Section 11.2: Series

Definition: Given a sequence {a;}, we can construct an infinite series or series

by adding the terms of the sequence. Z a;=a1+as+az+..
i=1

Definition: The nth partial sum of a series, denoted s,, is the sum of the first
—— .' A
n-terms. -_

NOTE: If the index starts at : = 1 then

n
Sp=p.a;=ai+a+..+an S,‘z
i=1

83 = Sotag=a; +ay+ag

s1=ay = - S
sy =51 +ap =a; +ay / 'L -Sv\ h-y

S4 =383 tas=at+ax+az+aq
8y =84 +ay =ay +ay+az+aq+ax

Example: Find the s4 for the series: Z ﬁ—’ = L 4 4 J‘:
i=4
y
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How To Shift a Series:

Example: Adjust the series Z

3‘4?. = u

e

o0
i=3
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so that the index will now start at i=1.
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Definition: Let Y a; be a series with s, being the nth partial sum of this series.

i=1 h—

If the sequence of partial sums {s, } converges to s, i.e. lim s, = s, then we say
n—oo

o0 o0
that the series 3" a; converges to s or that the series has a sum of s, 3 a; = s. If

L=t i=1

. ‘ 5 \ /
{sn} does not converge. then the series ZX a; is said to be divergent.
i=

iﬁj 59(-'!5/ I’cﬂvj },5,/1&./ Ph/‘l'fﬁ‘ [N

n | ap 4//‘/ n | Sy
1403 J4— >1 | 40

2 |8 .( >2 | 48

3 |8/5=16 > 3 | 196

4 |8/25=032 _| >4 | 49.92

5 | 8/125 = 0.064 | ————— 5 | 49.984

6 | 8/625 = 0.0128 6 | 49.9968

7 | 8/ 3125 = 0.00256 7 | 49.99936

8 | 8/15625 = 0.000512 8 | 49.999872
9 | 8/78125 = 0.0001024 9 | 49.9999744
10 | 8/390625 = 0.00002048 10 | 49.99999488

o0
Theorem: If the series 3 a; is convergent, then lim a; =0

i=1 i—o0
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20
Test for Divergence: If lim a; # 0 or DNE, then the series Y a; is divergent.
i—00 =1

Example: Which of these series DO NOT have a chance at being convergent?

MZ,% G4, = —‘3 (5 n-d A 4, 0O
n=1 h
ey o€ rl-bj ho')' LrJh\/e";«C.
o0 n g'\ )’S/ ~—
S 4, “onsee b T
n=1 __: 712"\
n\ PES seref i } / d 'VV%
P >
o0 -n -N
C) Z cos(e ™) £n = Gs (t 5 Ly N ¥ &Slﬁ )"> Los [‘5) = ,
n=1

ﬂ"is sefies w./l /’V{/;é
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o0
Example: The series Y a; has a nth partial sum given by s,. Will the series con-

i=1
verge or diverge? Find the formula for the a, term.
3n+5
Spn = o
7 —2n

Lm S = L 20X = 3 o-lg
Ao A2 )
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< ] /— Lr- -
Example: Determine if the Harmonic series, > —, converges or diverges.
1 n

————————————— n \ -
' L__.) L.'\‘ 4" - L.\—— L =O
N Pb‘-)f— x R e L

, o0

; 9
1 <& é .

i X A
ll"‘ , n:'

ha!

\W\—
<|\-
ni- /
-
\
3
\—.
.
<
<

~Z

Ch-11-2 Page 6



Page 7

Example: The geometric series may be defined in a variety of methods.

[]¢

3
I
-

Proof of the Geometric Series:

a.:i"n_l =a—+ar + a-rg + a‘rs + ...

[» o]
Z ar® = a+ar+ar® +ar® + ...

n=>0

o0
Z m'n_7 =a—+ar + a-‘.r"z —+ a‘r3 + ...

=7

3

[; lf‘lL I (o~
b

S S _—
|_-r‘
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Consider the parital sum of the first n terms.

n
Sp = Zark_l —atartarltar®+ .. +am!
k=1

e

Multiply S, by r to get: rS, = ar + ar? + ar’ + . +ar”

Now compute S,, — rS,, and then solve for 5,
~

Sp— 1S, =a—ar”
9

(1-7)S, =a—ar"

a—ar”

S, =

1—r

a .
if |r| <1
. . a—ar” 1-—

Sum= lim 5, = lim =

n—oo n—0d 1 — T

DNE if|r| > 1
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Theorem: If Y a, and )_ b, are covergent series, then so are the following series

> ca, =c)_ a, (where c is a constant)

E{ﬂn+bn) :Eﬂ}1+zbn
Y (an —bp) =3 an — ) by
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Example: Determine if these series are convergent or divergent. If the series is
convergent, then give the sum of the series.

A)I—_—;+§—g—j+“” ﬂ@me Il"i( Ser€s,
\VAVAH 4= | r= -4
3
-4 -4 -y

Sine ,(}: ’-‘4};%,'5*’3}4'/14. (e TS

3
b-/)// ///VW,
e
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Sn:
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L'J - < —_ J_ wz=2
Pbr ! | 3 4:»‘3
‘,- J- - -L A
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F) ie'ﬁ.f"'(i“‘l} _ CP’ i
i=1
{/l S ’ SA4 ) C y‘-‘
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Example: Use a geometric series to express 0.14 as a ratio of integers.

NN R LA L MR A

X L o 4 o2 0314 4+ .09 0° oolY + . . _.

fl

(Y

By MLy Myt (L) +-

/°° Q0 />° 2\ /2

) Iy

am—

;..,,( a
r/ - ’()Ll Sw— = JE—— — /J.)
-r

- — =
/

(onV. I _ /‘L'o
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[
Example: Find the values of r so that E (4r — 5)" will converge. Find the sum for
—_ —_=
n=1
those values of x.

3 1
Z[‘/H)'\: (‘/y—s)), + (U"”B) J’C/X-SJ + CL/X_"JS

r= Yw—s /"l <
b= qx-s’ ] L/)(‘S) 41

—| ¢ Yx-s ¢ |

is s +S

" LYy < b

)L % C é/y-‘g/u

P07
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|- Yx +$5




