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Jaiic aradany Geuss o pelnsils

Dendroid sets of permutations

Let a1, ap,...,a, € Sq. A cycle diagram of the sequence is the CW
complex with the set of vertices {1,2,...,d} with 2-cells corresponding to
the cycles of the permutations «;.

The sequence is called dendroid if its cycle diagram is contractible.
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Jaiic aradany Geuss o pelnsils

Properties of dendroid sets

If a1, ap,...,a, is dendroid, then ajas -« -« is a transitive cycle.

If a1,0a0,...,q, is dendroid, then

Qp - Oy Ay +1 " Oy, R Q1 Qp

is a dendroid sequence.
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Jaiic aradany Geuss o pelnsils

IMGs of polynomial iterations

A sequence
fi f f3
Ce—C+—C
of polynomials is post-critically finite if there is a finite set P C C such that
for every n the set of critical values of fy o f, 0--- 0 f, is contained in P.
Examples are constant sequences of p.c.f. polynomials or any sequence of

z2and 1 — 22,

Theorem

A group acting on a rooted tree T is the iterated monodromy group of a
post-critically finite sequence of polynomials iff it has a generating set
gi,---,&n such that for every n the sequence of restrictions of gj onto the
nth level of T is dendroid.
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Jeiic aradany Geuss o pRhnsils

Let fi, f,..., be a sequence of z2 and 1 — z? in some order. Then its IMG
is generated by aj, b1, which are given by

[ o(1,an41) if fo(z) = 22
M= 01, bysr) if fo(z) =1 — 22

b — (1, bpt1) if fo(z) = 22
" (1,ap41) if fo(z) =1—2°
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SELES  Iterated monodromy groups of polynomials

Julia sets of forward iterations of z2 and 1 — Z2
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SELES  Iterated monodromy groups of polynomials

Julia sets of forward iterations of z2 and 1 — Z2
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il il
Quadratic polynomials

Post-critically finite quadratic polynomials z2 + ¢ are parametrized by
rational angles § € R/Z in the following way.

Mandelbrot set is the set M of numbers ¢ € C such that the sequence
0, (0), £°%(0),..., f°"(0),...

is bounded, where f(z) = z? + c.

There exists a unique bi-holomorphic isomorphism ® : C\ D — C\ M
tangent to identity at infinity. Here D= {z € C : |z| < 1}.
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Examples Quadratic polynomials

Mandelbrot set
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il il

The image Ry of the ray {r-e??™ . r c (1,400)} under ® is called the
parameter ray at the angle 6.

We say that Ry lands on a point c € M if ¢ = limp 1 ® (r . e9’27”'). It is
known that rays with § € Q/Z land.
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il il

If the orbit {f°"(c)}n>1 of c is pre-periodic, then ¢ belongs to the
boundary of M and it is a landing point of a finite number of parameter
rays Ry. Each such 6 is a rational number with even denominator.

If @ € Q/Z has even denominator, then the ray Ry lands on a point c € M
such that the orbit of ¢ under action of f(z) = z? + c is pre-periodic.

For example, the landing point of Ry /g is i. The orbit of / under 22 +iis
i+ —1+i+— —i— —1+i. The orbit of 1/6 under angle doubling is
1/6 —1/3+—2/3+—4/3=1/3.
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il il

If ¢ is periodic, then c is an internal point of M. There are two rays

Re, , Ro, landing on the root of the component of M to which ¢ belongs.

Both angles 6; have odd denominators and their periods under angle
doubling are equal to the period of ¢ under the action of z% + c.
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il il

For example, the orbit of —1 under z2 — 1 is —1 +— 0 +— —1. The
corresponding angles are 1/3 and 2/3. The action of angle doubling is
1/3+—2/3+—4/3=1/3.
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il il

Fix § € Q/Z. The points /2 and (6 + 1)/2 divide the circle R/Z into two

open semicircles Sy, S1. Here Sy is the semicircle containing 0.

0/2
0
0
(0+1)/2
Kneading sequence 0 is X1X2 . .., where
0 if2k0 e Sy
xxk=< 1 if2kh e S

x if 2k0 € {0/2,(0 + 1)/2}
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il il

Denote for v = xy ... x,—1 by R(v) the group generated by

(a,-, 1) if Xj = O,

Aot am {(1 &) ifx =1
)y <l I &

Denote for w = y1 ... yx € X* and v = x1 ... x, € X* such that y, # x, by
R (w, v) the group generated by

bi,1) ify; =0
b1:U7 bj+1: (J ) . yj
(L,py) ify=1

(bk,an) ifyxk=0and x, =1, (ai, 1) ifx;=0
a = . ajy1 = )
(an,bx) ifyx=1and x, =0, (1,8)) ifx=1
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il il
The automaton generating K (x1x2 . . . X5-1)
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The automaton generating K (y1 ... Yk, X1 - - - Xp)
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il il

Theorem (L. Bartholdi, V. N.)

Denote by 72 + ¢y the polynomial corresponding to the angle 6 € Q/Z.
If0 = (x1x2 ... Xp—1%)°°, then

IMG (22 + Cg) =R(x1x2...%Xn—1) .

IF0 = y1ys ... yi(xaxa - . . xn)™, then

IMG (22 + Cg) =ROAY2- - Yky X1X2 -+ - Xn) -

“Smooth” examples: for § = 0: IMG (2%) = &(2) = Z, for § = 1/2:
IMG (22 — 2) = R(1,0) = Dx.
If we take 6 = 1/3, then 1//\3 = (1%)> and hence IMG (22 — 1) is
generated by

a) = O‘(]., 32), dpy = (]., 31).
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il il
L-presentation

Fix v = x1...x,_1. Define the following endomorphism of the free group:

if x;=20

2 dj+1
a = a 5 ai) = .
SO( n) 1 80( I) { a1 |f Xj = 1

i1
Let R be the set of commutators

af
aj, aj )

where 2 </, j < n,and k =0,2 if xi_1 # xj_1 and k =1 if x;_1 = x;_1.

Theorem (L. Bartholdi, V. N.)

R(v) = <al,...,a,,

O (R) for all £ > o>.
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il il

Corollary
Write p(t) = Xp_1t + Xp_ot?> + - + xqt" 1 € Z[t]. Then the group £(v)
is isomorphic to the subgroup (a, at, PP L ) of the finitely presented
group

<a, t ‘ "2 [ati, atja], [ati, atj"3] forall1 <i k < n>.

Open problem: Find similar embeddings for other IMGs and their relation
with the topology of the respective maps.
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il il

Theorem (D. Schleicher, V. N.)

Let f; and f» be post-critically finite quadratic polynomials. The following
conditions are equivalent.

© IMG (f1) and IMG (f2) are isomorphic as abstract groups.

© There is a homeomorphism between the Julia sets of f; and £,
conjugating the corresponding dynamical systems.

© The corresponding kneading sequences coincide.

In particular, if IMG (f1) and IMG (f,) are isomorphic, then the Julia sets
of f; and f, are homeomorphic.
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il il

Example: rabbit and airplane

Consider the groups:

Gl = <a1 = 0'(1, Cl), b1 = (1, 31), 1 = (1, b1)>,

G2 = <82 = O‘(]., C2), b2 = (]., 32), Cy = (b2, 1)>
They are IMGs of two polynomials with critical point of period 3:

22— 0.1226... +0.7449...i, z>—1.7549....

They are not isomorphic, since the Julia sets of these polynomials (known
as “Douady Rabbit” and "Airplane”) are not homeomorphic.
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il il

Theorem

The closures of the groups Gy and Gy in the automorphism group of the
binary tree coincide.

For every finite sets of relations and inequalities between the generators
ay, b1, c1 of Gy there exists a generating set aj, by, ¢ of Gy satisfying the
same relations and inequalities.
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il il
a1, by, c; generate a free monoid
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IZEEESN  Quadratic polynomials

A zoom of the Douady Rabbit
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il il
A zoom of the Douady Rabbit
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il il

Theorem

Let f be a post-critically finite polynomial. If there exist two finite Fatou
components of f with intersecting closures, then IMG (f) contains a free
subsemigroup.

There are more examples of IMG (f) of exponential growth, since every
semi-conjugacy of dynamical systems induces an embedding of the IMGs.
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The following is a result of K.-U. Bux and R. Perez.

Theorem
IMG (z2 + i) has intermediate growth. J

An earlier example is the Gupta-Fabrikowski group, which is

IMG (23(—3/2 + iv/3/2) + 1).

Which polynomials have IMG of intermediate growth?
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