MATH 308. Differential Equations

Lecture 24: Power series.
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1. L{f*xg}=L{f}L{g}. Proof:

L{f} - Lig) = / e i ()de - / " e g(y)dy

/ / ) f () g(y)dady
= [ [ et e
:/t:oe_St (/FO f(a:)g(t—a:)dx) dt = L{f * gV.

Here we denote t = x + y and replace the integration fooo fooo ..dzdy
by the integration [ [*~7. .. dxdt.

2. Power series is the expression Z;ﬁg ay(z — xo)* where a; are numbers.
The function f(z) = 3.,%5 ar(x — )" is called the sum of power
series.

The series converges on some interval |z — x| < R and diverges for
|lx — xg| > R: R is called the radius of convergence. R could be 0 or
00.

Examples: polynomials are finite power series; geometric progression

1 + az + a?z* + -+ = —— for |az| < 1; series for the exponential




1+z+ g—f + ... = ¢e* for all x. Using power series to approximate
el=e 1+1+1/2+1/6+1/24~2.71

. Taylor series: for many functions,

f”(x())
2!

fl”(x())
3!

for x =~ xy. This is the Taylor series for the function.

f(z) = f(xo)+ f(x0)(x —20) + (z—20)*+ (x—20)*+...

The power series coincides with the Taylor series of its sum.

Examples: Find Taylor series at xp = 0 for e*. Answer: since all
2
derivatives of e” at zero are 1, we get e =1+ 2+ 5 +....

Find Taylor series at xy = 0 for sin x. Answer: since derivatives of sin x
1,0,—1,0,1 1 inr=x—%L +2
at zero are 0,1,0, —1,0, ,——Ll, .., weget sinr = — 5+ 5 —

In both cases, Taylor series converge for all x to the function. This is
. . 2 .
not always the case: the Taylor series for the function e~/ is zero.

. Operations with power series: addition, multiplication, substitution,
differentiation and integration. All operations work in the same way
as for polynomials, but are only valid inside the interval of convergence
|z — zo| < R.

Examples:

Addition: (= +e* =14z +a?+ - +1l+a+L 4+ =2+2r+
(1+3)z% +...
Multiplication: (1_1x)2 =L = (I4+z+2*+.. ) (1+z+2’+...) =

1422 + 322 + 423 + ..

Substitution: substituting 222 instead of x into the series for ﬁ, we
get

s = 1+ (22%) + (22%)*+ (222)3+- - - = 14222 +42*+ 8254 ... The
new series converges for [227] < 1, i.e. |z| < \/% (radius of convergence

: 1
1SR—7§)

Differentiation: (1—133)2 =) =0+x+22+...) =1+22+ 322+

11—z

423 + ..., cf. above; this series converges for |z| < 1;



Integration: —In(1 —z) = [=dz = [(1+z+2?+...)de =C+
T+ %2 + %3 .... This series converges for |z| < 1.
. Solving ODEs with power series.

Idea: we substitute y(z) = > azz”® into the equation y' = f(x,y),
equate terms with same powers of x, and find ag, aq, . ..

Note that ay = y(0) and a; = ¢'(0): this is the way to use initial
conditions.

Example: ' =y, y(0) = 1.
Setting y(x) = ag + a1x + asx® + ... and equating to y'(z) = a; +

a2 + 3azx® + ..., we get ag = a1, a; = 2as, as = 3as, .. ..
Since y(0) = ap = 1, we get a; = 1,a9 = %,ag = %,m = ﬁ etc.,
thus y(x) :1—|—x+5§—?+---:em.
Example: y" = zy,y(0) = 1,4'(0) = 0 (Airy’s equation).
e Substitute into the equation:
2a2—|—3-2a3x—|—4-3a4x2—|—5-4a5x3—|—--- = a0x+a1x2—|—a2x3—|—...

Equate coefficients:

20/2:0, 2'3&3:CLO, 3'4&4:CL1, 4-5a5:a2...

Use initial conditions: ap = y(0) =1, a; = ¢'(0) = 0.

e Find as,as,...:
ap 1 aq
as ) as 2.3 237 a4 34 )
an 0 as 1
ar — — — A = f—
T 4.5 7T 5.6 2:3-5-6

1 1
o ly(x) =1+ —a’+

N
5.3 2_3.5.637 + ...




6. Radius of convergence.
Ratio test: If lim, oo |ans1/an| — 7, then R =1/r.

Informal explanation: in this case, a,, grows as the geometric progres-
sion a, ~ cr”, and the series 1 + rz 4+ r?z> + - - - = —— converges for

1-rz
lrz| < 1ie. |z| <R.

To use the ratio test for the Taylor series of y(z) from the previous
example, we first set 2 = 3. The series becomes 1+%z—|— L2224 ...

2356
Thus a,/a,1 = — 0, and R = oo: this power series always
converges.
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