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ABSTRACT

A simple conceptual model of the relationship between advective transport by breaking waves and diffusive
transport is derived. The model postulates that the displacement of fluid parcels by a breaking wave is analogous
to molecular diffusion (in a manner similar to conventional mixing length theory ). Unlike molecular diffusion,
in which the fluctuations of nearby particles are independent, in fluid flow the motion of nearby parcels can be
coherent. The effectively random phase of wavebreaking events with respect to an individual particle, however,
results in a macroscopic ‘‘random walk"’ of the parcel with a step size related to the width of the breaking wave
and a timescale related to the frequency of wave breaking events. As in the case of molecular diffusion, the
motion of individual molecules or fluid parcels is unpredictable (chaotic, in fact), but averaging over a large
ensemble of parcels results in an ensemble variance that increases linearly with time, formally equivalent to
molecular diffusion of a gas.

Examples are shown of isentropic parcel dispersion in the stratosphere. Lagrangian trajectory calculations
indicate that the latitudinal dispersion of air parcels increases linearly with time in wavebreaking regions, but
first increases and then levels off in regions where little or no wavebreaking occurs. A simple model for barriers
to mixing is also proposed.

These results suggest a new approach to parameterization of mixing in numerical models. The required
parameters are the distributions of the frequency, width, and location of wavebreaking events. These in turn can
be related to the frequency, phase speed, and amplitude of the breaking waves, and the locations of critical lines
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in the fluid.

1. Introduction

The representation of transport by unresolved scales
of motion has been a fundamental problem in fluid dy-
namics since the inception of the field. At molecular
scales, fluid properties (momentum, etc.) are trans-
ported by random collisions of molecules. If the fluid
propetties are unevenly distributed, there is a net down-
gradient transport that depends on the local gradient of
the fluid property and a constant of proportionality (the
viscosity for momentum, the diffusion constant for
trace species, etc.) that can be derived from the kinetic
theory of gases. Taking the divergence of the flux re-
sults in a diffusion equation for the fluid property.

For the large-scale circulation in the atmosphere and
ocean, molecular diffusion is so slow as to be essen-
tially irrelevant. In many cases, however, the atmo-
sphere and ocean behave as though properties are
mixed by diffusion, with a diffusion coefficient many
orders of magnitude larger than the molecular viscosity
or molecular diffusion coefficient. In the stratosphere,
for example, the mean meridional circulation is driven
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primarily by the large-scale eddy transports of heat and
momentum. As a result, the total transport (mean
+ eddy) is determined by the eddies. In two-
dimensional (latitude—height) dynamical-photochem-
ical models, diffusion is typically used to represent all
of the eddy transports. Parameterizing the eddy trans-
port in 2D models is therefore important to represent
the eddy transport itself and for consistency with the
model’s mean meridional circulation. In three-dimen-
sional general circulation models, diffusion is typically
used to represent transport processes at unresolved
scales.

The usual theoretical framework for diffusive trans-
port parameterizations comes from mixing length the-
ory. In mixing length theory, fluid parcels are assumed
to be displaced a finite distance in the flow by -eddy
motion, where they mix with surrounding fluid (Taylor
1921). The result is a diffusive transport of fluid prop-
erties. By analogy to molecular diffusion, the diffusion
coefficient is proportional to the square of the parcel
displacement. The principal difficulty with mixing
length theory is in relating the diffusion coefficients to
the properties of the large-scale flow. A number of ap-
proaches can be taken to arrive at the eddy diffusion
coefficients required by models. Models can simply be
tuned to provide the best possible agreement with ob-
served distributions of temperature, wind, or trace spe-
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cies. Diffusion coefficients can be computed from at-
mospheric observations (e.g., Newman et al. 1988;
Yang et al. 1990). Diffusive parameterizations for 2D
models can also be calculated from 3D simulations,
although the 3D models themselves depend on diffu-
sive parameterizations (Plumb and Mahlman 1987).
Finally, mechanistic models can be used to derive mix-
ing parameterizations, such as that proposed by Garcia
(1991).

Diffusive parameterizations have always been a
source of unease and uncertainty about model results.
Diffusion coefficients are determined externally to the
model, and by adjusting the coefficients it is possible
to produce nearly any result desired. The common view
seems to be that transport in the atmosphere is not really
diffusive, but that diffusive parameterizations are use-
ful and workable approximations that are computation-
ally fast, well behaved, and easy to use in models. The
use of diffusive parameterizations raises a number of
questions about the relationship between models and
the atmosphere. First, if atmospheric transport is a com-
plicated, nonlinear process, why does diffusion seem
to work so well in many cases? [ For example, diffusive
energy balance climate models are quite successful in
reproducing the statistics of the surface temperature
field (North et al. 1983).] Second, if we are forced by
computational and conceptual limitations to use diffu-
sive parameterizations, how do we arrive at the re-
quired diffusion coefficients? And third, if diffusion is
not an appropriate parameterization, how should we
parameterize unresolved transport processes?

Recently, it has been realized that smooth, determin-
istic flows can mix fluid parcels through what has come
to be called chaotic advection or chaotic mixing. The
fundamental mechanism of chaotic mixing is folding
and stretching of the fluid. Weiss (1991) and Pierre-
humbert (1991a,b) have studied chaotic transport by
simple flow fields. Pierrehumbert and Yang (1993)
found diffusive growth of meridional variance using
isentropic tropospheric trajectories from a general cir-
culation model. The variance in the zonal direction
grew superdiffusively due to the background shear. An
essential ingredient for effective mixing is that there
must be stagnation points in the fluid in the frame of
reference comoving with the wave (Ottino 1989). For
a wave on a shear flow this condition is satisfied at the
critical line for the wave, that is, where the phase speed
of the wave matches the speed of the background flow.
The width of the critical zone depends on the back-
ground shear and the amplitude of the wave perturba-
tion. The folding and stretching characteristic of cha-
otic mixing has been observed in the stratosphere
through trace species measurements and through La-
grangian trajectory calculations (Bowman and Mangus
1993; Bowman 1993a; Waugh et al. 1994).

Plumb (1979) considered the dispersion of parcels
by small amplitude waves. In the linear case, the parcel
dispersion is proportional to time for growing waves,
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but parcels return to their starting points as the waves
decay, so the result would not appear to be useful for
the complete life cycle of finite amplitude and breaking
waves. I will use a simple kinematic model of breaking
waves to show that for a passive tracer, Lagrangian
transport is equivalent to molecular diffusion when a
fluid is subjected to repeated wavebreaking events
throughout a surf zone.

2. Models
a. Molecular diffusion

To establish the concepts and notation, a very brief
review of molecular diffusion is given in the frame-
work of the kinetic theory of gases. For more details,
see a thermodynamics text such as Morse (1969). A
simple model of diffusive transport is the random walk.
In the one-dimensional case, assume that during a se-
quence of N time intervals, each of length At, a particle
is displaced a distance Ay, with the direction of motion
during each interval chosen randomly with equal prob-
ability. The probability that n positive Ay steps will
occur in the N total steps is given by the special case
of the binomial distribution

)

PN = N =t

(1)

where the probability of success or failure (+ or
— steps) is equal. The total distance covered is

nlAy — (N —n)Ay = (2n — N)Ay. (2)
The expected value of y is, therefore,
N
(y) =X (2n — N)AyP,(N) = 0. (3)
n=0

Since particles are equally likely to move in the positive
or negative direction, the average displacement is zero.
Similarly, the variance is

N

) =Y (2n — N)*(Ay)*P,(N)
n=0
_ ,_ (Ay)?
= N(Ay) = t. 4

Thus, the variance of an ensemble of particles increases
linearly with time ¢ and is proportional to the square of
the step size Ay. The rate of increase of the variance
has the units of a diffusion coefficient: length® time ™".
In the limit of large N, the binomial distribution ap-
proaches the normal distribution, so an ensemble of
particles starting at y = 0 diffuses away from the origin
with a time-dependent probability distribution
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where the diffusion coefficient D is given by
1(Ay)* 13y
D=z == .
2 At 2 Ot (6)
That is to say, (5) satisfies
oP o*P
o - Poe @)

with initial condition P(y, 0) = 6(y). Note that indi-
vidual particles follow unpredictable, random paths.
The statistical behavior of a large ensemble of particles
is eminently predictable, however, and in the continu-
ous case is equivalent to diffusion. Using the Maxwell-
Boltzmann distribution, this simple theory can be eas-
ily extended from uniform step sizes and intervals to
account for the probability distributions of momenta
and intervals between collisions.

Taylor (1921) discussed this random-walk approach
in the context of turbulent fluid motion (see also,
Batchelor and Townsend 1956). In the case of a fluid,
the time interval Ar can be considered as the autocor-
relation time of the fluid velocity. That is, the time dur-
ing which velocity in a particular direction persists in
the flow. The problem, therefore, becomes one of de-
termining the characteristic eddy velocity and lifetime
(autocorrelation time) of a turbulent flow.

b. Transport by a single breaking wave

The microscopic model of molecular diffusion or the
continuous model of turbulent diffusion may not seem
to be applicable to large-scale flows in the atmosphere
or ocean, where the flow may not be turbulent, and the
motion of nearby parcels is highly correlated and not
independent. As will be shown, however, breaking
waves on a background shear can randomize parcel dis-
placements in a manner closely analogous to the ran-
dom walk, leading to statistical behavior identical to
molecular diffusion. A simple but qualitatively useful
kinematic model for breaking waves can be achieved
by superimposing a single wave on a background shear.
Consider a periodic domain in x of length L extending
to %o in the y direction. The flow is given by a zonal
flow with a linear shear, plus a single wave moving
with phase speed ¢

u(x,y,t) =ay

vix,y, ) =v'(t) sin(gﬂ - ct) . (8)

L

Consider first the case in which v’ is constant and ¢
= 0. The equations of motion for a parcel passively
transported by the flow are
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A _
dt—u—ay

dy , . [2mx
dt—v—v sm(L>. 9)

Choosing characteristic space and time scales L and
1/a, respectively, the equations can be nondimension-
alized as

&
U

d
Y _ v’ sin(2mx).

i (10)

The single remaining parameter is the amplitude of the
wave v'. The flow field (8) corresponds to the nondi-
mensional streamfunction

2 [

P(x,y) = 12- P cos(2mx),

2n an

so the equations of motion can be written in Hamil-
tonian form

0%
dr ~ dy
dy ov
dt ox (12)

with Hamiltonian ¥. The streamfunction for v’ = 0.5
is shown in the top panels of Fig. 1. This is the Kelvin
cat’s eye typical of many wavebreaking problems. If
the amplitude of the wave, v’, is held constant, the flow
(11) is steady, and parcels remain on their initial
streamlines (¥ = constant). Parcels that are initially
within the closed streamlines follow closed paths
around their particular streamline. Parcels outside the
cat’s eye circulate around the periodic domain. As an
archetypal example, consider a line of parcels initially
located along the x axis (y = 0). The parcels are ad-
vected as shown in Fig. 1. As time increases the ma-
terial line steadily wraps around the fixed point at (x,
y) = (0.5, 0) forming progressively tighter layers.

If the wave is switched off, say for + > 1.0, each
parcel remains at its y coordinate at that instant, since
v = 0 beyond that time (bottom panels of Fig. 1). The
wavy line of parcels, however, is now deformed by the
background shear into filaments that are stretched into
progressively thinner, increasingly horizontal layers.
This rapid and irreversible deformation of material con-
tours is characteristic of wavebreaking, as discussed by
MclIntyre and Palmer (1984). As they noted, in a
breaking wave, material contours do not merely un-
dulate back and forth, but form filaments of advected
material that are progressively stretched, becoming
longer and thinner.
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FIG. 1. Streamfunction of the simple wavebreaking model (cat’s eye) and parcel transport at # = 0.0, 1.0, 2.0, and 3.0 for v’ = 0.5.
Here P(y) is the distribution of the parcels initially located at y = 0, normalized by the largest value of P(y). The wave amplitude is
constant from ¢z = 0 to ¢ = 1.0. For ¢ > 1.0, the wave amplitude is set to zero. The string of parcels is first displaced meridionally by
the wave. The fluid on either side of the material line is then stretched into long, interleaved filaments by the shear.

The small plots labeled P(y) in Fig. 1 show the dis-
tribution of parcels in the y direction at each time, nor-
malized by the maximum of P(y). (Thus, the histo-
grams do not conserve area.) Parcels are initially all
located at y = Q. As time progresses the parcels are
carried symmetrically to *y by the wave. The distri-
bution is nonuniform, but relatively flat with the ex-
ception of the spikes at the extremes. Its maximum pos-

t= 1.50
1
> O i
-1
4] 10
X P(y)

FIG. 2. Streamfunction of the simple wavebreaking model with
smooth switch-on and switch-off of the wave, and parcel transport
by the resulting flow at ¢ = 1.5. At this instant the wave amplitude
is zero. Compare with Fig. 1.

sible width as a result of a single wavebreaking event
is the width of the cat’s eye, which is 2y, where

2vl 1/2
Ymax = (_>
s

is the maximum value reached by the largest closed
streamline. [ The streamline through the fixed point at
(0, 0).] Therefore, the average displacement of parcels
(analogous to the step size |Ay| in the random walk
problem) for a single wavebreaking event is ~ Y., /2.
If P(y) were in fact uniform between * y,.., the vari-
ance of the step sizes (Ay?) would be y2,,/3. Wave-
breaking can occur away from critical lines provided
that the wave amplitude is large enough to displace
parcels far enough across the background shear to pro-
duce folding and stretching. In this model, with the
wave amplitude the same everywhere, there is a single
breaking wave of finite width with the most rapid parcel
displacements occurring at the critical line.

This system of equations (10) is equivalent to the
nonlinear pendulum problem, with x corresponding to
the angular displacement and y the angular velocity.
There are two fixed points. An unstable equilibrium at
(x, y) = (0, 0), corresponding to the pendulum bal-

(13)
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anced at the top; and a stable equilibrium at (x, y)
= (0.5, 0), corresponding to the pendulum at rest at
the bottom. The phase space trajectories of the linear
(small amplitude) pendulum are small, closed trajec-
tories around the fixed point at (0.5, 0). The stream-
lines outside the cat’s eye are the phase-space trajec-
tories for a pendulum with sufficient energy to make
complete revolutions over the top without reversing di-
rection. A closed-form solution to (10) can be found
in terms of Jacobi elliptic functions, but for our pur-
poses this has few advantages over direct numerical
solution. Therefore, we solve (10) using a fifth-order
adaptive Runge-Kutta scheme with variable time step
sizes.

c. Repeated wavebreaking

Ottino (1989), Weiss (1991), and Pierrchumbert
(1991a,b) have considered flows in which the wave phase
speed is constant, but the amplitude varies sinusoidally
with time, for example, as

() = B [1-— 002s27rt/1']

This corresponds to smoothly switching on and off the
wave amplitude. If the wave is switched off after a
single event, that is, if v'(¢) = O for ¢ > 7, the result is
very similar to the switch-on/switch-off case discussed
in the previous section, although the material line de-
forms at a slightly slower rate because the average me-
ridional velocity is smaller. The ‘‘breaking wave’’ pro-
duced by this time-dependent streamfunction is shown
in Fig. 2 for ¢t = 1.5. At the time of the snapshot, the
wave amplitude is zero, so the streamlines are horizon-
tal. Transport by a flow of this type is formally chaotic
(Ottino 1989), and the flow will eventually mix a zone
that is roughly the width of the cat’s eye, although de-
tails of the mixing depend on details of the flow. This
model of a steadily pulsating wave is useful, but is not
representative of many atmospheric situations, such as
the stratospheric ‘‘surf zone,”’ in which waves break
throughout a wide latitude zone. Randel and Held
(1991) decomposed the zonal-mean Eliassen—Palm
(E-P) flux divergence into contributions from differ-
ent zonal phase speeds. They found that the wave ac-
tivity is deposited in a zone 10°-20° wide on the in-
cident side of critical lines. Part of the latitudinal
spreading of the E—P flux divergence is a result of fluc-
tuations in the position of the critical lines resulting
from fluctuations in the zonal-mean flow, but a larger
part is due to waves breaking before they actually reach
their critical lines. The presence of waves with a range
of phase speeds also acts to produce a wide surf zone.

To produce a surf zone in the kinematic model with
a controllable, finite width, the location of the critical
lines is varied by varying the phase speed of the im-
posed wave. A wave with a phase speed ¢ will have a
critical line at y = ¢ (for nondimensional shear = 1).

(14)
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Because the results with a smooth wave envelope (14)
are qualitatively indistinguishable from simply switch-
ing the wave on and off, the following form is used for
the wave amplitude and phase speed. The wave ampli-
tude v’ is held constant, while the phase velocity is a
piecewise step function

c(t)=c¢, for ntrst<(n+ )7,

n=0,1,2 ---,N, (15)

where ¢, is a random variable having a different random
value for each n. Thus, the phase speed and wave am-
plitude are held constant during each wavebreaking event
of length 7. The effect of (15) is to produce a sequence
of breaking waves of equal amplitude with critical lines
at random y values. Typically, ¢, is chosen from a uniform
distribution within the critical zone [—y., y.], although
one other case will be discussed below.

3. Results

a. Transport characteristics of the wavebreaking
model

A variety of Monte Carlo simulations were carried
out with the wavebreaking model. A typical example
of the transport produced by the model with random-
ized phase speeds is shown in Fig. 3. In this case y,
=2, 7 =4, and v' = 0.5. Note that the snapshots are

-not uniformly spaced in time. The first wavebreaking

event has a critical line well away from y = 0, where
the tracer parcels are located. As a result, only a very
small amplitude wave crest forms. The second wave
event causes significant parcel displacement, but the
subsequent two events produce little additional dis-
placement. The process continues until the parcels are
well mixed throughout the region from approximately
—2 to +2. The parcels do not expand beyond these
limits because the critical lines do not occur for |y|
> y., and mixing is, therefore, weak outside this zone.
The parcel distribution P(y) is rather irregular and
asymmetric, as would be expected for a single reali-
zation of the wave mixing process.

Compare the results of a single realization with those
for 20 realizations shown in Fig. 4. Among the 20 re-
alizations, a few produce long, narrow filaments during
the first wave event, while most produce little transport.
The fluctuations occurring during individual realiza-
tions begin to average out, producing a relatively
smooth distribution of parcels in y. By ¢ = 40, evidence
of filamentary structure is largely gone at this resolution
(initial parcel separation Ax = 1/512). The evolution
of the parcel distribution P(y) for 100 realizations is
shown in Fig. 5, along with the time evolution of sev-
eral moments of the distribution. The initial spike in
the distribution rapidly broadens into an approximately
Gaussian shape. The variance increases almost exactly
linearly with time, as would be expected of a diffusive
process. The skewness initially fluctuates from zero,
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but tends toward zero at large time. Finally, the kur-
tosis, which measures the compactness of the distri-
bution, tends toward 3, which is the value for a normal
distribution.

If the width of the critical zone is reduced to [ —0.5,
0.5], the parcels are confined to a narrower channel, as
shown in Fig. 6. In this case the distribution deviates
significantly from Gaussian as the dispersing parcels
reach the mixing barriers at the edges of the critical
zone. The variance initially increases, but then begins
to level off with time as the parcels fill the critical zone.
While the skewness still indicates that the mixing is
symmetric, the kurtosis tends to ~2, characteristic of a
platykurtic distribution lacking long tails. Given suffi-
cient time, the parcels become well mixed throughout
the wavebreaking region (P(y) ~ constant), but leak
very slowly into the ‘‘zonal flow’’ region beyond.

From (5) it can be seen that the number of parcels
at the initial location (y = Q) should decrease with time
approximately as

oy

PO = Gy

(16)

where 0y is the width of the bin of parcels centered at
y = 0. A single example of the change of the number
of parcels with time is shown in Fig. 7. The smooth
line is the exact solution to (16) using a value for D of
0.003 estimated from Fig. 5 using (6). Triangles are
the ensemble average from the numerical experiments.

Finally, we consider a distribution of wave phase
speeds (critical lines ) that contains a gap to explore the
effects of possible barriers to mixing. The phase speeds
of the waves are chosen randomly from two intervals,
[ Cmin> Cmax] @Nd [ — Cinaxs — Cmin]. Therefore, no critical
lines occur in the region [ — cin, Cmin] centered on y =
0. Only a single wave exists at any given time, so the
wave will be located in one or the other mixing regions,
but not in both simultaneously. Two lines of parcels are
initialized in these experiments, one at the center of
each mixing region, that is, *(cpn + Cmax )/ 2.

Results from three cases with varying gap sizes are
shown in Fig. 8. In the three cases shown, 7 = 4 and
v’ = 0.5. The heavy lines at the top of each panel in-
dicate the locations of the mixing regions. In the top
panel there is no gap [Cuins Cmax] = [0, 2]. Parcels are
initially at +1. In this case the mixing region is contig-
uous, and parcels diffuse freely into the other region,
producing somewhat skewed distributions, as the par-
cels do not mix out of the outer edges of the mixing
zones. In the middle panel [ Cpin, Cnax] = [0.4, 2.4]. In
this case the half-width of the gap is slightly less than
the half-width of the mixing region ( y.x ~ 0.56). Par-
cels are mixed into the gap, a few even tunneling into
the other mixing region. In the bottom panel [ ¢uin, Cmax ]
= [0.8, 2.8]. Here the half-width of the gap is greater
than the half-width of the cat’s eyes, and there is little
overlap of the parcel distributions.
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FIG. 3. A single realization of parcel transport by the randomized
wavebreaking model. The amplitude of the wave v’ = 0.5, the du-
ration of each wavebreaking event 7 = 4 (for a total of 25 wave-
breaking events), and the width of the critical zone is [-2, 2]. Note
that the snapshots are not evenly spaced.

b. Dependence of mixing on model parameters

Mixing rates are estimated by using (6) for a range
of input parameters v’, y., and 7 to compare the dif-
fusion coefficient from the numerical model with the
simple theory. For the numerical models, the time de-
rivative of (y?*) is estimated graphically from variance
plots like those in Fig. 5. For simplicity in the theo-
retical estimate, the parcels are assumed to be uni-
formly distributed between *y,, by a single wave-
breaking event, in which case, (Ay?) is y2,./3. The
average interval between wavebreaking events for a
parcel is approximately

At=7/(--y¢”——>.
y"+ymﬂx

This interval is equal to the interval between wave-
breaking events 7 divided by the probability that a sin-
gle wavebreaking event will affect a given y within the
critical zone. As the width of the critical zone y. ap-
proaches 0, the critical zone becomes a critical line and

aa7)
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FiG. 4. Composite of 20 realizations of parcel transport by the
randomized wavebreaking model. Model parameters are the same as
in Fig. 3.

the probability that parcels at the critical line will be
displaced becomes 1. Substituting these estimates for

Ay and At into (6) gives
21)' 372
Y (T)

D= = .
67(¥e + Ymax) 6’T|:y N <g)_r)1/2:|
¢ 7r

At the other limit, as the critical zone becomes wide by
comparison to a breaking wave,

At~ 2 g

y max

Figure 9 shows the observed and predicted diffusion
coefficient D as a function of the width of the mixing
zone, y... Figure 10 shows the mixing rate as a function
of wave amplitude v'. The theoretical approximation
slightly underestimates the model results, and some re-
sidual sampling fluctuations are apparent. This under-
estimation may be due to a small underestimation of
the step size Ay, as a consequence of assuming that the
step sizes are uniformly distributed.

(18)

(19)
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The time required to homogenize a tracer within the
mixing zone can be estimated by solving (7) with ini-
tial condition P(y, 0) = 6(y) (a 6 function at the ori-
gin) and no-flux boundary conditions

or| _oP

ay dy

A series solution can be obtained of the form

PO =L e cos("yky) . @D

¢ k=0

= 0. (20)

~Ye Ye

where the relaxation rate for each mode is

2
)\k = D(Tk) .
Ye

The large-scale structure of the tracer distribution is
primarily determined by the K = 1 mode, which has a
relaxation rate A, = D(x/y.)?. The k = 1 mode also has
the longest relaxation time, since diffusion damps small
scales more rapidly. This dynamical mixing time can be
compared with the timescales for nonconservative pro-
duction and loss processes. For a given diffusivity D,
the homogenization time is proportional to y;2. Since
D also depends on y,, for fixed wave amplitude the ho-
mogenization time is proportional to y;*. The mixing
time (1/\,) in the experiments shown in Fig. 9 increases

(22)

Py Variance

0.6

041
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Fic. 5. Ensemble statistics of the parcel distribution from 100 re-
alizations of the wavebreaking model. Model parameters are the same
as in Fig. 3. (upper left) Probability distribution of parcels in y (un-
normalized). (upper right) Variance of the parcels in y as a function
of time. (lower left) and (lower right) Skewness and kurtosis of the
parcels in y as a function of time. ’
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FIG. 6. As in Fig. 5 except the width of the critical zone
is [~0.5, 0.5). 3
A
from ~3 to ~400 nondimensional time units as the 0.00 N
width of the mixing zone increases from 0.5 to 3.0. 3 0 3

c. Lagrangian trajectories with observed winds

The simple wavebreaking model can be compared
to observations in several ways. We look first at the
behavior of individual wavebreaking events. There is

1.00 Ty 7T
) i
S o.1o%
0.01 . . e
1 10 100
Time

FIG. 7. Parcel density as a function of time at y = 0 (P(0)) for the
ensemble shown in Fig. 3 (triangles). Theoretical prediction using
Eq. (15) (solid line).

y

FiG. 8. Parcel distribution P(y) at ¢+ = 100 for two ensembles of
parcels initially located at the centers of two mixing regions (indi-
cated by the heavy horizontal lines). (top) No gap between mixing
regions. (middle) Gap = [—0.4, 0.4]. (bottom) Gap = [—0.8, 0.8].

ample evidence for breaking of large-scale waves in
the stratosphere in both observations and models (e.g.,
Mclntyre and Palmer 1983; Leovy et al. 1985; Juckes
1989; Bowman 1993b; Waugh et al. 1994). Bowman
and Mangus (1993) have presented observations of
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FIG. 9. Observed and predicted initial mixing rate (nondimen-
sional) as a function of the width of the mixing zone, y..
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FiG. 10. Observed and predicted initial mixing rate (nondimen-
sional) as a function of the amplitude of the breaking wave, v'.

breaking wave events using Total Ozone Mapping
Spectrometer (TOMS) data from Nimbus-7. The
TOMS data clearly show frequent wavebreaking events
on the equatorward side of the polar jet in the Southern
Hemisphere lower stratosphere. The deformation of the
flow field by these wavebreaking events can perhaps
be seen most clearly by following the trajectories of a
cluster of parcels initially very close together. Figure
11 shows the dispersion of a large number of parcels
(16 384), initially located within a 1° X 1° rectangle
on 1 September 1987. Within the latitude—longitude
box (40°-41°S and by 0°-1°E) the parcels are initially
arranged in a regular 128 X 128 grid. The initial sep-
aration of adjacent parcels is, therefore, about 1 km.
Isentropic trajectories of the parcels are computed on
the 450 K surface as in Bowman (1993a) using once-
daily balanced winds derived from the NMC strato-
spheric analyses.

By 14 September the approximately square initial
cluster of parcels has been stretched into a long, narrow
filament by the shear. At this time, the leading end of
the filament has completed about 1.25 trips around the
vortex, while the trailing end has completed about 0.8
circuits, and the length of the filament is on the order
of the diameter of the vortex. By 21 September the first
evidence of folding can be seen near 160°W. This fold
continues to stretch as it moves toward 90°W on 23
September, and at least three other folds have begun to
appear, roughly 90° in longitude apart. By 28 Septem-
ber the first fold is now roughly centered over 0° lon-
gitude, and signs of secondary folds are appearing at
both ends of the primary fold. By 3 October the lay-

ering is beginning to become too intricate to follow, as

repeated folds deform the now widely separated fila-
ments that resulted from the initial compact cluster of
parcels. Although evidence of filaments can still be
clearly discerned, by the end of October the parcels
have been relatively well mixed throughout the region
outside the circumpolar vortex. The barrier to mixing
at the vortex boundary is clearly evident (Bowman
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1993a). This illustrates how repeated wavebreaking
events can effectively disperse parcels in latitude.

d. Ensemble-mean dispersion statistics

Although there are a large number of parcels in the
example in the proceeding section, they are initially
very close together, and their motion is highly corre-
lated until such time as the filament has stretched to a
significant length. Therefore, initially the individual
parcels behave similarly and disperse slowly. Once the
parcels become sufficiently separated by the back-
ground shear to enter uncorrelated regions of the flow
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FiG. 11. Snapshots of the locations of a large number of parcels
initially located in a 1° X 1° square at (40°S, 0°E). Isentropic trajec-
tories were computed on the 450 K surface. Note that the maps are
not equally spaced in time.
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FiG. 12. Ensemble average dispersion of parcels as a function of initial latitude and time from the beginning of the trajectory calculations
for March (left) and September (right) in the Southern Hemisphere. The ensemble consists of 12 years (1980—1991) and 128 parcels at each

latitude. Trajectories were computed on the 450 K isentropic surface.

field, in this case independent wavebreaking events,
they begin to behave independently, and the parcel dis-
persion more closely resembles molecular diffusion.

If the randomization of parcel trajectories induced
by the breaking waves is equivalent to a random walk,
then we expect the ensemble variance for a large num-
ber of parcels to increase linearly with time. To obtain
a large sample size, the ensemble variance is estimated
from 12 years (1980--1991) of 30-day isentropic tra-
jectory calculations on the 450 K surface initialized on
the first day of each month (144 months total). For
these calculations, parcels are initialized in 128 latitude
rows between 88°S and 13°S, each row containing 128
parcels. The latitude 7 of parcels is a function of initial
longitude, initial latitude, calendar month, year, and
time from the beginning of the month. The ensemble
variance, written as

(n'%) ={(n— (), (23)

is defined to be the average over initial longitude and
year, resulting in a function that depends on initial lat-
itude, calendar month, and time from the beginning of
the month. To illustrate the seasonal variations of the
mixing, two months are shown here: March and Sep-
tember. Preparation of a more complete description of
the seasonal cycle of mixing is in progress.

Figures 12a and 12b show (n'?) as a function of
initial latitude and time from the beginning of the
month. Initially the variance for each ring of parcels

is zero. Except at high latitudes in September, the
variance increases nearly linearly throughout the
month as the parcels disperse latitudinally. In March
the mixing is relatively uniform with latitude, though
somewhat larger in the subtropics. In September the
mixing depends quite strongly on latitude. The bar-
rier to mixing at the vortex boundary is clearly evi-
denced by the flat area south of 60°S. Within the vor-
tex, parcels disperse relatively quickly to fill the vor-
tex, but do not cross the vortex boundary and
disperse into middle latitudes. The variance levels off
at ~150(°)?, indicating that the parcels fill a region
about 25° in diameter. Outside the vortex the disper-
sion increases rapidly away from the vortex edge. At
each latitude, however, the increase is remarkably
linear with time.

Effective diffusion coefficients can be estimated
from the rate of dispersion using (6). Diffusion coef-
ficients inside the vortex in September are ~10°
m? s~'. In March in the same region, the diffusion co-
efficients are ~7 X 10° m® s~'. Diffusion coefficients
outside the vortex in September are frequently greater
than 10 m? s™! indicating a broad, well-mixed surf
zone outside the vortex.

4. Conclusions

The models and observations presented here show
that the random displacement of air parcels that results
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from breaking waves leads to diffusion-like transport.
As in the case of molecular diffusion, the transport of
an individual parcel by breaking waves is inherently
unpredictable and chaotic. Diffusion cannot represent
the transport by single wavebreaking events, nor is it
likely to adequately express the transport by very large
amplitude, single-wavenumber events, which may fill
the entire surf zone. In that case, the parcel displace-
ments could not be approximated as a series of small,
random steps. Under certain regimes, however, diffu-
sion may be an accurate representation of the ensem-
ble-average transport effects of the flow. The theory
also provides a framework to interpret observed dif-
fusion coefficients in terms of the characteristics of
breaking waves (amplitude, phase speed, and fre-
quency of breaking events) or conversely to estimate
phenomenological diffusion coefficients (and mixing
timescales ) from parameters of the flow and wave char-
acteristics.

The approach used here is fundamentally kinematic,
and as such does not provide a closed system for de-
termining the appropriate diffusion constants to use in
any particular situation. That is, the wave characteris-
tics must be known or specified in order to determine
the diffusion coefficient. The results do strongly sug-
gest, however, that when regions of the atmosphere are
subjected to random breaking waves the transport will
be diffusive in character; and that the diffusion coef-
ficients will depend on the characteristics of the basic
state and the breaking waves in a simple way. Diffusion
coefficients can, therefore, be determined observation-
ally or theoretically and then used in models with con-
fidence that the parameterization is a physically real-
istic representation of the ensemble-average transport
effects. The parameters required to derive the diffusion
cocfficients are 1) the amplitude of the breaking waves
(the size of the cat’s eyes), which gives the variance
of the parcel displacement (Ay?); 2) the locations of
the critical lines (dependent on both the basic state and
phase speed of the waves), which gives the location of
the cat’s eyes; and 3) the frequency of wavebreaking
events, which gives the interval between random steps.
Clearly the theory can be extended to include a distri-
bution of wave amplitudes and intervals between wave-
breaking events.

Haynes (1985) considered the nonlinear evolution
of a critical layer, and noted that the breaking wave
will become unstable to smaller-scale perturbations as
a result of the reversed potential vorticity gradient pro-
duced by the wrapping up of the wave. However, Drit-
schel (1989) and Dritschel et al. (1991) have shown
that filaments of vorticity can be stabilized by a back-
ground shear flow. In this kinematic wavebreaking
model the flow perforce remains very smooth and con-
tains only the largest scales, and secondary, smaller-
scale instabilities are not necessary for efficient mixing.
The mixing is also not an artifact of the instantaneous
switching of the wave phase speed. Similar results are
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obtained if the wave amplitude is smoothly switched
on and off. Even if secondary instabilities were to oc-
cur, the effect of the small-scale motion on the diffusive
mixing may be relatively small for two reasons. First,
the small-scale instabilities will be largely confined to
the primary cat’s eye. They may, therefore, speed the
randomization of the parcels within the cat’s eye, but
will not contribute much to the large-scale displace-
ment of parcels. Second, since the small-scale eddies
will produce smaller parcel displacements (Ay’s), and
since the mixing rate is proportional to Ay?/At, the
small-scale instabilities will not contribute much to the
transport unless they have much higher frequencies of
occurrence.

The discussion here has not focused on any partic-
ular source for the breaking waves. The theory should
be applicable whether the waves are remotely gener-
ated and propagate into a region and break, or whether
they are the result of local instability. A number of
different uses of this approach in models are possible.
For a specified wave forcing, for example, a parame-
terization could be devised to diffuse the potential vor-
ticity for an initial zonal flow, invert the pv to find an
updated zonal flow, compute new diffusion coeffi-
cients, etc.

In the kinematic model, a mixing barrier is entirely
the result of the absence of waves with phase speeds
matching the basic state velocity (i.e., the absence of
critical lines outside the critical zone or in the gap).
In this view, it is the high wind speeds at the jet max-
imum around the Antarctic vortex, and the absence
of waves with comparable phase speeds, that are re-
sponsible for the mixing barrier (Bowman 1993b).
Because of the curvature of the flow near the jet max-
imum, the high wind speeds will have associated
strong potential vorticity gradients, but the pv gra-
dients per se may not be the explanation for the mix-
ing barrier.

Finally, this discussion has also concentrated on
the ensemble-average effects of breaking waves. In
many cases, models of the ensemble-average behav-
ior of the atmosphere are sufficient. In other cases,
however, nonlinearities may make the average of in-
dividual cases different from the behavior of the av-
erage case. Knowledge of the evolution of the prob-
ability distribution of the transport (analogous to so-
lutions of the Fokker—Planck equation in molecular
diffusion ), makes it possible to conduct Monte Carlo
experiments with the transport by individual wave-
breaking events drawn from the appropriate distri-
bution.
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