Section 7.8: Improper Integrals bf(x) Az

Improper integrals of Type I

i

L
(a) If/f(:c) dx exist for every number t > a t.hen/f(:r} dr = lim /f(:r) dr

t—o0
provided this limit exists (as a finite number).

(b) If/f(r) dz exist for every number ¢t < a then / f(z) de = lim /f(:r) dx
4 — o0 t

t——oo

provided this limit exists (as a finite number).

The improper integrals in (a) and (b) are called convergent if the limits exists
and divergent if the limit does not exist.

o

(c) Ifboth/f(a:)d-:c and / f(x)dz are convergent, then we define / flz) dr = /f(:r} dr + / f(z) dz
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s o]
1 ) : ) .
Fact: The / — dx 1s convergent if p > 1 and diverges if p < 1.
Wi
1

Example: For what values of p will these integrals converge?

o o0
5 5 .
— dr — dx, where A = 0.
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—1,

Improper integrals of Type 11 A t
——
b t
(a) If f 1s continuous on [a, b) and is discontinuous at b, then [ f(z) dr = lirbn /f(:r) dr
N - t—+b—

provided this limit exists (as a finite number),
b b

(b) If f is continuous on (a, b] and is discontinuous at a, then / f(z) der = hm /f(r) dx
t—rat
a i

provided this limit exists (as a finite number).

The improper integrals in (a) and (b) are called convergent if the limits exists
and divergent it the lmit does not exist.

(¢) If f has a discontinuity at ¢ where a < ¢ < b, and both /f(r) dr and

b b b

/f(:r} dx are convergent, then we deﬁne/f(-r) dr = /f(r) dr + / f(x) dx

L _/

C a

Ch-7-8 Page 7



Page 7

C(lI]pllt{ these 111t(g_,lals S -//3 B Ll\”_ 2/)(
A) [— dr =< X + Z
{;*9 o ¢ £ ¢
7 Z
2 :
..)o‘L g l/—}
Z
- ’; 2 . —S- = é
(N = 2(4)
b 6.

Ch-7-8 Page 8






Page 9

1 : : . :
Fact: The /—p dx 1s convergent if p < 1 and diverges if p > 1.
T

Comparison Theorem

Suppose that f and g are continuous functions with f(z) > g(z) > 0forz > a

<

o0

oo’
) If; [ f(z)dx is convergent, then [ g(x)dr is convergent.

[/' L,__J

) If /g )dz 1s divergent, then /f(;v)d;v 18 divergent.
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Use the comparison theorem to decide if these integrals converge or diverge.
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) : 1. )
Example: Consider the function f(x) = — is rotated arround the x — axis for
T
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