multi-linear map

h:Vix--xVy— W, there is a unique linear map h : V; @ --- @ Vy — W, such

that h = ho .

Definition 2.1.2. Let W be a complex vector space. A map P : W — C™ is a

polynomial map of degree k if P = (Py,..., Py), and each P; (i =1,...,m) is called

a homogenous polynomial of degree k on W.

Define the complete polarization P : W x --- x W — C™ of P to be

P(wy, -, wy) :% Z (_Dkflﬂp(zwi).

L IC[K],I#£D iel

Where [k] = {1,...,k}, w; € W and P is a symmetric multi-linear map.

universal property of tensors, P is considered as a map P : W& — C™.

symmetry of P, P can be also seen as a map P : S¥W — C™, such that

P(wy - wy) :% Z (_1)k—lllp(zwi)’

L IC[k],I#£D iel

and it can be extended linearly to the whole space.

By the
By the

(2.1)

Example 2.1.3. Let dim V=2, and let {e1,e2} be a basis of V.. Consider the poly-

14



nomial map P .V — C? defined by

2 2, 2
aje; + agses — (aj,aj + aj;).

P is a polynomial map of degree 2, so by (2.1) P : S*V — C? is defined by

1
P((a1€1 + ageg)(agel + a4€2)) = §[P(a161 + a9€9 + aseq + a462)

—P(a161 + ageg) — P(agel + a4€2)]

- %[((al +as)?, (a1 + as)”® + (az + as)?)

—(ai, i + a3) — (a3, a3 + a})]

= (alag, aias + CEQCL4).

Therefore

P(aej + bejes +ce5) = aP(e?) + bP(eey) + cP(e3)
= (a,a)+(0,0) +(0,¢)

= (a,a+c).

2.2 G-variety

I follow the notation in [31, §4.7].

Definition 2.2.1. Let W be a complex vector space. A variety X C PW 1is called a

G-variety if W is a module for the group G and for allg € G andx € X, g-x € X.

The group G has an induced action on SYW* such that for any P € S4W*

and w € W, g- P(w) = P(¢g7' - w). The degree d component of the ideal of X

I4(X) is a linear subspace of SW* that is invariant under the action of G. Define

15



SW* := @FL,SW*, then:

Proposition 2.2.2. If X C PW is a G-variety, then the ideal of X is a G-submodule
of S*W* = @, SW*.

Example 2.2.3. The group GL(V') has an induced action on SV and S*(SV*)
similarly. Chq(V), v4(PV) and their secant varieties are invariant under the action
of GL(V'), therefore they are GL(V')-varieties and their ideals are GL(V')-submodules
of S*(SUV*) = @ (SH(SIV™).

Let X C PW be a G-variety, and M be an irreducible submodule of S*W*, then
either M C I(X) or M NI(X) = 0. Thus to test if M gives equations for X, one

only need to test one polynomial in M.
2.3 Representation theory
2.3.1 Young tableaux and semi-standard tableaux

I follow the notation in [16] and [31]. A partition A of an integer d is A =
(A, ooy Am) with Ay > --- > A, >0, A\; € Nand >7" A\, = d. We say d is the
order of A and m is the length of \. We often denote this by A F d. To a partition
A d, we associate a Young diagram, which is a left aligned collection of boxes with
A; boxes in row 1.

A filling of a Young diagram using the numbers {1,--- [} is an assignment of
one number to each box, with repetitions allowed. A filled Young diagram is called
a Young tableau. A semi-standard filling is one in which the entries are strictly
increasing in the columns and weakly increasing in the rows. Semi-standard tableau
is similarly defined.

Let A be a partition with order kd, a semi-standard tableau of shape A and content

k x d is a semi-standard tableau associated to A and filled with {1,..., k} such that
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each i € {1,...,k} appears d times.
2.8.2  Irreducible representations of the symmetric group S4 and the group GL(V')

I follow the notation in [16] and [31]. For any partition A of order d, we can

construct the irreducible representations of the symmetric group &, and the group

GL(V) as follows:

Definition 2.3.1. Let G be a finite Group with elements g1, ..., g,, define the group
algebra C[G] of G to be a complex vector space with basis {eg,, ..., e, } and with the

algebra structure eg e, = €g,q..

Let T\ be a Young tableau of shape A and filled with {1,2,... d} without rep-
etitions, the symmetric group &4 acts on 7 in a natural way. Define Pp, = {g €
Gy @ g preserves each row}, and Qr, = {g € S, : g preserves each colume}. Define
elements in C[Gy]: ay = ZQEPT/\ eg, by = EQGQT)\ sign(g)ey, and cp, = ap, - bry. cp,
is called a Young symmetrizer.

Theorem 2.3.2. C[S,lcr, is an irreducible representation of S4. Moreover, if Ty

is another Young tableau of shape X filled with {1,2,--- ,d} without repetitions, then

Cl&alcr, and C[&,lcs, are isomorphic.

Definition 2.3.3. Given a partition X of order d, the &4-module [\ is defined to be

the representation corresponding to any of C[S4ler, .

Example 2.3.4. If A = (d), then [\| = C}_ s €,y is the trivial representation of
Sy.

If A= (1%), then [\ = C> s, sign(g)e, is the alternating representation of &q.
If A= (d—1,1), then [A] is the standard representation of S,.

The group GL(V) has a natural action on V®¢ such that g - (v; @ v+ -+ ® vg) =

g v ® - ®g-vg. While the group &4 has a right action on V®4 by (v; ® --- ®
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Va) * g = Ug-1(1) ®  + - @ Uy—1(q), which induces a right action of C[S4] on V. Define

Sp Vo= V. op C VO

Theorem 2.3.5. S,V is an irreducible GL(V)-submodule of V. Moreover, if Ty
is another Young tableau of shape \ filled with {1,2, ..., d} without repetitions, then

S,V and STAV are isomorphic.

Definition 2.3.6. Given a partition A of order d, the GL(V')-module S,V is defined

to be any of S, V.

Example 2.3.7. If A = (d), then S\V = V& .37 o e, =S5V
If A= (1%), then S,V = V®?. deGd sign(g)e, = AV

2.3.8 The Littlewood-Richardson coefficients and Pieri’s rule

Let 7 and 4 be two partitions, the tensor product SyV ® S,V is a GL(V)-module.
The littlewood-Richardson coefficients ¢, are defined to be the multiplicity of S,V
in SHVes,V,ie S,VeS, V=, SV

We order partitions lezicographically: A > p if the first nonvanishing A\; — p; is
positive. Necessary conditions for ¢, to be positive are |v| = |r| + |u| and v is

greater than 7 and pu.

In particular S,V ® SV = cKy(d)Sl,V.

Theorem 2.3.8. (Pieri’s rule)

;

1 if v is obtained from A by adding d boxes to
CK,(d) = the rows of A\ with no two in the same column;

0 otherwise.
\
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Example 2.3.9. By Pieri’s rule,

SVesV= P SV

0<t<s,s+t=a+b

d
S(d,d)V X SindV = @ S(dz,j’d’j)v.

=0

2.8.4  Highest weight vectors of an irreducible GL(V')-module

I follow the notation in [16]. Let dim V = n and {ej,es,...,e,} be a basis of
V. Recall that the group GL(V) has a natural action on V¢ such that g - (v; ®
Vg ®Ug) =g 01 Q- Rg-vg. Let B C GL(V') be the subgroup of upper-triangular
matrices (a Borel subgroup). For any partition A = (Ay,...,\,) with order d, there
is a unique line in SyV C V®? that is preserved by B, called a highest weight line.
Let gl(V) be the Lie algebra of GL(V), there is an induced action of gl(V) on V®4,
For X e gl(V),

X (v ®@ug- @ug) = X0 Qug+ - Q@ug+ -+ Quy++ Qg1 @ X.0g.

Let Ei € gl(V) such that Ei(e;) = e; and Ej(ex) = 0 when k # j. If i < j, E} is
called a raising operator; if i > 7, E]Z is called a lowering operator.

A highest weight vector of a GL(V')-module is a weight vector that is killed by all
raising operators. Each realization of the module S,V has a unique highest weight
line. Let W be a GL(V)-module, the multiplicity of S\V' in W is equal to the

dimension of the highest weight space with respect to the partition \.

.....
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whose weights are (ay, ..., a,). Note that SV has a natural basis {e{" - - €% } o, 1 0, —d-

Example 2.3.10. S0V C S*(S?V) has multiplicity 1.

Proof. Let v be a highest weight vector of S5 2)V. The weight space W4 9 has a basis
{(e2)%(e3), (e?)(e1e2)?}. Write v = a(e?)?(e3) + b(e?)(e1eq)?, then Ejv = 0 implies
(2a + 2b)(e?)?(ere2) = 0, therefore a = —b, so the multiplicity of Siy2)V in S?(S?*V)

is 1. L]

Proposition 2.3.11. A highest weight vector f of SpmV C Sk(S2V) is the deter-

minant of the k x k matrix M with M;; = e;ej for 1 <1i,7 <k.

Proof. Since SV C Sk(S2V) is of multiplicity one, we only need to prove det M
is killed by all raising operators E!,; (i = 1,2,...,k —1). By symmetry, we only need
to prove det M is killed by the raising operator Ei. It is straightforward to verify

det M is killed by the raising operator EJ. O]

Proposition 2.3.12. The highest weight vector f of Sgr 32V C S*(S*V) is

o= (e1)(ere3)(eael) — 2(e})?(ereaes)(e3es) + (€)% (exed)(e3) — (€7)(eTea)? (e2ed)
+2(e})(eea) (eles) (e3e3) — 4(eF)(elea) (ered) (exed) 4 0(eF) (efes) (ered) (erezes)
+3(efea)’(er€3) 4 4(ereses)’(eles) (e7) — (e7)(efes)?(e3) + 3(elea)(er1€3) (eles)?

—6(etey)?(eles)(ereqes).

Proof. Let f € Wiz32) C S*(S*V) be a weight vector. The weight space Wiy 39y C
S4(S3V) has dimension 12. Write f as a linear combination of the basis vectors and
apply E and E? to f, we get two systems of linear equations. There is a unique

solution up to scale. O

Remark 2.3.13. The module Si732)V cuts out Chs(V*) set-theoretically [19].
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Proposition 2.3.14. The highest weight vector f of Siza21)V C S*(S?V) is

f = 6§€4h1 + 616364h2 + 616264h3 + 6%64h4. (22)
Here
hy = (6362)(63)(6163) - (6163)2(6163) - (6362)(616263)(6363)

+ (6363)(6163)(6363) - (6163)(616263)2 - (6%63)(616263)(63)7

hs = —Ejhy, hy = $E3E3hy is a highest weight vector of S522)V C S*(S*V) and
hy = E3E3hy is a highest weight vector of SuanV C S3(S3V).
2.4 Brill’s equations

Following the idea in §8.6 in [31], T use the following notation to define Brill’s
equations. We first define two maps 744 and ()4, then use them to define Brill’s

equations.

Define the projection map mg4: SV ®@ SV — Sa,a)V by
(- la) ® (my - -ma) — Z (L Amomy) - (e Amg) -+ (la Ao@y),  (2.3)

geG,y

and then extend linearly to the whole space.
Recall SV = @&°,5°V. Define a multiplication on S*V ® S°V by, for any
a,b,c,d e S*V,

(a®b) - (c®d)=ac® bd, (2.4)
and this extends linearly to S*V ® S°V.
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Let f € S°V and let f;5_; € SV ®S°79V be the j-th polarization of f. Define maps

E;: SV — SV @ S70Y,

[ fiomi- (L@ f77h.

If j > § define E;(f) = 0.

Example 2.4.1. Let f = lilyl3 € SV, then

Ei(f) = fiz-(1®1)

= LRbls+1l3® 4L+ 1 ®ls.

Ey(f) = for-(1®hils)
= (lll2 Rl + l1l3 ® 1y + I3 ® ll) . (1 ® 1112l3)_

= Ul @ Lol + Ll @ L5l + lls ® Blyls.

Es(f) = fao-(1®[f%)
= fef

= Ll ® BLIE.
The elementary symmetric and power sum function are:

ejzej(mla"'axy): Z Ly =0 Ly,

1< <io << <
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P =pi(T1, ..., xy) = Zmi

The power sum can be written in terms of symmetric function using Girard formula:

PE = (2.5)

v (i igdoig— D
Paler e = Y, k(DR .

i1+2i0+---dig=k
Example 2.4.2. py = Ps(ey, e3) = €2 — 2ey. p3 = Ps(eq, €9, e3) = €3 — 3ejes + 3es.

Next, we use Girard formula and E; to define ()4 . Define polynomial maps

Qas : S°V — SV ® §10-Vy

Qas(f) = Pa(EA(f), - Ea(f))- (2.6)

Write Qg = Qq,q4. Explicitly

Qa(f) =
| | 2.7)
i detis \0 +"'+Zd_1)! d i; — (it (
Z d(—l)d+ 1+ +d( 1 B (Hfj@fj)' (1®fd (14 +d)).
i1+ 2+t dig=d e i=1

Example 2.4.3. Let d = 2, and f € S?V, by (2.7),

Qf) = fla—2f® f.
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Lemma 2.4.4. (1 §8.6 [31]) Let l; € V fori=1,---,d, then

d
Qa(l -+ 1a) =D 1@ (119,19, -+ 13). (2.8)

Jj=1

Now we define Brill’s polynomial map B : SV — SV ® ST~V invariantly.

It is the composition of the following two maps:
SW — SV @SV @ ST = SuaV © ST,

where the first map sends f € SV to f@Qq(f), and the second map is mgq ® Idgs2_a -
By Lemma 2.4.4,

d
B(li-la) = Taa® Idgeay[(li--la) @ Z @ (0 1l 19)]
j=1

= 0.

The converse is also true:

Theorem 2.4.5. (Brill,Gordon [18], Gelfand-Kapranov-Zelevinsky [17], Briand [3])

Consider the polynomial map
B : SV = gV @ STV
given by

B(f) = Taa ® Idga-ay[f @ Qu(f)]- (2.9)

Then B(f) =0« [f] € Chye(V).
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Remark 2.4.6. There was a gap in Brill’s argument, that was repeated in [17] and

finally fized by E. Briand in [3].

2.5 Foulkes-Howe map and the ideal of Chow variety

I follow notation in [31, §8.6]. Define the Foulkes-Howe map FH;sq : S°(SV)—
S4(S9V) as follows: First include S°(S4V) C V®. Next, regroup and symmetrize
the blocks to (S°V)®4. Finally, thinking of S°V as a single vector space, symmetrize
again to land in S°(S?V).

Example 2.5.1. FHy(z? - y?) = (zy)?, and FHy((zy)?) = 3[2* - y* + (zy)?).

FH;, is a GL(V)-module map and Hadamard [24] observed and Howe redis-
covered the following relationship between Foulkes-Howe map and ideal of Chow

variety.
Proposition 2.5.2. (Hadamard [24]) Ker F'Hs4 = I5(Chq(V*)).

Corollary 2.5.3. When d =d+1, Ker FHyy14 = Lit1(Chg(V*)). Therefore as an
abstract GL(V)-module, I5,1(Chg(V*)) D S1(S4V) — SU(S4H1V).

Proposition 2.5.4. (Hermite [27], Hadamard [25], J.Miiler and M.Neunhofer)[41])

When d = 2,3,4, FH,4 are injective and hence surjective.

Proposition 2.5.5. (T. McKay [40]) If FHsq is surjective, then F Hs 4 is surjec-

tive.

So when d = 2,3,4, FHy,1 4 are surjective, and Iz (Chgy(V*)) = S4H1(SV) —
S8V as GL(V)- modules.
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3. BRILL’S EQUATIONS AS A GL(V)-MODULE

This chapter is based on [19], T first construct Brill’s map by the polarization
of Brill’s polynomial map, and then compute the image of Brill’s map to determine

Brill’s equations as a GL(V')-module.
3.1 Construction of Brill’s map

First consider the polarization Qg of Q, , where Qg : SV — SV @ S¥ V.

Example 3.1.1. Let d =2, and f,g € S*V, by (2.7)

Qf) = fla—2f® f.

Therefore by (2.1), Qo : S*(S?V) — S?V ® S2V is defined by:

Q2(f-9) = %((f +9)5 —20f+9)@(f+9) —(fi1—2f®f)— (9l —29®9))

= fi1gi1—f®g—9g®f.

So by (2.4)

Qa(e1e2 - e169) = (6162)%71 — 2(e1e2) ® (ere)
= (e1®ex+ea®er)’ —2(ere2) ® (ere2)

_ 2 2 2 2
= e, ®e +e e
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Qa(el - eren) = (erea)n- (€)1 — (e]) ® (ere2) — (ere2) ® (€)
= (a®et+e®e) (200 @e)— (6]) @ (er1e2) — (e162) @ (€})

2 2
= e ®eext+een ®ey.

Q2(€1€2 : e163) = (6162)1,1 : (6163)1,1 - (6163) & (6162) - (6162) & (6163)
= (1®ex+ea®ep)- (61 ®ez+e3®e)
—(6163) ® (6162) — (6162) ® (6163)

2 2
= €] ¥ege3+ ege3® e].

Qa(erez-€3) = (erea)1- (e3)11 — (€3) ® (erez) — (erea) © (€3)
= (61 X €2 + €9 X 61) . (263 (%9 63) — (6%) X (6162) — (6162) X (6%)

2 2
= 2eje3 @ eses + 2ege3 @ e1e3 — €5 @ e1ea — €162 @ e5.

In general, Qg : S(S?V) — SV ® S/ is used to define Brill’s map B:

Lemma 3.1.2. The polarization of Brill’s polynomial map B
B SHYSNW) = SiugV © STV

18

d+1
B(fifo. . fan) = d#“ S aa ® Idge oy [fi @ Qalfr-+ fi - fasn)l. (3.1)
=1

Example 3.1.3. Consider Brill’s map B :S*(S*V) = SV ® S?V for d = 2. By
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Lemma 3.1.2,

1 _
Beey-erey-el) = §7T2,2 ® Idgsay[e? @ Qy(eres - e1e3)]

2 _
+§7TQ,2 ® Idsay[eres @ Qaleres - €7)]

1
= —mMo® ldsay[el ® (] ®e3 + €5 ® el

3
2
+§7T2,2 ® Idgs2v[eres ® (] @ erer + e1ea ® €})]
1 2
= 5[2(61 Aey)? ®ed) + g(—(el Aey)? ® el
= 0.
_ 1 __
%(6162 s €169 ¢ 6163) = 572,2 & [dSQV[€1€3 & Q2(€1€2 : 6162)]
2 _
+§7T2,2 ® Idg2y]eres ® Qa(eres - e1e3)]

1
= 3™ ® Idgzyferes @ (6] ® €5 + €3 ® €])]

2
+-To9 ® Idg2y[e1es ® (e ® ezes + egez ® €3]

3
1 2
= 5[2(61 Aes)(er Aes) ® el)] + g[—(el Aez)(e1 Aes) @ €]
= 0.
_ ) 1 A
Bejeg - erey-€3) = 322 ® Idgzy[e3 @ Qa(eres - e1e2)]
2 _
+§7Tz,2 ® Idgzy[eres @ Qaleres - €3)]
1
= 3m2 ® Idg2y(e3 @ (2 ®e5+ e ®el))
2

+§7T2,2 ® Idg2y[eies ® (2e1e3 @ eges
+2e963 ® €163 — €3 @ €163 — €169 ® €3]

= ;[(61 Nes) ®@es+ (eaNes)? @ed + (e1 Aey)’ ® e
—2(e1 Neg)(er Aes) ®egez —2(eg Aesg)(ea Aes) ® eren

—2(61 VAN 63)(62 A 63) & 6162].
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3.2 Brill's map as a GL(V')-module map

Consider Brill’s map B : S“H(SWV) = SuqV @ S¥=4Y The image of Brill’s
map is isomorphic to dual of the GL(V)-module generated by Brill’s equations.

Therefore to prove Theorem 1.2.1, we only need to prove the following theorem:

Theorem 3.2.1. Assume dim V' > 3. Consider Brill’s map
B SHYSW) = SigaV @ STV
Then

_ 5(7,3,2)V d=3;
Im(*B) =

@;’.;2 Sie_jayV d#3.

Brill’s map is a GL(V')-module map, therefore by Schur’s lemma, the image of
Brill’s map is a GL(V')-submodule of S(d7d)V®Sd2_dV. However since we do not know
the general decomposition of S4*1(S%V), it is impossible to compute the image of
each isotypic component of S¥1(S?V) directly. Fortunately, it is easy to decompose

the space Sigq)V ® S@=dY by Pieri’s rule, i.e.

d
Saa)V @ STV =P Se—janV (3.2)

J=0

Each isotypic component S 4V ® S @=dy/ ig of multiplicity 1, so the image of Brill’s
map is multiplicity free. Also, we only need to consider the modules with length no

more than 3, so we only need to consider V' to be 3-dimensional from now on.
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3.3 Weight spaces and weight vectors of SigaV @ S*~?V and S (SV)

Let {e1, e2,e3} be a basis of V.
Lemma 3.3.1. As a GLz-module , SY(N*C3) is S(q.q)C>.

Proof. First, since (e; Aey)? € SYA2C3) is a highest weight vector with weight (d, d),
50 S, C® C S4AC?). Second, dim Sy 4C* = dim SU(A2C?) = (*1?). The result

follows. L

Definition 3.3.2. Given an integer j such that j € {0,...,d}. Define the weight
space W;C S (SV) to be the set of all the degree d + 1 homogenous polynomials
on SV* such that each monomial has weight (d* — j,d,j) .

Define the weight space T/IA/'/jCS(d,d)V ® SE-dy = SUAV) ® SP=AY 1o be the set of

all the weight vectors in SYA2V) ®@ S~V whose weights are (d* — j,d, 7).

Lemma 3.3.3. The weight space VIA/JjCS(dd)V ® STy = SUAV) @ STV has

indeed basis

{(ex A 62)d+s_j_t(61 A 63)t(€2 A €3)j_S & €f2_d_86§€§_t}0<s<g‘ 0<t<s-

o HU S S

Proof. SYA?V) ® ST~V has a indeed basis

g 2 d—ag—
{(er Aea) ™72 (er Aeg)™ (ea N es)™ @ €] T e €5 Yocar tar<d0<a tas<d?—d-
Let v € W; be a basis vector of SYA?V) @ S¥~9V. Then

ay +as +ag = 0,
(3.3)

(11—(13:0.
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Let ag = t,a3 +as = s, then 0 < s < 5,0 <t < sand v = (e A ep)4™ 777 (e A

e3)t(ea Nes) ™5 ® e‘f’d’segeg’t. O

Lemma 3.3.4. The highest weight vector U; € Sig2_jq;V C SaaV ® S&=dy —
SUNV) @ STV s
J s

22 (-1 @ (t> (e1 A €)™ T (e1 A ea)'(ex A es) ™ @ e ches ™. (3.4)
0

s=0 t=
Proof. By Lemma 3.3.3, write

J s
U; = Z Z as(er A ea) T 7 e Nes)i(eg Aer) ™ @ e‘f‘d_segeg_t.
s=0 t=0

Apply raising operators F; and E3 on v,

j
Eyi; = Z as(j — ) (e1 A ea) 5T (eg Aes) T ey Aer) T @ e T sekes

j
+ Z tag(er A ea)™ T ey Aeg)(ea Aes) ™5t @ e~ el ey
—0
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and

E3v; = tag(er A ex) T (e Aeg) T (e Aeg) 0 @ e el eyt

(s — )ag(er A ea) T ey Aes)tes Aes) ™ @ ed —4 ek test1
=0

+

Ss=

j
= Z Z tass + (s —t+ 1)asi—1)(er A e9) T I (e Aes) T ey A eg)i T
s=1 t=1

d?—d—s t _s—t
®ey €9€3 .

»

we get two systems of equations for {as }o<s<jo<i<s:

tas+1,t + (] - S)as,t—l - O)
(3.5)

tass + (s —t+ 1)as—1 = 0.

And then solve for {ay }o<s<jo<i<s, We get a unique solution a,,; = (—1)’5@) (j) up to

scale. O

Since Brill’s map is a GL(V)-module map, we only need to check whether v; is
in the image of Brill’s map.

For convenience, write

d
SHUSW) = AP (ED Siar—jan) VE™). (3.6)
7=0

Where Ay is the direct sum of the isotypic components of S¢™1(S4V) other than
Saz—jaj)V for 7 =0,1,...,d, which is certainly in the kernel of Brill’s map.
The idea is to take v; = (e tey)4(ef Y es?) € W; , compute B(v;), and see whether

the projection of B(v;) to Sz_ja;V C SuaV @ STV is 0.
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Proposition 3.3.5. If the projection of B(v;) to Siz2—ja )V C Saa)V ® Sd=dy/ s
not 0, then v; is in the image of Brill’s map, therefore Sig2_; 4,V C S(d’d)V®Sd2_dV

1s in the image of Brill’s map.

Proof. Write v; = vj; + vjp + vj3, Where v;; € Ag, vj2 € @Iy Staz—,apV ™, and
Vj3 € S(dz_j,d,j)V@mj is a highest weight vector. By Schur’s Lemma, B(v;;) = 0,
B(vj9) € @{;E S(@—r,amV, and B(v,3) € S(@—jajV, therefore the projection of
B(v;) to Siaz—ja))V

C Sia)V @ ST~V is exactly B(v;3), by Schur’s Lemma, if it is not 0, it is 0; (see

Lemma 3.3.4) up to scale. O

3.4 Computing B(v;)

Brill’s map is very complicated to compute in general. Fortunately, we are able

to compute B(v;).

Bu;) = B(ef lea)” (e er’))

= g ® ldga (€ er) @ Qul(ed e

+

T @ Tdgeay (1™ e2) @ Qal(ele2) ™" (el es”))
1 e »
= o ~Taa ® Idgeay (€77 es’) © Qulei ™ e2))

d _ L
Ty ® Idgaeay (€] "ea) @ Qal(ef tea)™™ - (e] Pe5?)))

First, I compute and 744 ® [dsdz_dv((e(f_jegj) ® Qq(ei'ey)). By Lemma 2.4.4,

Proposition 3.4.1. 7,4 ® [dsd2_dv((€?7j€3j) ® Qa(edtey)) is

dl(e1 A ea) ez A es) @ 6?2_(1 itd
(3.7)
2 2
dl(es Aeg)? @ (ef ")+ (d = 1)d @ (es Aer)! @ef e j=d.
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Next, I compute mgq ® Idgi ap, ((ef 'e2) @ Qal(ed 1 ey) 1 (el e47))).
Lemma 3.4.2. If h € SV is divisible by 2, then mqq(h, el 'ey) = 0.

Lemma 3.4.3. For any f,g € SV, by polarizing (2.7),

i1+ g+ Fig—1)!
0! 1g!

Qalf'g) = (-1)° Z d(_l)i1+i2+~~~+id(
i1+2ia+ -+ dig=d
d

Now I use Lemma 3.4.3 to compute Qg((ed ' es) 1 - (¢ 7es7)). By lemma 3.4.2,
terms of Qq((e%tey)d 1 - (el 7es7)) whose first components are divisible by e? are
killed by (e¢~'ey) via m44. Therefore, by Lemma 3.4.3, given 4y, . . ., 4 with i; + 2ip +
-+ dig = d, we need #{j > 3|i; > 1} <1 so that the corresponding terms will not

vanish. There are 2 possibilities, either some ¢, = 1 for some s > 3 or iy = 0 for all

s > 3. More specifically, there are five cases for which Qg((e% 'es)? 1 (e{ 7 e37)) may
not vanish:

1. 7, =1 for some s > 3 and i = 0,7, = d — s;

2. ig=1for some s >3 and iy = 1,11 =d — s — 2;

3. ig=0forall s> 3 and i, =0,7; =d;

4. ig=0foralls >3 and ip =1,1; =d — 2;

5 iy =0forall s >3 and iy =2,9y =d— 4.

I use the symbol = to omit those terms of Qg((e? ey)d 1 (el 7es7)) whose first

components are divisible by e?. T use the notation I; to denote the terms of the
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first case in Qq((e%tey)? 1 (e{ 7es7)). For the first case, i, = 1 for some s > 3 and

19 = 0,7, = d — s, so the coefficient of the terms of the first case is

ihF+ig 4 ig—1)!
0!y

(_1)d(_1)i1+ig+---id ( _ (_1)dd(_1)d7371 (d — S)‘ _ d(_1)3717

and the corresponding monomial in Qq4(f) is

d(=1)*" 1f1d foams - (1@ 7).

Since the first component of (ef™'ey), 45 is divisible by €2, by lemma 3.4.2, in order

that the terms will not be killed by (ed~tey) via g4, €} 7es’ should replace (ed~'e,)

in the position fs 4—s. By Lemma 3.4.3,

(1 ld = Ve b s+ epw el (7 g ed e

=
U
o

0,7 et ot e )

(=) [(d = 1)(d = s)eres ™ @ ef Zenel™ T efme g g V]

Il
M&

W
Il
)

[

7 N

Neyo e <d—j>(sil>e1e3 & el (L@ (el ey

I
M=

(D) e g

Il
w

S

—f-(d—j) <Sil)eleg SeS— 1®61 —j— d@;q% s+1

+(d—1)(d—s) (‘;) ered el ® 61 “Idesel ™.
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Similarly for the other four cases,

1 o L
d(=1)*(d — s — 1)Zg(efflez)ﬂs—ﬁz(6?7162)2@72(6? Teg)sa—s - [1© (6] 'e2)”]

Il
M=

©
Il
w

(=1)(d—s—=1)[(d—1)e; ® ecll_262 +e® e‘li_l]d_s_2((d — ejea ® 6611_2)

Il
w
IIM&
S w

VR
»n <

[

Jaweas@—p(, 7 Jae e 1o (e

Il
M=

(—1)’(d—s—1)(d—1) (‘i) ered el ® G?Q_d_jegeg_s.

Il
w

S

did—3)2, B _ PR B
( 2 )Zz(el Yea)] ot (ef Yes)aaa(ef Tes!)aaa - [1@ (ef e2)?]

(d—3)[(d—1)e; ® et 2y + o @ e (d — 1)erer ® €272

(J)aedrd™ ne @ ey

&
Il

2

(d—3)(d—1) (j) ered el ® e‘fzfd*jegeéfz.
s
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(2= d)(ef et 2 (ef P es a1 (] ea)aan - [L @ (ef 'er)]

—(ef ) 2 (ef ey )aan - (1@ (e )

—(ef Mea) {2y (e Men)ra s - [T @ (€] Tey’)]

—(d—2)[(d = 1)es ® ef2es + e @ eF 13 (jes @ e Tel )

[(d—1)etes ® P2 - [1 @ (e$ey)]

—[(d—1)e; ® e %ey + ey ® 471772

(@ Diesca e 4 (et e (e e

—[(d—1)ey @ ef %er + e2 @ el [(d — Derea @ e 7] - [1 @ (ef Veg?)]

—(d=2)(e5* @ et ) (jes @ ef Ve ) ((d = Derer @ ef ) - (1@ (e en))
—ed? ® eﬁd‘”(d‘” 4+ (d—1)(d — 2)eef? ® ed —Sdtle]

(@ Diesea 7 4 (et e (e e
—(? @A = Derer @ el ] - (1@ [ef ey

[—(d—2)(d —1)j — j(d — fered 2es @ el " Tegel !

— (‘7> ed~ 22 ® 61 j_d+1626§_2 —(d—2)(d—-1) (;) ered” b2 ® 61 = de%eé 2

2

—(d—1)ered™' @ ¢! Fis el
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I = (ef " ea)f (e Pes!)am
= [(d—Der®@ef Per+ e @ el es @ el Tl + (d - j)er @ ele]
_ _ _9)2 _
= [ @™ 4 (-1 e @0 T e
: d=j i=1 | (g _ i jd
Jes®el ez + (d —j)er ® eze]]
= jebles® eiﬂ_jegeé_l +(d —j)eedt ® e‘llZ_j_deg
+5(d —1)%ered2e3 ® e‘fQ_j_degeg_l.
Therefore
L o min{j,d—1} ] , ' '
Qa((e%tey) i (el ey)) = Z (—=1)° (s) (1—jeed=tes@e] esel™

s=0
30 (D) e e
s=1
This implies
Proposition 3.4.4.

Taa ® Idge-ay (617 e2) ® Qul(ef ™ ea) ™" - (] 7es’)) =

min{j,d—1} .
I G e B e
s=0

j .
+ z:(—l)s_1 (‘;) s(d—1)!(e1 Aea)*(er Aes)Hea Aes) ® eip_d_ﬁle;_leé_s.
s=1

Proposition 3.4.1 and Proposition 3.4.4 imply:
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Proposition 3.4.5.

_ | , A ,
B((eler)! (el e) = T len Aen) s AeaP ® ()

d! J s—1 ] . d—s s d?>—d—j s j—s
ti Z(—l) o (L—J)(er Aex) (er Ae3)” ® e €263

s=0

d+1

s=1

d j Al 51 g
o > (D) (1)3(61 Nea)'(er Aes) M ea Neg) @ef I ey Tel

3.5 Orthogonal decomposition of Sy ® St =dy/

Let ey, €5, e3 be a basis of V and define a Hermitian inner product on V such that
< €, e >= 61‘,]’-
Extend the Hermitian inner product to V®@*+4 naturally by

<€, & B Cig2 40 Cin Q- ® Ci2ia >= 5i1,j1 o

Ya24d:Jd24d”

d)

One can decompose V@@ +d) into direct sum of isotypic components as a GL(V)-
y

module. Since the Hermitian inner product is unitary invariant, distinct isotypic

@+d) are orthogonal (see e.g. [16]).

components of 1 ®(
Consider Sigq)V ® ST~V = S4A?V) @ S¥~9V as a subspace of VE@+D | the
decomposition S(g.q)V & Sd—dy — GB?:O S@2—jdV is an orthogonal decomposition

with respect to the Hermitian inner product, therefore

Proposition 3.5.1. The projection of B(v;) on Sig2—ja )V C SaaV @ S =dy/ g

not 0 if and only if < B(v;),v; ># 0, where v; is defined in Lemma 3.3.4.
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Lemma 3.5.2. Ifa; +as +az = d and by + by + by = d*> — d, then

< (e Aeg)™(er Aes)™(eg Aes)™ @ ehleRel?, (en Aey)™(en Aes)™(ey A eg)™
1, a1laslas! by1by!bs!

b1 _bs b _ (= dW1-u2-43 1-V2:V3
warete >= Q) )

Recall by Lemma 3.3.4,

Jj s .
- S i . _d— _
v = Z Z(_l)t (i) (t) (e1 Aea)™5 7 e Aeg)'(er Aea) ™ @ ecf sebes™,

s=0 t=0

and by Proposition 3.4.5,

_ L d! . » : B
Bl(een)” (1 Ter') = g (W (@A) e Aey) @ ()
d! - EAYS d—t t d?—d—j t j—t

7 2 D) U= Dierne) ™ (e ney) @ el ebey

t=0

dl < ; o B
+d +1 Z(‘l)tfl (i) tler A eg)dft(e1 Aes3) ey Aes) ® ef d J+16571€% t

t=1

By Lemma 3.5.2,

Proposition 3.5.3. For any fized j € {0,1,...,d},

) (1) (D23 — 1)(d — B)(d> — d — j)!
< Bv;), 0> = (d+1)(d2—d)!(; (J—1)!
p S P DU A G D i - a)

— (j—t=1)!
< B(vj),v; >= 0 only when
1. 7=0,1 for all d > 2;

2. j=3 and d = 3.
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N2 . a?-d
Proof. The ratio of (d — j)!j!(d* — d)! and (J!)2(‘7_1)((?:3§(d2_d_])! is (j(l)J<d)t)
Gt

. ) d2—d
ratio of (d — 7)!j!(d? — d)! and (JI)Q(d_t&?t!Edf)Td_J+l)! is ,Edj_f_z). Therefore when d is
j—t—1

, and the

large enough and j > 2, the term (—1)7(d —5)!j!(d*> — d)! dominates. For small cases,

one can check directly. O
Combining all the results above, we prove Theorem 3.2.1 to prove Theorem 1.2.1.

Proof of Theorem 3.2.1. First, for j = 0 and d > 2, S(g2.4)V is not in the image of
Brill's map because Chy(C?) = SC?2.

Second, for j = 1 and all d > 2, Si42_1 41)V is not in the image of Brill's map.
If it were in the image of Brill’s map, then B(v;) = B(v13) = CU; # 0 (where vy
is defined in the proof of Proposition 3.3.5), so < B(v1),0; >=< Cuv1,0, ># 0,
contradiction.

Third, when d = 3 and j = 3, the module S 33)V is not in the decomposition
of S4(S3V), so it is not in the image.

Finally, for other cases, < B(v;),0; ># 0, by Proposition 3.3.5 and Proposition

3.5.1, Sig2_ja )V is in the image of Brill’s map. O]
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4. DETERMINANTAL EQUATIONS FOR VARIETIES ARISING IN
COMPLEXITY THEORY

This chapter is based on [20] and consists of two sections. In the first section, I
compute Koszul Young Flattenings of Chow varieties and their secant varieties and
obtain equations for these varieties, which enables a new lower bound for symmetric
border rank of x5 - - - x4 when d is odd. In the second section, I compute flattenings
of Veronese reembeddings of secant varieties of Veronese varieties and obtain a new

complexity lower bound for the permanent.
4.1  Koszul Young Flattenings of Chow varieties and their secant varieties
4.1.1  Disjoint linear maps

Definition 4.1.1. Let V and W to be two finite dimensional complex vector spaces
and let f -V — W be a linear map. Let Vi,Vs,...V,, be subspaces of V' such that

V =@.",Vi. The map f is called a disjoint map with respect to the decomposition
V= @;‘11‘4 of f(V) = @111 f(vz)

Note that if f : V — W is a disjoint linear map with respect to the decomposition

V= @Z’;l Vi, then rank(f) = Z?lﬂ"ank(f

V).
4.1.2  Koszul Young flattenings of Chow varieties

Let V = C¢ with basis {z1,...,24}. Let P = 2, --- 14 and write [d] = {1,...,d}.

The following proposition is standard:

Proposition 4.1.2. Let k < Lg], then the image of

Pk,dfk : SkV* — Sd*kV

42



is (SR )reg 1= span{x;, i, - Ty, Mi<iy<ip<ciy p<d-
By Proposition 4.1.2,

Corollary 4.1.3. Let k < |2], p < [£]. The image of
P,in’_k D SRV @ APV — STRTIY @ APTLY
1s the image of (S‘“"_'fV)reg ® APV under the map
Nirp: STFV @ APV — STV @ APTLY.

Since the map Agpp|(si-+v).,oarv Preserves weights, it is helpful for us to de-

compose (STFV) e ® APV into a direct sum of weight spaces.

Lemma 4.1.4. Let Wy, 1 be the span of {xy, - Tp, Ty =+ Ty, ®

831,92, 3 Jd—k+p—2s

Ty Nw " Ty N Ty Ave s A xnpfs}{ML---,md—k—s,m,-- I= Then

Mp—s t={J1,J25 - >Jd—k+p—2s

(SYFV ) pop @ APV = (4.1)

@ @ Wk‘l7---7ks§j11j27---7jd—k+p—23‘

{k1,...ks}Cld] max{0,p—k}<s<min{p,d—k} {j1,j2: s Jd—k+p—2s}Cld]—{k1,....ks}
Moreover Ng—pl(si-—+v),erry 5 @ disjoint map with respect to this decomposition.

Example 4.1.5. Letd =3 and k =p =1, then

(S2v)reg ®V = @ Wi @ Wias.

1<6,j<3 i#j

Where W;.; = span{z;x; ® z;}, and W 23 = span{z122 ® 3, 2123 @ T2, o3 @ 21 }.
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Lemma 4.1.6. Let Q = span{y, ..., Yuiv} and let

Au,UQ - Span{ywu o Ymy, X Yny JAREEIAN ynu}{m1,...,mu,nl,...,nu}z[u—i-v]-

Then the rank of Auw|a,..0 @ Aupv@ = Au—1,041Q is (“Jr”*l). Moreover

(2

rank(Ad—p,p|w, . = rank(Ag—k—spsla, ., .Q)

 (d—k+p—2s—1
— s .

Proof. By [16] Exercise 4.6, [u 4+ v — 1, 1] is the standard representation of &,, and

-3 Ks3915925 5 dd—k4p—2s )

Nu+v—1,1 =u+v—s,1°]. As a &, ,-module, 4,,Q = A*([u+v—1,1] +
C)=Au+v—11]+A " ut+v—1,1]=[u,1"]®[u+1,1"" and 4, 1,1Q =

lu — 1,1 & [u,1"], since Ayola,,o 18 & Syip-module map, by Schur’s lemma,

image(Auola,.0) = [u, 1*], with dimension (“""~"). Notice Nd—kplwi, .

ks3ii1:92, 0 Jd—k+p—2s

is essentially the same map as /\d,k,&p,s\Ad%f”ﬂQ, SO

= rank(/\dfkfs,pfs |Ad7k75,p*5Q)

_ fd—k+p—2s—1
= s ,

rank(/\d*’ﬁp'Wkl,..,ks;jpjzw Jd—k4p—2s )

]

Proof of Theorem 1.3.1. By Corollary 4.1.3, we only need to compute the rank of
/\d*k,p|(5’d*kV)reg®APV : (SdikV)reg (%) APV — Sdikilv X Ap+1V

By Lemma 4.1.6, rank(Ag—r p|w, depends only on s. Consider the

3 ks$3915925 5 dd—k+p—2s )

decomposition of (S“*V ). ® APV in (4.1), for any given s, the number of subspaces
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Wi ks darddonip_os 1S (g) (d_kd;;_%). Therefore, by Lemma 4.1.4 and Lemma 4.1.6.

mln{p d—k}

S(p,d, k) = ()(d kp— 28)rank(/\d—k‘,p|Wkl’m’ks;jl’j2,m7jd_k+p_25)

smax{Op k}
d—k —2s—1
s (4.2)
d— k+p 2s p—Ss

mln{pd k—1}
_ d! mm{%k YO
pl(d—p—1)! d—k+p—2s

s= max{Op k}

(4.3)

s=max{0,p—k}

Lemma 4.1.7. Let P = 1% for some linear form | € V, then rank(P]Qs_k) = (d:),

Proof. Let P =14, the image of
Bt STVE@ APV = ST @ AP

is span{lT* 1@ (I Axyy A--- A z;,)}. We can assume [ = z1, then rank(P]stk) -
(d—l)‘ .

p

Proof of Theorem 1.2.3. When d =2n + 1 and k = p = n,

S(n,2n +1,n) = m*”z (%)

(n!)? — 1+ 2s (4.4)

and by Lemma 4.1.7, Rg(x; - - - z9,) > S(n2nt1n)

&)

ASY ()’
prt 1+42s

Let
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Then

SO - W
2A — s s
- z; 1+

n — 2s

1
n 2
n 1 1
B Z(s) (1+23+1+2n—23)

2 2+ 2n
s) (14+2s)(1+2n—2s)

Notice that

(1+2s)(1+2n—2s) < (1+n)

So
o p—
—~\s) (1+2s)(1+2n—2s)
_ i(n)z( 1+n IS
—~\s) (I+2s)(1+2n—2s) 14+n 1+4n
B i n 2( n? — 4ns + 4s* n 1 )
- 2 \s) DA +2s)(1+2n—25)  14n
n 2 2 2
n\" ,n*—4ns+4s 1
>
- SZ;(s)( (n+1)3 +1+n)
s 0\ n? — dns + 487 2n\ 1
B —\s (n+1)3 n)l+n
Since
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n? (") + 4n(n — 1)((;‘2;371(2 ) —4n? (> N 2:) 141rn
ol An(n - 1)27‘2;”__1)1) + (4n — 4n2)%] + (2:> 3 Jlr .
<n(-25)1)3(2n2(2— 11) )+ (%) 1 i;z 1

(n(i;)l)g 2n(n — 1) —Q;ni—l m)(2n—1) <:) L
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Therefore

S(n,2n+ 1,n) _ (2n + 1)! A
GO ()2 () ()
o+ 1)l i i + ()
@ e
2n+1) 1 1 n?
(n)2 (> (1 +n * (n+1)3(2n — 1)>

M

v

n

1+n+ (n+1)3(2n —1)

n2

(n+122n—1)

S(n,2n+1,n n n?
Therefore ES(.CEl cee ZL‘Qn) 2 % 2 (2 :1)(1 + m) ]

4.1.83  Koszul Young flattenings of secant varieties of Chow varieties

I study equations for secant varieties of Chow varieties from the perspective of

Koszul Young flattenings.

Proposition 4.1.8. Let V = C¥ with a basis {z1,..., x4 }. Let P = x1-+ 14+
Tgs1 - Tog+e+T(1yar1 - Tra. For any k < [2], the map Pyg_y, : S*V* — STFV

has rank

d
rank( Py 4-r) = r<k)

Therefore the (r (i) +1)x(r (z) + 1) minors of the linear map Py q4_j are in the ideal
of 0,(Chq(V)). In particular, when k = 2 and d > 4, 7“(‘21) < (ngrl), so we obtain

equations for o,(Cha(V')) of degree r(g) + 1.

While we can not obtain equations of o,.(Chs(C?")) just by usual flattenings, we

can obtain equations for o,.(ChsC?") by Koszul Young flattenings in Theorem 1.3.2.
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Proof of Theorem 1.3.2. Let V; = span{(i—1)dg+1,- - -, T(-1)d+d}, for i = 1,2,... 7.

Then V = @]_,V;. The image of the map
B s SPVEQ APV = STETIV @ APV

is the image of the map

T

Nty @S Vi)reg ® APV = STHIY @ APFLV.
i=1
Write APV = APV; & W;, where W; is the complement of APV; with respect to the

basis {x;, A+ A%, b1<i <ig<...<iy<ar- Rewrite the map as

/\dfk,p : @(Sdik‘/i)reg & (Ap‘/; ) VV;) — Sdikilv & AerlV

i=1
Then

T

rank(P ) <Y rank(Aaokpl (st kv ) + rank(Aa—kpl (s kv ow)

s () (4

In particular, when d > 2, and p =k =1,

VAN

rank(P)y_,) < d*r® —r.

Therefore the (d*r* —r + 1) x (d** — r + 1) minors of P{%j_, are in the ideal of

0, (Cha(V)). =
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4.2 Flattenings of Veronese reembeddings of secant varieties of Veronese varieties

4.2.1 Flattenings of Veronese reembeddings of secant varieties of Veronese

varieties
Let {z1,...,x.} be a basis of V', and {y1,...,y,} be the dual basis of V*. Let
P = (2 + .- +2%2)% € SV where d = 6,8,, note that [P] is a generic polynomial
in vs, (0, (vs,(P"1))). The goal is to compute the rank of its (k,d — k)-flattening

Pk,dfk : Sky* Sd_’“V, where k < LgJ

Definition 4.2.1. Let y{* - - y® € S*V*, the support of Pra_x(y5 - - y2) is the set

of all monomials appearing in Py q—r(y7" - - yo).

Example 4.2.2. Consider §; = 0y =1 =k = 2, then P = (2% + 22)? |, Pys(y?) =
1222 + a3, the support of Pao(y?) is {x%, 23}, Similarly the support of Pyo(y3) is
{22, 22}, and the support of Pyo(y1y2) is {x122}.

Proposition 4.2.3. Let y{*---y® and y* - -y € S*V*, then Pyg p(yy*---yor)
and Pa_x(yi" -+ y™) have the same support in STFV if and only if a; — nm; = nide

for some integers n; and for each i1 =1,..., 7.

Proof.

Po= (a4 tap)”

— < 61 >£L’§162$2262 . LZ';‘ZT(SQ.
) P

t1+-Htr=01
Therefore
[e%} ar\ . t100—a1 tods—an trdo—ouy
Pearp(y* - yr) = 5 Clty, ..., tryoa, ..., a2y x5 ceegrorTer,
ty oot =01
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Where C(tq,...,t;04,...,a,) depends on (t,...,t.) and (aq,..., ).
ookl ) = S Oty by, gt gle g
t1+et =01

Therefore Py g x(y5 -+ y2") and Py g1 (y]" - - - y™) have the same support in S *V

if and only if a; — 1; = n;0, for some integers n; and for each i =1,... 7. O

Definition 4.2.4. For any oy + -+ + a,. = k, define the subspace Alay, ..., o] C

SEV* by
Alog, ..., 0] =
span{y;" - -y € S*V*| o — m; = n;dy for some integer n; and for each i = 1,--- ,r}.

Define Blay, . .., ;] to be the subspace of S4FV spanned by the support of Pya_x(y5 - - - y2r).

Remark 4.2.5. With the notation above, S¥V* can be decomposed as a direct sum
of subspaces Alaq,--- ,a,] and by Proposition 4.2.3 Pya_i is a disjoint map with
respect to this decomposition.

Definition 4.2.6. For each subspace Alay, ..., o], write a; = B; + $;09, where 0 <

Bi < 82, easy to see each fB; and Y., s; are invariant for the basis vectors. Define

two functions

T T aZ

Aloear) = 5= YIS (1.5
i=1 i=1
and
T o
Blay, ..., o) :51—;(6—21. (4.6)
One can check 0 < Aoy, -+, ;) < [%j and

B(Oél,...,OéT):(51—14.(0(1,...,0[7«)_#{61' >0} (47)
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Proposition 4.2.7. Consider

Pk,d—k|A[a1,...,ar} : A[ala v 7a’r‘} — B[ala v 7&T]7
then dim Alay, ..., o] = (A(OX(’&I%);;’;*I) and dim Blay, ..., q,] = (B(%l(’c'y'ff)at;*l).
Proof. Write a; = 5; 4+ $;02, where 0 < §; < 5. Then
Alay, ..., 0] = spanf{y* - - -y’ € S*V*n; = nidy + B;
for some nonegetive integer n; such that n; +---+n, = Z si=Alay,...,a.)}.
i=1
: _ (A(at,...,ar)+r—1
Therefore dim Aoy, ..., o] = ( A o) )
Similarly let
oy — Bi Bi # 0
0 Bi=0
Let x? 25 € Blay, ..., aq,], then §; = m;dy + 6; for some nonnegative integer m,
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and
Z(mﬂg + 0@) = (5152 —k

= (5152 — i (07}
i=1

= 0102 — Z(ﬁz + 5;02)
i=1

= 0109 — Ay, ..., )09 — Zﬁz

=1

= (61— Alaq,...,qap) — #{6; > 0})52+29i-
=1
So
my 4+ mp =0 — Aloa, ..., ) = #{Bi > 0} = B, ..., ).

Therefore

Bloy, ..., ] = span{a$' - - - 25 € SRV | = mydy + 6;

for some nonnegative integer m; such that m; + -+ m, = B(ay,...,a,)}.
and dim Blay,...,q,] = (B(Og(’&;o_‘_’_“)atg*l). O
Remark 4.2.8. Spaces Alay,...,a,] and Bloy,. .., o] are essentially determined

by(61,7ﬁr) wzth0§@<52 (2217,7")

Definition 4.2.9. Define NUM(A, B) to be the number of subspaces Ala, ..., a,]
of SKV* such that Ay, ..., a,) = A and B(ay,...,a,) = B.
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One can decompose

£ ]

SV =P P WA BN (4.8)
A

A=0 B<§1—

such that W (A, B) is a copy of subspace Alay, ..., qa,] in S*V* with A(ay, ..., q,) =
A and B(ay,...,q,) = B. Furthermore P 4 is a disjoint map with respect to this

decomposition.

Proposition 4.2.10. NUM(A, B) = #{(51,...,B-)|B1+ -+ B, = k — Ado, #{; >
0} =01 —B—Aand 0 < (; < dy for : = 1,...,r}. Moreover we have the following

bounds for the rank of Py q_,

NUM(O, 0) S rank(P;ﬁd_k) (49)
|~£J 60—A

< 3% min{ (A +£ - 1), (B +; - 1) INUM(A, B). (4.10)
A=0 B=0

Proof. First let Alay,...,a,] be a subspace of S*V* such that A(ay,...,q,) = A

and B(ay,...,q,) = B. Write a; = ; + n;02, where 0 < f3; < d, then

k = ini(SQ—i-ﬁi
1=1
= Ab—) B
1=1

Therefore By +- -+, = k— Ady. By (4.7), #{8; >0} =0, —B—A and 0 < f3; < 4s.
On the other hand, since (f,...,[,) determine the class Alag,...,a,] uniquely,
NUM(A, B) = #{(B1,-- .. By)|P1+- - -+Br = k—Ady, #{08; > 0}) =6,—B—Aand 0 <
Bi < g fori=1,... r}

k
L5,

Second, by (4.8) one can decompose S*V* = A:[J) Dps,_a W(A, B)®NUM(4,5)
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such that W (A, B) is a copy of subspace Alay, ..., a,] in S*V* with A(ay, ..., «q,) =
A and B(ay,...,a,) = B, and Py 4 is a disjoint map with respect to the decom-
position. Since when B < 0, Py 4-k|wa,p) is the zero map,

[35) 5, a

rank(Ppa) = » Y rank(Pa /W (A, B))NUM(A, B)

A=0 B=0

% 6§ min{ (A +£ - 1), (B +; - 1) INUM(A, B).

A=0 B=0

IN

On the other hand, consider the subspaces Alay, ..., «,] such that A(aq,...,a,.) =0
and B(ay,...,0a;) = 0, the map Py g i|ajar,..a,] @ Alor, ..., 00] = Blog, ..., 0] is
just a linear map from a one-dimensional space to another one-dimensional space.

Therefore

rank(Peg—r) = » Y rank(Ppq[W (A, B))NUM(A, B)

Corollary 4.2.11. Let 616, = d with 01,05 ~ Vd , k= | %] and r > 26, then

((;) < rank(Pyg_p) < 2(;) ( ;‘; ) (4.11)
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Proof. By Proposition 4.2.10,

rank(kad_k) Z NUM(0,0)
= #HB,.. BB+ -+ B =k, #{Bi > 0}) =0
and 0 < 5, <y fori=1,...,r}

= (;)#{(51,...,551)\@1+...+551 =k, 0<fi<dfori=1,...,6}

(5)

v

To prove the second inequality, notice that each monomial of P = (292 4 - - - 4 2:02)%

b2 o2
i1 ‘/Ei(gl .

is of the form x Let y{*---yor € S*V*, if the number of positive «; is

greater than d;, then each monomial of P vanishes, i.e. xff x -mfjl (y* - yor) =0,

80 Ppa—r(y7" -+ - y27) = 0 under this condition. Therefore
rank(Py g—x) < #{(u,..., )| where oy +--- 4+ a, = k and #{a; > 0} < 6, }.

So

rank(Pya-r) < i (Z) (lz ) i)

AN
g
N
S
~__
N
S
|
—_ =
~__

]

Remark 4.2.12. While we can get better bounds for rank(Pg ), it is always the

case that r is much bigger than d = 6,0,, therefore the term (5’;) dominates.
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4.2.2  Comparison with the permanent

Let {x1,...,2,2} be a basis of V and r > n, and let [P] = [(I + --- + 122)%]
vs, (0 (v5,(PV))) C PS™V be generic, where §1,0, ~ /n and k = |§]. I com-
pute the rank of the flattening Py ,_j : SkV* — S"*V and compare it with

rank((perm,, )k n—k)-

For any 0 < k < |3/, rank(perm,,)pn—k = (2)2

Lemma 4.2.13. Let A, B be two complex vector spaces, let A be a subspace offl
and B be a subspace of B. [ff € A® B and T € A® B is the linear projection of
T, then R(T) > R(T).

Corollary 4.2.14. Let [P] = [(I{* + - - +12)%] € v, (0,(v5,(PV))) C PS™V, where

01,02 ~ /n and k = | ], then rank(Py ) < 2(;1) (fl) < (rk)o.

Proof. Assume that [y, ..., [, are linearly independent and let W =span{ly, ..., [, }, By
Corollary 4.2.11 the rank of the new flattening ]skﬂ_k : SFW* — S" k. By Lemma
4.2.13 rank(Pkﬁn_k) S rank(f’km_k).

By Corollary 4.2.11,

rank( Py k)

IN

rank(l-:’k’n,k)

2(5,)(5)

(k)%

IN

IA
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Proof of Theorem 1.2.5. Let k = | 5], by Corollary 4.2.14,

rank(perm,, )i n—k)

rank( Py ,—x)

58
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5. EQUATIONS FOR SECANT VARIETIES OF CHOW VARIETIES

This chapter is based on [21], T use the method of prolongation to obtain equations

for secant varieties of Chow varieties as GL(V')-modules.
5.1 Prolongations, multiprolongations and partial derivatives
5.1.1 Prolongations, multiprolongations and ideals of secant varieties

I study prolongations, multiprolongations and how they relate to ideals of secant
varieties. Let W be a complex vector space with a basis {ej,...,e,}. I follow the

notation in [31].

Definition 5.1.1. For A C SW, define the p-th prolongation of A to be:
AP) = (A @ SPW) N SPHIW.
It is equivalent to saying that
AP = [{f e SMW\% € A any § € N" with |3| = p}.

Here are properties of prolongation:

Proposition 5.1.2. For A C SYW, AW is the inverse image of A® SPW under the

polarization map Fy, : ST™PW — SW @ SPW.

Proof. For any f € SE+I1Y,
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Hence

oP o
Fap(f) = Z@@eaéz‘l@SpW(:}a—e‘zeAforany la|=pe fe AP,

|a|=p
O

Theorem 5.1.3. (J. Sidman, S. Sullivant [43]) Let X € PW* be an algebraic variety
and let d be the integer such that Io—1(X) = 0 and I4(X) # 0. Then I,4-1)(0,(X)) =
0 and L(g-1)+1(0(X)) = I;(X)r=D=1),

Remark 5.1.4. Theorem 5.1.3 bounds the lowest degree of an element in the ideal

of 0,.(X) if we know generators of the ideal of X.

Proposition 5.1.5. Let X C PW* be a variety, then I;(X)® C I, ,(X)P~Y.

Proof. Let f € I,(X)®) C S™PW | consider ag;f with |a| =p—1,

8(6“60 e; € Id+1<X).

]

Example 5.1.6. Consider Chs(V*) with dim V' > 4, by Proposition 2.5.4 and Propo-
sition 2.5.5, I3(Chg(V*)) =0 and

Li(Chs(V*)) = S*(S®V) — S*(S'V) = Szrsa)V + Se222)V + SeaanV.  (5.1)

Therefore by Theorem 5.1.8 Is(02(X)) = 0 and I;(02(X)) = Ly(X)®.
The following proposition is about multiprolongations:

Proposition 5.1.7. (Multiprolongation [31] ) Let X C PW™* be an algebraic variety,

a polynomial P € S°W is in I5(0,.(X)) if and only if for any nonnegative decreasing
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sequence (01,02, ...,0.) with 61 + dg + -+ + 0, =6,

P(v1,...,01,09,...,09, ..., Upy...,0.) =0

for all v; € X, where the number of vis appearing in the formula is m;.
The following proposition rephrases multiprolongations.

Proposition 5.1.8. Let X C PW* be an algebraic variety, for any positive integer ¢
and r, and for any decreasing sequence 5 = (01,09, ...,0,) with §; +da+ -+ 0, =0,

consider the following polarization maps
Esy 5y 6, 0 S°W = S"W @ S®W @ - @ S W.

Let Ag; = S"W @@ 8" W L;,(X)@ S5 W0 8"W C S"WeS2We
- ® SW, then

I5(0,(X)) = ﬂ Fa_l,laz,...,dT(Am ++45,)
01402+ +6r=6

Corollary 5.1.9. [;(X)(=DE@=D) c [, 1y11(0.(X)).

Proof. By Proposition 5.1.8,

[r(d—1)+1<UT(X)) = ﬂ F(s:,l@,...,(sr (A&1 N AE,T)
81482+ +0p=r(d—1)+1, §1>62>->6,
= m Féil,lég,“.,& (A&l)'

01462+ +r=r(d—1)+1, §1>02>->0r

By similar arguments as Proposition 5.1.2, F{I}(S%._’dr (A ) = L5, (X)rd=DH1=0),

Since §; > d, by Proposition 5.1.5, I;(X)(r=D@-1) ¢ 1 (X)rd=1+1=01) therefore
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L(X)W=DE=D) < [y 1)1 (0,(X)). O

A new proof of Theorem 5.1.5. First, by Proposition 5.1.8,

Ir(d—l)(UT(X)) = ﬂ Fzs:,lsg ..... 5T(A5,1 +o Tt A&r)'
514694 48r=r(d—1)

In particular, when §; = 0y = -+ = §, = (d — 1), As; = 0fori =1,...,7, so
Fy gy, (Agy -+ Ag,) = 0. Therefore I,4_1)(0v(X)) = 0.

Second, by Proposition 5.1.8,

Ir(d71)+1(0-r(X)) - ﬂ F6_1,162,---,5r (Ag,l +oee Tt Ag,r)'
81402+ -+8r=r(d—1)+1

In particular, when 6y = d, 6, = -+ =0, =d—1, Az, =0fori =2,...,7. 50
Fylsp s, (Aga o+ Az) = Fils, g (Agy) = Ly(X) (7D,

Therefore I,4-1)+1(0,(X)) C Ty(X)(r=D(d=1)),
On the other hand, by Corollary 5.1.9, Io(X) (DU € (4111 (0,(X)), s0 equal-
ity holds. o

Theorem 5.1.3, small examples and intuition lead to the following conjecture:

Conjecture 5.1.10. Let X € PW™ be an algebraic variety, and 6 = kr + | with

o<i<r, takegsuchthat(h:---:(Sl:k:+1 and 641 = -+ =0, =k, then
Is(0 (X)) = Fa_,laz ..... 5T(A§,1 +o AS,T)-

Example 5.1.11. Consider the variety Chg(V*), by Example 5.1.6, I5(Chs(V*)) =0
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and I,(Chs(V*))= Sz32)V + Se222)V + Seaz1)V. Consider the polarization maps
Fsg 5:S%(S*V) — S°(S3V) @ S*79(S3V).
By Propositions 5.1.8 and 5.1.5,

Ly(02(Chs(V))) = [ F5aslS°(5°V) @ Is—5(Chs(V7)) + I(Cha(V7)) © S*(S°V)]
6=4

= (8] I;(Chg(V*) 5 () Fid [I(Chs(VF)) @ S*(S°V)
6=5
+84(S3V) @ I4(Chs(V*))]

= I;(Chs(V*)® () Fiilla(Chs(V*)) @ S*(S°V)

+54(S3V) ® I4(Chs(V*))]. (5.2)

5.1.2  Partial derivatives and prolongations

Let V = span{ey, ..., e,}, SV has a natural basis {e{" -+ - e%" 1= e} 4, 4oy —d-

Assume e; > ey > - -+ > e,. Define the dominance partial order on the natural basis

of SV such that
e >65®a1+---+ai261+---+ﬂi for each i.
It is equivalent to saying

e® > e’ < one can get e from e’ via raising operators.

Let f € Wiy an) € S¥(SV), let a be the index of the last d elements in

0

(a1,--- ,a,), then 5

is the lowest possible partial derivative of f with respect to

the dominance partial order.
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Example 5.1.12. Let f € W5 442 C S°(S?V), then o = (0,0,1,2) and the lowest

possible partial derivative of f is %dfe?'
4

Definition 5.1.13. Let ¢* = ¢! - - e?je?fll ceee2n forj=1,...,n —1, define the

normalized lowering operators

i+l o _ o aj—1 ajy1+l an,
By e = et - e 1 e

The following proposition gives the relationship between raising operators and

partial derivatives of polynomials in S*(SV).

Proposition 5.1.14. Let f € S¥(S?V) and e* be a basis vector of SV, then

0 ; of
oa Biall = A+ o) =7
de (BT e”)
Where Efl(j =1,---,n—1) are the normalized lowering operators.

Proof. Since all the operators here are linear, we only to prove the case when f is a

Q1

=l ajp+l
Jj+1 j

J 7+1 g

: o o
monomial. Let e* = ef" -+ ¢}’ e so EJ]-Jr e =et--e =

e?. Write f = g(e®)™(e®)*, where g is not divisible by e or €®. Then

BN = (BN () + B (€)™ E)" + g(e) I (e))
= (B ()" + mole) B () ()"

+n(1+ ajir)g(e)™ ()"

So

O(E" )

L = (B g )" mlm — 1)g(e) 2 () ()" +

n(m +1)(1+ agi)g(e®)™ ()" (5.3)
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On the other hand

o gy ey
J+1 ﬁ _ Jj+1 aym—1¢_B\n _ aym—2 i+l o\, B\n
EIEDY = (B g) (e ) mlm — 1)g(e) B ) () 4

nm(1 4+ a;i1)g(e®)™(e”)" L. (5.4)

Combining (5.3) and (5.4), we conclude:

OETf 9 - B
M8 1) (20 < nt s+ apgterym eyt = 1+ ajﬂ)a@j—flea).

J

[
In particular if f € S¥(S9V) is a highest weight vector of some G L(V')-module,
then

.0 0
gl = —(1+ ag) =0 (5.5)

Therefore

Lemma 5.1.15. If f € S¥*1(SV) is a highest weight vector for some GL(V') module
Star,an)V = SV, then the lowest possible partial derivative ;TJ; 18 killed by all the

raising operators, i.e. either % is 0 or a highest weight vector of S,_,V C S¥(SV).

By induction on dominance partial order, I conclude

Proposition 5.1.16. If f € S*1(S9V) is a highest weight vector for some module

Star,an)V = SaV, then there exists a basis vector e’ of SV such that 8‘97]; s a

highest vector of S,_ gV C S*¥(SV).
By Proposition 5.1.16,
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Corollary 5.1.17. Let f € S*(SV) be a highest weight vector for some module

Star,-am)V = SV, if we can find all the € such that % is a highest vector of

Sa_gV C S*(S9V), the sum of all these modules is the smallest possible module such

that S,V lies in its first prolongation.
For simplicity, write 2L = f.s from now on.

deP —

Example 5.1.18. Let f be the highest weight vector of SizzV C S*(S*V) in
Example 2.3.12, then f.,.2 = (ef)*(e1e3) — ej(efea)?, which is a highest weight vector
of 5(7,2)‘/ C 53(S3V).

The following proposition, tells us which prolongation a given module lies in.

Proposition 5.1.19. If S,V C S*Y(SV) with multiplicity m, > 0, let

M, = {b|S,V C S,V ® S?V as abstract modules by Pieri’s rule

and SV C S*(S?V) with multiplicity m; > 0}.
then

(S € (@ SV

beM,

In particular,

Proof. Consider the polarization map

Pyy : SFTH(STV) — SH(SUV) @ SV
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By Schur’s lemma

Pea((SaV)®™e) € (€D (SyV)®™) @ SV

beM,

By Proposition 5.1.2

(SV)Eme C (@D (SyV) @),

beM,

Since Py is injective,

]

Proposition 5.1.20. The module Sg5.4.42)V C S*(S*V) is contained in (S5421)V @
5(4,474)1/)(1). Let f € Sia12V C S°(S?V) be a highest weight vector, then fere2 18
a highest weight vector of Siua4V C S*(S?V) and feze, 15 a highest weight vector of
Ssa21V C SYS?V). Therefore Si5442)V is not contained in the first prolongation
of Suaa)V or Sa2n)V.
Proof. Since

s%S*V) = SV +Sa0,2)V + S,V + SV +

S(8,2,2)V +5(7,41)V + 517,32V + S6,6)V +

S6,4,2)V +5(6,2,2,2)V +5,4,2,)V + 54,40V

By Proposition 5.1.19, S a42) C (Sa21V @ 5(474,4)‘/)(1). By induction on the
dominance partial order, f 2 and fe§€4 are killed by all raising operators. Let h
be a highest weight vector of Sy 44V C S*(S?V) and hs be a highest weight vector
of SapnV C S*S*V). Set ferez = ethi and fe., = cohy, where ¢; and ¢, are

constants, then c;, co can not be both 0 by Proposition 5.1.16.
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Since fi € Sia21)V & SuaeV with weight (5,4,1,2), fe = 03E§fe§e4, where
c3 is a constant. By (5.5), B} fos = —feze,r 50 3E{E3feze, = —fee,, Which implies

63(E§ - Ejll) 8364 = _fe§e47 S0 C3 = —1. Since (felei)eg = (feg)ewi )

Cl(h’l)eg = (_E§fe§e4)e1ei
= _CZ(EghQ)ewZ

= _62(E§(h2)e1e?1 - (h2)€1€364)

= CQ(h2)616364

By Proposition 2.3.14, (hl)eg and (h2)e, eze, are both highest weight vectors of Sy 41)V C

S4(S3V), by rescaling, we may assume they are equal, so ¢; = ¢, so ¢; and ¢, are

both nonzero, therefore f, .2 is a highest weight vector of S(y44)V C S*(S°V) and
e2¢, 18 @ highest weight vector of Si5421)V C S*(S?V). O

5.2 The case when the degree is 3

Consider g9(Chs(V*)), without loss of generality we assume dim V' = 6.

Proposition 5.2.1.

14(0;13(‘/*))(1) = Sr2229V @ S64221)V ©Sss31.1)V,

14(Ch3(V*))(2) = 522222V ®Sra2221)V ® Se53221)V @ Si5551,1,1)V,
Proof. First we claim
I4(C’h3(V*))(1) = S(72222)V ® Sea221)V D Si5531,1)V. (5.6)

68



By (5.1),
Ii(Chs (V")) = Str32)V + 56222V + 5421V
By computer softwares (e.g. Lie),
sYS®V) = SV + S(10,9V + S0.3)V + SV +

S,2,2)V + 57,40V + 57,32V + 56,6V +

S6,4,2)V +56,2,2,2)V +55,42,1)V +514,4,0)V-
and

s5(sPvy = Sas)V +Sasz,2)V +Saz,3V +Sa1,9V +Sa1,2,2)V + Sao0,5V + Sw0,4,1)V
+S5(10,3,2)V + S(0,6)V +25(9,4,2)V + S(9,2,2,2)V + S8,6,1)V + S(8,5,2)V + S(8,4,3)V
+S5(s,4,2,1)V + 5(8,3,2,2)V + 57,6,2)V + S7,5,2,1) V + S(7,4,0)V + S(7,4,3,1)V
+S(7,4,2,2)V + 5(7,2,2,2,2)V + S(6,6,3)V + 56,5,2,2)V + 56,4,4,1) V + 56,4,2,2,1)V

+55,5,3,1,1)V + S(5,4,4,2)V-

Since I,(Chz(V*)) contains all the modules with length 4 in S*(S3V'), by Proposition
5.1.19 any module with length 5 in S°(S%V) is in I,(Chs(V*)®.

On the other hand, the other modules with length no more than 4 in S°(S*V)
are not in I,(Chs(V*)): By Proposition 5.1.16, for any module with length no more
than 4 in S°(S3V), one can find a partial derivative of a highest weight vector of
this module such that it is a highest weight vector of a module in S*(S3*V') but not
in I4(Chs(V*). For most modules, we can check directly, but for some modules, we
need to verify carefully. For example, By Proposition 5.1.20, S(54.4,2) C (S(5,4,.2,1) @
S(47474)V)(1), but fe, .2 is a highest weight vector of Sy 44V C Iy(Chs(V™)), 80 S(5.44,2)

is not not in Iy(Chs(V*)M. I conclude

[4(Ch3(V*))(2) = 522222V ®Sr42221V D Ses3221)V ©Sess51,1,1)V,

I,(Chs(VH® = 0.
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Therefore by Proposition 5.2.1 and Theorem 5.1.3,

Theorem 5.2.2. (restatement of Theorem 1.2.6) I7(02(Chs(V*)))= I,(Chs(V*))®
= 0.

Also
Theorem 5.2.3. (restatement of Theorem 1.2.8) Is(02(Chs(V*))) D S.55531)V-

Proof. By Example 5.1.8, Is(02(Chs(V*))) = Is(Chs(V*))® N Fi [I(Chs(V*)) @
SHS3V)+S4(S*V)@14(Chsz(V*))]. Since all the modules with 5 columns in S®(S3V)

are contained in I5(Chs(V*)), by Proposition 5.1.2 and Schur’s lemma,
Se55531)V C Is(Chs(V:)®, (5.7)
Consider the map
Fyq: S3(S%V) = SHS*V) @ SH(SPV).
Let I4(Chs(V*))¢ denote the complement to I;(Chs(V*)) in S*(S3V). Since

L(Chs(V7)" = SupV + Suop)V + SesV + SV +

S22V +SaanV +See)V + Sea2)V + SuanV,
and 5(57575’57371)‘/ SZ 5(47474)‘/ (029 5(47474)‘/, by the Littlewood-Richardson rule,

70



Therefore by Schur’s lemma
Ses5530V C Fri (I(Chy(V*)) @ SH(SPV) 4 S*(S*V) @ I4(Chs(V*))).

The result follows. O

Remark 5.2.4. Since 05(Ch3(C*)) is a proper subset of PS?(C*), by inheritance
[31], the ideal of o2(Chs(V*)) contains modules with length 5. So S 55531V is not
enough to cut out oo(Chs(V*)) set-theoretically. We know that dim S(555531)V =
1134 and codim o9(Chs(V*)) = 24, therefore ao(Chs(V*)) is very far from being a
complete intersection. Obviously PS*(C**) with dimension 34 is in the zero set of
S5,55531)V s while the dimension of oo(Chs(V*)) is 31, the neat question is: what is
the difference between the dimension of oo(Chs(V*)) and the zero set of S555531)V ¢
5.3 The case when the degree is 4
Consider o,(Chy(V*)) C S*(V*), where dim V' > 4r, prolongations enable one to

find modules in the ideal of o, (Chy(V*)).

Theorem 5.3.1. (restatement of Theorem 1.2.10) When dim V' > 4r,
Lirs1(0v(Cha(V))) = I(Cha(V*)) =Y
and
S(6,6,44r2)V C Lyyi1 (0, (Chy(V7))).

Proof. By Proposition 2.5.2, Proposition 2.5.4 and Proposition 2.5.5, I,(Chs(V*)) =
0 and I5(Chy(V*)) = S5(S4V) — S4(S5V), so I5(Chy(V*))¢ = S4(S?V). By Theorem
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5.1.3,
L1 (07(ChaV™)) = I5(Cha V") .
Consider the polarization map
Fi g5 SYTHSYW) — SY4(SHTV) @ SP(SHV),
by Proposition 5.1.2,
I5(ChyVH)U=4 = Fi 1, (ST4H(S*V) @ Is(Cha(V))).

Since S(e6,62) C S*(S°V) has the lowest highest weight vector with respect to the
lexicographic order among all the modules in $*(S®V), by the Littlewood-Richardson

rule,
Siepair—2V C STTHSWV) @ I;(Chy(VF))" = ST (S'V) @ SY(S°V).
Therefore by Schur’s lemma
Seatr—2V C Ii(Chy V)™ = I, (0,(Chy(V?)).

]

Remark 5.3.2. Consider r = 2 and dim V = 8. Since oo(ChyC*™)) is a proper
subset PS*(C*), by inheritance (see [31]), the ideal of o3(Chy(V*)) contains mod-
ules with length 4. So Seea444a4)V is not enough to cut out oo(Cha(V*)) set-
theoretically. We know that dim S(ge444444)V = 336 and codim oo(Chs(V*)) =

7777777
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272, therefore ao(Chy(V*)) is far from being a complete intersection. Obviously

2y Ey Ty

sion of o2(ChyC*)) is 57, The next question is: what is the difference between the

77777

dimension of o2(Cha(V*)) and the zero set of S 6444444V ?

5.4 General case for even degrees

Proposition 5.4.1. [6] Let A be a partition with order kd with d odd , then the
multiplicity of X in S*(S?V) is less than or equal to the number of semi-standard
tableaux of shape \ and content k x d with the additional property : for each pair

(1,7),1 <i# 5 <k, the set of columns of i is not exactly the columns of j.

Proposition 5.4.2. [39] Let A be a partition with order kd and let u be even, then
mult(S\V, S*(SV)) = mult(Sy, )V, S*(STV)).

Theorem 5.4.3. The module S(api2)2m-12)V is contained in S*™(S*" V), with
multiplicity 1, and S(am42)2m-12)V is the smallest module with respect to the lexico-

graphic order among all the modules in the decomposition of S*™(S?*™ V).

Proof. First, let A = (A1,..., o) be a partition with order 4m? + 2m and smaller
than ((2m + 2)?™1,2) with respect to the lexicographic order, then \; < 2m + 2
and Mg, > 3. Consider the semi-standard tableaux with content 2m x (2m + 1); the

first 3 columns must be filled with {1,...,2m}. Therefore there are (2)‘171;32) <2m-—1

possible sets of columns, but there are 2m numbers to be filled in the semi-standard
tableaux, so by Proposition 5.4.1, mult(Sy\V, S?™(S?*"1V)) = 0.

Second, consider the partition A = ((2m +2)?"! 2), by Proposition 5.4.2, T con-
clude mult(S,V, S?™(S*"*1V)) = mult(Siamzm-1)V, S*™(S*™~1V)). By [28] formula
(80), mult(Simzm—1)V, S*™(S*™"1V)) = 1. O
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Let d = 2m > 4 and dim V' > 2mr, consider the variety o,(Chg,(V*)) C S*™V*.
A partition is an even partition if all the components of the partition are even
numbers. When d is even, any even partition with length no more than k& has

positive plethysm coefficients in S*(SV) [7].

Theorem 5.4.4. (restatement of Theorem 1.2.12) The isotypic component of the
module S, ygym (ggmyzmr—myV i S (SV) s contained in Typpia (00 (Cham (V7))
Moreover any module with even partition and smaller than ((2m + 2)*™~1,2) (with

respect to the lexicographic order) is in Iy i1(0m(Chom(V*))).

Proof. By Theorem 5.4.3, S((2m42)2m-1,2)V is the smallest module (with respect to the
lexicographic order) in the decomposition of S*™(S5?™ V). Therefore by Corollary
2.5.3, any module smaller than S((gy,42y2m-19)V (With respect to the lexicographic
order) is not in I, 11(Cha,y, (V*)) C S (S2mV).

Consider the polarization map
Fomr—omams1 | STTHL(SEMY) o §2mr=2m(G2mry @ GImAL(GAmY
By Proposition 5.1.2,
Lo 1 (Cham (V)™ = By Lo (S 72(SPV) @ Lo (Cham (V7))).
By the Littlewood-Richardson rule,
S(@mr2ym, @myzmr-mV S ST TE(SPV) @ Tyia (Cham(VF))°

Moreover any module in S?™"+1(5?™V) with even partition and smaller than ((2m +

2)2m=192) is not contained in S*™" 2" (S2MV) @ Iy, 41 (Chom(V*)))C.
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Therefore by Schur’s lemma the isotypic component of S (am2)m (2m)2mr—m)V is in

Fymr—2m 2m 1[5 72 (S*™V) @ Loyt (Cham (V)] = Lo (Chag (V7)) 2D,

Moreover any module in S?™+1(5?™V) with even partition and smaller than ((2m +
2)?m=1 2) (with respect to the lexicographic order) is in Iy (Chop (V*))@m=1),
By Corollary 5.1.9, Inyi1(Choy(V*)@0=D) < I (0, (Chyy(VF))), the re-

sults follow. O]

5.5 A property of Plethysm coefficients

Lemma 5.5.1. [8, 38, 39] mult(S,V, S*(S%V)) = mult(S\r V, S*(A%V)), and mult(S,V,
Sk(SHHLY)) = mult(SyrV, A¥(A2V)).

Theorem 5.5.2. Let d be even, if Sy, ay) C S*(SV) and Sg,,... b,y C S'(SUV)

with a, > by, then
S(a1,~~,ap,b1,-~~,bq) C Sk+l(SdV)

as long as dim V' > k + (.

Proof. Let A = (ay,- -+ ,a,) and = (by, -+ ,b,). By Lemma 5.5.1, mult(S,rV, S*(A?V))
> 0 and mult(S,2V, SHA?V)) > 0, so mult(Syry,rV, S*(A?W)) > 0. By Lemma

5.5.1 again,
mult(Sp .V, S¥(SV)) > 0.

]

Remark 5.5.3. This is false when d is odd: C.Ikenmeyer gave a counter-example

for d = 3. There exists ko such that Sgr V' C S?%0(S3V) but Sgren1 V' S S2F0T2(S3V).
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6. SUMMARY

In this dissertation, we study chow varieties, their secant varieties and other
varieties arising in complexity theory to approach Valiant’s conjecture.

I use the polarization of Brill’s polynomial map 8 to construct Brill’s map B,
which is a GL(V)—module map, I compute the image of Brill’s map to determine
Brill’s equations as a GL(V')-module.

I obtain determinantal equations for Chow varieties and their secant varieties by
Koszul Young flattenings, and get a new lower bound for symmetric border rank of
square free monomials with odd degree. I compare the flattening rank of a generic
polynomial in the Veronese reembeddings of secant varieties of Veronese varieties
with that of the perm,,, and prove a complexity lower bound for the permanent.

I use the method of prolongations to obtain equations for secant varieties of
Chow varieties as GL(V)-modules, The methods I use to compute prolongations are

differential operators and plethysm coefficients.
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APPENDIX A

COMPLEXITY THEORY

A.1 Valiant’s Conjecture

Definition A.1.1. An arithmetic circuit C over C and the set of variables {xy,...,xn}
18 a directed acyclic graph with vertices of in-degree 0 and exactly one vertex of out-
degree 0. FEvery vertex in it with in degree zero is called an input gate and is labeled
by either a variable x; or an element in C. FEvery other gate is labeled by either +

or X, exactly one vertex of out-degree 0.

A circuit has two complexity measures associated with it: size and depth. The
size of a circuit is the number of gates in it, and the depth of a circuit is the length

of the longest directed path in it.

Proposition A.1.2. On an arithmetic circuit C, each gate computes a polynomi-
al. The polynomial computed by the output gate is denoted by P and called the

polynomial defined by the circuit.

Definition A.1.3. The class VP consists of sequences of polynomials (p,) of polyno-
mial of degree d(n) and variables v(n), where d(n) and v(n) are bounded by polynomi-
als in n and such that there exists a sequence of arithmetic circuits C,, of polynomially

bounded size such that C,, defines p,.

Example A.1.4. The sequence (det,) € VP, where det, denotes the determinant

of a n X n matrizx.

Definition A.1.5. Consider a sequence h = (hy,) of polynomials in variables xy, . .., x,
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of the form

hy, = Z gn(e)xst - xin,

ec{0,1}n
where (g,) € VP. The class VNP is defined to be the set of all sequences the form
h.

Definition A.1.6. A problem P is hard for a complexity class C if all problems in C
can be reduced to P (i.e. there is an algorithm to translate any instance of a problem
in C to an instance of P with comparable input size). A problem P is complete for

C if it 1s hard for C and P € C.
Proposition A.1.7. [47] The sequence (perm,,) is VNP-complete.

Therefore to prove Valiant’s Conjecture VP # VNP [48], we only need to prove
there does not exist a polynomial size circuit computing the permanent.

A.2 Shallow circuits

Circuits of bounded depth are called shallow circuits. Recently there have been
significant advances for circuits of depth 3 [23] and 4 [1, 30, 46] and a special class of
circuits of depth 5 [23]. A.Gupta, P.Kamath, N.Kayal and R.Saptharishi [23] showed
these shallow circuits could be used to measure the complexity of the permanent to

approach Valiant’s Conjecture.

Example A.2.1. Depth 3 circuits are used to compute a polynomial of the form

r d
>_II¢

i=1 j=1

where l; 1s an affine linear form. Depth 3 circuits are also called X113 circuits.
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Example A.2.2. There is a particular type of depth 5 circuits called XAXAY cir-

cuits, which are used to compute a polynomial of the form

TP

O™,

i=1 j=1

where lj- s an affine linear form.

A circuit is homogeneous if the polynomial produced by each gate is homogeneous,

and otherwise it is inhomogeneous.

Remark A.2.3. A polynomial of the form )"._, H?:1 1%, where I} is a linear form,
is a general point in the variety o.(Chq(V')), so the variety o,.(Chqy(V')) is associated
to homogeneous XIIY circuits. While a polynomial of the form 3., ( 5:1(l§)52)51,

where I} is a linear form, is a general point in the variety o,(vs, (0,(vs,(PV))), so the

variety o,(vs, (o, (vs, (PV))) is associated to homogeneous SAXAY circuits.
A.3  Depth reduction

The following theorem is related to depth reduction, it combines results of [1, 2,
23, 30, 32, 45].
Theorem A.3.1. Let d = n°Y and let P € SYC" be a polynomial that can be
computed by a circuit of size s. Then:

1. P is computable by a LIIX circuit of size 200V doe®los(ds)) 1y porticular,

[IN=4P] € 0,(Chy(Ch)) with rN = 200V dog)log(ds)),

2. P is computable, for some & ~ \/d, by a homogeneous SAYAY. circuit of size
20/ dlog()log(ds) - 1 particular, [P] € oy, (v%(oy.2 (vs(P"1)))) with rira(§+1) =

20( dlog(n)log(ds)) ]

Remark A.3.2. Theorem A.3.1 implies Theoremsl.1.1 and 1.1.2.
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