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Abstract

For many applications, critical information about system dynamics is encoded in
associated eigenvalue problems that can be posed as linear Hamiltonian systems with
suitable boundary conditions. Motivated by examples from hydrodynamics, quantum
mechanics, and magnetohydrodynamics (MHD), we develop a general framework for
analyzing a broad class of linear Hamiltonian systems with at least one singular bound-
ary condition and possible nonlinear dependence on the spectral parameter. We show
that renormalized oscillation results can be obtained in a natural way through consid-
eration of the Maslov index associated with appropriately chosen paths of Lagrangian
subspaces of C?". This extends previous work by the authors for regular linear Hamil-
tonian systems that depend nonlinearly on the spectral parameter and singular linear
Hamiltonian systems that depend linearly on the spectral parameter. We conclude
the study by using our framework to study the spectrum in the setting of each of our
motivating examples.

1 Introduction

In this study, we employ renormalized oscillation theory (via the Maslov index) to analyze
the spectrum associated with a general class of differential operators that depend nonlinearly
on their spectral parameter A and have one or two singular endpoints. Such operators arise
naturally in a wide range of applications, including three that will be emphasized in this
work, from hydrodynamics, quantum mechanics, and magnetohydrodynamics (MHD). For
the first of these, it’s shown in [39] that when the Saint—Venant model for inclined shallow
water flow is linearized about a hydraulic shock profile, the resulting eigenvalue problem
takes the form

Av' = (E = M — Ay)v, (1.1)
where
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Here, (H(x),Q(z)) comprises the hydraulic shock profile, ¢ denotes the profile wave speed,
and F > 0 is the Froude number (a nondimensional constant; see Section 7.2.3 below for



details on the Saint—Venant system). In the case of a discontinuous profile, it’s shown in [44]
that (1.1) can be understood on the half-line (—oo,0) with right boundary condition

0 0
(AQ(O) ~ H(0) 4 1QOIQO). —AH(O))A(O)U(O) ~0. (1.3)
H(0)?
We will observe in Section 7.2.3 below that with suitable transformations, the system (1.1)—
(1.3) can be expressed as

Jy =B(z; Ny, a(MNy(0)=0, ylx;))eC? (1.4)

0 —1
=03 (1.5
B(z; A) is self-adjoint for all z € (—o00,0), A > 0 (see (7.110)), and () is a row vector
depending on \. Equations with form (1.4) will be addressed in Theorem 2.12.
For the application to quantum mechanics, it’s known that the potential function in
Schrodinger’s wave equation can depend on energy encoded in the equation’s eigenvalues,
giving rise to ODE of the form

where

—" + V(z; AN = M, (1.6)
for which a typical form of V(z;\) (taken from [21]) is
V() = U2) £2V2Q(2),

where U(x) and Q)(x) are appropriately specified functions (see Section 7.2.1 for particular
examples). Expressed as a first-order system with components y; = ¢ and y, = ¢', (1.6)
becomes

Jy =B(z; Ny, B(x;\) = ()\ B ‘6(1’%)\) ?) , r€R (1.7)

which is the same form as (1.4), except with domain R rather than (—oo,0). Equations of
form (1.7) will be addressed in Theorem 2.14.

In Section 7.2.2, we take from [12] a model of incompressible ideal MHD flow, and show
that when this system is linearized about certain stationary solutions the resulting eigenvalue
problem can be expressed as

—(P(z;0)¢) + V(x;\)¢ = 0, (1.8)

where the coefficient function V'(x; \) is nonlinear in the spectral parameter A (see equations
(7.70) and (7.71) below for the specifications of P(z;\) and V'(x; \) respectively). Similarly
as with (1.6), (1.8) can be expressed as a first-order system with form (1.4), this time with
natural domain (0, co).

In order to develop a framework in which to study the applications described above,
along with numerous others, we consider systems of the general form

Jy =B(x; Ny, =€ (a,b), ylx;\)eC", (1.9)
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where J is as in (1.5) with each 1 replaced by an n x n identity matrix, B(z; A) € C"*" is
self-adjoint for a. e. x € (a,b), A € I C R, and

—o0<a<b< +oo,

either with two singular endpoints or with one singular endpoint and one regular endpoint
with boundary condition expressed as a(A)y(a) = 0 or a(N)y(b) = 0. (The case of two
regular endpoints has been analyzed previously in [20]).

For each of our motivating applications, it is important to understand the eigenvalues of
(1.9), by which we mean the values A € I for which (1.9) has a solution in an appropriate
function space, determined by the nature of the endpoints and the boundary conditions.
However, the possibility of singular endpoints along with the possibly nonlinear dependence
on A complicate the specification of such spaces, and indeed such specification is a key point
of the current analysis.

Precisely, our goals for the current study are as follows:

1. Identify general conditions on the matrix function B(z; A\) under which the spectrum of
(1.9) can be analyzed by our geometric approach based on the Maslov index;

2. For singular endpoints, determine suitable boundary conditions to impose on (1.9), and
relate these to physically relevant behavior;

3. With B(z; \) chosen, along with suitable boundary conditions, compute the number of
eigenvalues NV'([A1, A2)) that the specified eigenvalue problem has on the interval [A;, \o).

Our approach to the problem will be through oscillation theory, and in particular the
renormalized oscillation approach introduced in [13]. Developed initially in the context of
single Sturm-Liouville equations, this method has been extended in [40, 41] to the cases of
Jacobi and Dirac operators, in [14, 20] to (1.9) when B(z; \) depends linearly on A, in [18]
to (1.9) when B(z; A) depends nonlinearly on A (but restricted to regular endpoints), and
in [16] when B(z;\) is not self-adjoint (again restricted to the case of regular endpoints).
The current analysis extends the approach of [18, 20] to the setting in which B(z; A) both
depends nonlinearly on A and has one or two singular endpoints.

Plan of the paper. In Section 2, we develop the notation and background needed to state
our main results, and we state these results as Theorems 2.12 and 2.14. In Section 3, we
prove Lemma 2.7, establishing the existence and nature of the family of self-adjoint pencils
T () and T*(\) that will be the principal objects of our study, and in Section 4, we construct
the frames X, (z;A\) and X,(x; \), introduced respectively in (2.17) and (2.13). In Section
5, we provide additional background on the Maslov index, along with some results that will
be needed for the subsequent analysis, and in Section 6, we prove Theorems 2.12 and 2.14.
Finally, in Section 7 we conclude with the three specific illustrative applications discussed in
this introduction.

Notational conventions. Throughout the analysis, we will use the notation | - ||, and
(-, -)m, respectively for our weighted norm and inner product. In the case that (2.1) is regular
at x = a, we will denote the associated map of Lagrangian subspaces by /., and we will
denote by X,, a specific corresponding map of frames. Likewise, if (2.1) is singular at x = a,
we will use ¢, and X,, and for z = b (always assumed singular), we will use ¢, and X,. In



order to accommodate limits associated with our bilinear form, we will adopt the notation

(Jy,2)a == 1irn+(Jy(:U), z(2));  (Jy,2)p == mlgl{li(Jy(x)a z(2)),

r—a

along with
(Jy7 Z)Z = (Jy7 Z)b - (Jy7 Z>a'

Here and throughout, we use (-, ) to denote the usual inner product for C".

2 Statements of the Main Results

For values A in some interval I C R, we consider linear Hamiltonian systems
Jy =B(z; Ny;  ylr;)) € C*™, ne{l,2,...}, (2.1)

where J denotes the standard symplectic matrix

0, —I,
= ().
We specify (2.1) on intervals (a, b), with —oo < a < b < 400, and we assume throughout that
for each A € I, B(+; \) is a measurable function with B(z; \) self-adjoint for a.e. = € (a,b),
and that there exists by € L ((a,b),R) so that for each X\ € I, |B(z;\)| < by(z) for a.e.
x € (a,b). In addition, we assume that for each A € I, B, (x; \) exists for a.e. = € (a,b), with
B, (z; \) self-adjoint and non-negative, and that there exists b, € Li ((a,b),R) so that for
each A € I, |Bx(z; \)| < by(z) for a.e. x € (a,b). For convenient reference, we refer to these
basic assumptions as Assumptions (A). In addition, we make the following Atkinson-type

positivity assumption.

(B) For each X € I, if y(-; \) € ACyoc((a, b),C*") is any non-trivial solution of (2.1), then

[ BNyt Vo > 0 2.2

for all [¢,d] C (a,b), ¢ < d. (Here and throughout, ACj,. () denotes local absolute continuity,
and (-, -) denotes the usual inner product on C*".)

Our goal is to associate (2.1) with one or more self-adjoint operator pencils £(\) (see
Lemma 2.7 below), and to use renormalized oscillation theory to count the number of eigen-
values N ([A1, A2)), A, A2 € I, A\; < )Xo, that each such operator has on a given interval
[A1, A2) for which the closure [\, 2] has empty intersection with the essential spectrum of
the pencil. We will formulate our results for two cases: (1) when z = a is a regular boundary
point for (2.1); and (2) when x = a is a singular boundary point for (2.1). (We take (2.1)
to be singular at © = b in both cases; the case in which (2.1) is regular at both endpoints
has been analyzed in [18].) The case in which (2.1) is regular at # = a corresponds with the
following additional assumption.

(A)" The value a is finite, and for any ¢ € (a,b), we have
B(> /\)7 B)\(a /\) S Ll((av 6)7 (C2n><2n)‘
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For the case in which B(x; \) has the standard form
B(z;\) = Bo(x) + ABy(x), (2.3)

results along these lines have been obtained in [14] for the limit-point case and in [20] for
all limit-point, limit-circle, and limit-intermediate cases. These and related results will be
discussed at the end of this introduction.

Our starting point will be to specify an appropriate Hilbert space to work in, and for
this we begin by fixing any A € I and denoting by [:%Bk((a, b),C*") the set of all Lebesgue
measureable functions f defined on (a, b) so that

1/2

£z, = (/lb(BA(x;A)f(x),f(x))dx> < 00.

Correspondingly, we denote by Zg, the subset of L ((a,b),C*") comprising elements f €
L% ((a,b),C?") so that | f||s, = 0. Our Hilbert space will be the quotient space,

LIZB)\((Q’ b)> C2n) = EIZB%)\((Q’ b)> C2n)/ZB,\'

Le., two functions f, g € Lg ((a,b), C*") are equivalent if and only if || f — g||z, = 0. With this
convention, it follows that || - ||s, is a norm on Lg ((a,b), C*"), and we equip Lg ((a,b),C*")
with the inner product

(f,9), == / (Ba(z; N) f(x), g(x))dz.

We emphasize that Assumptions (A) and (B) are sufficient for defining Lg ((a,b), C*") in
this way, and in particular that By(x; A\) need not be an invertible matrix. We next begin
our specification of the operator pencils we’ll work with by defining what we will mean by
the maximal domain Dy (\) and the maximal operator Tys(A).

Definition 2.1. (i) For each fized X € I, we denote by Dy (\) the collection of all
y € ACic((a,),C*") N L3, ((a, 1), C*") (2.4)
for which there exists some f € Lg ((a,b),C**) so that
Jy' = B(x; M)y = Ba(z; M) f, (2:5)

for a.e. x € (a,b). We note that the function f in this specification is uniquely determined
in Ly, ((a,b),C*). (If f and g are two functions associated with the same y € Dys(X), then
Ba(z; A)(f — g) = 0 for a.e. x € (a,b), so that f = g in Lg ((a,b),C*").) We will refer to
D (N) as the maximal domain associated with (2.1).

(i) For each fized X € I, we define the mazimal operator Tar(N) : L ((a,b),C*") —
L3 ((a,b),C*") to be the operator with domain Dy (X) taking a given y € Dy(N) to the
unique f € Lg ((a,b),C*") guaranteed by the definition of Dp(X). We note particularly that
y(; A) € Dp(AN) solves (2.1) if and only if Tar(N)y =0 a.e. in (a,b).
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Remark 2.2. In the definition of Dy(X\), relation (2.5) could be replaced by
Jy' — (B(x; A) — ABA(z50))y = Ba(z; M) f. (2.6)

This follows because for a given y as specified in (2.4), if there exists f € Lg ((a,b), C*") so
that (2.5) holds then it must be the case that (2.6) holds with f replaced by f = f+ \y, and
the other direction is similar. In [20] the authors analyze the case (2.3) and (following [24])
use (2.6) to work with Jy' — Bo(z)y = By(x)f.

We emphasize that in Definition 2.1 and throughout, the designation a.e. always means
almost everywhere in the usual sense, and in particular when we write Ty (N)y = 0 a.e. in
(a,b), we mean that y is not only in the kernel of Tar(N), but additionally that the element
f e Lg ((a,b),C") for which Ta(N)y = [ is equivalent in Lg ((a,b),C") to a function that

vanishes a.e. in (a,b).

With Definition 2.1 in place, we make the following Assumptions (C).
(C) For any values A\, \ € I, the spaces L2 ((a,b),C*") and L ((a,b),C*") are equivalent.

In addition, the maximal domains Dj;(A) and Dy, (A) are identical as sets (henceforth, we
will denote this set Dyy).

Remark 2.3. We will check in Section 7 that Assumptions (A), (B), and (C), along with
Assumptions (D), (E), and (F) below hold in a wide range of important cases.

We will often find it convenient to fix A € I and consider the linear eigenvalue problem

TNy = py, (2.7)

for which our primary interest will be whether © = 0 is an eigenvalue. Nonetheless, we
observe that for any u € C (2.7) corresponds with the Hamiltonian system

Jy' = B(x; Ny + uBx(2; M)y, (2.8)

which has precisely the structure of the Hamiltonian systems considered in [20] (i.e., is a
Hamiltonian system linear in the spectral parameter p).
The following terminology will be convenient for the discussion.

Definition 2.4. For each fized pair (u, A) € C x I, we will say that a solution y(-; u, \) €
ACe((a,b),C*") of (2.8) lies left in (a,b) if for any c € (a,b), the restriction of y(-; u, \) to
(a,c) is in Ly, ((a,c),C*"). Likewise, we will say that a solution y(-; u, A) € ACp.((a,b), C*")
of (2.8) lies right in (a,b) if for any ¢ € (a,b), the restriction of y(-;u, A) to (¢,b) is in
L3, ((¢,b),C?*"). We will denote by mq(p, \) the dimension of the space of solutions to (2.8)
that lie left in (a,b), and we will denote by my(p, \) the dimension of the space of solutions
to (2.8) that lie right in (a,b).

We can take advantage of the observation that (2.8) has the form of the systems analyzed
in [20] to draw the following conclusions. If Assumptions (A) and (B) hold and A € [ is
fixed, then for any u € C\R, (2.8) admits at least n linearly independent solutions that lie
left in (a, b) and at least n linearly independent solutions that lie right in (a, b). According to
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Theorem V.2.2 in [24], m,(p, A) and my(p, A) are both constant for all 4 with Im p > 0, and
the same statement is true for Im 1 < 0. In the event that B(x; A) has real-valued entries for
a.e. T € (a,b), it is furthermore the case that mg(u, A) and my(p, A) are both constant for
all 4 € C\R. For the current analysis we will further assume a type of uniformity for this
behavior as A varies in [.

(D) The values mg (i, A) and my(p, A) are both constant for all (u, ) € (C\R) x I. We
denote these common values m, and my.

In the event that Assumption (A)’ also holds, it’s clear that m,(u,A\) = 2n for all
(u, A) € C x I. In the terminology of our next definition, this means that under Assumption
(A)’, (2.8) is in the limit circle case at © = a. In this case, Assumption (D) holds immediately
for x = a, with m, = 2n. We note here that whenever we state that a result holds under
Assumptions (A) through (D), we will mean that (A)" doesn’t necessarily hold. If (A)’ is
needed, it will always be explicitly included in the list of assumptions.

Remark 2.5. In the event that we have an equation of form (2.1) with an alternative non-
singular skew-symmetric matriz, say J, we can always make a change of variables to obtain
our preferred form. Precisely, suppose the form we have is Jz' = B(x;\)z, with B(z; \)
satisfying our assumptions (A) through (D). As noted in [15], there exists an invertible
matriz M so that J = MTJM. If we set z = My then JMy = B(x;\)My, so that
MTTMy = MTB(x; \) My, giving (2.1) with B(x; \) = MTB(z; \)M. It’s straightforward
to see that B(x; \) also satisfies Assumptions (A) through (D).

Definition 2.6. If m, = n, we say that (2.8) is in the limilt point case at x = a, and if
me = 2n, we say that (2.8) is in the limit circle case at x = a. If m, € (n,2n), we say that
(2.8) is in the limit-m, case at x = a. Analogous specifications are made at x = b.

Under Assumptions (A) through (D), and for some fixed pair (ug, Ag) € (C\R) x I we
will show that by taking an appropriate selection of n solutions to (2.8) that lie left in (a, b),
{u$(x; p10, Ao) }j—;, and an appropriate selection of n solutions to (2.8) that lie right in (a, ),
{u3(7; po, Xo)}j—1, we can specify, for each A € I, the domain of a self-adjoint restriction of
Tar(A), which we will denote T (\). For the purposes of this introduction, we will sum this
development up in the following lemma, for which we denote by U%(x; 19, A\g) the matrix
comprising the vector functions {uf(x; o, o)}, as its columns, and by U b(x; 1o, No) the
matrix comprising the vector functions {uf(z; o, Ao)}j—; as its columns. (The selection
process is taken from Section 2.1 of [20], with an overview given in Section 3 below.) The
proof of this lemma is the main content of Section 3.

Lemma 2.7. (i) Let Assumptions (A) through (D) hold, and let (ug, o) € (C\R) x I be
fized. Then there exists a selection of n solutions {u$(z; pio, Ao) }j=y to (2.8) (with (u,\) =
(10, M) ) that lie left in (a,b), along with a selection of n solutions {u’(x; po, o)}, to (2.8)
(with (g, A) = (0, No) ) that lie right in (a,b) so that for each X € I the restriction of Tar(N)
to the (A-independent) domain

D:={yecDy: lim, U(z; po, o) Jy(x) =0,  lim U(z; po, No)*Jy(x) = 0}
Tr—a

T—b~

is a self-adjoint operator. We will denote this operator T ().
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(i) In addition to Assumptions (A) through (D), suppose that Assumption (A)’ holds,
and let (po, No) € (C\R) x I be fized. Let o € C(I,C™**") be a continuously differentiable
matriz-valued function so that for each A € I, ranka(\) = n and a(N)Ja(N)* = 0. Then
there exists a selection of solutions {u}(x; po, M) }j—; to (2.8) (with (pu, \) = (10, Xo)) that lie
right in (a,b) so that for each X € I the restriction of Ty (\) to the (A-dependent) domain

D*(\) :={y € Dur : a(Ny(a) =0,  lim U’(x; g, Ao)*Jy(x) = 0}

x—b—
is a self-adjoint operator. We will denote this operator T*(\).

Remark 2.8. We emphasize that while the operator pencils T (X) and T*(\) generally depend
on A, the domain D depends only on the fized value Ao € I, and the domain D*(\) depends
on X only through the boundary matriz (), and otherwise only depends on the fized value
Xo € 1.

In addition to Assumptions (A) through (D), we will require two additional assumptions,
the first of which is somewhat technical. To motivate this, we note that for the case of (2.3),
we have the convenient relation

B(w; Ao) — B(z; M) = (A2 — A1) By (2),

and Assumption (E) (just below) can be viewed as a generalization of this relation. As
expected, in the case of (2.3), this assumption holds trivially. To set some notation, for any
As € I and any r > 0 (typically to be taken small), we set

L, =M—-rX+r)NI. (2.9)

(E) For each A\, € I, there exists a positive constant r > 0 and a map E(+;-,\s) :
(a,b) x I, , — C?™2" 50 that for each \ € I,_, we have

B(x; A) — B(x; As) = Ba(z; M) E(x; A\, As) (2.10)

for a.e. x € (a,b). In addition, the following hold: (i) for each A\ € I, ,, E(; A\ A) €
B(Lg, ((a,b),C*")) (i.e., when viewed as a multiplication operator, the matrix function
E(:; A \y) is a bounded linear operator taking Lg ((a,b),C*") to itself); (i) (A, A =
o(1), A — A, (iii) for a.e. = € (a,b), the matrix function &(x; A, A,) is continuously dif-
ferentiable in A on I, ,, and the map A — &£(:;A\; A\.) is continuously differentiable as a
map from Iy, , to B(Lg, ((a,b),C*")); and (iv) given any f,g € Lg ((a,b), C*"), there exists
h € L*((a,b),R), depending on f and g, so that for all A € I,

[ (@) Ba(a; A)g ()] < h(z),
for a.e. x € (a,b). By (2.10), this is equivalent to
|f (@) Ba(z; A)Ex(@; A, Ad)g ()] < h().

In order to set some notation and terminology for this discussion, we make the following
standard definitions.



Definition 2.9. For each fited X\ € I, we define the resolvent set p(T(N\)), the spectrum
a(T (X)), the point spectrum o,(T (X)), and the essential spectrum oess(T (X)) in the usual
way (see, e.g., Definition 1.4 in [20]). In all cases, we categorize A with respect to the
operator pencil T (+) according to the categorization of u = 0 with respect to the operator

T(N) (i-e., with respect to the eigenvalue problem (2.7)). Analogous specifications are taken
to hold for T*(\).

Our primary tool for this analysis will be the Maslov index, and as a starting point for
a discussion of this object, we define what we will mean by a Lagrangian subspace of C*.

Definition 2.10. We say ¢ C C*" is a Lagrangian subspace of C** if { has dimension n and
(Ju,v) =0, (2.11)

for all u,v € €. In addition, we denote by A(n) the collection of all Lagrangian subspaces of
C?", and we will refer to this as the Lagrangian Grassmannian.

Any Lagrangian subspace of C?** can be spanned by a choice of n linearly independent
vectors in C**. We will generally find it convenient to collect these n vectors as the columns
of a 2n x n matrix X, which we will refer to as a frame for £. Moreover, we will often
coordinatize our frames as X = (3), where X and Y are n x n matrices. Following [8] (p.
274), we specify a metric on A(n) in terms of appropriate orthogonal projections. Precisely,
let P; denote the orthogonal projection matrix onto ¢; € A(n) for i = 1,2. Le., if X; denotes
a frame for ¢;, then P; = X;(X:X;) !X}. We take our metric d on A(n) to be defined by

d(t1,4y) == ||Py — Pal,

where || - || can denote any matrix norm. We will say that a path of Lagrangian subspaces
¢ :Z — A(n) is continuous provided it is continuous under the metric d.

Suppose £1(+),¢3(+) denote continuous paths of Lagrangian subspaces ¢; : Z — A(n),
i = 1,2, for some parameter interval Z (not necessarily closed and bounded). The Maslov
index associated with these paths, which we will denote Mas(¢1, f2;Z), is a count of the
number of times the subspaces ¢;(t) and f5(t) intersect as t traverses Z, counted with both
multiplicity and direction. (In this setting, if we let ¢, denote the point of intersection (often
referred to as a crossing point), then multiplicity corresponds with the dimension of the
intersection ¢ (t.) N f2(t.); a precise definition of what we mean in this context by direction
will be given in Section 5.)

In order to relate our results to previous work on renormalized oscillation theory, we
observe that in some cases the Maslov index can be expressed as a sum of nullities for certain
evolving matrix Wronskians. To understand this, we first specify the following terminology:
for two paths of Lagrangian subspaces {1, 5 : [a,b] — A(n), we say that the evolution of the
pair {1, 5 is monotonic provided all intersections (including full multiplicities) occur in the
same direction. If the intersections all correspond with the positive direction, then we can
compute

Mas((1, la; [a,0]) = Y dim(£y(t) N La(t)).

te(a,b]



(Here, we exclude a from the interval we sum over, because there will be no contribution to
the Maslov index from an initial positive crossing; see Section 5 for details on our conventions
with the endpoints.) Suppose X;(t) = ();11(%)) and Xo(t) = (i(,j((f))) respectively denote frames
for Lagrangian subspaces of C?", (;(t) and /5(¢). Then we can express this last relation as

Mas(l1, (; [a,b]) = Y dimker(X;(£)*JXs(t)).

te(a,b

(See Lemma 2.2 of [18].)
In preparation for formulating our results in the case that (2.1) is regular at x = a, we
introduce the 2n x n matrix solution X, (z; A) to the initial value problem

JX =B(z; M) X,,  Xa(a;N) = Ja(N)*. (2.12)

Under our assumptions (A) and (A)’, we can conclude that for each A € I, X () €
AC)oe([a, b), C*™). In addition, X, € C([a,b) x I,C*>*"), and X,(z;-) is differentiable in
A. (See, for example, [43].) As shown in [15], for each pair (z, A) € [a,b) x I, X, (x; \) is the
frame for a Lagrangian subspace of C?", which we will denote £,(x;\). (In [15], the authors
make slightly stronger assumptions on B(x; \), but their proof carries over immediately into
our setting.)

For the frame associated with the right endpoint, we let [A;, Ao] C I, Ay < Ag, be such
that for all A € [A1, Aa], 0 ¢ 0ess(T%(A)) (equivalently, in our notation, A\ & oes(7%(+))).
In Section 3, we will show that for each A € [A;, Ay, there exists a 2n X n matrix solution
Xp(z; A) to the ODE

JX) = B(x; \)X,,  lim UP(; po, Xo)* JXp(2;A) = 0, (2.13)

z—b—

where the matrix U®(z; 1o, o) is described in Lemma 2.7 (and the paragraph leading into
that lemma). In addition, we will check that for each pair (z,A) € [a,b) X [A1, Ao], Xp(z; )
is the frame for a Lagrangian subspace of C*", which we will denote £,(z; ), and we will
also check that ¢, € C([a,b) x [A1, A2, A(n)).

In order to conclude monotonicity, we require one final assumption.

(F) For specified values A\, Ay € I, Ay < Ay, the matrix (B(z;\2) — B(z; A)) is non-
negative for a.e. x € (a,b), and moreover there is no interval [c,d] C (a,b), ¢ < d, so
that

dim (€, (x; A1) N lp(z; Ag)) # 0
for all x € [c,d]. In the case that Assumption (A)’ holds, the subscript a is replaced by «
in this statement.

Remark 2.11. In [18] the authors verify that the moreover part of (F) is implied by the
following form of Atkinson positivity: for any [c,d] C (a,b), ¢ < d, and any non-trivial
solution y(-; A1) € ACpc((a,b), C*") of (2.1), we must have

/ (B(z; Aa) — B(x; M))y(x; A1), y(x; Ap))dx > 0. (2.14)
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In the case B(x;\) = By(x) + AB1(z), non-negativity of (B(x;Ay) — B(x; A1) corresponds
with non-negativity of the matriz Bi(x) (since Ay < A\a), and the integral conditions (2.2)
and (2.14) are both equivalent to Atkinson positivity (see, e.g., Section 4 in [26] and Section

IV 4 in [24]).
In Section 6, we will establish the following theorem.

Theorem 2.12. Let Assumptions (A) through (E) hold, along with Assumption (A)’, and
assume that for some pair A, Aa € I, A\ < Ay, we have 0 & 0es(T*(N)) for all X € [A\q, Ag].
In addition, let Assumption (F) hold for the values Ay and A2, and for the boundary matriz
a(N) specified in Lemma 2.7(ii), assume that a(X)JO a*(X) (which is necessarily self-adjoint)
is non-negative at each X\ € (A, Xo]. If o(; A1) and €y(+; A2) denote the paths of Lagrangian
subspaces of C*™ constructed just above, and N®([A\1,\2)) denotes a count of the number of
eigenvalues that T(-) has on the interval [A\1, A2), then

N([A1, A2)) = Mas(€a (5 A1), &(+5 Xa); [a, b)) — Mas(Ly(a;-), lo(a; A2); [A1, Aa)), (2.15)

where

Mas(lo (5 A1), (43 A2); [a, b)) := lim Mas(la(+; M), lp(+; Xo); [a, c]),

c—b—

and part of the assertion is that this limit exists. If additionally there exists a value ¢, € (a,b)
so that for all ¢ € (¢, b)

lo(c; M) N lp(c A) =40}, YV A€M, N), (2.16)
then we have equality in (2.15).

Remark 2.13. In the case that a(\) is constant in A (i.e., the boundary condition at x = a is
independent of \), we necessarily have Mas({y(a;-), ly(a; A2), [A1, A2]) = 0, because the maps
lo(a; N) and ly(a; Ny) are both independent of A. As shown in [20], in the case of (2.3), (2.16)
can be replaced by the simpler requirement 0 ¢ o,(T*(A1)) U 0,(T*(N2)). More generally,
(2.16) implies 0 ¢ o,(T*(\1)), and in this case l,(c; A1) is the space of solutions of (2.1)
that do not satisfy the specified boundary conditions at x = b, while ly(c; \) is the space of
solutions of (2.1) that do satisfy such conditions (though for varying values of X). For many
important cases, we can use a converse argument to verify that (2.16) holds.

In the case that (A)’ doesn’t hold, so that (2.1) is singular at x = a, we let [\, A\o] C I,
A1 < Ag, be such that 0 ¢ g.(7 () for all A € [\, A2]. We will show in Section 3 that for
each X € [A1, \a] there exists a 2n x n matrix solution X, (z; A) to the ODE

JX! = B(x; M) X, lim U (2; o, Ao)™JXq (5 A) =0, (2.17)
Tr—a

where the matrix U®(x; ug, Ag) is described in Lemma 2.7 (and the paragraph leading into

that lemma). In addition, we will check that for each pair (x,\) € (a,b) x [A1, Ao], Xo(z; )

is the frame for a Lagrangian subspace of C?", which we will denote /,(x;)), and that

Ea S O((CL, b) X [>‘17 )\2]"/\(”))

In Section 6, we will establish the following theorem.
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Theorem 2.14. Let Assumptions (A) through (E) hold, and assume that for some pair
A, A2 € 1, A1 < g, we have 0 & cess(T(N)) for all X € (A1, Xo]. In addition, let Assumption
(F) hold for the values Ay and Xg. If £,(+; A1) and 6y(+; \2) denote the paths of Lagrangian
subspaces of C*" constructed just above, and N'([M\1,\2)) denotes a count of the number of
eigenvalues that T (-) has on the interval [A1, A2), then

N (A1, Ao)) > Mas(a(: M), G(5: As): (a,D)), (2.18)

where the Maslov index Mas(lo (3 A1), l(+; A2); (a, b)) is computed by taking a limit of the
values Mas(ly (5 M), lp(+; A2); [c1, ¢2]) as ¢1 — a™ and ¢o — b, and part of the assertion is
that this double limit exists. If additionally there exists a value ¢, € (a,b) so that for all
c € (a,c,)

Co(c; N) N lp(c; No) = {0}, VA€ [A, Na), (2.19)

and also a value ¢, € (a,b) so that for all ¢ € (¢, b)
ga(C; )\1) N gb(C; )\) = {0}, Ve [)\1, )\2), (220)
then we have equality in (2.18).

Remark 2.15. Similarly as with Theorem 2.12, in the case of (2.3), conditions (2.19) and
(2.20) can be replaced by the simpler requirement 0 ¢ o,(T (A1) U 0,(T (A2)). Conditions
(2.19) and (2.20) can be interpreted similarly as in Remark 2.13.

In the current setting, the necessary monotonicity follows from Claims 4.1 and 4.2 of [18§]
(with (0, 1) replaced by (a,b)). With this observation, we obtain the following theorem.

Theorem 2.16. Under the assumptions of Theorem 2.12 (without condition (2.16)), we can
write
Mas(Ca (53 M), (5 A2)s [a, ) = D dimker X (w; M) * Xy (25 Aa),
z€(a,b)
and under the assumptions of Theorem 2.14 (without conditions (2.19) and (2.20)), we can
write
Mas(£a(; M), 63 A2); (a,0)) = > dimker X (5 M) * X (23 Aa).

z€(a,b)

Remark 2.17. For the first assertion in Theorem 2.16, the left endpoint a is not included
on the right-hand side because the intersections counted by the Maslov index in this case
are monotonically associated with a direction (counterclockwise) that does not increment the
Maslov index at departures (as discussed in Section 5).

3 The Self-Adjoint Operator Pencils 7(-) and 7°(-)

In this section, we construct the self-adjoint operator pencils 7(-) and 7*(-) described in
Lemma 2.7. We begin by formulating a version of Green’s identity appropriate for this
setting.
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Lemma 3.1 (Green’s Identity). Let Assumptions (A) hold, and for any fired X € I let
Tar () be the mazimal operator specified in Definition 2.1. Then for any y, z € Dy(N),

<TM(/\)y7Z>IBA - <y7TM(/\)Z>E>\ = (Jy’z)zv (31)
where
(Jy> Z)Z = (Jy7 Z)b - (‘]y> Z)aa
with
(J9.2)e = lim (Jy(a), 2(2)),
(Jy, 2)p := lim (Jy(z), 2(2))

(for which the limits are well-defined). In particular, if y and z satisfy Tayr(N)y = py and
Tar(N)z = pz for some u € C, then

2i(Imp) (y, 2), = (Jy, 2)q- (3:2)

Proof. To begin, we fix any A € I, and for any y,z € Dy(N), we let f,g € Lg ((a,b),C*")
respectively denote the uniquely defined functions so that Ty, (A)y = f and Ty (A)z = g. By
definition of D,;, this means that we have the relations

Jy —B(z; Ny = By(x; \) f

for a.e. x € (a,b). We compute the C** inner product
(Ba(z; )TNy, 2) = Ba(z; ) f,2) = (Jy' = B(z; Ny, 2) = (Jy', 2) — (y, B2 A)2),

where in obtaining the final equality we have used our assumption that B(x; \) is self-adjoint
for a.e. x € (a,b). Likewise,

(Ba(z: Ay, Tar(A)z) = Ba(z; M)y, 9) = (v, Ba(z; A)g)
= (y7 J2 — B(I, /\)Z) = (y7 ‘]Z,) - (yv B(Z‘, A)Z)

Subtracting the latter of these relations from the former, we see that

L (19.2) = B TNy, 2) — (Balw: Ny T (V)2).

For any ¢,d € (a,b), ¢ < d, we can integrate this last relation to see that
(Jy(d), z(d)) — (Jy(c), z(c))
— [ BN T yo). ()~ [ Balas Nyle), Toa (WG

If we allow d to remain fixed, then since y, z € Lg ((a,b),C*") we see that the limit

(Jy, 2)a == lim (Jy(c), z(c))

c—a

13



is well-defined. In particular, we can write

(Jy(d)aZ(d))—(Jy,Z)azf (BA(:L“;A)TM(A)y(w%Z(w))dw—/ (Bx(z; Ny(x), Tar (V) 2(2) ) dx.

If we now take d — b~, we obtain precisely (3.1). Relation (3.2) is an immediately conse-
quence of (3.1). O

Remark 3.2. Throughout the proof of Lemma 3.1, A\ remains fized, so there is no require-
ment that either the weighted space Lg ((a,b),C*") or the mazimal domain Dyr(X) be inde-
pendent of \.

We turn next to the identification of appropriate domains D and D on which the re-
spective restrictions of Tp/(A) are self-adjoint. This development is adapted from Section
2 of [20], which in turn follows Chapter 6 in [34]. We begin by making some preliminary
definitions. We set

D. :={y € Dy : y has compact support in (a,b)},

and we denote by 7.(A) the restriction of Ty/(A) to D.. We can show, as in Theorem 3.9
of [43] that for each A € I, T.(A\)* = Ty(A), and from Theorem 3.7 of that same reference
(adapted to the current setting) that D, is dense in Lg ((a,b),C*").

At this point, we fix some Ay € I, and in addition we fix some py € C\R, and we em-
phasize that these values will remain fixed throughout the analysis. Under our assumptions
(A) through (C), the linear Hamiltonian system

Jy = (B(z; \o) + poBa(z; \o)) (3.3)

satisfies all the assumptions of the corresponding systems analyzed in [20]. This allows us to
adapt four useful lemmas from that reference, stated here as Lemmas 3.3 through 3.6. First,
we summarize some notation and terminology from [20] associated with the Niessen spaces
that will have a critical role in our development. We begin by fixing some ¢ € (a, b), and for
(u, A) € (C\R) x I letting ®(z; u, A) denote the fundamental matrix specified by

JO = (B(z; ) + uBx(z;0)P;  D(c; pu, A) = Loy, (3.4)

We define

Al p, A) - D (s p, A)*(J/0) (3 1, N), (3.5)

2Impy
on (a,b) x (C\R) x I. It’s clear from this definition that with A € I fixed, for each p €
C\R, we have A(-;u, A) € ACoe((a,b), C*?") with A(z; i, \) self-adjoint for all (x,pu) €
(a,b) x C\R. It follows that the eigenvalues {v;(z;u, A)}32%, of A(x;u, A) can be ordered
so that v;(z; pu, A) < vjpq(a;p, A) for all j € {1,2,...,2n — 1}. In addition, it follows from
Assumption (B) that each v;(z; \) is non-decreasing as x increases.

The following lemma is proven as Lemma 2.1 in [20].
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Lemma 3.3. Let Assumptions (A) and (B) hold, and let (u, \) € (C\R) x I be fized. Then
the dimension m,(u, \) of the subspace of solutions to (2.8) that lie left in (a,b) is precisely
the number of eigenvalues v;(x; pu, \) € o(A(z; p, X)) that approach a finite limit as x — a™.
Likewise, the dimension my(p, \) of the subspace of solutions to (2.8) that lie right in (a,b)
is precisely the number of eigenvalues v;(x; pu, \) € o(A(x; u, X)) that approach a finite limit
asx — b™.

In addition, for each eigenvalue-eigenvector pair (vj(x; i, N),vj(x; 1, N)) (whether or not
the limits described above exist), there exists a sequence {xy}32,, with x, — a* so that
v, A) 1= im0 v (Th; 1, A) is well defined, and also a sequence {7y}, with Ty — b~ so
that U?(u, A) = limy_yo0 v (Zg; 11, A) is well defined. The collection

{CI)(ZE, 22 /\)U?<M’ )‘)}32'7:1271—77111(#7)\)-1—1

comprises a basis for the space of solutions to (2.8) that lie left in (a,b), and the collection

CICTIPVEHITON) it

j=1

comprises a basis for the space of solutions to (2.8) that do not lie left in (a,b). Likewise,

the collection
{D(; 1, Al (pn, Ao

J=1

comprises a basis for the space of solutions to (2.8) that lie right in (a,b), and the collection

{@(1‘7 2 A)“;)(:ua A) ?Zmb(u)\)—i-l
comprises a basis for the space of solutions to (2.8) that do not lie right in (a,b).

To set some notation, for each j € {2n — my(pu, A) + 1,...,2n}, we set

Vi(p, A) = lim+ vi(x; p, A),

r—ra

and likewise for each j € {1,2,--- my(u, )}, we set
vi(i, A) i= lim (a3 1, A).

Using the elements described in Lemma 3.3, we can specify Niessen elements associated with
(2.1). These specifications are adapted from [29, 30, 31] (as developed in Chapter VI of [24]).
Since the development is similar at the two endpoints x = a and x = b, we will work through
full details only for = b and summarize results for = = a.

For j =1,2,...,n, we set

(3 11, N vb (e, )
(2 11, by (1, A).

Y (s, A) 1=

z;’(a:, Uy A) = (3.6)

It’s clear from our construction that yé’(, i, A) lies right in (a, b) for each j € {1,2,...,n},
while z;’(, i, A) lies right in (a,b) if and only if n+j € {1,2,...,my(p, \)} is finite. In what
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follows, we will find it convenient to introduce the value r4(p, A) := my(p, A) — n. For each

j€{1,2,...,n}, we define the two-dimensional space
N7 (i, A) == Span{y} (-5 p, A), 27 (-5 1, M)}, (3.7)
and following [24] we refer to the collection {N?(u,\)}7_, as the Niessen subspaces at b.

According to our labeling convention, the Niessen subspaces {N]”(u,k)}gb:(’f ) all satisfy

dim N?(p, \)NLg, ((c,b), C*") = 2, while the remaining Niessen subspaces { N} (1, A
satisfy dim N?(p, A) N L ((c,b),C*") = 1. (Here, ¢ continues to be the value ¢ € (a, b) fixed
just prior to (3.4).)

In the development so far, it hasn’t necessarily been the case that m,(u, A) and my (i, \)
are independent of p and A, but at this point we add our Assumption (D) and henceforth
denote mg(p, A), mp(p, N), 7a(p, A), and ry(u, A) respectively mg, mp, 74, and 7. In this
setting, we choose n solutions of (2.8) that lie right in (a, b), taking precisely one from each
Niessen subspace N]l-’(u,/\) in the following way. First, for each j € {1,2,... 7}, we let
B;(p, A) be any complex number on the circle

B30 N = /=201, A/ (11, ),
where as discussed in [20] these ratios cannot be 0, and we set
(s 1, A) =y (w5, A) + B (1, A)2) (5 1, A).
Next, for each j € {r, + 1,7, +2,...,n}, we set
ul (s, N) = (s 1, ).

Correspondingly, we will denote by {r?(u, M)}, the vectors specified so that ug’(:v, Uy A) =
O (5 p, )\)r?(u, A) for each j € {1,2,...,n}. Precisely, this means that

o, A) = 020, A) + B, Mod (1, A), G e {12, ),

(i, A) = v, ), jE{r+1Lm+2,...,n}

We can now collect the vectors {r}(u, A\)}_, into a frame

R (1, A) = (rP(i, A) 3, ) oo (s \)) (3.8)

In addition to the above specifications, for the Niessen subspaces {N?(u, A)}2,, it will
be useful to introduce notation for elements linearly independent to the {uf(z; u, A\)}72,. For
each j € {1,2,...,r,}, we take any complex number 7;(p, A) so that |v;(g, A)| = |5;(1, A)]

but v;(p, A) # Bj(i, A), and we define the Niessen complement to ug(x, [, A) to be

V(s i, A) = gy (s, A) 475 (1, A) 25 (@5 1, A). (3.9)

The following three lemmas are adapted respectively from Lemma 2.3, Claim 2.1, and
Claim 2.2 of [20].
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Lemma 3.4. Let Assumptions (A) through (D) hold, and take the collection of Niessen
elements {u}(x; p, \)}7_, and the collection of Niessen complements {v%(x; pu, )}y to be
specified as above. Then the following hold:

(i) For each j, k € {1,2,...,n},
(JuG (-5 g1, A) s wg (5, X))y = 0.
(i1) For each j € {1,2,...,n}, k € {1,2,...,1p},
0 ik
K = 20Tmpu(v (i, A) + 500, M) B3 (1, i (1, X)) # 0§ = k.

Lemma 3.5. Let Assumptions (A) through (D) hold, and suppose the Niessen elements for
(2.8) are chosen to be

(s g1, N) = @ (s 1, ) (0 (1, ) + B (i, Nop (1, 2), 5 € {1,2,...,m}
U;')(x;lu’a ) CI)(J} s )( j(N? )‘) + 7?(:“7 )‘)Uerj(lu’a A))? j = {17 27 ce 7rb}
ué’-(x;,u, A) = ®(z;p, N) ?(,u, A), je{m+1L,r+2,...,n},

with ﬁ?(u, A) and 73 b(u, \) specified just above (in particular, as well-defined non-zero values).
Then the Niessen elements for (2.8) with p replaced by fi (and \ unchanged) can be chosen
to be

(‘]ug(a K, )‘)7 UI(;('; s A))b = {

(s i, ) = @ (a5 1, ) (31, A) + B (1 Nvn (15, 0), - J € {1,2,...,m)
oj (s i, A) = (s i, \) (03 (73, A) + 5 (1, Nop (1, A), G €{1,2,...,m)
ub( /7'>‘): ( ) ( )‘>7 jE{Tb+1,Tb+2,...,n},

with BY(fi, \) = —B2(, A) and W,» — (N for all j € {1,2,...7,}.

Lemma 3.6. Let the Assumptions and notation of Lemma 3.5 hold, and let Rb(u, \) denote
the matriz defined in (3.8). If R*(fi, \) denotes the matriz defined in (3.8) with yu replaced

by iv and the Niessen elements described in Lemma 3.5, then
R”(j1, )" JR" (11, A) = 0.

As noted in [20], with appropriate labeling, statements analogous to Lemmas 3.4, 3.5 and
3.6 can be established with b replaced by a.

Proceeding now with fixed values Ag € I, and jio € C\R, we let {u}(z; y10, Ao) }}—, denote
a selection of Niessen elements as described in Lemma 3.5, and we denote by U g(x oy Ao)
the 2n x n matrix comprising the vectors {u%(x; o, )\0)}?:1 as its columns. Likewise we let
{u§(x; p1o, Mo) }j—, denote a selection of Niessen elements that can similarly be specified in
association with z = a, and we denote by U®(x; o, Ag) the 2n X n matrix comprising the
vectors {uf(z; po, o)}, as its columns. In [20], the authors verify that we can construct
functlons {u (; po, M) }j=y and {ab(x; po, Ao) }—; so that for each j € {1,2,...,n} we have

(-5 po, o), U ]( Lo, No) € DM, and moreover

. ud(x; o, Ag) near r =a b 0 near r =a
ud(x; o, Ao) = 7 : U (2 o, No) =
(@i 1o, do) {0 3t do) ul(; o, Ao)

near r = b near r = b.

(3.10)
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(See Lemma 2.5 in [20], which is adapted directly from Lemma 3.1 in [38].)
We now specify the domain

Dyoro = D. + Span {{ﬂ?(-; 10, o) Y=y, {@5(+; po, )\0)}?:1}7 (3.11)

and for each A € I we denote by T, 1, (A) the restriction of Ty/(A) to Dy, »,. We know from
Theorem 2.1 of [20] that 7, ,(Xo) is a self-adjoint operator. In addition, we establish in
the next theorem that for each A € I, T, »,()\) is essentially self-adjoint. We note that the
proof of Theorem 3.7 also establishes Item (i) in Lemma 2.7.

Theorem 3.7. Let Assumptions (A) through (D) hold. Then for each \ € I, the operator
Trone(A) is essentially self-adjoint, and so in particular, T(A) = T A) = Tuone(A)* is
self-adjoint. (Here and below, overbar denotes closure.) The domain D of T (\) is
D = {y € Dy lim U%(o o ) Jylae) = 0. lim UP(asjio. M) Jy@) = 0}, (3.12)
r—a rx—b—

Proof of Theorem 3.7. We begin by fixing some A € [ and checking that the operator
Tro20 (A) is symmetric. Using (3.1), we immediately see that for any y, z € D, we have

<7:L0,>\0(>‘)y> Z>B)\ - <y7 7;07)\0 (/\) > (Jy7 ) =0,

and we can similarly use (3.1) along with the identities
(Jy,a$)o =0, (Jy, @) =0, (Jaj,ap), =0,

for all j,k € {1,2,...,n} (following from support of the elements in all cases). It remains to
show that
(Jag,ap)e =0, (Jul, ;) =0, (3.13)

but these identities are immediate from Lemma 3.4 (along with the analogous statement
associated with z = a), so symmetry is established.

Next, we will show that 7, »,()) is essentially self-adjoint. According to Theorem 5.21
in [42], it suffices to show that for some (and hence for all) u € C\R,

ran(Tpo 0 (M) — pl) = L3, ((a,0),C*"), and  ran(Tion(A) — £I) = L3, ((a,),C*").

Since we can proceed with any p € C\R, we can take p from (3.11) as our choice. .
We will show that
ran(Tugpo (A) = o)™ = {0}, and  ran(Tya,(N) — fiol) " = {0}, (3.15)
from which (3.14) is clear, since
L, ((a,b), C*") = ran(Tuep, (A) = pol) ™ @ ran(Tp 0 (A) — pol), (3.16)

and likewise with p replaced by fip.
Starting with the second relation in (3.15), we suppose that for some u € Lg ((a,b),C*"),

<(77m7>\0()‘) - ﬂ01)¢a U>EA = 07 VZD € ,Duo)\o,
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and our goal is to show that this implies that u = 0 in L§ ((a,b),C*"). First, if we restrict
to ¢ € D, then we have

This relation implies that u € dom((7-(\) — fiod)*) (= D), so we're justified in writing
(W, (Tar(N) = pol)u)g, =0, Vb € D.. (3.18)

Since D, is dense in Lg ((a, b), C*"), we can conclude that u must satisfy (T (A) —pol )u = 0.
Next, we also have the relation

(oo N) = fio T, whs, =0, Voo € Span {{agh,, {al}, }. (3.19)

For each j € {1,2,...,n}, ﬂ;’b(-;uo, Xo) € Dy, and we've already established that u € Dy,
so we can apply Green’s identity (3.1) to see that with ¢ as in (3.19)

0= ((Trono(N) — oD, u)m, = (¥, (Tar(N) — pol)u)m, + (Jo,u)?. (3.20)

Since (Tar(A) — pol)u
we have (taking i =
That is,

= 0, we see that (Ji,u)? = 0. In addition, since ﬂg’ is zero near xr = a,
113’) (J&?,u)a = 0, and consequently we can conclude (J&?,u)b = 0.

lim u(a:)*Jﬁ?(a:;uo, o) = 0.

z—b~
If we take the adjoint of this relation, and recall that 1’12’ is identical to ug’ for x near b, then
we can express this limit in our preferred form

lim ug’(x, o, Ao)*Ju(z) = 0.
b~

This last relation is true for all j € {1,2,...,n}, and a similar relation holds near x = a.
We can summarize these observations with the following limits

B(po, Ao)u := xlfﬁi U(x; po, o) " Ju(z)

=0,
. ) . . (3.21)
B (pto, Ao)u := lim U”(x; po, Ao)" Ju(z) =0,
x—b—
where we have also specified some convenient boundary operator notation.

At this point, we introduce a useful way of representing elements of D,;. Since Dy,
does not depend on A, we can assert that if y € Dy, then for any A\ € I there exists
f(A) € L ((a,b),C**) so that Ty (A)y = f(-; A). In particular, this is true for Ag as above,
allowing us to write

Ta(Mo)y — poy = f(:3 M) — Hoy. (3.22)

Recalling the definition of Tas(Ag), (3.22) can be viewed as an inhomogeneous system of
ODE for which solutions can be expressed in the usual way as the sum of a solution to the
inhomogeneous system and an appropriate solution to the associated homogeneous system.
For the particular solution, we can take advantage of the fact that 7 (1)) is already known
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to be a self-adjoint operator with domain D, so that with py € C\R, we can solve (3.22)
with
Yp = (T(Xo) = 10) (£ (5 A0) — hoy)-

We have y,, € D, so

B*(po, Ao)yp(+) = 0,

B (110, 20)yp(-) = 0.
Turning to solutions of the homogeneous equation associated with (3.22), the Niessen el-
ements {u}(x; po, Ao) }j=; and {v}(x; po, Ao) } ;2 comprise (by construction) a basis for the

My~ dlmensmnal space of solutlons to the homogeneous equation associated with (3.22) that
lie right in (a,b). It follows that y can be expressed as

(3.23)

y(x +Z (o, Mo)us (3 10, Ao) +Zdb o, Ao)U (90 o, No),

j=1

for some constants {c}(r0, o) }7—; and {d2(po, Xo)};2,. Using (3.23) along with Lemma 3.4,
we can write

B*(p10, \o)y Zd (10, 20) B (110, X0) v} (- 10, Xo).- (3.24)

Returning now to (3.21), since u € Dy, we know from (3.24) that for some constants
{d?(/'boa )\0)}?’:1 we have

B*(p10, Ao)u Zd (10, 20) B® (110, 20) v} (5 110, Xo) -

According to Lemma 3.4,

b br.. .= 0 Z#j
(B (10, Ao)v; (-5 ko, Ao))i = {,@;(MO,AO) 40 i=j

In this way, we see that

B" (0, Mo)u(") = (d2(pto, Mo)s8 (1o, Mo) - 2, (110, M)K?, (0, o) O .. 0)" .

Since the constants {x}(, Xo)};~, are all non-zero, we can only have the required relation
B(pg, Ao)u(-) = 0 if db(ug,/\g) =0forall j € {1,2,...,r}, and in this case

—|— Z ,Uo, )\0 I’ 5 Mo, )\0) (325)

for some u,, € D and some constants {c (o, M) }7—,. Likewise, there exist expansion con-

stants {c (0, Ao)} =1 so that

j=1"

—|— Z IU(), )\0 ZL’ ; Mo, )\0) (326)
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For convenient reference, these last observations will be summarized in Lemma 3.9 at the
end of this section.
Since Tar(N)u = pou, we can use (3.2) from Lemma 3.1 to see that

2i(Im po) [|ullz, = (Ju,u)’ = (Ju,u)y — (Ju, u),. (3.27)

We can now check that relation (3.25) allows us to conclude that (Ju,u), = 0. First, to see
that (Juy, u,), = 0, we use Lemma 2.5 in [20] to construct @, € D so that

5 0 I neara
Uy (7) = {

up(z) xnearb.

Then, since T (Xg) is self-adjoint, we can use (3.1) from Lemma 3.1 to write
0 = (T (Ao)ttp, tip) — (tip, T (Ao)tip) = (Jﬂm@p)ﬁ = (Jip, Up)s,

where the final equality follows from the support of @,. Next, according to Lemma 3.4
(Jup (5 po; Xo), u5(+5 po, Ao))o = O for all j,k € {1,2,...,n}. Last, for terms of the form
(Jup, ul(-; 1o, Ao))s, We can use Lemma 2.5 in [20] to truncate u%(-; po, Ao) and proceed as
with (Ju,,u,)p. Similarly, using (3.26) we can show that (Ju, u) = 0, and consequently
from (3.27) we conclude that ||ullz, =0, and so u = 0 in L§ ((a,b), CQ”), which is what we
wanted to show (i.e., we have verified the second condition in (3.15)).

We turn now to verifying the first condition in (3.15). For this, we suppose that for some
u € Lg ((a,b),C*") we have

(TaoreN) = o), u)m, =0, Vb € Dy xo, (3.28)

and our goal is to show that this implies u = 0 in L§ ((a,b),C*"). Precisely as with the
second condition in (3.15), we can check that (3.28) implies that u € Dy, Tppn, (A u = fiou,
and also that relations (3.21) hold. Since u € Dy and relations (3.21) hold, we can conclude
that there exist constants {& (o, Ao)}7—; so that

+ Z ,u(), )\0 ZL’ s Moy /\()) (329)

for some @, € D. As in the previous case, we can conclude that (Ju,u), = 0, and by a
similar argument that (Ju,u), = 0. Since Ty (A)u = fipu, we can use (3.2) from Lemma 3.1
to see that

2i(Im io) [[ullz, = (Ju,u); =0,

confirming that v = 0 in Lg ((a,b), C*").

In summary to this point, we have shown that for each A € I, if we restrict the maximal
operator Ty;(A) to the domain D, », specified in (3.11), then we obtain an essentially self-
adjoint operator T, x,(A). Since T, () is essentially self-adjoint, we can set T(\) :=
Trone(A)*, and conclude that T (A) is self-adjoint (see, e.g. Theorem 5.20 in [42]).

The final item of Theorem 3.7 to be clear about is the domain of 7 (). For this, we first
observe that

7;()‘) - 7;07/\0(/\) = 77107>\0<)‘)* - 7z<)‘)*
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Using the relations T (X) = T,o.0,(A)* and Tar(A) = Te(A)*, we see that T(A) C Ta(A). This
leaves only the question of what, if any, additional restrictions elements in the domain of
T () must satisfy. To understand this, we recall that, by definition, the domain of 7 (\) is

D = {u € Dy : there exists v € L ((a,b),C*")
so that < MO, /\o( )d}a > - <wav>lﬁ3)\vw € Duo,)\o}-

Let u € Dy,. For all ¥ € D,., we can immediately write

(Tuoroe N0, ), = (Te(NY, w)p, = (¥, Tu(Nws, = (¥, v)8,, v =Tu(Nu.

In particular, this places no additional restrictions on u. On the other hand, for any j €
{1,2,...,n}, we have from (3.1) in Lemma 3.1

(Taono (N5, wis, — (@5, Tir(Nw)s, = (Ja@g, wh,

where we’ve recalled that ﬂ;’ is identically zero for x near a. We see that in order to have
u € D, we must have (Jﬁ?,u)b = 0, and since this is true for all j € {1,2,...,n}, we can
conclude that

lim U°(; o, Ao)* Ju(x) = 0.

x—b~
A similar argument holds with each 71[]’ replaced by uf, leading to the full characterization of
D given in the statement of Theorem 3.7. O

By essentially identical considerations, we can establish a similar theorem for 7°(). In
this case, we take () as specified in the statement of Lemma 2.7(ii), and we take U(xz; \)
to solve

JUN (x;A) = B(x; N U (25 ),  U%(a; A) = Ja(N)™.

If we denote the columns of U%(x;\) by {uf(z;A)}7_,, and their respective truncations
{ag (z; A)}i-y, then for a fixed pair (p0, Ao) € ((C\]R) x I we can define the domain

Dy, 5, = Dc+ Span {{ﬂ?(7 10, Ao) } =1, {@?(a Ho, /\0)}?:1}' (3.30)

We denote by 72 | (A) the restriction of Tas(A) to Dfy . We note that the proof of Theorem
3.8 (omitted due to its similarity to the proof of Theorem 3.7) also establishes Item (ii) in
Lemma 2.7.

Theorem 3.8. Let Assumptions (A) through (D) hold, along with (A)’". Then for each A €
I the operator T, \ (M) is essentially self-adjoint, and so in particular, T*(\) :== T2 \ () =
(T Ag(A)" s self adjomt The domain D*(X) of T*(A) is

D*N\) ={y € Das : a(Ny(a) =0, lim U’(x; o, No)* Jy(x) = 0}. (3.31)

r—b—

During the proof of Theorem 3.7, we established a useful representation for elements y €
Dy in terms of Niessen elements, and for future reference we summarize this representation
as a lemma.

22



Lemma 3.9. Let Assumptions (A) through (D) hold, and fixt any Ao € I and any po €
C\R. In addition, let {u’(x; 1o, Mo) Y=y and {v}(x; po, Xo)}i2, denote the Niessen elements
constructed in Lemma 3.5 for (2.8) wzth A=A and p = pyg. Then giwen any y € Dy, there
exist values {510, Mo)}j—1 and {d5 (1o, Mo)}j2y s0 that y can be expressed as

y(x +Z (Ko, Mo)u;(x; po, o) +Zd (110, M)V} (; 10, Mo
7=1
where
Yp = (T (Xo) = p10) " (f (55 M) — 1oy), (3.32)
Moreover,
B* (110, M)y Zdb 1105 M) B (110, M)V} (-5 0, Ao)-

A similar statement holds with b replaced by a.

4 Continuation to R

In the preceding considerations, we fixed some \g € I, along with some py € C\R and used
these values to specify the self-adjoint operators 7 (A) and T*(\) for each A\ € I. With these
operators in hand, we fix some interval [A1, A\o] C I, Ay < Ay, for which we have the exclusion
0 & 0ess(T(N)) for all A € [\, Aa]. Our next goal is to fix any A € [A;, \o] and construct a
collection {u$(z; A)}j_, of linearly independent solutions to

Ju' = B(x; Nu (4.1)

that lie left in (a, b), along with a collection {uf(z; A\)}7_, of linearly independent solutions to
(4.1) that lie right in (a, b). One difficulty we encounter is that the matrix A(z; p, A) specified
in (3.5) is not defined for p = 0, and so we cannot directly extend Niessen’s development
to this setting. Instead of extending Niessen’s development directly, we will take advantage
of our assumption that for all A € [A1, Aa], 0 ¢ 0ess(T(N)), along with a theorem from [43]
about self-adjoint operators.

As a starting point, we fix some ¢ € (a,b) and consider (4.1) on (¢, b) with boundary
conditions

Yy(c) =0, (4.2)
and
lim U°(x; 1o, o) Jy () = 0, (4.3)
T—0"
where U°(z; 119, \g) is as in Theorem 3.7 and the boundary matrix v € C"*?" satisfies
ranky =n, and yJvy* =0, (4.4)

and will be specified more precisely below as needed. Similarly as in Section 3, we can
associate this boundary value problem with a self-adjoint operator 7;7()(/\), with domain

Dzb ={y €Depm :7y(c) =0, lim Ub(m;uo, Xo)Jy(x) = 0}.

z—b—
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Here, D, denotes the domain of the maximal operator associated with (4.1) on (¢, b).
We start with a lemma.

Lemma 4.1. Let Assumptions (A) through (D) hold. For any fized A € [\, A2], suppose
ub(x; \) and v°(z; \) denote any two solutions of (4.1) (if such solutions exist) that lie right
in (c,b) and satisfy (4.3). Then (Ju(-;N),v°(+;\))p = 0.

Proof. First, using Lemma 2.5 from [20], we can construct functions @°(-; \), 9°(+; ) € Depus
so that

near r = ¢ near r = ¢

0 0
~b ;>\ _ ~b ;)\ —
@z A) u’(x;\) near x = b, T ) v?(z;\)  near x = b.

Since @’(x; \) and ©°(x; \) lie right in (c,b) and satisfy (4.3), it’s clear that @®(x; \), 9°(z; )
are contained in Dzb. Using self-adjointness of 72,)()\), along with Green’s identity, we can

write
0= (T2,(N)T (5 A), 0% A))my — (@°(5 A), T, (AT (55 A))s,

G,

= (JA' (1 A), 0°(5A))e = (JA' (3 A), (5 A) o
Since @°(x; \), 0°(x; \) are identical to u®(z; \), v°(z; \) for x near b, this gives the claim. [

Lemma 4.2. Let Assumptions (A) through (D) hold. Then for any fized X € [Ai, Xo], the
space of solutions of (4.1) (if such solutions exist) that lie right in (¢, b) and satisfy (4.3) has
dimension at most n. In the event that the dimension of this space is n, we let {u (z; M) Yoy
denote a choice of basis. Then for each x € (c,b) the vectors {u}(x; \)}}_, comprise the basis
for a Lagrangian subspace of C*".

Proof. Let d denote the dimension of the space of solutions of (4.1) that lie right in (¢, b)
and satisfy (4.3), and suppose d > n. Let {u}(x;\)}_, denote a basis for this space, and
notice that for any j, k € {1,2,...,d} (and with " denoting differentiation with respect to

x),
(u (3: AV Jup (w3 A) = ub (25 A)* Jug (25 A) + ul (@A) Ju (23 A)
(Juj (23 M) u (25 \) + uj(x; N)* Jub! (x5 \)
—(B(a; A)uj (s X)) ug (w3 A) + (w3 A) B Nug (w3 A)
—ul(z; A)*B(a; A)ug (3 ) + ul (23 A) Bz Nuj, (23 A) = 0.
(z; A)

b

J
We see that ub(z; X)* Juj
4.1, we have

x; \) is constant for all z € (¢,b). In addition, according to Lemma

lim }(z; \)* Jug(z; \) = 0.
T—b~
We conclude that u}(z; A)*Jug (3 A) = 0 for all z € (¢, b).

We see 1mmed1ately that the first n elements {u (z; A\)}j=, (or any other n elements
taken from {uf(z;X)}9_,) form the basis for a Lagrangian subspace of C*" for all z € (c,b).
If d > n, we get a contradiction to the maximality of Lagrangian subspaces, and so we can
conclude that d = n (recalling that this is under the assumption that d > n). This, of course,
leaves open the possibility that the dimension of the space of solutions of (4.1) that lie right
in (c,b) and satisfy (4.3) is less than n. O

24



Lemma 4.3. Let Assumptions (A) through (D) hold. Then for any fized X € [A1, A2}, there
exists a matriz vy € C™2" satisfying (4.4) so that 0 is not an eigenvalue of Toh(N).

Proof. First, we recall that 0 is an eigenvalue of 7:},()\) if and only if there exists a solution
y(+; A) € ACiee([e, b), C2n) N L]QBA((Ca b), CQn)

to (4.1) so that (4.2) and (4.3) are both satisfied. Also, according to Lemma 4.2, the space
of solutions of (4.1) that lie right in (¢, b) and satisfy (4.3) has dimension at most n. We
begin by assuming that this space of solutions has dimension n, and we denote a basis for
the space by {u}(z;\)}}_,

We let ®(x;\) denote a fundamental matrix for (4.1), initialized by ®(¢;\) = Iy,. If
U(x; \) denotes the matrix comprising {u(z;A)}_; as its columns, then there exists a

2n x n matrix Rb(\) = (gz(()\))) so that

U(x; ) = ®(a; AR (N),

for all z € [c,b) (i.e., R*(\) = U’(c; \)). We know from Lemma 4.2 that U®(c; \) is a frame
for a Lagrangian subspace of C**, and it follows immediately that the same is true for R®(\).
By taking a derivative in z, we can readily check that ®(z; \)*J®(z; \) is constant in z, and
evaluation at x = ¢ yields the useful identity

O(z; N\ JO(2;\) = J. (4.5)
Using this relation, we can compute
Ub(a; \)*JU (5 \) = RV @ (23 A)* J@(2; MR (A) = RP(A)*JR(N).

The value y# = 0 will be an eigenvalue of 7 () if and only if there exists a vector v € C"
so that y(z; \) = ®(z; \)RP(\)v satisfies

Yy(e; A) =0

which we can express (since ®(c;\) = Io,) as YR?(A\)v = 0. This relation will hold for a
vector v # 0 if and only if the Lagrangian spaces with frames Jv* and R’()\) intersect. We
choose v = R?()\)*, noting that in this case

vJy* = RYA)*JRP(N) =0

)
(i.e., this is a valid choice for v, satisfying (4.4)) but yR’(\) = RY(\)*R’()\) is certainly
non—smgular s0 0 is not an eigenvalue of 7, (A).

In the event that the space of solutions of (4.1) that lie right in (c, b) and satisfy (4.3) has
dimension less than n, the matrix R?(\) (as constructed just above) will have fewer than n
columns, but we can add columns (which don’t correspond with solutions of (4.1) that lie
right in (¢, b) and satisfy (4.3)) to create the basis for a Lagrangian subspace of C*". We can
then proceed precisely as before, and we conclude that the Lagrangian subspace with frame
Jv* does not intersect the Lagrangian subspace with frame R?()\), certainly including the
elements that correspond with solutions of (4.1) that lie right in (¢, ) and satisfy (4.3). O
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Lemma 4.4. Let Assumptions (A) through (D) hold, and suppose that for each A € [A1, \a],
we have the exclusion 0 & oess(T(N)). Then for each A € (A1, 2], the space of solutions of
(4.1) that lie right in (c,b) and satisfy (4.3) has dimension n. If we let {ul(x; \)}}_, denote
a basis for this space, then for each x € (c,b), the vectors {ul(x; \)}'_, comprise a ba,szs for
a Lagrangian subspace of C*".

Proof. We fix any A € [\1, \o], and observe from Lemma 4.3 that we can select v € C"**"
satisfying (4.4) so that 0 is not an eigenvalue of the self-adjoint operator 7, (}). In addition,
we know from Theorem 11.5 in [43], appropriately adapted to our setting, that Tess (T2 (A)) C
ess(T(N)), 80 we can conclude (using our assumption 0 € oes(7T(A))) that, in fact, 0 €
p(T.h,(A)). This last inclusion allows us to apply Theorem 7.1 in [43], which asserts (among
other things) that the space of solutions of (4.1) that lie right in (¢, b) and satisfy (4.3) has
the same dimension for each y € p(7.,(A)). We know by construction that for yo and A = Ao
as in the specification of D this dimension is precisely n, and so we can conclude that it must
be n for p = 0 as well (still with A = XAg). We can now conclude from Lemma 4.2 that this
space must be a Lagrangian subspace of C?" for each = € (c,b). This gives the claim for the
specific choice A = A.

For A € [A, Aa]\ Ao, we have from Assumption (C) that there exist n + 7, solutions
{ul(; o, \)Y;21" to Ju' — B(x; N)u = poBx(2; M)u that lie right in (c,b). Such functions are
solutions to the eigenvalue problem 7., ar(A)u = pou (noting that the equation is regular at
x=1¢,8 u € Deppr = dom(Tepar(N))). According to Lemma 3.9, for each j € {1,2,...,n+
rp}, we can write

b

u?(x;,uo, = uy, (@ +Z (110, A\, Xo)u (3 o, Xo) —|—Zd (110, X, Mo)vb (5 1o, No),  (4.6)

k=1

for some constants {c, (10, A, Ao) }o—; and {d(po, A\, o) }1y, and where u,, ; € D], (Here, we
recall that under Assumption (C) r, does not depend on \.) We would like to show that by
taking appropriate linear combinations of the functions {ué’ (x5 po, A) ?i{ . we can construct
n linearly independent solutions of Ju' — B(x; \)u = poB(z; A)u that lie right in (¢, b) and
satisfy (4.3).

First, suppose we're in the limit point case so that r, = 0. Then
ul(w; pio; N) = up (@ +Z (10, Ay Xo)upy (25 110, o),

and since the elements u, ; and {u}(z; uo, \o) }7_; all lie right in (c,b) and satisfy (4.3), we
see immediately that the elements {u}(x; 103 A)}—, must also have these properties.

For the general case with r, € {1,2,...,n}, we will show that by taking appropriate
linear combinations of the elements {u(z; uo, )\)}?ifb we can construct at least n linearly
independent solutions of Ju' — B(z; \)u = poBa(z; A)u that lie right in (¢, b) and satisfy

(4.3). Using (4.6), we see that linear combinations of the elements {ul(; 1o, ) }7]" can be
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expressed as

n-+nry n-+nry n-+nry n
Z ejul;(ﬂﬁ; [o, A) = Z ejup,; () + €j (Ko, A, Xo)up, (3 10, Ao)
j=1 j=1 j=1 k=1
n+ry Th )
+ Z €j Z%(Mm A, AO)UII:;(x; 105 Ao)
j=1 k=1
for some constants {e; ?if” We want to find all collections of such sets for which the

sum involving {vl(z; po, Ao) };2; is eliminated. Recalling again that the elements wu,; and
{ub (x; po, Ao) 7, all lie right in (c, b) and satisfy (4.3), our goal is to show that the coefficients
{ei}; "1 can be chosen so that the Niessen elements {v?(z; 1o, o) } 2, are eliminated entirely
from thls sum for at least n choices of the coefficients. In order to effect this elimination, we
need to choose the coefficients {e;}"21* so that for each k € {1,2,...,r,} we have

n—+nry

Z 6jd£(/$07 )\, )\0) = 0
j=1

n+b

IL.e., we have 7, equations for the n + r, unknowns {ej For purposes of notation, it will

be convenient to let D denote the r, X (n + 1) matmx D (] )ij’”t”’ and likewise to let e
denote the column vector of length n + r, with entries {e;}71]*. Then we can express the
system we need to solve as De = 0. Here, since D only has r, rows, rank D < r;,, so that
nullity D > n, from which we conclude that we can find at least n suitable choices of the
coefficients.

At this point, we’ve shown that there exist at least n linearly independent functions
{ub(x; \)}7_, that solve

Ju' — B(x; Nu = poB(z; Nu

and additionally lie right in (c,b) and satisfy (4.3). (The collection {uf(z; X\)}7_; comprises
linear combinations of the elements {u}(z;uo, )}’ "t just above, and our conventlon of
suppressing dependence on g in the former is intended merely to draw a distinction between
the two collections without introducing additional cumbersome notation.) As described at
the outset of the proof, since 0 € p(7.},())), we can conclude that there must be at least n
linearly independent solutions {u5(z; A\)}}_, of (4.1) that lie right in (c,b) and satisfy (4.3).
Last, according to Lemma 4.2, for each z € (c,b) these elements comprise a basis for a
Lagrangian subspace of C?". O]

We next develop a Green’s function for the inhomogeneous system
Jy' —B(x; Ny = B(2; M) f, (4.7)
The construction follows a standard argument, and is included in the appendix.

Lemma 4.5. Let Assumptions (A) through (D) hold, and fix any A € [Ai, Xa] for which
0 & 0es(T(N). Using Lemma 4.3, take v satisfying (4.4) so that 0 ¢ o,(7.,(\)) (and so
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consequently 0 € p(T_,(X))). Then for any f € Lg ((c,b),C*") the inhomogeneous problem
(4.7) can be solved for y € le via the Green’s function formulation

b
y(a; ) = / G (1, € N Ba (6 N) F(€)de.
where

G e — (2 0) (0 RY(N) M) (7 0*)* BEN) c<E<z<b
“ o)) (J7 )M (0 RY(N)) ®(&N)  e<z<E<b,
and ®(z; ) denotes a fundamental matriz for (4.1) satisfying
JO =Bz )P, B(c;\) = Loy,
Here, RY()\) is the frame for a Lagrangian subspace of C2, and
M(\) = EQA)HI(EMN) T EO) = (J7F R(V).

We next use our Green’s function formulation from Lemma 4.5 to obtain useful pointwise
estimates on elements (7., (A)7'E(5 A\, M) f) (). For this discussion, it will be convenient
to set

RS()‘> = 7;71)()‘*)718('; )‘7 )‘*)7 (48>

and we note the inequalities
IR (NI < IT )T IFIEC A A, (4.9)
where in all cases || - || denotes operator norm, with the operator viewed as a map from

L3, ((¢,b),C*") to itself.

Lemma 4.6. Let Assumptions (A) through (D) hold, and fiz any A« € [\, A2] for which
0 & 0ess(T(N)). Using Lemma 4.3, take v, depending on \., satisfying (4.4) so that 0 ¢
op(T(As)) (and so consequently 0 € p(T,(A))). Finally, for some interval T C [Ay, Ao, let
E(z; N\, \,) denote any measurable map from [c,b) x T to C**** (in particular, not necessarily
the map specified in Assumption (E)) so that for all X € T E(:; X\, \,) is bounded as a map
from L%)\((C, b), C*") to itself. Then for any fized x € [c,b) there exists a value C(z;\,) so
that for any f € L ((c,b), C*™) we have

[(Re(A)f)(2)] < Cz; AEC A A ey

for all X\ € Z. Moreover, for any b’ € (c,b) there exists a value Cy () so that C(x; ) <
Cy () for all x € [c,V].

Proof. By construction of G/,(z,{; ), along with the definition of Rg(A), for any f €
Lg, ((¢,0),C*),

(Re(N)f)(x) = / G (0,6 A VB (6 M )E(E A A F(E)dE.
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Using Lemma 4.5, we obtain the inequality
[(Re(A)f)()]

S‘fb(fc;)\*) (0 Rb(A*))M(A*)/I (7 0)*®(€;A*)*EA(€;A*)c‘?(ﬁ;)\,)\*)f(f)df‘
¢ (4.10)
o) (7 MO [0 RAA) 86N BAGAIEE AN S (€]

= [1 -+ IQ.

Beginning with Iy, since ®(z; \,) is absolutely continuous on [c, ¢/] for any ¢ < ¥’ < b, the
value

Cia A.) = [@(2:0.) (0 RY(A)) M(A)|

is fixed and finite. The integral in /1 can be associated with a collection of Lg ((c,b),C*")
inner products (i.e., one for each row of the matrix (Jy* 0)*®(&; A\,)*), allowing us to write

I < Cr(@; M) G2 A NEC A A fllsy < Cr; Aol A EC A AN ey

where Cy(z;),) is the Euclidean length of the vector in R™ whose i*" component is the

L, ((¢,b),C*") norm of the i*" column of ®(x; A,)(Jy* 0). We emphasize that ®(-; \,)(Jy* 0)
is not generally in Lg ((c,b),C****"), but since = € [c,b) is fixed, Ca(x; \,) is finite by the
local absolute continuity of ®(z;\,). Also, we see that Cy(x; As) is uniformly bounded for
all x € [c,b'].

Likewise, for I3 in (4.10), we can write

I < Oy (2 M) Ca (@ A IEC M A8y

where in this case

Ci(z; A) = [@(z; ) (J7* 0) M(A)),

and Cy(z;),) is the Buclidean length of the vector in R™ whose i component is the
L3, ((¢,b),C*") norm of the i*" column of ®(z;A.)(0 R’()A.)). In this case, it’s important
that the columns of ®(x; A\.)(0 RY(A,)) lie in L ((c,b), C****"). Combining these estimates
on [; and Iy, we arrive that the claimed estimate

[(Re(A)f) ()] < Clz; AEC A A f 8,

where

C(x;\,) = CL(z; M) Cao(s M) + Cr (M) Cas Ny,
with C'(z; A,) uniformly bounded for all x € [¢, b']. O

For the final two lemmas of this section we will add Assumption (E) to our list of
hypotheses.

Lemma 4.7. Let Assumptions (A) through (E) hold, and suppose that for some fixed A, €
[A1, A2] there is an open interval I, containing A, so that for each A € I, N [A1, A2, we have
0 ¢ ess(T(N)). Let {ul(x; \.) Y, denote a basis for the n-dimensional space of solutions of
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(4.1) (with A = \.) that lie right in (c,b) and satisfy (4.3) (guaranteed to exist by Lemma
44). Then there exists a constant v > 0, depending on both \. and T_,(\.) (including the

choice of v) so that the elements {u}(x; \,)}}_, can be extended in X to the interval Iy, , (as

specified in Assumption (E)). The extensions {ul(x; \)}]_, comprise a basis for the space of
solutions of (2.8) that lie right in (a,b) and satisfy (4.3), and moreover they are continuously
differentiable on Iy, ., and for every A € I, , satisfy the relations

J(@,\ug’-)’(x; A) = By (z; )\)ug’-(x; A) + B(z; A)@,\u?(x; A), (4.11)
for a.e. x € (a,b), and

lim wl(z; \)*Jozub (3 M) =0, Vi ke{l,2,....n} (4.12)

z—b— J

Proof. We begin by observing that the starting element ug’(z, As) solves

J(ub) = B(z; )x*)ug’

J

Our goal is to construct u}(z; ) so that

J(ul) = B(x; A\u, (4.13)

J

for X near \,. For this, we express the latter equation as

J(u3) = B(x; A )uj = (B(w; A) — Bla; A))uj.

J

Our strategy will be to look for solutions of this equation of the form
u(; N) = ub (@ M) + FP (25 A\, (4.14)
where F} (A, \.) € D, satisfies

J(F}) = B(w; M) Fy = (B(x; A) — B(z; A\))ul (w3 A),

J

or equivalently

where £(z; A\, A\.) is described in Assumption (E).
If a solution of (4.15) exists with F}(x; A, A,) contained in D], then we have the relation

where since 0 € p(7.},(\.)), we have that 7, (A.)~" is a bounded linear operator mapping
L, ((¢,b),C*") into D}, so that in particular F}(-; A, \,) satisfies (4.3). In this way, we
arrive at the integral equation

ul(A) = w5 ) + Re(Aul(55 ).

J J

Rearranging, we can express this equation as

(I = Re())ub(A) = ub( \). (4.16)

J
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According to Assumption (E) we can choose r > 0 sufficiently small so that
1T HIEC A A < 1, (4.17)

for all A € I, ,. Accordingly (using (4.9)), [[Re(A)|| < 1forall A € I, ,, and by the standard
theory of Neumann series (for example, the discussion of Example 4.9 on p. 32 of [22]), we
can solve (4.16) with

Wi A) = (I = Re(N) b5\ € Lg, ((a,b),C*), (4.18)
for all A € I, ,.

We've already noted that F ;’(:B; As, A) is contained in Dzb, and so in particular lies right
in (c,b) and satisfies (4.3). In addition, u5(-; \.) lies right in (c,b) and satisfies (4.3), so
we can conclude that u’(z;\) is a solution of (4.13) that lies right in (c,b) and satisfies
(4.3). Proceeding similarly for each 7 € {1,2,...,n}, we obtain a collection of extensions
{u?($a A) i1

In addition, by virtue of (4.16) and (4.18), we see that {u}(z; A)}/_, inherits linear inde-
pendence from the set {u?(z; A.)}7_,. We conclude from Lemma 4.2 that the set {uf(z; X\)}7_,
comprises a basis for the space of solutions of (4.1) that lie right in (¢, b) and satisfy (4.3),
and additionally that for each = € (c,b) the vectors {u}(x; \)}7_; comprise the basis of a
Lagrangian subspace of C?".

Turning now to the dependence of our extensions {u5(-; A)}7_; on A, we observe that by
standard Neumann expansion, we can express (4.18) as

W A) =Y Re(W ul(5 A, (4.19)

and conclude that for each A € Iy, , this series converges absolutely in L§ ((c,b),C*"). In
order to conclude something about the dependence of ug’(,/\) on A\, we will proceed by
showing that the series of term-by-term A-derivatives of (4.19) converges absolutely for all
A € Iy, ,. As a starting point, we need to verify that the individual summands are in fact
differentiable in A, and we will do this iteratively, verifying that if some

f(5A) € ACioe([e, b), C*") N LG ((c, b),C*™),
is differentiable as a map A — Lg ((c,b),C*"), then so is
F(50) =Re(Nf(55 M) (4.20)

To this end, we write

%(F(-;)\+ h) — F(-;)\)) = %('Rg()\ + h)f(.; A+ h) _ Rg()\)f(-;)\))
= 5 (ReOv 1) = Re()) F5 A+ ) = 2 Re(N) (F(52) = (32 + 1),
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from which we see that F'(-; \) inherits the differentiability in A of f(-; ) (by virtue of the
assumed differentiability of £(-; A, Ay) in A). In addition, we can use the inequality

12 (FCA+R) = FGAD s, < 173007 M ECA+ B4 = EGAADIFC A+ Bls,

_ 1
H T THHE A, A A+ R) = FC ) [y
to obtain the relation

IEACs Mz < I THHEG A AT G5 M) s, + ||7Z,Yb(A*)_1HH5(-;A,A*)HHfA(-;/\)(Hm-)
4.21
To see that

y %), 4.22
Z R HEPW (4.22)
k=0
converges absolutely, we begin by using (4.21) to observe that (for k = 1)
H—Rs( Jui (s A ey < T2 () THHIENCs A A e (5 A [, (4.23)
where the contribution associated with fy(-; A) doesn’t appear because ub( A.) doesn’t de-

pend on A. Next, using (4.21) again, this time with f(;\) = Re(Mu ( ; A) we combine
(4.9) (with £ = 1) and (4.23) to obtain the estimate

II—Re( )i (5 )

[ < 20T ) THIPIEC A ADMIENCs A A5 (5 A0) e,

Continuing this way, we obtain the inequality

H—Rs( V(i Az < EIT ) THIFIEC A A IFHIEC A, Al (5 A ey

from which the absolute convergence of (4.22), uniform for A in compact subsets of I, ., is
immediate from the ratio test. We can conclude that \ — u?(, A) is differentiable as a map
taking A € I, , to Lg, ((c,b),C*").

Next, we check that for each fixed = € [¢,b), the map A — u?(x, \) taking Iy, . to C*" is
differentiable in A. For this, we need to understand the convergence of the series

i (RS(A)'“ uj (- ,A*))(rv), (4.24)

k=0

in C?", and also the associated series of derivatives

> I (ReW a0 () (w.25)

k=0
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First, we check that (4.24) is absolutely convergent for all A € I, _,. To this end, we write

(for k> 1)
[(Reus50)) ()] = | (Re) (W”wmaﬁmﬂ
(@A NEC A A RN E V(A e, (4.26)
A (

(@ ADNEC A AR NI 1)HU( Iy

where in obtaining the first inequality we have used Lemma 4.6. Recalling that ||Rgs(\)|| < 1
for X\ € I, ,, we see that

i_oj) (R b 20)) ()] < s )]+ i (ReW i 0)) (@)

< [ (s )| + s M) EC A A (- n%§]mg|wl (4.27)

IAIA

C
C

1

— oD . .
= I M)+ € MG A A Al T

verifying that (4.24) is absolutely convergent for all A € I_,.
Turning to (4.25), we first need to verify that each summand in (4.24) is indeed differen-
tiable in A. For this, it suffices to show that if

f('; >‘)7 f)x('; /\) S ACloC([C7 b>’ CZ”) n LIQBS/\((C’ b)? C2n)7 (428)

then F(-;A) from (4.20) and Fy(-;\) are also contained in this intersection. The required
differentiability then follows upon iteration of

(Re(N) u5(: M) (@) =/ Gy (3 A A)BA(E M)E(E A A (Re (W)l (5 M) (€)dE,

starting with f(z;A) = u}(x;\.). To see that F(-;A) € ACy.([c,b), C*") N L§, ((c,b), C*),
we recall that since 0 € p(7,(\+)), Re(X) maps Lg, ((c,b), C**) into D], and moreover that
all elements of D, lie in this intersection. Turning to F \(z; A), the inclusions (4.28) allow us
to use the Lebesgue Dominated Convergence Theorem to differentiate through the integral
to write

b
FaiN) = [ e, MBAEA) (B AAFEN) + EEAMAEN)dE. (129

[

From Lemma 4.5, we see that we only need to verify the inclusions
f,}\(-; A, A*)f(’ /\)7 5(7 A, /\*)fk(v )‘) S LI2BA(<07 b)? CQn)ﬁ

each of which is immediate from our Assumption (E), which asserts that £(-; A\, \.) and
Ex(:; A, A.) are both bounded linear operators mapping Lg_ ((c, b), C*") to itself. We conclude
that each summand in (4.24) is differentiable in A for all A € I, ,.
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In order to complete this part of the proof, we need to verify that (4.25) converges
absolutely for all A € I, ,. To this end, we observe from (4.29) and Lemma 4.6 the estimate

[Ex (s )| < Ol MIENC A AL G M ey + Clas AIEC A AN A Mgy (4.30)

where C'(z; \,) is as in Lemma 4.6. For k = 1, this allows us to write

0

o (ReMu () (@)] < Clas AIEC A A (5 M) sy (4.31)
where the contribution associated with fi(-; A) doesn’t appear because u}(-; \,) doesn’t de-
pend on A. Next, using (4.30) again, this time with f(z; A) = (Re(M\)ul(-; X)) () we combine
(4.9) (with £ = 1) and (4.23) to obtain the estimate

%(Rs@f (5 A (@)] < 2C (@ AT THIIEC A AMIEC A A HTG (3 M) e,

Continuing in this way, we obtain, for each k& € N, the inequality

0
o (ReW) (5 2)) ()]

< KC(@ A TL ) THFHIEC A A FHIEC A A5 (5 M) s

(4.32)

from which the absolute convergence of (4.25), uniform for A in compact subsets of I, ,, is
immediate from the ratio test, along with the inequality (4.17). We can conclude that for
each fixed z € [¢,b), the map A — ul(z; \) taking I, , to C*" is continuously differentiable
in A.

For the final statements in the lemma, addressing differentiability in A\, we first observe
that by using (4.19) along with the estimates (4.27) we can conclude that that given any
Av € [A1, Ao] and any compact set [c,d] C (a,b), there exists a value 7, > 0 and a constant
Ky, depending only on ¢, d, A\, and 7, so that

|U3(IE,)\)’ < K07 V(ZL’,)\) S [07 d] X I)\*,T‘*'

Likewise, if we combine (4.25), established above as a uniformly converging expression of
Iaub(x; A), with the estimates (4.32), along with the relation

1T ) HEC A A < 1,

we see that given any A, € [A1, Ao] and any compact set [c,d] C (a,b), there exists a value
r, > 0 and a constant K, depending only on ¢, d, \,, and r, so that

|8)\U?(ZE,)\)| S Klv \V/(ZE, )‘) € [Cv d] X I)\*,T‘*‘

At this point, we proceed by integrating .J(u})" = B(z; \)u} on (z, ¢) to obtain the integral

relation .

Jul(z; A) = JuS (e A) — [ B(& N)ub(& N)dé. (4.33)

T
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In order to establish the claimed derivative relation, we need to justify differentiating in A
through the integral, and for this we use our assumption that there exist by, by € LL .((a,b),R),
independent of A, so that

IB(z; )| < bo(z), VA€ I, ae.x € (a,b), |Br(x;N)|<bi(x),VAeI, aez€ (a,b).

With these assumptions, along with the pointwise estimates obtained above, we can justify
differentiating (4.33) in A and z to get

J(Oaul)" = Bx(w; Nl + B(x; A)Oaus.

Last, we need to verify the limit (4.12). For this, we work again with (4.25), using the
estimates (4.32). Recalling that, by assumption,

lim [[E(:; A, A =0,

A= s
we see that the only non-zero summand in (4.25) is the one with £ = 1. ILe.,

Dl (a: 1) = ~-(Re(An (5 A)().

Here,
(Re(A)u! / G (0 € A )Ba (6 A)E(E: X Al (6 M),

and we would like to differentiate in A through the integral sign. For this we need to uniformly
dominate the integrand

Gy (36 A )BA(E A)EN(E A, A)uf (6 M),
and this is precisely what we assume is possible in Assumption (E)(iv).
We can now write

O (s M) = T () THE A Al (5 A)) ().

C7
Finally, 7.}, (A«) ™" maps into D],, and elements in D], satisfy the limit we need. ]

Lemma 4.8. Let Assumptions (A) through (E) hold, and suppose that for all X € [A1, Aa],
0 ¢ 0ess(T(N)). In addition, for each A € [A1, A2, let y(x; X) denote the Lagrangian subspace
associated with the basis {ub(x; \)}'_, constructed in Lemma 4.4. Then €y : (¢,b) X [A1, Ag] —
A(n) is continuous. Moreover, we can choose the bases {ul(x; \)}!_, so that for each j €
{1,2,...,n}, the function ul(x; \) is piecewise continuously dzﬁerentmble in A on [A1, A

Proof. First, for each ﬁxed A« € [A1, A2], we can use Lemma 4.7 to obtain a differentiable-
in-\ family of bases {u “(w; M)}y, for all A € Iy, ., where 7, > 0 is a constant depending
on A, (and Ty(\.), includlng the boundary matrix 7). By Lemma 4.2, these elements
must comprise a basis for the same Lagrangian subspaces £,(z; A) as the bases {uf(z; \)}7_,
constructed in Lemma 4.4. This process creates an open cover of [A1, Ao, created by the
union of all of these intervals. Next, we use compactness of the interval [\i, As] to extract
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. . . . . . N . . . ] ] N
a finite subcover, comprising intervals {I,; ;};2; for point-radius pairs {(A,r])};Z;, where

*7 0ok

for notational convenience, we can select the values {\ }jvzl so that
M= A <A< < XV i= ),

and where the values 77 > 0 are constants respectively associated with the values M in our
construction of the family of intervals.

Starting at A, we can take {uf(z;\)}7

7_1 to be a basis for the Lagrangian subspace

. : bAL . .
Gy(x;A}). As X increases from A, the extensions {w;"(z;A)}7_; in I1,1 comprise bases

for the Lagrangian subspaces (;(x; A). By construction, the set Iy1,1 N Iy2,2 must be non-
empty. We take any A2 in this intersection, and we note that at this value of \ the

; DAL y12\1n : .
extensions {u;""(x; \,%)}j_; in Iy ,1 serve as a basis for the same Lagrangian subspace as

2
the extensions {ug’»’k* (z; A0)}7_) in Iy2 2. This allows us to continuously switch from the
1 2
frame {u?)‘ (z; A0?)})-, to the frame {u?)‘(a:, A

We now allow A to increase from A2, and take the elements {u?/\i (z;A)}j=, as our
choice of bases for the Lagrangian subspaces /;(z; A). By construction, the set Iy2 2 N Iys 3
must be non-empty, and we take any A2 in this intersection, noting that at this value of A

n

. . bA2 . . .
the analytic extensions {u;"*(w; A23) 7.1 1n Iyz,2 serve as a basis for the same Lagrangian

: bAZ 2,3\17n
subspace as the extensions {u;" (7; \°)}7_,
Oy (c,b) X [A1, A2] = A(n) is continuous.

Summarising our notation, the interval [A1, Ao] has been partitioned into values

in Is,3. Continuing in this way, we see that

A= )\271 < )\1,2 < /\3,3 << )\*N—l,N < /\iV,N-H = g,

and we use the frame {us)‘k(:c, A)}Yi_, on the interval [Af=1F AP for all k =1,2,..., N.

It’s clear from the construction in Lemma 4.7 that for each j € {1,2,...,n}, u?”\f (x;\) is
continuously differentiable in A on (A\F=1k \EA+L) "go the frame obtained by patching these
bases together at the points {)\fkﬂ}fvjfgr ! is piecewise continuously differentiable. ]

With appropriate modifications, Lemmas 4.1-4.8 can be stated with {u?(x, A)}j=y re-
placed by {uj(z; A\)}7_,. In addition, under the assumption (A)’, the analysis of 7(-) in this
section can be carried out for 7(-), and in particular, Lemmas 4.4 through 4.8 hold with
T (X\) replaced by T*(\).

5 The Maslov Index

Our framework for computing the Maslov index is adapted from Section 2 of [18], and we
briefly sketch the main ideas here. Given any pair of Lagrangian subspaces ¢; and ¢y with

respective frames X; = ()f,ll) and Xy = (i(,;), we consider the matrix

W= —(X, +iY1)(Xy — Y1) H Xy — iY5)( Xy 4 1Y5) 7L (5.1)

In [18], the authors establish: (1) the inverses appearing in (5.1) exist; (2) W is independent
of the specific frames X; and X, (as long as these are indeed frames for ¢, and ¢5); (3) W
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is unitary; and (4) the identity
dim(¢; N €y) = dim(ker(W + I)). (5.2)

Given two continuous paths of Lagrangian subspaces ¢; : [0,1] — A(n), i = 1,2, with
respective frames X; : [0, 1] — C***" relation (5.2) allows us to compute the Maslov index
Mas(¢y, (2;[0,1]) as a spectral flow through —1 for the path of matrices

W (t) = = (X0 (1) + Y1 (1)) (X (8) — Vi (8) 7 (Xa(t) — iYa(D)(Xa(1) + iYa(8) . (5.3)

In [18], the authors provide a rigorous definition of the Maslov index based on the spectral
flow developed in [33]. Here, rather, we give only an intuitive discussion. As a starting point,
if —1 € o(W(t,)) for some t, € [0, 1], then we refer to t, as a crossing point, and its multiplic-
ity is taken to be dim(¢;(t.) N2 (t.)), which by virtue of (5.2) is equivalent to the multiplicity
of —1 as an eigenvalue of W (t,). We compute the Maslov index Mas(f1, £5; [0, 1]) by allowing
t to increase from 0 to 1 and incrementing the index whenever an eigenvalue crosses —1 in
the counterclockwise direction, while decrementing the index whenever an eigenvalue crosses
—1 in the clockwise direction. These increments/decrements are counted with multiplicity,
so for example, if a pair of eigenvalues crosses —1 together in the counterclockwise direction,
then a net amount of +2 is added to the index. Regarding behavior at the endpoints, if an
cigenvalue of W rotates away from —1 in the clockwise direction as t increases from 0, then
the Maslov index decrements (according to multiplicity), while if an eigenvalue of W rotates
away from —1 in the counterclockwise direction as t increases from 0, then the Maslov index
does not change. Likewise, if an eigenvalue of W rotates into —1 in the counterclockwise
direction as t increases to 1, then the Maslov index increments (according to multiplicity),
while if an eigenvalue of W rotates into —1 in the clockwise direction as ¢ increases to 1, then
the Maslov index does not change. Finally, it’s possible that an eigenvalue of W will arrive
at —1 for t = t, and remain at —1 as ¢ traverses an interval. In these cases, the Maslov index
only increments/decrements upon arrival or departure, and the increments/decrements are
determined as for the endpoints (departures determined as with ¢ = 0, arrivals determined
as with ¢t = 1).

One of the most important features of the Maslov index is homotopy invariance, for which
we need to consider continuously varying families of Lagrangian paths. To set some notation,
we denote by P(Z) the collection of all paths L£(t) = (¢1(t), l2(t)), where {1, 05 : T — A(n) are
continuous paths in the Lagrangian—-Grassmannian. We say that two paths £, M € P(Z)
are homotopic in A(n) provided there exists a family H, so that Hy = £, H; = M, and
Hs(t) is continuous as a map from (¢,s) € Z x [0, 1] into A(n) x A(n).

The Maslov index has the following properties.

(P1) (Path Additivity) If £ € P(Z) and a,b,c € Z, with a < b < ¢, then

Mas(L; [a, c]) = Mas(L; [a, b]) + Mas(L; [b, c]).

(P2) (Homotopy Invariance) If Z = [a,b] and £, M € P(Z) are homotopic in A(n) with
L(a) = M(a) and L(b) = M(b) (i.e., if £, M are homotopic with fixed endpoints) then

Mas(L; [a, b]) = Mas(M; [a, b]).
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Straightforward proofs of these properties appear in [17] for Lagrangian subspaces of R*",
and proofs in the current setting of Lagrangian subspaces of C?" are essentially identical.

As noted previously, the direction we associate with a crossing point is determined by the
direction in which eigenvalues of W rotate through —1 (counterclockwise is positive, while
clockwise is negative). In order to analyze this direction in specific cases, we will make use
of the following lemma from [18].

Lemma 5.1. Suppose (1,05 : T — A(n) denote paths of Lagrangian subspaces of C*" with
respective frames Xy = ();11) and Xy = ();22) that are differentiable at ty € Z. If the matrices

— X (to)"JX (o) = X1(to) Y] (to) — Ya(to)" X} (to)
and (noting the sign change)
X (to)* JX(to) = —(Xa(to) Yy (to) — Ya(to) X5(to))

are both non-negative, and at least one is positive definite, then the eigenvalues of W(t)
rotate in the counterclockwise direction as t increases through ty. Likewise, if both of these
matrices are non-positive, and at least one is negative definite, then the eigenvalues of W(t)
rotate in the clockwise direction as t increases through tg.

6 Proofs of the Main Theorems

In this section, we use our Maslov index framework to prove Theorems 2.12 and 2.14.

6.1 Proof of Theorem 2.12

Fix any pair A;, Ay € I, A} < Ay so that for all A € [A1, \y], we have the exclusion 0 ¢
Tess(T*(N)), and let £, (x; ) denote the map of Lagrangian subspaces associated with the
frames X, (z; A) specified in (2.12). Keeping in mind that A\, is fixed, let £,(z; A2) denote
the map of Lagrangian subspaces associated with the frames X;(x; \y) specified in (2.13).
We emphasize that since A\, is fixed we don’t yet require Lemma 4.8 to extend the frame
Xyp(x; Ay) to additional values A € [Aj, A\y]. We will establish Theorem 2.12 by considering
the Maslov index for ¢, (x; \) and £,(z; A2) along a path designated as the Maslov box in the
next paragraph. As described in Section 5, this Maslov index is computed as a spectral flow
for the matrix

W (w; A) = =(Xa(;A) + iYa (25 M) (Xa(w; A) — Vo (23 0) 7

¢ ({2 Aa) — 1% (3 7)) (i Ag) + %5 Aa)) (6-1)

By Maslov Box in this case we mean the following sequence of contours, specified for
some value ¢ € (a,b) to be chosen sufficiently close to b during the analysis (sufficiently large
if b = +00): (1) fix x = a and let A increase from \; to Ay (the bottom shelf); (2) fix A = Ay
and let z increase from a to ¢ (the right shelf); (3) fix x = ¢ and let A decrease from Ay to A\
(the top shelf); and (4) fix A = Ay and let & decrease from ¢ to a (the left shelf). (See Figure
6.1.)
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—Mas(€a(c; ), b(c; A2); [M, A2])

= ~ T €
< :
s s
< 2
= =
1 3
= Mas (€ (a; ), by(a; A2); [A1, A2]) =

! + a

A A1 A2

Figure 6.1: The Maslov Box.

Right shelf. We begin our analysis with the right shelf, for which X, and X, are both
evaluated at Ay. By construction, £, (z;A2) and £,(x; A\y) will have non-trivial intersection
at some = € [a,c] (and so for all z € [a,c]) with dimension m if and only if Ay is an
eigenvalue of the operator pencil 7%(-) with multiplicity m (i.e., 0 is an eigenvalue of 7(\z)
with multiplicity m). In the event that Ay is not an eigenvalue of 7%(-), there will be no
crossing points along the right shelf. On the other hand, if Ay is an eigenvalue of 7()
with multiplicity m, then W(x; Ag) will have —1 as an eigenvalue with multiplicity m for all

x € [a,c]. In either case,
Mas(4o (-5 X2), €(+; A2); a, c]) =0,

so there is no contribution from the right shelf.

Bottom shelf. For the bottom shelf, /,(a; \) is determined by the boundary matrix a/(\),
leading to the Maslov index

Mas (€ (a; ), b(a; A2); [A1, A2]),

which appears in the statement of Theorem 2.12. As observed in Remark 2.13, there is no
contribution from this term if «(\) is constant.

Top shelf. For the top shelf, W(c; \) detects intersections between £, (c; A) and £,(c; As)
as A\ decreases from Ay to A;. Such intersections correspond precisely with eigenvalues of
Ta(+), where T%.(-) denotes the finite-interval (or truncated) operator specified similarly as
T%(+), except on the domain

Dge:={y € Dacar : a(Nyla) =0, Xy(c;A0)"Jy(c) = 0},

where D, . denotes the domain of the maximal operator specified as in Definition 2.1,
except on (a,c). Similarly as in Section 3, we can check that for each A\ € [\, Ao} T;%(A)
is a self-adjoint operator. (In fact, since 7% () is posed on a bounded interval (a,c) with
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B(;A\),Ba(;A) € LY((a,c),C*™2™) for all X € [\, \o], self-adjointness can be established
by more routine considerations.)

We know from Lemma 5.1 that monotonicity in A is determined by —X,, (¢; A)*Jo X, (¢; A),
and we readily compute

ﬁXZ(m, N JhX (3 A) = X (25 \) T X o (3 A) + X (25 A) TOX, (x; N)

Ox
= =X, (@A) T 0 Xa(w; M) + Xa(@;N) 0T X, (23 0)
= =X (z; \)'B(x; \)OxXa (23 A) + X (23 M) B(x; A) Oy Xa(x; A)
+ X2O\B(z; M) X (3 A) = X (25 M) By (z; M) X (23 N),

where the differentiation of X, (z;A) in x and ), including the exchange of order of these
derivatives, is straightforward since the columns of X, (z; A) are simply solutions to standard
initial value problems. Integrating on [a, x|, and noting that

X:(a; A)JOrXa(a; A) = a(N)Jora™(N),
we obtain the relation

Xa(z; ) T X (x; N) = a(N)Jora™ (N) + /x Xa(y; A Ba(y; )Xo (y; Ndy.

By assumption, the matrix a(\)JOya*(A) is non-negative for all A € [A1, \2], so monotonicity
along the top shelf follows by setting z = ¢ and appealing to Assumption (B). In this way,
we see that Assumption (B) (along with our assumptions on the nature of a(\)) ensures
that as ) increases, the eigenvalues of 1 (c; \) will rotate monotonically in the clockwise
direction. Since each crossing along the top shelf corresponds with a value A for which 0 is
an eigenvalue of 7% (\), we can conclude that

N (A, A2)) = —Mas(La(c; -), lo(c; A2); [Ar, Aa), (6.2)

where NJ.([A1, A2)) denotes a count, including multiplicities, of the values A € [Aq, Ag) for
which 0 is an eigenvalue of 7% (\). We note that A; is included in the count, because in
the event that (¢, \;) is a crossing point, eigenvalues of W(c; ) will rotate away from —1
in the clockwise direction as A increases from A; (thus decrementing the Maslov index).
Likewise, Ag is not included in the count, because in the event that (¢, A) is a crossing point,
eigenvalues of W (c; \) will rotate into —1 in the clockwise direction as A increases to Ay (thus
leaving the Maslov index unchanged).

Left shelf. Our analysis so far leaves only the left shelf to consider, and we observe that
the Maslov index on the left shelf can be expressed as

— Mas(la (-5 A1), (-5 A2); [a, ).

Using path additivity and homotopy invariance, we can sum the Maslov indices on each shelf
of the Maslov Box to arrive at the relation

N ([A1, A2)) = Mas(Lo(+5 A1), €y(+5 A2); a, c]) — Mas(€q(a;-), by(a; A2); [A1, Aa)). (6.3)
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In order to obtain a statement about N*([A1, A2)), we observe that eigenvalues of 7(-)
correspond precisely with intersections of ¢, (c; A) and €,(c; A). (We emphasize that in this
last statement, ¢, is evaluated at A, not Ay, and so we are using Lemma 4.8). Employing a
monotonicity argument similar to the one above for the top shelf, we can conclude that

N([A1, A2)) = —Mas(ly(c; ), lo(c; +); [A1, Aa)). (6.4)

Remark 6.1. The monotonicity argument in the case of (6.4) is a bit more subtle than in
the case above for the top shelf, and in order to keep the analysis as complete as possible, we
include the full argument in the appendix, Section A.2.

Our next goal is to relate the Maslov index on the right-hand side of (6.4) to Maslov
indices in which A only varies in one or the other of ¢, (c; A) and ¢,(c; A). For this, we have
the following claim.

Claim 6.2. Under the assumptions of Theorem 2.12, and for any c € (a,b),

Mas(ly(c;+), lp(c;+); A1, Aa]) = Mas(€o(c; A1), p(c;+); [A1, Aa])
+ Mas(lu(c; ), bp(c; A2); (A1, Aa)).

Proof. With ¢ € (a,b) fixed, we consider £,(c; ), lp(c;-) : [A1, A2] = A(n) and set

We(A, ) i= = (Xa(&; A) +iYa(e; 1) (Xa(c; A) = i¥a(c; A) 7!
X (Xy(es 1) — iYp(c; 1)) (Xo(es ) + 1Yp(c; )~

We now compute the Maslov index associated with WC()\, w) along the triangular path in
[A1, A2] X [A1, A2] comprising the following three paths: (1) fix A = A; and let u increase
from A; to Ag; (2) fix = Ay and let X increase from Ay to Ag; and (3) let A and p decrease
together (i.e., with A = p) from Ay to A;. (See Figure 6.2.) The claim follows from path
additivity and homotopy invariance. O

We can conclude from (6.2), (6.4), and Claim 6.2 that
Na([)\l, )\2)) = szfc([)\h )\2)) — Mas(ﬁa(c; )\1), gb(C; ), [)\1, )\2]) (65)

By monotonicity,
Mas(lq(c; A1), Go(c; )5 [Ar, Ag]) <0,

from which we can additionally conclude that
N([A1, A2)) = Nge([Ar, A2).
In light of (6.3), this gives
N ([A1, A2)) = Mas(la(3 A1), (-5 A2)s [a, c]) — Mas(Calas ), €o(a; A2); [A1, Ao]). (6.6)

Here, we emphasize that it follows from (6.4), monotonicity in the calculation of the right-
hand side of (6.4), and continuity in A that the count N*([A1, A2)) must be finite.

41



A A A2

Mas(€y(c; ), €o(c; A2); [A1, Aa])

1

1)\

Mas(ly(c; A1), by(c; )5 [M1, Ag))

Figure 6.2: Triangular path in the (A, u)-plane for Claim 6.2.

The first summand on the right-hand side of (6.6) is computed over the compact interval
la,c] on which (2.8) can be viewed as a regular system, as analyzed in [18]. In [18], the
authors show that the direction of crossing points for such systems are all positive as x
increases from a to c. (See the statement and proof of Theorem 1.1 in [18].) It follows that
as ¢ — b~ the values Mas(ln(+; A1), 6y(+; A2); [a, ¢]) are monotonically non-decreasing, and
since N%([A\1, A2)) and Mas(ly(a;-), ly(a; A2); [M1, A2]) are both finite and independent of ¢,
we can conclude that the limit

lim Mas(€q(-; A1), 6p(+; A2); [a, c]),

c—b—

must exist, and in fact that it must be the case that this limit is obtained for all ¢ sufficiently
close to b (sufficiently large if b = +00). As noted in Remark 2.13, we denote this limit by
Mas(€a (-3 A1), €o(+; A2); [a,b)). In this way, the first assertion of Theorem 2.12 is obtained by

taking a limit on both sides of (6.6) as ¢ — b™.
For the second assertion in Theorem 2.12, we can combine (6.5) and (6.3) to write

N([A1,A2)) = Mas(o(+; A1), bo(+5 A2); [a, c]) — Mas(€a(a;-), ly(a; Aa); [A1, Aa])
— Mas(lo(c; A1), bp(c;); [A1, Aa)).

If there exists a value ¢y € (a,b) so that for all ¢ € (¢, b)
Lo(c; M) N l(c; X)) = {0}, YV A€ A, ),
then for all ¢ € (cg,b) we have
N([A1; A2)) = Mas(la (5 A1), 65 A2); [0, o) — Mas(la(a; -), €o(a; Aa); [Ar, Aal)-

The second claim in Theorem 2.12 follows immediately upon taking ¢ — b~, noting par-
ticularly that by monotonicity the right-hand side of this last expression remains fixed for

¢ € (co,b). O
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6.2 Proof of Theorem 2.14

Similarly as in the proof of Theorem 2.12, we fix any pair A, Ao € I, A\; < Ay, for which
we have that for each A € [A1, A3], 0 € 0ess(T(N)). For the proof of Theorem 2.14, we let
Uy(z; A2) be as in the proof of Theorem 2.12, and we let ¢,(x; A) denote the map of Lagrangian
subspaces associated with the frames X, (x; \) constructed as in Lemma 4.8, except with the
analysis on (a, ¢) rather than (¢, b). We will establish Theorem 2.14 by considering the Maslov
index for £,(z; \) and ¢,(x; A\2) along the Maslov box designated just below. As described in
Section 5, this Maslov index is computed as a spectral flow for the matrix

W (23 A) = =(Xa(w; A) + i¥a(2; 1) (Xa(2; X) = iV (25 0)) 7

X (Xp(x; M) — 1Y5(3 X)) (X (5 Ag) + Y3 (5 Ap)) (6.7)

(re-defined from Section 6.1).

In this case, the Maslov Box will consist of the following sequence of contours, specified
for some values ¢, ¢2 € (a,b), ¢; < ¢z to be chosen sufficiently close to a and b (respectively)
during the analysis: (1) fix = ¢; and let X increase from A; to Ay (the bottom shelf); (2)
fix A = Ay and let x increase from ¢y to ¢y (the right shelf); (3) fix © = ¢ and let A decrease
from Ay to Ay (the top shelf); and (4) fix A = Ay and let = decrease from ¢y to ¢; (the left
shelf). (The figure is similar to Figure 6.1).

Right shelf. In this case, our calculation along the right shelf detects intersections between
lo(x; A2) and £(x; Ao) as x increases from ¢y to co. By construction, £,(x; A2) and £y(z; Ag)
will have non-trivial intersection at some value x € [¢1, ¢2] with dimension m if and only if
Ao is an eigenvalue of the operator pencil T (-) with multiplicity m. In the event that Ay is
not an eigenvalue of 7 (+), there will be no crossing points along the right shelf. On the other
hand, if ), is an eigenvalue of 7(-) with multiplicity m, then W (z; \) will have —1 as an
eigenvalue with multiplicity m for all x € [¢y, ¢3]. In either case,

Mas(€a(+; A2), €o(+; A2); [c1, ca]) = 0. (6.8)

Bottom shelf. For the bottom shelf, we’re looking for intersections between ¢,(cy; \) and
Uy(c1; Ag) as A increases from A; to Ay. Since £,(cq; A) corresponds with solutions that lie left
in (a,b), this leads to a calculation similar to the calculation of

Mas(lu(c;+), bo(c; A2); [A1, Aa)),

which arose in our analysis of the top shelf for the proof of Theorem 2.12. For the moment,
the only thing we will note about this quantity is that due to monotonicity in A (following
similarly as in Section A.2), we have the inequality

Mas(y(c1; ), by(c1; A2); [A1, A2]) < 0. (6.9)

Top shelf. For the top shelf, W (cy; \) detects intersections between £,(co; A) and £5(c2; A2)
as A decreases from Ay to A;. In this way, intersections correspond precisely with eigenvalues
of the restriction 7,.,(-) of the maximal operator associated with (2.8) on (a,c2) to the
domain

Da,CQ = {?J € Dapg,M : :Ehﬁr(?‘*‘ Ua({lf;,uo, Ao)*Jy([E) = Oa Xb(CQ; >\2)*Jy<62) = O}
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Similarly as in Section 3, we can check that for each A\ € [\, Aa], Tae,(A) is a self-adjoint
operator.

We can verify monotonicity along the top shelf almost precisely as in Section A.2, and
we can conclude from this that

Naer ([M5A2)) = — Mas(lo(ca; ), lo(ca; A2); [Ar; Aa)), (6.10)

where N, ., ([A1,A2)) denotes a count of the number of eigenvalues that T,.,(-) has on the
interval [A1, A2). (The inclusion of A; and exclusion of A\, are precisely as discussed in the
proof of Theorem 2.12.)
Similarly as with Claim 6.2, we obtain the relation
Mas(ly(c2; ), bo(c2;); [M1, Aa]) = Mas (£ (ca; A1), €y(c27); [A1; A2)

+ Mas(fa(@; ) gb(CQ, )\2) [)\1, )\2]) (611)

Recalling that A ([A1, A2)) denotes the number of eigenvalues that 7(-) has on the interval
[A1, A2), we can write

N([)\l, )\2)) = — Mas( (CQ, );Eb Coy ) [/\17 /\2])
= — Mas( (CQ, >\1), ‘gb(CQ, ) [)\1, )\2]) - M&S<£a<02; ) €b<02, /\2) [)\1, )\2]) (612)
= Nao ([M, A2)) — Mas(€,(co; A1), o(ca;0); [M1, A))-

Left shelf. Our analysis so far leaves only the left shelf to consider, and we observe that
it can be expressed as

— Mas (€, (-5 A1), lo(+; A2); [e1, ¢2]).

Using path additivity and homotopy invariance, we can sum the Maslov indices on each shelf
of the Maslov Box to arrive at the relation

Na,CQ([/\h /\2)) = Mas(éa(~; /\1),&,( )\2) [Cl, Cg]) — Mas(fa(cl; ) gb(Cl, )\2) [/\1, /\2]) (613)
Using (6.12) and (6.13), we can now write

N([A1, A2)) = Nae, ([A1, A2)) — Mas(la(co; A1), Gy(ca;-); [M1, Aa)
= Mas(fa(-; /\1),&,( )\2) [Cl, Cg]) - Mas(ﬁa(cl; ) éb(Cl, )\2) [)\1, /\2]) (614)
— Mas(€y(co; M), lp(ca;+); [A1, A])-

Recalling the monotonicity relation (6.9), and noting likewise the inequality
Mas(la(c2; M), fo(ca; +); [A1, Ao]) <0,
we can conclude the inequality
N([A1, A2)) = Mas(la(+; A1), 63 A2); [e1, c2])- (6.15)

The right-hand side of (6.15) is computed over the compact interval [c;, ¢z on which (2.8)
can be viewed as a regular system, as analyzed in [18]. In [18], the authors show that the
direction of crossing points for such systems are all positive as = increases from ¢; to cy. (See

44



the statement and proof of Theorem 1.1 in [18].) It follows that as ¢; — a™ and ¢; — b~ the
values Mas(ly, (s A1), €p(+; A2); [c1, ¢2]) are monotonically non-decreasing, and since N'([A1, A2))
is finite, we can conclude that the limit

ILHL Mas(lo (5 A1), Co(+5 A2); [c1, ca)),
co—b—

must exist, and in fact that it must be the case that this limit is obtained for all ¢; sufficiently
close to a (sufficiently negative if a = —o0) and all ¢, sufficiently close to b (sufficiently large
if b = +00). As noted in Remark 2.15, we denote this limit by Mas(¢,(+; A1), 6(+; A2); (a,b)).
In this way, the first assertion of Theorem 2.14 is obtained by taking a limit on both sides
of (6.15) as ¢; — a™ and ¢ — b™.

For the second claim in Theorem 2.14, we observe that under the assumption that there
exists a value ¢, € (a,b) so that for all ¢ € (a,c,)

Co(c; ) Nly(c; A) = {0}, VA€ A, \a),
we can take ¢; sufficiently close to a (sufficiently negative if @ = —00) so that
Mas(la(c1;-), bo(cr; A2); [Ar, Ao]) = 0,
and likewise under the assumption that there exists a value ¢, € (a, b) so that for all ¢ € (¢, b)
Ca(c; M) N lp(c; N) = {0}, VA€M, \a),
we can take ¢ sufficiently close to b (sufficiently large if b = +00) so that
Mas(€y(co; A1), lp(ca;+); [A1, A2]) = 0.
If follows then from (6.14) that
N([A1; A2)) = Mas(la(+5 A1), bo(3 A2); [c1, 2])

for all such ¢; and ¢;. The second claim of Theorem 2.14 now follows trivially upon taking
ci = at and co — b O

7 Applications

In this section, we will discuss two two specific applications of our main results, though we
first need to make one further observation associated with Niessen’s approach. We recall
that the key element in Niessen’s approach is an emphasis on the matrix

Al 1, N) = =@ o, N (T)i) (s s A),

~ 2Imp

where ®(x; u, A) denotes a fundamental matrix for (2.8), and we clearly require Im p # 0.
We saw in Section 3 that if {v;(z;u, A)}?", denote the eigenvalues of A(z;, A), then the
number of solutions of (2.8) that lie left in (a, b) is precisely the number of these eigenvalues
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with a finite limit as x approaches a, while the number of solutions of (2.8) that lie right
in (a,b) is precisely the number of these eigenvalues with a finite limit as x approaches b.
Under Assumption (D), these numbers are constant in g and A on the set (C\R) x I, and so
we can categorize the limit-case (i.e., limit-point, limit-circle, or limit-m) of (2.8) at z = a
(resp. = = b) by fixing any (4, A) € (C\R) x I and computing the values {v;(z;pu, \) ]2-21
as = tends to a (resp. as z tends to b). (This is precisely what we will do in our examples
below.) Furthermore, we have additionally seen in Section 3 that for each v;(x; u, A) (with
or without a finite limit), we can associate a (sub)sequence of eigenvectors {v;(zg; i1, A) }32,
that converges, as x;, — a™, to some v]‘-l(,u, A) that lies on the unit circle in C?*, and similarly
for a sequence x — b~. If v;(x;pu, A) has a finite limit as x — a™, then ®(x; u, \)v§(p, A)
will lie left in (a,b), while if v;(x; 4, A) has a finite limit as © — b=, then ®(x; p, \)v) (1, A)
will lie right in (a, b).

In practice, in order to construct the frames X, (z; \;), Xp(x; \;), ¢ = 1,2, we would like
to fix either A = A\; or A = Ay and extend these ideas to values u = 0. Following [20], we do
this by replacing A(z; pu, A) with

B(x; A) := ®(2;0,\)" JO\D(x; 0, A). (7.1)

At this point, p is fixed at zero, so we are working directly with (2.1) rather than (2.8), but
for notational consistency we will continue to view ® as a function of x, u, and A.
If we differentiate (7.1) with respect to x, we find that

B'(x;\) = ®(x;0, \)*By(z; \)®(x;0, \), (7.2)

and upon integrating we find that we can alternatively express B(z; \) as

By = | T (€0, \)Ba(€: D (E; 0, A)de (7.3)

where we’ve observed that since ®(c; 0, \) = I, we have B(c; A\) = 0. Recalling that By (z; \)
is self-adjoint for a.e. x € (a,b), we see from this relation that B(z; A) is self-adjoint for all
x € (a,b). Consequently, the eigenvalues of B(z;\) must be real-valued, and we denote
these values {n;(z;\)}32,. Since B(c;A) = 0, we can conclude that 7;(c; A) = 0 for all
j€{1,2,...,2n}, and all A € I. In addition, according to (7.2), along with Condition (B),
for each fixed A € R, the eigenvalues {n;(z; A)}3", will be non-decreasing as x increases. It
follows that as x — b~, each eigenvalue n;(x; A) will either approach +o0o or a finite limit.

In the latter case, we set
77;?()\) = Q}Eil nj(x; A).

Likewise, as * — a*, each eigenvalue 7;(z; \) will either approach —oco or a finite limit. In
the latter case, we set

ni(A) = lim n;(x; A).

z—at

The following lemma can be adapted directly from Lemma 5.1 in [20].

Lemma 7.1. Let Assumptions (A) and (B) hold, and let X € [A\1, \s] be fized. Then the
dimension mq(0,\) of the subspace of solutions to (2.1) that lie left in (a,b) is precisely the
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number of eigenvalues n;(x; X) € o(B(x; X)) that approach a finite limit as x — a™. Likewise,
the dimension my(0, \) of the subspace of solutions to (2.1) that lie right in (a,b) is precisely
the number of eigenvalues n;(x; X) € o(B(x; X)) that approach a finite limit as x — b™.

Remark 7.2. We emphasize that as opposed to the case p € C\R, we cannot conclude
from these considerations that ma(0,\), my(0,\) > n. Rather, in this case we conclude
these inequalities for all X € [\, Xo] from Lemma 4.4 (under the assumptions stated for that
lemma).

If, for each x € (a,b), we let {w;(x;A)}32, denote an orthonormal collection of eigen-
vectors associated with the eigenvalues {n;(x; \) ?21, then as in the proof of Lemma 2.1
of [20], we can find (for each j € {1,2,...,2n}) a sequence {w;(xy; A)}72, that converges,
as xp — a*, to some w§(A) on the unit circle in C?", and likewise we can find a sequence
{w;(xx; A) 132, that converges, as zx — b, to some w$()) on the unit circle in C**. More-
over, if 7;(x; A) has a finite limit as  — a™, then ®(z;0, \)w§ () will lie left in (a, b), while
if 7;(x; A) has a finite limit as # — b7, then ®(z;0, A\)w?(A) will lie right in (a,b).

These considerations provide a practical method for constructing the frames X,(x; \) and
Xp(z; A) that we will need in order to implement Theorems 2.12 and 2.14. Most directly,
if (2.8) is limit-point at & = a (resp., © = b), then the procedure described in the previous
paragraph will provide precisely n linearly independent solutions to (2.1) that lie left in (a, b)
(resp., right in (a,b)), and these can be taken to comprise the columns of X,(z;A) (resp.,
Xp(z;A)).-

More generally, Lemma 3.3 can be used to construct left and right lying solutions of (2.8)
for some (Ao, po) € I x (C\R), and these can then be used to specify the Niessen elements
described in the lead-in to Lemma 3.4. le., the matrices U%(x; po, Ao) and U®(x; g, Ao)
discussed in Section 3 can be constructed in this way. Working, for example, with the
solutions constructed above for p = 0 that lie left in (a,b), we can identify n linearly
independent solutions to (2.1) {u§(x; \)}j_, that satisfy

lim U*(z; po, Xo)* Ju§(x; A) = 0.
z—at
This collection {uf(z; A)}7_; can be taken to comprise the columns of X,(z; ), and we can
proceed similarly for X, (x; \).

Before turning to two specific applications, we verify that our full assumptions (A)
through (F') hold for three important general cases.

7.1 Verification of Assumptions (A) through (F)

In this section, we verify that our full assumptions (A) through (F) hold for systems (2.1)
that are linear in A (i.e., with B(x; \) asin (2.3)), and also for systems with two common types
of nonlinear dependence on A\. While these constitute important cases in their own right,
our primary goal is to establish a straightforward framework for checking these assumptions
in additional cases that come up in applications.

47



7.1.1 The Linear Case

In order to be clear that this analysis is a genuine extension of the case in which B(z; \)
is linear in A\, we verify that our assumptions hold in the case (2.3) under the following
assumptions from [20], which include the cases considered in [14]:

(A) We take By, By € L _((a,b), C**?") and additionally assume that By(x) and By (z)

loc
are both self-adjoint for a.e. = € (a,b), with also B;(z) non-negative for a.e. = € (a,b).

( ()B) If y(;\) € ACpc((a,b),C*") is any non-trivial solution of (2.1) with B(z;\) as in
2.3), then

/ (Bu(a)y(a: N, y(w: A))de > 0,
for all [¢,d] C (a,b), c < d.

(C) If m,(X\) denotes the dimension of the subspace of solutions to (2.1)-(2.3) (i.e., the
system (2.1) with B(z; A\) as in (2.3)) that lie left in (a, b) and 7m,(\) denotes the dimension
of the subspace of solutions to (2.1)-(2.3) that lie right in (a,b), then the values m,(\) and
mp(N) are both constant for all A € C\R.

Lemma 7.3. Under Assumptions (A), (B), and (C), the system (2.1)-(2.3) satisfies As-
sumptions (A) through (E) for I =R, and Assumption (F) holds for all \y, Ao € R, A\j < As.

Proof. First, noting that By(z; A\) = B;(z), we immediately see that Assumptions (A) hold
with by(z) = |Bo(z)| and by(z) = |Bi(z)|, and moreover that Assumption (B) is just a

restatement of Assumption (B) in this case.
For Assumption (C), in the case of (2.3), the norm on Lg ((a,b), C*") becomes

1/2

1115, = ([ B, s

from which it’s clear that the space L%A((a,b),c%) is independent of \. Likewise, the
maximal domain constructed in Definition 2.1 is based on the equation

Jy' — Bo(z)y = Bui(x) [,

and so is clearly identical for all A € R (since A doesn’t appear).
For Assumption (D), we note that in this case (2.8) can be expressed as

Jy = Bo(x)y + (A + p) Bi(x)y.

By Assumption (C), ma(i,\) = ma(X + p) is constant for all A + u € C\R, and this
condition implies that m,(u, A) is constant for all (A, 1) € R x (C\R), which is the first half
of Assumption (D). The condition on my(u; \) follows similarly.

Turning now to Assumption (E), we observe that in the case of (2.3), we have simply

E(mi M A) = (A= M),

for which Items (i) through (iv) of Assumption (E) are immediately seen to hold.
Finally, for Assumption (F), in the case of (2.3) we can write

B(z; A2) — B(z; M) = (A2 — A1) Bi(x),

making (2.14) from Remark 2.11 an immediate consequence of Assumption (B). O
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7.1.2 Quadratic Schrodinger Systems

Next, we identify conditions under which Assumptions (A) through (F') hold for Hamiltonian
systems associated with Quadratic Schrodinger Systems

—¢" + V(z)d = (AQu(z) + N*Q2())¢, o(x) € C",

where V(x), Q1(x), and Qq(z) are taken to be n x n matrices that will be characterized
below in Assumption (Q). Writing y = (Z;) with y; = ¢ and y, = ¢’, we obtain the system
Jy' = B(x; \)y with

B(x; \) = (AQl(f) + Vg?a(x) ~ V() ?) , (7.4)
and

We make the following assumptions on V', @)1, and Q):

(Q) We assume Qy, @2,V € L ((a,b),R™"), and also that Q, Q2 € L>((a,b), R"™*"),
with Q1(x), Q2(x) and V(z) symmetric for a.e. = € (a,b). In addition, we assume there
exists a closed interval I C R and a constant # > 0 so that for each A € I the following
holds: for a.e. = € (a,b)

((Q1(z) + 22Q2(x))v,v) > v, Vv e R™

Lemma 7.4. Let Assumptions (Q) hold for some closed interval I C R. Then the system
(2.1)-(7.4) satisfies Assumptions (A) through (E) on I, and Assumption (F) holds for all
A, Ao €1, A\ < Xo.

Proof. Under Assumptions (Q), and for B(x; \) and By(z; A) as in (7.4) and (7.5), we can
set
bo(x) := max|B(w; A)[,  bi(w) := max|Bx(z; A,

and it’s clear that Assumptions (A) hold with these choices of by(x) and b ().
For (B), we take any non-trivial solution y(-; \) € AC)c((a,b), C*") of (2.1)-(7.4), and
for any fixed A\, € I, compute (recalling y = (yl))

Y2

d
i, = / (Ba(a; M )y(as N), yla: \)de

- / (@1 () + 22.Qs(2))ys, yr)endar > 0 / s (2 \) P

for all [¢,d] C (a,b), ¢ < d. If this final integral is 0, we must have y;(x;\) = 0 for all
x € (¢, d), and consequently (since yo = ;) we must have y(z;\) = 0 for all x € (¢,d).
But this contradicts the assumption that y(z; A) is non-trivial, so we can conclude that this
integral is positive, from which (B) is immediate.
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fi

f2) , and any

Turning to (C), for any measurable f : (a,b) — C*", expressed as f = (
A € I, we can write

b
1912, = [ (@) + 2@ i,
Since Q1, Qs € L*((a,b),C™™), we have the inequality

b
[ (@u@) + Qe i i) < max1Qu(o) + 22Q (o) a1l o

so in particular there exists a constant C'; so that

1 flley < Cillfillz2qap),cry, YA€ L (7.6)
Likewise we have
b
/ ((Qu(x) + 20Q2(x)) fr, fr)dz > 0| fill72((ap).cnyy YA E L, (7.7)
so that
1 £llsy > VOl fill 22 ((ap).co)- (7.8)

In total, we can conclude that for all A € T
Lg ((a,b),C*") = {Measurable functions f : (a,b) — C*": f; € L*((a,b),C")},

and this space is clearly independent of A. For the second part of (C), for any fixed A € I,
we can characterize Dy, () in this case as the collection of functions

y € ACie((a,b),C>") N L2 ((a,b),C>)

for which there exists f € Lg ((a,b),C*"), f = (g), so that (using (2.6))

—yp + (NQa(w) + V(2))y1 = (Qi(w) +22Q2(2)) f1
Y1 = Y2,

(7.9)

for a.e. x € (a,b). Given that y € Dy(A), for some A € I, we need to verify that for any

other A € I we also have y € Du(A). Le., we need to show that for any X € I there exists
fe LI%B%A«CLJ b),ch), f = (j%), so that

—yh + (NQa(2) + V(2))y1 = (Q1(2) +20Q2(2)) i
Y1 = o,
for a.e. x € (a,b). To see this, we begin by re-writing the first equation in (7.9) as
—th+ (NQa(@) + V(@)1 = (Qi(2) +20Qa(2)) i + (A = ) Qa(@)y1.
In this way, we see that we need to find f € L ((a,b), C*") so that

(Q1(2) + 2X0Q2(2)) fi = (Q1(x) + 2AQ2(2)) f1 + (N = A)Qa(x) 1.
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Under Assumption (Q), we can write
fi = (Qu(@) + 23Q2(@) " ((@1(x) +20Qu@) fi + (B2 = M) Qa(a)yn ).

and it follows from the assumed L*((a, b), C**) bounds on @1, @2, and (Q1 + 2AQ2)~" that
fi € L*((a,b),C™), so that f € L ((a,b),C*).

Our verification of Assumption (D) will make use of ideas developed during our verifica-
tion of Assumption (E), so we turn next to this latter case, for which we begin by identifying
the function &(x; A, \,) so that

B(z; A) — B(z; M) = Ba(z; M)E(w3 A, A
In this case, the relation can be expressed as

A (Ql(x) + (A0+ A)Q2 () 8) _ <Q1(:z:) +§A*Q2($) 8) (g; 22) 7

where we're using the block notation
. o 511(1'; 7)\*) 812(33;>\, )‘*)
8(1’,)\,)\*)—( S\ SNYE

We may as well take £y = Ey1 = Ex = 0, requiring only
(A = A)(@1(x) + (A + X)Q2(x)) = (Qu(x) + 2X.Q2(2)) €11
Since Q1(z) 4+ 2)\,Q2(z) is positive definite for a.e. x € (a,b) we can write
En(as A ) = (A = X)(Q1(@) +20.Q2(2)) T (Q1(2) + (A + X)) Q2()), (7.10)
and likewise
NEn (70, M) = (Qu(x) + 20.Qs(x)) T Q1 (2) + 20Q2(x)). (7.11)

For Assumption (E)(i), we need to determine the behavior of £(-; A\, ;) as a map from
L3 ((a,b),C") to itself. Here, for any f € Lg ((a,b),C"), expressed as f = (g), we can
write

b
IECANIFIE, = / (6 M A F(@)) B (5 A)E (5 A A) () e

b
= / (Ern(x; A ) fi(2))" (Q1 () 4+ 20Qa(2)) E11 (x5 A\, M) f1(z)d
<NEUCG XN AT Q1 () + 20Q2() [l o< | f1 172,

where each norm in this last expression is unweighted and computed on (a,b). Under our
assumptions on Q1 (z) and Qs(z), the multiplier of || f1]|3, is bounded, and in light of (7.8)
we can conclude that there exists a constant Cy so that

[ECA A < Col[En1 (5 A A | poe (7.12)
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from which it’s clear that £(-; X\, \,) € B(Lg, ((a,b),C*")).
For Assumption (E)(ii), we see from (7.10) that
1€ (5 A Az < A = Al ll(@1() +20Q2()) e Q1) + (A + A)Q2() 1=,

from which it’s clear from (7.12) that ||E(;; A\, A)|| = O(|A — A,|) for A near A,, which is
stronger than the claim.

For Assumption (E)(iii), we see from (7.11) that for a.e. x € (a,b), Ex(x; A\, A\, is
continuous in A. In order to verify that £(-; A\, A\.) is differentiable in A as a map from I to

B(Lg, ((a,b),C*)), we let e(h; A) € B(Lg, ((a,b),C*")) be the operator so that
EGAF R A) =ECGAAN) FEGA )b+ e(h; A)h,

and our goal is to show that

lim ||e(h; A)|| = 0. (7.13)
h—0
Using (7.10) and (7.11) we find that

e(hi \) = h (<Q1<-> Q)7 a0) 8) |

from which (7.13) follows from our previous calculations. As expected, the derivative of
E(+; A\, A\y) is precisely the usual partial derivative %(-; A, Ay ), and we need to verify that this
latter operator is continuous on I, ,. For this, we fix any Ay € I, and observe that for any
other A € I, we can write

8)\511(1‘; )\, )\*) — 8)\511(1‘; /\(), )\*) = 2()\ — )\0)(@1(27) + 2)\*QQ($))_1Q2($)

Proceeding similarly as in the calculations leading to (7.12), we find that there exists a
constant Cs so that

lOxE11 (25 A, Ay) — OnEri (3 Ao, M) < C3|A = A,

which is more than we require.

Turning to Assumption (E)(iv), given any f,g € Lg ((a,b),C*"), expressed as f = (g)

and g = (g;), we can compute directly to see that
f@)Ba(z; Ng(x) = fi(2)"(Q1(z) + 2AQ2(2)) g1()
= f1(2)"Qu(x)g1(z) + 2A f1(2)" Qa(x) g1 (2).

It follows that we can take the function h specified in Assumption (E)(iv) to be

W) = [ fi(x) Qi(x)gr(2)] + 2K f1(2)" Q2(2) g1 ()],

where

K =max{|\| : A € I}.

This completes the verification of Assumption (E), and at this point, we return to estab-
lishing Assumption (D), which we recall addresses the dimension m,(u; A) of the space of
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solutions to (2.8) that lie left in (a,b), and the dimension m;(u; A) of the space of solutions
to (2.8) that lie right in (a,b). For a fixed value A\ € I, suppose B(x; A\g) and By (x; A\g) have
real-valued entries for a.e. = € (a,b). Then we can conclude from Theorem V.2.2 in [24] that
ma(i; Ao) is constant for all p € C\R, and similarly for my(u; Ag). For Assumption (D), we
need to additionally check that mg,(u; A) and my(u; A) remain constant as A varies as well.
For this, we can establish the following lemma, which we prove in the appendix.

Lemma 7.5. Let Assumptions (A) through (C) hold, along with Assumptions (E), and
suppose that for each \g € I the values my(p, No) (from Definition 2.4) are constant for all
u € C\R, and likewise for the values my(p, No). In addition, assume that for each \g € 1

IEAG5 A, 20) = I = 0(1), A = Ao

Then the values mq(p; X) are constant for all (u, \) € (C\R) x I, and likewise for the values
my(p; A).
The key observation in this lemma is that Assumption (D) now follows from the condition

[E(3 A Ao) = I = 0(1), A= Ao (7.14)

For this, we first use (7.11) to write

0rEn (w0, X0) = T = (@a(x) +20@(2)) ™ { (@) + 22@a(x)) ~ (Q1(x) + 200Q2(0)) |
= 2(A — X0)(Q1(x) + 200Q2(2)) Qs (),

from which it follows similarly as in the calculations leading to (7.12) that there exists a

constant C so that

The claim (7.14) is now immediate.
Last, we verify Assumption (F). For this, we fix any A\, Ay € I, A} < Ay, and compute

B(x; A2) — B(w; ) = ((AQ M) (@) g (1 22)Q2 (@) 8) .

Since (A1 + A2)/2 € [\, A2] C I, we can conclude from Assumptions (Q) that the matrix
Q1(z) + (A1 + A2)Q2(x) is positive definite, and consequently that B(z; A\y) — B(z; A1) is non-
negative. In addition, the second part of Assumption (F) follows similarly as Assumption
(B), using Remark 2.11. O

7.1.3 Degenerate Sturm-Liouville Systems

In this section, we consider systems

L6 = —(P(2)¢') +V(2)¢ = Ao, (7.15)

with degenerate matrices



Here, for some 0 < m < n, P;; € AC\((a,b),C™ ™) is a map into the space of self-
adjoint matrices. We assume Pjq(z) is invertible for all z € (a,b), and additionally that
V e C((a,b),C™*™). For notational convenience, we will write

V(z) = <“//1121(%)* %zgg) , (7.16)

where for each z € (a,b), Vi1(x) is a self-adjoint m x m matrix, Vis(z) is an m x (n —m)
matrix, and Va(x) is a self-adjoint (n — m) x (n — m) matrix. We will write

o=(2): aenecn amyec

allowing us to express the system (7.15) as

—(Pi1(2)97)" + Vir(z) 1 + Via(z) o = Ay
Vig(x)*d1 + Voo ()2 = Ao

First, it follows from Theorem 2.2 of [1] that the essential spectrum associated with (7.17)
contains (though might not be limited to) the union of the ranges of the eigenvalues of Vaq(2)
as = ranges over (a,b). More precisely, let {vy(z)},—]" denote the eigenvalues of V5y(z), and
let Ry denote the range of vy : (a,b) — R. Then the essential spectrum associated with
(7.17) contains the set

(7.17)

k=1
For values A ¢ R, we can eliminate ¢, from (7.17) to obtain the system

—(Piy(2)¢,) + Vit (2)dr 4 Vig(z) (M — Vag(x)) " Vaa(x) ¢1 = Ay

We can express this system as a first-order system in the usual way, writing y; = ¢; and
y2 = P11¢). In this way, we obtain (2.1) with

M —V(z;\) 0 )

B(w; \) = ( X Pa(e)! (7.18)

where we’ve set

V(2;A) = Via(2) + Via (@) (A — Vo (@)~ Via(2)".
In order to analyze the system (2.1)-(7.18) using our general framework, we need to verify
Assumptions (A) through (F). In order to do this, we make the following assumptions.
(DSLS) For (2.1)-(7.18), assume P; € ACic((a,b), R™*™), with Pj;(z) self-adjoint for all
x € (a,b), and also that there exists a constant § > 0 so that
(Pii(z)v,v) > 0>, V€ (a,b), veCm

In addition, for V as in (7.16), suppose V € C((a,b),R™™"), and also that there exists a
constant C so that
[Viz(2)], [Vaz(2)| < €, Va € (a,b).
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Lemma 7.6. Let Assumptions (DSLS) hold, and fix any interval I = [A1, Aa], A1 < A,
for which there exists some § > 0 so that for any x € (a,b) if v(x) is any eigenvalue of
Voo () then either v(z) < Ay — 6 or v(xz) > Ay + 0. Then the system (2.1)-(7.18) satisfies
Assumptions (A) through (F) on 1.

Proof. For Assumption (A), we observe that it follows from our assumptions on V' (z) that
for each A\ € [A1, Ag] the matrix norm [V (z;\)| is uniformly bounded for all z € (a,b). It
follows from compactness of [\, 2] that we can set

b = B(z; A

o(@) \Jhax B(2; )|,
and conclude that for any compact interval [¢,d] C (a,b), ¢ < d, there exists a constant CS*

so that by(x) < C5¢ for all = € (a,b). It follows immediately that by € L. _((a,b),R), and
that [B(z; A)| < bg(x) for all = € (a,b), A € [\, A2]. Next, computing directly, we can write

By (2: ) = (] _VOA(“”A) 8) | (7.19)

where

Via(z;A) = —Vig(2) (M — Vay()) 2 Via()*. (7.20)

Similarly as with B(z; A), we can set

bi(z) = \Jhax Ba(z; ),
and conclude that for any compact interval [¢,d] C (a,b), ¢ < d, there exists a constant Cf’d
so that by (z) < CP¢ for all = € (a,b). It follows immediately that b, € L% _((a,b),R), and
that [By(z; \)| < by(z) for all z € (a,b), A € [A1, Ao
For Assumption (B), we let y(:;A) € AC)c((a,b),C*™) be any non-trivial solution of
(2.1)-(7.18), expressed as y = ('), and for any [c,d] C (a,b), ¢ < d, compute

Y2

u/(BAu»wy@xAxyuaA»dx=:/°(«r—\acaxnymxpwﬁh@xxndx. (7.21)

It’s clear from (7.20) that V\(x; \) is non-positive, and so I — V(z; A) is positive definite for
all x € [¢,d] and all A € [A1, A\y]. We can conclude that (7.21) can only be 0 if y;(z;A) = 0
for all € [¢,d], and in this case we must also have y(x; \) = 0 for all x € [¢,d]. But this
contradicts our assumption that y(z; A) is a non-trivial solution, allowing us to conclude that
the left-hand side of (7.21) must be positive; i.e., that Assumption (B) must hold.

For Assumption (C), we first observe that given any measurable function f, expressed
as f = (g), we can write

b b
| Ba@n @), f@)ds = [ (1= VWA, fil)ds
Since V(z; ) is non-positive we see that
(1 = Va(zs M) fil=), fu(@)] = [ ul(@)]?
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for a.e. = € (a,b), and in addition, under Assumptions (DSLS), there exists a constant C
so that

(1 = Via(m: M) fa(@), fi(@))] < Cilfa(@)]*.

Similarly as in Section 7.1.2, we can conclude that
L]QBA((a, b), C*") = {Measurable functions f : (a,b) — C*" : f; € L*((a,b),C")},

and this space is independent of \.
Turning to the second part of Assumption (C), a function

y € ACie((a,b),C>™) N L3, ((a,b), C™)

is in Dy(A) if and only if there exists some f € Lg ((a,b),C*™), expressed as f = (g), SO
that

() (i) () e

for a.e. = € (a,b). For \, \ € [A1, Ao, in order to show that Dy;(\) and Dy (N) are identical
sets, it is sufficient to show the following: given that we can find f; € L?((a,b),C™) for
which (7.22) holds, we can find f; € L?((a,b),C™) for which the same relations hold with X
replaced by \. As a starting point, we can rearrange the first equation in (7.22) as

—y — (AT = V(2; X))y = —(M = V(@ \)y1 + (AT = V(2 0)y1 + (1 — V(23 0)) fi.

We see from this that we need to find f; € L*((a,b),C™) so that
{()\I —V(z:\) = (M — V(z; 5\))}3/1 + (I = V(@A) fr = (I = Va(z; M) fi.

We've seen that under Assumptions (DSLS) the matrix I — V(x; ) is invertible for all
x € (a,b), allowing us to solve for f; as

fulz) = (I = V(z; X))*1{(A = Ny = (V(250) = V(@ Ay + (1 = Va(z; A))fl}-
Here,
V(25 0) = V(3 A) = —(A = \)Vas(z) (M — Voo (@) MM = Vo (@) Vaa(2)*,  (7.23)
from which it follows from Assumptions (DSLS) that there exists a constant Cy so that
V) = VED o emem < Cald = A
for all A, A € [A1, \s]. Using the L*((a,b), C™™) control we have on (Al — V(z;\))™!

and V(z;\) — V(z; ), along with L2((a,b),C™) control on y; and fy, we see that f; €
L*((a,b),C™) as required.

Similarly as in Section 7.1.2, we will next verify Assumption (E), then return to the
verification of Assumption (D). For Assumption (E), we begin by identifying the function
E(x; A, \y). In this case,

(7.24)

B(z: \) — B(z: \,) = (()\ — X)L — (V(z;)) = V(z;\) 0) |

0 0
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and by comparing this with B, (z; A,) (from 7.19), we see that we can express £(x; A\, \) as

E(@; M) = (gn(xif’ M) 8) ,

with

En(z: A\ = (I — Vi(z; A*))’l{()\ A = (V(z3 ) — V(a )\*))}. (7.25)

(Here, the entries in the bottom row of £(z; A, \,) don’t have a role in the analysis, and are
chosen to be zero for simplicity.) Computing directly, we also see that

NEn (AN = (I — V(2 M)~ (T — V(a3 ). (7.26)

For Assumptions (E)(i) and (E)(ii), we observe that for any f € Lg ((a,b),C*™), ex-

pressed as f = (f1

f2) , we have

b
JECAAIIE, = [ (EneAA R = Vil )En(e: A A fa)do
for which we can combine (7.25) with (7.23) (with A, in place of X in the latter) to see that
there exists a constant C3 so that
€A A < Cs|A — Al (7.27)

Assumptions (E)(i) and (E)(ii) both follow immediately.

For Assumption (E)(iii), it’s clear from (7.26) that for a.e. x € (a,b), Ex(z; A, Ay) s
continuous in A. In order to verify that £(-; A\, \.) is differentiable as a map from I, , C I
to B(Lg, ((a,b),C*")), we let e(h; \) € B(Lg, ((a,b),C*")) be the operator so that

ECA+TRA) =E(AAN) +EA AR+ €e(h; AR,

and our goal is to show that

lim ||e(h; A)|| = 0. (7.28)
h—0
Using (7.25) and (7.26) we find that

e(h;\) = (EMQ; g 8) :

where
en(hs ) = —h(I = Va5 0)) " Vaia () (A + AT — Vao (+))HAL = V() "*Via()"

Proceeding now similarly as in the calculations leading to (7.27), we find that (7.28) holds.
As expected, the derivative of £(+; A, A,) is precisely the usual partial derivative %('; A A,
and we need to verify that this latter operator is continuous on I, , C I. For this, we fix
any A\ € Iy, ,, and observe that for any other A € I, ,, we can write

AE1 (T A, A) — OhEri(x; Ao, M) = — (1 — Vi (z; /\*))_I(V)\(m; A) — Va(z; Ao)). (7.29)
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Focusing on the difference V(z:A) — Vi (z: \,), we can write
V(@i A) = Va(@i do) = =Vaa(@) { (M = Vaal)) ) (M = Vaa(w)) ™
~ (Aol = Vaa(@))™)* (o] = Vaa(2)) ™" | Via(a)"
= —Via ) (A = Vao(@)) ) { (T = Vo)) ™ = (o] = Vi (2)) ™ } Via()*
+ Vial@){ (M = Voo ()™ = (o = Vi)™ o = Vi)~ Van(2)°
=~ (A= 20)Vaa(@){ (AT = Vaalw) ™) (o] = Vaala)) ™!
(M = Voo (@) (o] = Vaalw)) )2 }Via(a)".

(7.30)

Combining this relation with (7.29), we find that there exists a constant Cy so that
[ONE (5 A M) = ORE (5 Ao, M| < Cu A = Aol

which implies continuity.
For Assumption (E)(iv), we let f,g € L ((a,b),C*™) and observe that

(@) Ba(z; Mg ()| = |fu() (I = Va(; A))gu(2)]

If we set ~
h = I — \/ s )\ ((q mxmy,
(.7}) )\618\211,})(\2] ” )\(x’ )”L (e )

then according to Assumptions (DSLS) (and using compactness of [A1, Ao]), there exists a
constant Cy so that |h(z)| < Cs for all x € (a,b). It follows that Assumption (E)(iv) is
satisfied with

h(z) = h()*|(I = Valz; M) I A (@)llgr ()],

At this point, we return to establishing Assumption (D), which now follows via Lemma
7.5 from the condition
IEX(5 A Xo) — I]| = 0(1), A — .

For this, we first use (7.26) to write
NEL (T M N) — T = (I = Vi(z; M) M = V(s \) = 1

= (1= Vi@ \)) (I = Vi@ V) = (1 = V(i A) }
— (I = V(@A) (V@ A) = V(i A)).

In view of (7.30), we can conclude that there exists a constant Cg so that
[08E11 (@5 A, ) = Il oo ((ap),cmxmy < Co|A — Al

which is stronger than we require.
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Finally, for Assumption (F) we see from (7.24) (with A; and Ay respectively in place of
A« and A) that we need to understand the matrix V(z;Ag) — V(z; A1). Using (7.23), we can
write

V(z;X2) = V(3 A1) = —(Aa = M) Via(2) (Ao] — Vao(2)) 7 (M — Voo () Via()".

In order to understand the sign of this resulting matrix, we observe by spectral mapping
that for each x € (a,b) the eigenvalues of the matrix (Aol — Vao(x)) (AT — Vaa(z)) ™! are
precisely the values (A\y — v(z)) "' (A — v(x))~!, where v(x) is an eigenvalue of Vo ().

If v(x) is an eigenvalue of Va(z), then by assumption we have either v(z) +6 < A\ or
v(x) — 0 > Ag. In the former case, we have A\; — v(z) > 0, which also implies Ay — v(x) > 6,

so that
1

(A1 = v(2)) (A2 — v(2))
Likewise, if v(z) — 0 > Ay then we have Ay — v(x) < —d, which also implies \; — v(x) < =9,
so that the left-hand side of (7.31) is again positive. We conclude that for every z €
(a,b), the eigenvalues of the matrix (Aol — Vao(x)) 1 (A1 — Vay(x))~! are all positive, and
consequently the matrix V(z; Ay) — V(z; A1) is necessarily non-positive (and negative definite
if rank Via(x) = m). Since Ay > Ay, it follows that the matrix

> 0. (7.31)

is positive-definite. In this way, we see that B(x; \y) — B(z; A1) is non-negative. In addition,
if y(; A1) € ACe((a,b),C?*™) is any solution of Jy' = B(x;\;)y, then for any interval
le,d] C (a,b), c < d,

d
/ ((B(: o) — B M)y (1 M), (s M)

d
= / (A2 = AT = (V(z5 X2) = V(25 M)y (25 A1), ya (3 A1) )dx,

and this must be strictly positive unless y;(z; A1) = 0 for all x € (¢,d). But since yo =
Piy(z)"1yy, this would contradict the assumption that y(x; \) is a non-trivial solution. This

completes the verification of Assumption (F), and so concludes the verifications of Assump-
tions (A) through (F). O

7.2 Specific Applications

In this section, we apply our framework to a specific case of the quadratic Schrodinger equa-
tion, and to an equation of Hain-Liist type arising in the study of magnetohydrodynamics.
7.2.1 Quadratic Schrodinger Equation

When Schrodinger’s equation for the hydrogen atom is expressed in spherical coordinates
and analyzed by separation of variables, the resulting radial equation can be expressed as

0(0+1)

T2

Ho — —%(m%’)’ ~Zo+ 6=2é, z€(0,00), (7.32)
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where v > 0 is a physical constant and ¢ is a non-negative integer associated with angular
momentum (see, e.g., Chapter 12 in [11]). In the case ¢ = 0, the change of dependent variable
1 = x¢ reduces (7.32) to

Hip = —1) — %w = M. (7.33)

Equations (7.32) (with ¢ = 0) and (7.33) were analyzed in [20] with the renormalized os-
cillation approach, and in this section we extend that analysis to the case in which (7.33)
is augmented with a quadratic nonlinearity in A. As background for this, we observe that
in the setting of (7.32) eigenvalues A correspond with energies, and additionally that these
energies can affect the potential function so that Schrodinger’s equation becomes nonlinear
in the spectral parameter,

="+ V(s N = M (7.34)
(see, e.g., [21]). In particular, in [21], the authors consider potentials V' (z; \) of the forms
VE(w;A) = U(z) +2V2Q(x),

with U(z) and Q(z) appropriately specified, leading to Schrodinger’s equations with quadratic
dependence on a spectral parameter k£ := v/A. For the current analysis, we take precisely
this form with U(z) = —2 and the choice V*(z; A) to obtain

Hep = —" — %w = —2kQ(2)Y + K. (7.35)

As discussed in [21], the eigenvalues of interest in (7.35) are negative-real, so x is purely
imaginary. In order to work with a real spectral parameter, we write x = i7, and for a
specific example, we adopt from [21] a form of (), which we index with a parameter § > 0
to study its effect on the location of the eigenvalues. In particular, we use

i e w2
Q:0) =55

Combining these observations, we arrive at the family of equations
Hp = =" + V(2)1h = (Qu(; )N + Qa(2)A)y, € (0,00), (7.36)
where V(z) = —2

e

) 6—x/2
ulw:0) = 51— 5om
Q2(z) = —1, and we are using A rather than 7 to denote the spectral parameter. For the

calculations carried out below we will complete the specification of H by taking v = 4.

The first step of our analysis of (7.36) is to verify that Assumptions (Q) from Section 7.1.2
are satisfied. For this, we first observe by inspection that V,Q1, Q2 € Li. .((0,00),R), and
also that @1, Q2 € L*((0,00),R). In addition, since V', @)1, and @), are all functions mapping
into the real numbers they are immediately symmetric when viewed as 1 x 1 matrices. For

the final assumption in (Q), we can write

e—x/Q

— .0€ T

Q1(z) +20Q2(z) = g
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so the condition is satisfied on any interval I = [A1, Aa], A\j < Ag, for which Ay < 0.

Next, we fix a particular interval [\, A2] that will remain unchanged throughout the
analysis. In order to anchor our work to the case in which A appears linearly, we will start
by thinking about the case § = 0, for which (7.36) becomes

—" 4 V(z)h = =A% (7.37)

This is precisely the case analyzed in [20], except that in [20] the appearance of —\? here
is replaced by A < 0. As discussed in [20], the eigenvalues (with appropriate boundary
conditions, discussed in detail below) are known to be

A=+ n=1,23, ...
2n

The lowest four eigenvalues are —2, —1, —%, and —%, and in order to focus on the first three

of these we will take \; = —3 and Ay = —7/12.
In the usual way, we will express (7.36) as a first-order system by setting y; = v and
yo2 = ¢'. We obtain (2.1) with

AS e/ )2 ol
At O). (7.38)

) = [ 2 1552
B(x; \) = ( 1-5 0 .
For each A\ € [—3,—7/12], the maximal operator Ty;() is now defined precisely as in Defi-
nition 2.1, Part (ii).

Our starting point for the analysis is to determine the limit-case of (2.1) with (7.38). For
this, we fix any A\g € [—3, —7/12] and any py € C\R, and we consider the linear Hamiltonian
system

Jy = B(x; M)y + poBalx; Xo)y. (7.39)

Specifically, we will take \y = —1 and py = 7. We let ®(x;i, —1) denote a fundamental
matrix for this system specified with ®(1;4,—1) = 5 (i.e., we take ¢ = 1 in our general
development). With A(z;i,—1) correspondingly defined as in (3.5), the value mg(i,—1)
can be determined by considering the eigenvalues of A(z;i,—1) as * — 07, and the value
Meo(i, —1) can be determined by considering the eigenvalues of A(z;i, —1) as x — +00. We
denote the eigenvalues of A(z;i, —1) by {v;(x;i,—1)}5_,, and proceeding numerically, we
find that for the case 6 = 0 we approximately have

v1(ei,—1) = —1.3305

7.40
ve(e;1,—1) = 1879, ( )

and
v (10;4,—1) = —1.0302 x 10°®

vy(10;4, —1) = 2.7857 x 107,

where here and below we are taking e = 107!Y as a suitably small value for the approxi-
mations. From the first pair we expect that mg(i; —1) = 2, from which we can conclude
from Assumption (D) (verified for this case in Section 7.1.2) that mg(u, \) = 2 for all
A€ [-3,-7/12] and p € C\R. By definition, then, Tj;()) is in the limit-circle case at © = 0
for all A € [—3, —7/12]. Likewise, my(i; —1) = 1, from which we can conclude that Ty, () is
in the limit-point case at x = oo for all A € [—3, —7/12]. Finally, we note that similar values
and conclusions hold for the cases 6 = 1 and § = 5, though we omit details in those cases.
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Remark 7.7. Throughout this section, our numerical calculations are intended only to il-
lustrate the theory, and we make no effort to rigorously justify either the values we obtain
or the conclusions we draw from them. For example, in this last calculation, we have not
attempted to find a rigorous error interval for the values of v1(1071%: 4, —1), v5(1071% 4, —1),
and v1(10;4,—1), and we offer no additional direct justification that ve(xz;i,—1) is indeed
tending to +00 as x tends to +00. Nonetheless, we observe that in the current relatively
simple setting the associated observations about limiting behavior can be verified rigorously
using Frobenius reqular singular-point theory as x — 0% (as described, e.g., in Section 5.6
of [2]) and a standard asymptotic analysis as v — +oo (as in [19]). Finally, we note that
i all of our numerical calculations, we work with more precise numbers than those given in
the text.

Since Tpr(A) is in the limit-point case at © = 400, no boundary condition is necessary
on that side, but on the left we must specify a boundary condition based on a choice of
Niessen elements. As discussed in Section 5.2 of [20], it’s natural in physical arguments to
specify boundary conditions so that solutions of (7.32) remain bounded as z — 0*. Through
the map ¢ = x¢, such solutions correspond with solutions of (7.33) for which ¢(z;A) — 0
as r — 07. Motivated by these observations, we will choose the Niessen elements for our
boundary condition at x = 0 so that solutions vanish as z — 0.

As discussed in Section 3, the Niessen space associated with x = 0 comprises two solutions
to (7.39), constructed as

where v{ (i, —1) and v9(i, —1) are respectively vectors obtained as limits (z — 0%) of eigen-
vectors of A(x; i, —1) associated respectively with the eigenvalues vy (z; i, —1) and vo(x; 4, —1)
(obtained as described in Lemma 3.3). For computational purposes, we approximate these
vectors in the case 6 = 0 with

. -~ . .8631
0ii, —1) = uiled —1) = (—.1762 + 4733¢) ;
. -~ . 1762 4+ 4733
US(Z, _1) - UQ(G; (2 _1) = ( 8631 )
Remark 7.8. We see in these calculations that
(i —1) = Jol(i; 1),

where the overbar denotes complex conjugate. In order to verify that this is generally the
case, we first recall the identities

D(x; s A)* T P(w; 1, A) = J
D(x; i1, A) = (w1, A).
The first of these is equation (2.7) from [20], and the second follows from (7.39) since B(x; \)

has real-valued entries. Now, suppose vy is an eigenvalue of A(x;u, \) with eigenvector vy
so that

(7.41)

1 .
m@(:p;u, A (J))D(x; oy, N)vg = vy 01.
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If we take the complex conjugate of this relation, we obtain

1 . - _

m@(m; f, A)*(J/3) P (x5 i, \)oy = 1404, (7.42)
where we have recalled that vy € R. According to (7.41), the matriz —J®(x; u, \)J is the
inverse of ®(x;, \)*, so if we multiply (7.42) on the left by —®(x; p, \)* JP(x; u, \)J we
obtain the relation

—_ 1 VT * —
2Imu(J/z)Ul = ®(@; 1, A) T D5 1, A)J U1
Rearranging, we see that
L 1, ) (/i) 1, X) Ty = — T
QIm,u T, ? Z; [, U1 = (21[?(1/1)21/1 V1,

showing that if vy is an eigenvalue of A(x; p, \) with eigenvector vy then vy = —1/((2Tm p)?vy)
is an eigenvalue of A(x; p, \) with eigenvector vy = Jovy. (Cf. Lemma 2.2 in [20].)

Our boundary conditions at x = 0 will be specified via a vector function

= Dz, ~1)(uf(i, 1) + o8 (i, 1)) (743)

where [ is taken to be a complex number so that

18] = /=20, ~1)/, -1).

Using (7.40), we can approximate the right-hand side of this relation with

V(e i, —1) /(e i, —1) = 2.6609.

We’ve seen that the physical boundary condition we expect is

. (0

(the value 1 taken as a choice of scaling), and with y(x; \) = ®(x;0, \)w we can identify the
vector w by computing

w = lim ®(x;0,\)"" <(1)> .

z—0t

Precisely, we fix A = A\; = —3, and approximate w with

N /0 4720
w = $(e;0,-3)™ (1) B (.8816) '

The boundary condition that we would like to identify will have the form

lim U%(z;4, —1)*J®(x;0, —3)w = 0,

z—07F
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so we can approximate the required choice of § by taking § € C so that
Ui, —1)*J®(€;0, —3)w = 0.
We can express this relation as
(@061, =100, 1) + Bu8(i, —1)) ) JP(e;0, ~3)w =0,
allowing us to solve for
f e V9(i, —=1)*®(e;4, —1)* JP(e;0, —3)w
9, —1)* (€0, —1)* JD(€; 0, —3)w’

Proceeding with the above numerical approximations of v{(i,—1) and v9(i,—1), we find
= —.9494 — 2.4858i, so that 3 = —.9494 + 2.4858i.

At this point, we can fully specify the self-adjoint restriction of 73,(A) that we will work
with; namely, for each A € [A1, o] we will take 7 (\) to be the restriction of T;(\) to the
domain

D :={y € Dy : lim U%x;i,—1)*Jy(x) = 0},
x—0t

where U°(z;4,—1) is as in (7.43) with 8 = —.9494 + 2.4858:. Having specified the operator
under consideration, we next check the condition on essential spectrum, namely that for each
A€ [A1, A2, 0 ¢ 0ess(T(N)). To this end, we define the corresponding second-order operator

H(\)Y = =" + (V(z) — AQ1 () + A\ (7.44)
with domain

dom(H())) = {w € L2((0,00),C) : 9,9 € ACe((0,0),C),

2 . 0/ .. - . [ V() .
H(\)y € L2((0,50),C), lim U°(xs3, 1) J(W ) - o}.

As discussed in [20], it’s straightforward to check that for each A € [—3, —7/12], the operators
Ta(A) and H(A) have precisely the same sets of essential spectrum, and also the same sets
of discrete eigenvalues. In addition, we know from [35] that any self-adjoint restriction of
the operator —9% + V'(z) has essential spectrum [0, 00), and it follows immediately that any
self-adjoint restriction of the operator —92 + (V(z) + A?) has essential spectrum [A?, 0o).
The remaining term —\Q; () is a compact perturbation of —9? + (V(x) + A?), and so we
can conclude that for each A € [—3, —7/12] the essential spectrum of H(A) (and so of 7(\))
is precisely [A\?,+00). From these observations it’s clear that for each A € [\1, Ao, we have
0 & 0ess(T(N)), which is exactly the condition we require on essential spectrum.

Next, in order to fully apply Theorem 2.14, we must check conditions (2.19) and (2.20).
Beginning with (2.19), we first observe that z = 0 is a regular singular point of (7.36), so
we have from standard Frobenius theory that for each A € [—3, —7/12] there exist constants
{ar(N\) 152, and {br(N)}32, so that for all x > 0 sufficiently small, the functions

b)) =+ 3 ap(N)r
k=1
Pa(x; A) = 14+ bo(AN)r(z; A) Inz + Z br(\)z"
k=1
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comprise a linearly independent pair of solutions. (See, e.g., [2]). In addition, our boundary
condition at x = 0 selects precisely the solution of (7.36) that approaches 0 as © — 07, so

we can take ba( )
x;
Xo(@; A) = <wi<x;A>> |

Moreover, if Ay is not an eigenvalue of (7.36), then we can take

vy (Va5 Ag) + Ko(A2)r (T3 A2)
Kool da) = (w;@c; M) + ro(Ae ) (1 m) ’

for some constant ro(Az2), where the key point in the specification of X (z; A2) is that if Ay
is not an eigenvalue of (7.36), then 1s(x; A\y) must appear non-trivially.

At this point, we can detect intersections between {o(z; A) and (o (x; \y) (respectively
the Lagrangian subspaces with frames X(z; A) and X (z; A2)) by computing

. . _ V1(w; A) o5 Ag) + Ko(A2)ihr (x5 Az)
det (Xo(2;0) Xoo(w; A2)) = det (Wl(ﬂ?; ) L A9) + oA (2 )\2)> .

The only term that doesn’t vanish to first order in x is ¥q(z; o)} (2; \), and this product
approaches 1 as © — 07. We can conclude that for 2 > 0 sufficiently small the spaces £o(x; \)
and {(x; Ay) do not intersect for any A € [—3, —7/12], giving (2.19).

Turning to condition (2.20), it’s convenient to express (7.36) as

" =V(x; N, (7.45)
where 5 P
Ny Y _o0_ et >
V(x; A\) = il '567:”/2)\ + A% (7.46)

According to Theorem 2.1 in Chapter 6 of [32], for each A € [—-3, —7/12], we can express a
linearly independent pair of solutions to (7.45) as

V(m, )\)71/467 f]rw V(ZJ?)\)dZJ(l + 63(1‘; )\))
V(z: )\)_1/4€IXZ V(y;A)dy(l +es(T; M),

¢3($; )\)
Ya(z; )

where by taking 0 < M we can ensure that for i = 1,2, ¢;(z;\) and €,(z; A) are suitably
small for all x > M, ¢ = 3,4.
With the above construction, we can take a frame for ¢, (x; \) to be

Xt = ()

In addition, since \; = —3 is not an eigenvalue of 7(+), we can take a frame for {y(z; A1) to

be
vy (Va5 M) Roo(A)¥s (s Ar)
XolwiA) = (%(1’3 A1) + Koo (A1) (3 )\1)> ’
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where the key point is that ¢4(x; A\;) must appear non-trivally in the linear combination.
In order to detect intersections between fo(x; A;) and £ (x; ) (respectively the Lagrangian
subspaces with frames Xg(x; A1) and X (z;\)), we can compute the determinant

. . _ Va3 A1) + Koo(A)¥3(5 A1) 3(x; A)
det (Xo(x, A1) Xoo(w; )\)) = det (Q/Jé(ﬁ; M)+ e AU (M) (a )\>) )

For M sufficiently large, the leading order term from this determinant is

V(z;A) (14 V(T3 M) 174 s A 14 Aly1/4
(W)/ +(m)/ Z()\—l)/ +(T>/»

where the approximation becomes better as x increases. Since this last relation is non-zero
for all A € [-3, —7/12], we can conclude that for x sufficiently large the spaces £y(z; A1) and
loo(x; ) do not intersect, ensuring that Condition (2.20) holds.

At this point, we have (approximately) specified our frame that lies left in (0, c0),

and we next turn to identifying the solution of (2.1) with (7.38) and A = Ay = —7/12 that
lies right in (0, 00). For this, we begin with the eigenvalues of

B(x; Ag) = ®(x;0, A2)* J(0xP) (250, A2).

In order to approximate the behavior of these eigenvalues as x — +o00, we choose a large
value M and evaluate v1(M; Ag) and vo(M; \y). Precisely, in this case, we take M = 50, for

which we find
11(50; \g) = 32.7812

5 (50; \p) = 1.6480 x 10",

The eigenvector associated with v (50; \g) is

— 9332
v1(50; Ao) = ( 3593 ) ‘

This approximately specifies the solution X, (x; Ay) that lies right in (0, 00) as

Xoo(: ) = B0, 20 (50; ).

With Xo(z; A1) and X (z; Ay) specified, we can now compute the Maslov index
Mas(€(+; A1), loo(+; A2); (0, 00))
as a rotation number through —1 for the complex number

W (25 M, Aa) = —(Xo(@; M) +3Yo(z; M) (Xo(z; A\) — 1Y (25 M) 7
X (Xoo (73 A2) 4+ 1Y oo (23 X2)) (Xoo (15 X)) — iVoo (5 2)) 1.
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By generating the frames Xo(z; A1) and X (z; A2) numerically, we can track the complex
value W (z; A, A2), and in this way, we observe crossings at values = = .653, = 2.137, and
x = 5.489 (with numerical increment .001). From Theorem 2.14, we can conclude that there
are three eigenvalues on the interval [—3, —7/12], as expected.

In order to see more fully the dynamics associated with this count, we identify the spectral
curves passing through the Maslov box [—3,—7/12] x [0, 10], where the endpoint 0 can be
included in a limiting sense and, due to exponential decay, 10 is sufficient for approximating
the right endstate at +o00. In the left-hand side of Figure 7.1, the top two spectral curves
(with spectral curves counted top to bottom as they cross the left shelf) appear to cross at
about (A, z) = (—2.5,.68), and in order to better understand the nature of this point, we
depict an amplified view of it on the right-hand side of Figure 7.1. We see that, in fact, the
spectral curves do not cross, but rather the top curve sharply rises and the second curve
turns sharply to the right.

The Maslov Box The Maslov Box

| 5.684

7
| / ;'/
5682 - /
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Figure 7.1: The Full Maslov Box for H on [—3,—7/12] x [0, 10] with § = 0.

Next, we begin to increase ¢ so that we obtain interaction between the terms Q1 (z; )\
and Qy(z)A?. The details of these calculations are nearly identical to those for the case
0 = 0, so we only give a summary of results. First, for 6 = 1, we again count the number of
eigenvalues in the interval [—3, —7/12]. In this case, we obtain crossing points along the left
shelf at approximately x = .520, x = 1.999, and x = 5.410. These values are lower than their
counterparts for the case § = 0, so it’s natural to expect that the eigenvalues have moved to
the right. Again, in order to understand the full dynamics, we identify the spectral curves
passing through the Maslov box [—3, —7/12] x [0, 10]. (See Figure 7.2). As expected, we find
that the eigenvalues are now located approximately at values A = —1.740, A = —.925, and
A = —.660 (working with an increment of .005 in the numerical calculations). As with the
case 0 = 0, the top two spectral curves don’t cross.

Last, we increase 0 to 6 = 5, and again we start by computing the Maslov index on
the left shelf. In this case, we find only two intersections, at approximately z = 1.323 and
x = 5.043. These values are lower than 1.999 and 5.410 respectively, and the lowest crossing
no longer occurs. We conclude that for § = 5 there are only two eigenvalues on the interval
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The Maslov Box

T - axis
(6]

Figure 7.2: The Full Maslov Box for H on [—3, —7/12] x [0, 10] with ¢ = 1.

[—3,—=7/12]. Once more, in order to understand the full dynamics associated with this
count, we identify the spectral curves passing through the Maslov box [—3, —7/12] x [0, 10].
(See Figure 7.3). We see that the two eigenvalues reside at approximately A = —1.085 and
A= —.738.

7.2.2 Application to Incompressible Ideal MHD

As a second application, we consider a model of incompressible magnetohydrodynamics
(MHD), adapted from [9], with the precise form considered taken from [12]. As discussed in
detail in [10, 12], the behavior of a plasma can be modeled by the MHD equations
p(op+ (v-V)v)=J x B—Vp
pe+ V- (pv) =0
Bt — —V X E
pr+v-Vp+4pV-v =0,

(7.47)

along with the Maxwell relations V x B = poJ and V- B = 0. (In Ampere’s Law, poeqFy
is taken to be negligible; see p. 38 in [12] for discussion.) For the current application, we
will also assume perfect conductivity F +v x B =0 (see p. 70 in [12]; also equation (5) in
[9]), along with incompressibility, V - v = 0. Here, p denotes fluid density, v denotes fluid
velocity, J denotes current density, B denotes magnetic field strength, E denotes electric
field strength, and p denotes fluid pressure. The constant i is the usual permeability of free
space, and the constant v is a ratio of specific heats taken in [12] to be v = 5/3. (See p. 53
of [12] for details.)

For this application, we will focus on a plasma confined to a cylinder with radius b > 0,
in which case cylindrical coordinates (r, #, z) become convenient. In what follows, we will let
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The Maslov Box

A

A - axis

T - axis
(6]

Figure 7.3: The Full Maslov Box for H on [—3,—7/12] x [0, 10] with § = 5.

~

7, 0, and Z denote the usual basis elements for cylindrical coordinates, and we will write
B = B,# + By + B.2,

and similarly for other vectors. Our focus will be on the spectrum of the operator obtained
when the system (7.47) is linearized about a stationary solution depending only on the radial
variable 7, (vo(7), po(7), Bo(r), po(r)), with also Jo(r) = g 'V x By(r). As in Section 6.1.2 of
[12], we focus on the static equilibrium case with vy taken to be identically zero. Linearization
leads us to equation (9.47) from [12], though since we’re not aware of a reference in which
this equation is derived in detail, we briefly include such a derivation here. For this, we begin
by observing that since vy(r) is identically zero, the functions By(r) and po(r) are seen to
satisfy

1
Vpg = Jy X By = M_(V X By) x By. (7.48)
0

The condition V - B = 0 implies that B,(r) = 0, and subsequently (7.48) reduces to

1 1
_BQIZ__BZ
(o + 3|BEY = ~153

where |B| denotes the length of B. This still leaves considerable freedom in the choice of
po(r), Bg(r), and B,(r). For our numerical calculations, we will take a particular triple
of functions from Section 9.1.1 in [12], but for our general derivation we will leave these
functions unspecified.

We linearize (7.47) about the stationary solution, writing our perturbations as p; (1, 6, z, t),
vi(r, 0, z,t), pi(r,0,z,t), and By(r,0,z,t), with also Ji(r,0,z,t) = (1/uo)V x By(r,0, z,1).
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In this way, we obtain the system of perturbations,

PoV1 = JO X Bl+J1 X Bo—Vpl

p1e =0
Blt =V X (’Ul X B()>
plt - 0.

Following [10, 12], we introduce & so that
vi(r, 0, z,t) = &(r,0, 2, 1),

allowing us to express the momentum equation as

poé = Jo X By + J1 X By — Vpy. (7.49)
Similarly, our equation for B; becomes

By, =V x (& x By). (7.50)
We now look for solutions of the form
€0, 248) = E(r)e 0,

and similarly for By(r, 0, z,t), where m, k € Z, and identifying appropriate values of w will
be the primary focus of our attention. With this notation, (7.50) becomes

—wB; =V X (—ZW§ X Bo> = B; =V X (5 X Bo)7

and likewise —iwp; = 0 and —iwp; = 0. Upon substitution into the momentum equation we
see that

LU % By x (Vx (Ex B)) + —(Vx (Vx (ExBy).  (75])

e = F(€) =
Ho Ho

Following [12], we introduce
Q =V x (£ x By), (7.52)

so that (7.51) can be expressed in the more compact form
1

Ho

— pow?€ = {(v x By) x Q + (V x Q) x BO}. (7.53)

By direct calculation we find that if

E(r) = & (r)F + &(r)0 + &.(r)7,

then

. X N AW 1 /
Qe—z(mH-i-kz—wt) — ZFfr’f’ + (k’|B|T] — (Befr) )9 — ( (TBzgr) +

r

m\B!n>§
- .
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where we’ve introduced (from [12]) the convenient notation

F = m By

kB, (7.54)

and
_ Bzf@ - BGfx

B | B|
The system (7.53) comprises a matrix operator problem in the variables &,., &, and &,.
In [12], the authors show that this system can alternatively be expressed in terms &, n, and

(7.55)

,B,gfg + Bzgz
e 7.56
C t |B‘ ’ ( )
with the result taking the form
gr 57”
M\ n|==popow?|n]|, (7.57)
¢ ¢
with
2 2
AlBPd, _p2_ By dgp_ 2BdBL )
M=|" b, ~F?-G* 0],
0 0
where we have introduced B
G =" _ kB, (7.58)
,

For comparison, this is the analogue of equation (9.28) in [12], appearing here in the incom-
pressible case. (In [12], the authors scale pg to 1, so it doesn’t appear.)

In order to reduce (7.57) to a single second-order equation, we will restrict our attention
to values w? larger than 0 and on closed intervals disjoint from

F2
ran <—>
HoPo
where we recall that b is the radius of the cylinder, so € [0,b]. We see from the third
equation in (7.57) that we must have { = 0, requiring

[0,6]’

By
£, = —B—z&),
from which it follows immediately that
|B|
= : 7.59
=g §o (7.59)

In the incompressible case, we additionally have
1 ] .
V- 5 = (—(7’&(7"))/ + @fg(r) + ikéz(r)>ez(m9+kz—wt) =0,
r r
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from which we see that

(r& (1)) = —i(m — krg—i)ﬁg(r) - —zB%Ggg(r). (7.60)
If we combine (7.60) with (7.59), we find that
B

1= e )y (7.61)

Following [12], we introduce the radial variable y = r¢,, for which the second equation
in (7.57) can be expressed as

G|B| , 2kBy|B|

. X = (F? + G*)n = —popow™n. (7.62)

In order to obtain a single second-order equation for y, our strategy will be to use this
equation to solve for 7, and then to substitute the expression we obtain for 7 into the first
equation in (7.57). More precisely, our goal is to obtain equation (9.47) from [12], which
requires the use of relations we have from incompressibility. To this end, we will use (7.61)
for the right-hand side of (7.62), and solve the resulting equation for 7. Noting additionally
the relation

2 ) m’ 2\ 32
F 4+ G :(ch)\By : (7.63)
we find that o ) B
+ flopow :
N= X = (7.64)
(" +k2)|B|Gr ("z +k2)|B|r
Alternatively, we can use the relation (7.61) in the term —G?7 in (7.62) to see that
2k By| B 2k By| B
o 2y, - , 7.65
( Pottow” )1 X "= T )2 X (7.65)
If we now combine (7.65) with (7.61) we obtain a first-order equation for x,
2kByG
/ ! (7.66)

o (£ — Po/lowQ)?“X'
Upon substitution of (7.64) into the first equation in (7.57), we obtain the relation

d [Fz - Poﬁboerd_X 2k Bopoprow®
drl m?+k?r?  dr (m? + k2r2)GX
2% ByG 42 B2

(7.67)
!/ —
m? + k2r2) * (m? + k’grz)r] x=0.

pan? — F* B}

)" —

+
r 72

In addition, if we replace x’ in (7.67) with (7.66), we obtain equation (9.47) from [12], namely

d [FQ - Po,uow2rd_X] . [Po,uowz -2 (B_é),

drl m2+E2r2  dr r r2
m? + k2r? (F? — popow?)(m? + k2r2)r X =0
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In order to ensure that the denominator m? + k?r? remains bounded away from 0, we will
focus on cases for which m is non-zero. We will see that (7.68) is limit-point at = 0, and so
no boundary condition is required, while for the boundary condition at the regular endpoint
x = b we will take the Dirichlet condition x(b) = 0. (See Section 9.2.1 in [12].)

For the calculations that follow, we assume By(r), B,(r), po(r), and po(r) are all analytic
in 7 in an open ball containing the interval [0,b], and also that By(0) = 0. For notational
consistency, we begin by expressing (7.68) in the form used throughout the current analysis,
namely by replacing r with x and w? with —\ (for which we will then be interested in A < 0),
so that (7.68) can be expressed as

—(P(a: N6 + V(w3 A) = 0, (7.69)
where At F(a)?
. MopoA + I'(w
P(z;\) = e (7.70)
and
1 B2\’ 4k* B2 F? 2kByG '
V(s A) = = (popor + F(2)?) + (=2) — g d
(@5 A) x(ﬂopo + F(z)”) + (xg) z(m? + k222) (popo + F(2)?) T <m2 —|—k2x2>
(7.71)

We now express (7.69) in our standard form (2.1) by setting y; = ¢ and yo = —P(x;\)¢/,
noting the sign choice on y,. We obtain

Vix; A 0
Jy' =B(z; Ny, B(z;)) = ( <0 ) Pz A)_1> : (7.72)
For notational convenience, we will set Q(z;\) = —P(z; \) L.

In order to employ Theorem 2.12 in this case, we need to check Assumptions (A) through
(F), along with the additional assumptions of Theorem 2.12. Starting with Assumption
(A), we first observe that since F' is continuous, the range of F/(p0po)|jo, is a closed set,
say [c,d]. We will apply Theorem 2.12 on a fixed interval [A;, 2], Ay < Ay < 0 so that
(A1, A2] N [e,d] = 0. On such intervals, the quantity uopoA + F(z)? is bounded below. It
follows that there exists a constant Cj sufficiently large so that for all A € [\, As] we have

|B(z; \)| < bg(x) := % Vz e (0,b).

Next, we compute

By (2 \) — (VA%‘ A 0. (?C; A)> | (7.73)

where

4 Bg(x)?F(z)?
V)\(ZL’, )\) _ Poto + Polbo 9(1’) ('I.)
x o a(m?® +k2?)(popor + F(x)?)
m? + k*z?
Q,\(x, )\) _ pOMO( 2)2.
z(potoX + F(x)?)
We readily see that there exists a constant C; sufficiently large so that for all A € [\, Ao] we
have

(7.74)

1

|B(x; \)| < by(x) := % Ve (0,b),
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completing the verification of Assumption (A).
For Assumption (B), we observe that

(Ba(; Ny, y) = Valas A ] + Qalz: Nyaf, (7.75)

and it’s clear from (7.74) that this sum can only vanish on an interval [c,d], ¢ < d, if y;(z)
and yo(x) both vanish on this interval. This establishes Assumption (B).

Turning to Assumption (C), our starting point is to be clear about the nature of
L%BA((O,b),CQ) for this application. By definition, this is the collection of Lebesgue mea-

surable functions f = (ﬁ) for which

b
/0 (B (2 0) (), £())di < oo.

Using (7.75), we immediately see that L ((0,b), C?) is equivalent to the collection of Lebesgue
measurable functions f = (2) for which

b
1
/—|f¢(x)|2d:z:<oo, i=1,2
xr

This space, which we will denote L? /x((O, b), C?) is clearly independent of A, establishing the
first part of Assumption (C). For the second part of Assumption (C), we need to check that
the maximal domain Dy () is independent of A. For (7.72), we can characterize Dys(\) as
the collection of functions

y € ACuoc((0,8],C*) N L, ((0,),C?)
for which there exists f = ( ) %,((0,b),C?) so that
—yz V(ﬂf, Ny = Valz; A) fi(z)
Qx5 \y2 = Qa(2; A) fo(z),

for a.e. x € (0,b). Given that y € Dy(A) for some A € [Ar, \o], we need to verify that for
any other A € [A1, \g] we have y € Dy()). Specifically, we need to show that for any such

A € [A1, \g] there exists f = ( ) € Lg, ((0,b),C?) so that

(7.76)
A
A
—1hy — V(z; Ny = Vala; M) fi()
Vi — Q23 N2 = Qu(x; M) fo(a).
To this end, we can write (7.76) as
—ys = V(z; Ny = Valz; M) i + (Vs A) = Vi Ay
U — Qi Nya = Qu(m; M) fo + (Q(; N) — Q(3 M)y,

from which we see by inspection that in order to obtain the relations (7.77), we need to have

(7.77)

V(23 ) fi(x) = V(@A) fu(@) + (V(30) = V(s X))y
Qx(@; N fo(z) = Qu(@; N fo(@) + (Q(z3 A) — Q(25 X)),
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for a.e. x € (0,b). For the first, we can write

filx) = Vala; )7 Walas A fi(@) + Valas A) 7 (Vs ) = Vi A))u (),

where by direct calculation we find the relations

. 4k%By(z)*F(x)? -1
V)\ iL‘;)\ V,\ X, A) =<1 N
(i) (&) { i (m? + k22%)(opo + F@)Q)z} (7.78)
I
(m?2 + k222) (popoX + F(2)2)2 )’
and
. - < 4k*By(x)* F(2)? -
Vi(x; A V(e A) = V(s A) = (A=A =
A V) Vi d) = 0= {1 SN )
y {1 N 4k*By(x)?F(x)? ] }
(m? + k222)(popo + F(2)?) (opod + F(x)?)

In each case, we see that the expression on the right-hand side is uniformly bounded both
above and below, so fl inherits the integrability properties of f; and y;, which is precisely
what we need.

For f,, we need

fo= Qa(z; )7 Qa (s N) o + Qa2 )71 Qw3 A) — Qs \))ya,

where : ~ (0)2)?
.31 vy (popoA + F(x
Q}\ ('I’ )\) Q/\(l’) A) - (pOH,OA + F(gj)2)27
and -
3 3 <\ PotoX + F(x)?

Q@A) HQ(w: ) — Qa3 A) = (A = A) (7.79)

potioN + F(x)?
The expressions on the right-hand sides are uniformly bounded above and below, so fQ inher-
its the integrability properties of f; and y,. This completes the verification of Assumption
(C).

As with our previous applications, we set Assumption (D) aside until we’ve verified
Assumption (E). For this latter verification, we begin by identifying £(x; A, \,) in this case.
Taking advantage of the diagonal structure of B(x; \), we can choose Ej9(z; A, A) = 0 and
Exn(x; A\, M) =0, and take

En(z; M A) = V(@ ) V(e \) = V(g \))

o 4k*By(x)?F(x)? -1
= (A )\*){1 + (m? + k222 (popo) + F(x)Q)Q} (7.80)
4k*By(z)*F(x)?
: {1 " mE B2 (oo + F () (popo. + F(@)?) }

75



and
Eaa (s A ) = Qa5 M) THQ(730) — Qs \))
" popoA + F(x)?

We observe here that &1(x; A, A\y) and Ex(z; A, \y) can be expressed in the form

= (A=A

where we see from (7.80) and (7.81) that the functions ©;;(x; A\, \,), i = 1,2, are uniformly
bounded above and below on [A1, A\y] X [0,b]. In addition,

@“(117 )\, )\*) — 1, A=\

uniformly for x € [0, b].

Now we’re prepared to check the four parts of Assumption (E). For (i), we need to check
that £(x; A, \,) is bounded as a multiplication operator mapping Lg ((0,b), C?) to itself, and
for (ii) we need to verify that in fact the norm of this operator is o(1) as A — A.. We check
these conditions together by computing

[ECGA AN = sup [[EC; A A) ()],

”fH]B/\Zl
b 1/2
= s ( / B AJE(es A A (2), (X, M) f () )
Il fllg, =1 0
b ) ) 1/2
== A] s ( / Vil 0[O0 (2 A A A () + Q1) [ Oz A A) o) ?)
fley=1 0
b ) ) 1/2
<OR=xl s ([ RENIA@E - QNI
By = 0
— A=A sup [Iflle = CIA— Adl,
[l flle, =1
where
C= o, X {|911($§ M|+ O22(x; )\)|}
We see that

[EGAAN S CA=A] A= A

which is more than we require for (i) and (ii).

For (iii), we need to show that the matrix function £(z; A, A,) is continuously differentiable
in A for A € I, ,, and that the map A — E(z; A, A\.) is continuously differentiable as a map
from Iy, ,, to B(Lg, ((0,b),C?)).

First, continuous differentiability of £(z; A, Ax) in A is clear from the explicit relations
(7.80) and (7.81). Specifically, we see that

NEr1(z; M, A = Vil M) " Wiz \)

7.
OnEn (@ A A) = (1 A)~ O (a3 V), (7.82)
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for which we respectively have explicit expressions (after replacing A with \,) from (7.78)
and (7.79).

In order to verify that £(-; A\, \,) is differentiable as a map from I, , C [\, A2] to
B(Lg, ((0,b),C?)), we let €(h; A) denote the operator so that

ECGAFRAN) =ECANAN) FECAA)h+e(hy A, A)h,

and our goal is to check that
}lbin% le(h; A\, A)|| = 0. (7.83)
—

Computing directly, we find

1
en(h A\ = E{sn(x; AR = Enlw A ) = BEn(ws A\

_ {1 + 4k*By(x)*F (x)° }1 4k By(2)*F ()
(m? + k22?) (popods + F(2)?)* ) (m? + k*2?) (popod + F(2)?)
1 1

. { (Hopo(A +h) + F(x)?)  (popor + F(x)?) }’

where we mean here that €11 (h; A, \,) acts as a multiplication operator mapping Lg_((0,b), C?)
to itself. We see directly from this relation that (7.83) must hold. The verification for
€g2(h; A, \y) is similar, allowing us to conclude that the map A — E(z; A\, \,) is differen-
tiable as a map from Iy, , to B(Lg, ((0,b),C?)), with derivative the multiplication operator
Ex(5 A A\).

For the final part of Assumption (E)(iii), we need to show that £,(-; A, A«) is continuous
as a map from I, , to B(Lg ((0,b),C?)). For this, we fix \g € [A1, o] and for any X € [Ay, Aq]
consider the difference

Ex(5 A A) = Ex(5 X0, M),

Focusing again on &1, we can use (7.82) to compute

4k*By(2)*F(x)? }1
(m? + k22?)(popors + F(x)?)?
y {4k239(x)2F(x)2 }{ paoE (N + Xo) + 2popo F(2)? }

m? + k22 (HopoA + F(2)?)*(poporo + F(x)?)?

The key observation here is that this difference goes to 0 uniformly in x as A approaches \g,
and this is enough to allow us to conclude that £,(-; A, \,) is continuous as a map from I, ,
to B(Lg, ((0,0),C?)). The analysis of 9xE11(-; A, A,) is similar, finalizing the verification of
Assumption (E)(iii).

This brings us to Assumption (E)(iv). For this, we can compute

[ (@) Ba(z; Ng(z)| < | f1(2) Valz; A)gi(@)] + [ fo(2) Qaz; M) ga()]

and Assumption (E)(iv) follows from uniformity of Vi (x; A) and @x(z;A) in A. This com-
pletes the verification of Assumption (E).
Returning to Assumption (D), according to Lemma 7.5 we only need to check that

rEN (AN = OrEn (20, A0) = —(A = M) {1+

IEX(5 A Xo) — I]| =0(1), A — .
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Using (7.82), we find

4k*By(x)*F (x)? }1

(m? + k222)(oporo + F(7)?)?

x {4k230(x)2F (z)? M 35 (A + Xo) + 2p10po F (2)* )
m? + k*a? (HopoX + F(x)2)*(poporo + F(x)?)? )

8)\811('; )\, )\0) —1= —()\ - )\0){1 +

We see that in fact
[ExC5 A X0) = Il = O(|A = o),

which is substantially stronger than the required condition.
This concludes the verification of Assumptions (A) through (E). For Assumption (F),
we have

_ _ Bl (Vi A2) = V(x5 \) 0
B(x; Ag) — B(z; A\y) = ( 0 Q(x; X2) — Q(x; )xl)) ’
where
) V(v Fopo0s = M) Ak Bo(@) F )
V(s do) = Vias ) x {1 * (m? + k222)(opoda + F(2)?)(popors + F(x)?) }
) — Oz \y) = Hopo(A2 — Ap) m? + kK’
Q5 2) — Q(z3 ) T { (Hopore + F()?)(topodr + F()?) }

Since the quantity popoX + F(z)? is taken to have the same sign for all A € [A1, \y], we have
that
(Hopoda + F(x)?) (Hopori + F(x)?) > 0.

It follows immediately that the condition from Remark 2.11 follows, so Assumption (F) is
seen to hold.

We turn next to the assumption in Theorem 2.12 on asymptotic intersections. For this
application, the singular point is on the left, so the condition becomes existence of a value
co > 0 sufficiently small so that for all 0 < ¢ < ¢

lo(c; N) Nlp(c; A2) = {0}, YA€ (A, A,

where /y(c; \) denotes the one-dimensional space of solutions to (7.72) that lie left in (0,0),
and £,(c; A2) denotes the one-dimensional space of solutions to (7.72) that satisfy the Dirichlet
boundary condition at x = b.

In order to verify this, we observe that for all A € [A\1, Ay, our equation (7.69) has a regular
singularity at x = 0. This allows us to construct linearly independent series solutions

é(w; ) = 2l (1 +3 aj()\)a:j>
= N (7.84)
o(2:A) = bo(N) (23 A) Inz + 2~ /™! (1 +3 bj(x)xj),

J=1
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for some constants {a;(A)}32; and {b;(\)}52,, with each series converging on an open interval
containing [0, b].
Using (7.84), we can take as our frame for solutions of (7.72) lying left in (0, b) the vector

Kol A) = (—P(f(vb;(i;;’)(x; A)) ’

noting that for x near 0 this is approximately

Im|
T
XO(@ )‘> = (_uopoA+F(0)2x|m|> .

For X, (x; \2), since Ay is not an eigenvalue, we can take

Xy(73A2) = (_p(f()\?)g?()x, /\2)> e (—P(ﬁg\z;);?gx; /\2)) ’

for some constant C, where the key point is that if Ay is not an eigenvalue then the first
term on the right-hand side of this expression must appear non-trivially. We can detect
intersections between fo(x; \) and £,(x; A\2) by computing

det < o(z;A) p(x; A2) + Co(x; As) >
—P(x; NP (25 0)  —P(x; M) (¢ (3 Aa) + C¢' (x; \2))

~
= | _ popor+F(0)? Zml topoA2+F(0)? 2 Iml
m m

_ Hopo(A+ o) £ 2F(0)
m

# 0.
The final item we need to check is the assumption that
Uess(T) N P\la >\2] = @

For this, we recall that a value A € [A1, Aa] is in the essential spectrum of the operator pencil
T() if and only if 4 = 0 is in the essential spectrum of the operator 7(A). In order to
understand the essential spectrum of the operator 7 (\), we consider the eigenvalue problem
T (AN)y = py, which can be expressed as

Jy' = B(z; Ny + uBx(z; Ny (7.85)

(see (2.7) and (2.8)). If we set

V(x; A, ) = V(23 A) + pValz; A),
then we can express (7.85) as a second-order equation for the component y;, namely
—(P(@; A, w)y) + V(@ A, p)yr = 0. (7.86)
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Our approach to the essential spectrum will now be as follows: (1) we will show that for
each A € [A1, \g] we can construct a solution ¢(x; A, 1) to (7.86), analytic in p for p in a
neighborhood of 0, so that

' B o5 A, 1)
Xo(; A, p) = (—P(:c;)\,u)ﬁb(x?)‘v“)>

is a solution of (7.85) that lies left in (0,b), and likewise that we can construct a solution
(x; A\, p) to (7.86), analytic in p for p in a neighborhood of 0, so that

‘ B V(A 1)
Xp(; A, p) = (—P(x; )\,H)Qﬂ(x;)"m)

is a solution of (7.85) such that 1(b; A\, ) = 0; and (2) we will show that if the Evans function
D(i; \) = det (Xo(:c;)\, 1) Xo(; A\, u)) (7.87)

(which is independent of x) satisfies D(0; A) # 0, then 0 € p(T()A)). Since D(-; ) is analytic
in u (due to analyticity of Xo(z; A, 1) and X,(z; A, 1) in p) and not identically 0, we can
conclude that if g = 0 is a root of D(-;A), then it must be isolated, and so must be an
element of the point spectrum of 7 (A). In summary, for each A € [A1, A2, we will be able
to conclude that g = 0 is either in the resolvent set of 7 (\) or in the point spectrum of
T (A). It will follow immediately that @ = 0 is not in the essential spectrum of 7 () for any
A€ A1, Aol

For the first step in this approach, we observe that (7.86) has a regular singular point at
x = 0, allowing us to construct a series solutions of the form

oz A\ p) = xT’(l + i a;(A, ,u)x’), (7.88)

J=0

where ag(A, 1) = 1 and

o — GO ) FOP) o) =)+ FO))
7 (topoA + F(0)?)?

Here, we observe that r(-;\) is analytic in g for g near 0, with also 7(0; \) = |m|. (We
can also construct a second solution of (7.86), linearly independent of ¢(x; A, 1), but that
solution won’t be needed for the current analysis.) In (7.88), we see that 2" is analytic
in u, so we only need to verify that the sum Z;’il a;j(\, p)a™ is also analytic in p. To
this end, we will check that each coefficient a;(\, i) is analytic in u, and also that the sum
converges uniformly in p. In addition to (7.88), this calculation will require the following
series expansions:

Iml. (7.89)

[e.e]

¢'(zs A, 1) = Z a; (A, p)(r+ Ja

7=0

(7.90)

M

Il
=)

O (@ h ) = 3 a4 )+ — D,

J
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and

P(Qf, )‘7 :u) - ij(A’ ILL).CE]
j=1

Pl ) = jpi(h wa’™! (7.91)
j=1

V(s A p) =Y vi(A p)al ™,
7=0

where
(ttopo + F(0)?)?

P = s epo O — 1) + F(OP)
o, A) = popo(A + ) + F(0)*.

Upon substitution of these relations into (7.86), we obtain the relation

(ij (A “”J)(Z% A ) (r+4)(r+j— 1)xT+j‘2>

(Z]p] (A, p)a?™ 1)(2% O 0)(r + ) r+j—1>

(Zv])\,u:vj 1)(?(1] ’””):O.

For the subsequent calculations, it will be convenient to write

<pr (A )z ><Zaj(/\7ﬂ)(7”+j)(7“+j - 1)xr+j—2)

— 2<Zp])\u ><Zaj)\u(r—|—j)(r+]—1):c])
=" Z_: cj (A, p)a?

where
¢i=p1a;1(r+j—1)(r+j—2)+pajo(r+j—2)(r+75—3)+---+pjaer(r—1), (7.92)

for j =1,2,.... (Here, dependence on A and u has been suppressed to emphasize the index
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relations.) Likewise,

o0

<ijg (A, p)a?™ 1)(2% A\ ) (r + j)z ’””‘1)
7=0
' Q(Zm (A, ) )(Zag (A, ) (r + a9~ 1)
7=0
= xT*Q Z dj()\, /,L)xj
j=1
where
dj =praj_1(r+j — 1)+ 2paa; o(r +j —2) + -+ jpjaor, (7.93)
for j=1,2,3,..., and
vt ( Z v;(A, ,u)xj> ( Z a;(A, u)x””)
5=0 §=0
=" 1<Zvj()\,u)xj> (Za]()\,,u)x]>
§=0 5=0
=g ! Z ej(\, p)a? = 2" 2 Z ej—1(\, p)a?,
j=0 j=1
where
€; = Vo + V1G5 + -+ v;ao, (794)
for j =0,1,2,.... Combining these expressions, we can write (7.86) as
2 (e — S i)+ e (A )a? = 0
j=1 j=1 j=1

Upon matching coefficients of powers of x, we obtain the coefficient relations
_cj(/\vlu) _dj()\vlu) +€j—1()‘7#) = 07 j = 172737"" (795)

For 7 = 1, we have
a1 = pi(A, p)agr(r — 1)
di = p1(A, w)aor
eo = vo(A, pt)ao,
from which the relation —c¢; — d; + ey = 0 is seen to hold from the above expressions for py,
ag, and vy.
Next, we use the equation (7.95) to obtain an iterative relation for a; (A, ) in terms of
the previous coefficients. Using (7.92), (7.93), and (7.94), we obtain the relation

Auaj_l = BIU
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where

A“:—pl(r—i-j—1)(r+j—2)—p1(r+j—1)+v0:—pl(r+j—1)2+v0

_ (Hopo + F(0)%)? i 1)2 2
- m2<ﬂop0(>\ _ ,U,) 4+ F(0)2)< + J 1) + MOpO()‘ + :u) + F(()) 3

and
BM :p2<7ﬁ +,] - 2)<T +] - 3)aj—2 + - +p](7" - 1)(7" — 2)@0

+2p2(r+Jj —2)aja+ -+ jpjrao — viaj_2 — -+ — vj_100.

Here, since r(0, ) = |m/|,

(Im| +j—1)?
m2

Ao = (popo(A + 1) + F(0)*)(1 — )-

The quantity (1 — (|m| + 7 — 1)?/(m?)) is strictly negative for j = 2,3,..., so that we can
divide by A, for all ;1 sufficiently close to 0. Since A, and B, both grow at quadratic rate
in j, we see that for the ratio B, /A, the coefficients of the values {a;}); can be bounded
by some constant M, uniform in j and p for p in a fixed neighborhood of 0. Specifically, we
obtain an inequality of the form

|aj—1| < M(lao| + |ar| + - -+ + [a;-2]),
or upon shifting the index
|a | < M(lao| +[ar] + -+ + |aj-1l). (7.96)

Claim 7.9. For any sequence of values {a;}52,, suppose |ag| <1 and that inequality (7.96)
holds for all j € N. Then for any constant C' > 1 chosen large enough so that

M/C
e st (7.97)

we have |a;] < C7 for all j € {0,1,2,...}.

Proof. We proceed inductively, first observing that by assumption |ag| < 1 = C°. For the
induction step, we assume that for some n € N, we have |a;| < CY for all j € {0,1,2,...,n},
and our goal is to show that this implies |a,1| < C™"!. Upon combining (7.96) with the
induction hypothesis, we obtain the inequality

|an 1] < M(lag| + |as] + - + |an|) < (1+C+-~~+C”)

1 1
_ n+1 . n+1
= MC (C + = C2 +- Cn+1 — Mc Z Ci

1/C

n+1
1—1/C =C

Mcn+1
where in the last step we've used (7.97). O

83



Now, we return to (7.88), and fix any value z < 1/(2C), so that

1.1 1.,

;A 2’| < (5 =5 = (5)

We see that for fixed values A € [A1, Ao] and z < 1/(2C), the sum 7%, a;(A, )27 converges
uniformly in p for g confined to a sufficiently small neighborhood of 0. Since the functions
{aj(A, 1) }32, are analytic in p (a property inherited from the analyticity of P(x; A, u) and
V(x; A\, p) in p), the function ¢(x; A\, p) in (7.88) is analytic in p for 0 < = < 1/(2C).
Subsequently, we obtain analyticity in u for for all z € (0,b) by analytic continuation. Using
¢(x; A, 1), we can now construct a solution

i~ (S5 )

analytic in u, that solves 7(A\)Xo = pXo and lies left in (0,b), and since (7.85) is regular
at © = b we can likewise construct a solution X,(z; A, 1), also analytic in u, that solves
T(N)X;, = pX,, along with the Dirichlet condition Xy(b; A, ) = (}). This allows us to
analytically construct the Evans function D(u) specified in (7.87).

Claim 7.10. For any fized A € [\, A2|, there exists € > 0 sufficiently small so that a value
€ B(0;¢€) is in the resolvent set of T () if and only if D(u; A) # 0.

Proof. First, if D(u; A) = 0, then p is an eigenvalue of 7()), and so excluded from the
resolvent set. For the other direction, we assume D(u; \) # 0, and as in Appendix Section
A.1, we construct a Green’s function

— <0 Xp(z; )\,,u)> M(A, ) <X0(a:; A, i) ())* 0<é<xz<d

P (Xo: A ) 0) M(A ) (0 Xb(a:;A,ﬂ))* O<z<&<b,

where

M\, 1) = E(z; A ) T (E (s A 1) 77 Bl p) = (Xo(as A, p) (s A, 1))

and as indicated by the notation M does not depend on x. Precisely, if D(u;A) # 0, then
for any f € Lg ((0,b),C*) we can solve the inhomogeneous problem (7(\) — ul)y = f with
the integral

y(w ) = (TN — ul) L f = /0 G, €, 1) BA(E; V) () de. (7.99)

All that remains is to verify that (7 (X) — px)~" maps Lg ((0,b),C?) to the domain of T()),
namely
D ={y € Dy : y1(b) = 0}.

_ (ma(A ) maz(A, )
MO, ) = (m21(/\,u) m22(/\,,u)> ’

If we write
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then the first component of y from (7.99) satisfies

nle) = mar [ {AENSU1 + FONENPEN V() :(6) b
0 (7.100)

b
sy [ {AENS@HEN(O) + oIQAEN PO O (6) e

and yo(z) satisfies a similar relation. Here, dependence of mys, may, y1, ¢ and ¢ on the values
1 and X has been suppressed for notational brevity. In order to verify that y € L?BA ((0,b),C?),
we need to check that

b
1
/ —yi(r)?dr < o0, i=1,2. (7.101)
o T

We will show this for ¢ = 1, noting that verification for the case i = 2 is almost identical.
Recalling (7.74) and (7.88), we see that

VA(E N)O(&: A, 1) = popog™ ™" + O(E7),
and likewise from (7.70), (7.74) and (7.88),

s ) ) ""[opPo r—1 r
HENWRAENPEN) = T +0(¢")

In this way, we see that to leading order the first integral in (7.100) is

Lz) =2 /0 e (6,

where the constant multiplier is left off for notational convenience. In order to check (7.101),
our starting point will be

/Ob i[l (33)2dx _ /Ob o2l < /Ox §r_1f1(f)df>2dx. (7.102)

Here, using the Cauchy-Schwarz inequality, we see that

’/Oxgrlﬁ(i)dé‘ /gr l)dg 1/2 /xf1(§)2d£ o

1/2
r1/2
- [ )

where 2r — 1 > 0 for p small since 7(0; A) = |m/|, and we’re working in the case m # 0. The
right-hand side of (7.102) now becomes

2r—1/ /fl dede =5 /f1 2a| /fl Yde]

The second summand in this last expression is finite because f € LBA((O, b),C?). For the

first,
’ o [T.1 2 ‘1 2
/0f1<f> ds—/o £ h(©) dﬁﬁx/o hOPd,
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from which we see that the evaluations at both x = 0 and x = b are finite.
We turn next to the integral in (7.100) multiplying mqs. In this case, the integral to
leading order is

b
7) =" / e (€)de, (7.103)

for which we can compute

/0 72 /obxzr 1(/;5Hf1(5)d£>2d:1:
/bx% 1(/:5_2%5)(/xb§_2f1(§)2d§>dx
/ob S T YR ACTOTE
b b
T ot 1/0 L (% - b;—l) (/x 572f1(£)2d§)d:c

/0 b / 2, (¢ deda,

and we can integrate by parts to see that this integral can be expressed as

€ / b€‘2f1(§)2d€> 4 /0 e (e (7.104)

The key integral here is

For the first summand in (7.104), we can write

al "erpierae)[ <a / Lt erae - / e ore

from which we see that the evaluation is bounded at each endpoint. The second expression
in (7.104) is bounded since f € Lg ((0,b),C?). This completes the analysis of y1, and a
similar analysis can be carried out for y,, allowing us to conclude y € Lg ((0,b),C?).

Next, we see directly from (7.100) that y;(-; A, 1) € ACc((0,5),C?), and also that the
evaluation y;(b; A\, u) = 0 holds (because 1(b; A\, u) = 0). Likewise, we can show that
Ya(; A\, 1) € AC0c((0,0),C?), and also that ya(b; A, 1) is bounded, allowing us to conclude
that y(; A\, u) € D. O

We see now that for each fixed A € [Aj, Ag] there is a ball B(0;¢) C C, € > 0, so that
the function D(u, A) is analytic for u € B(0;¢€), and so that u € B(0;¢) is in the spectrum
of T()\) if and only if D(u, \) = 0. Moreover, by monotonicity in the spectral parameter p,
it cannot be the case that D(u, A) = 0 in a neighborhood of 1 = 0. Since the zeros of an
analytic function are isolated, if D(0,\) = 0 then p = 0 must be isolated as an eigenvalue
of T(A), and so cannot be in the essential spectrum. In summary, we can conclude that for
each A\ € [A1, \g], ¢ = 0 is either in the resolvent set of 7 (A) or is an eigenvalue of T (A),
ensuring that 0 ¢ gess(T(N)).

86



We have now verified that for our MHD application (7.68), our Assumptions (A) through
(F) all hold, along with the full assumptions of Theorem 2.12, adjusted for the change of
singular side from the right to the left. We turn now to numerical calculations associated
with this example. For our example calculations, we will make the specific choices

Bokzx
By(z) = —
=T e (7.105)
B, |
B2<m) = 1 _I_ /{23:27

along with constant values b= .01, m=—-1, k=1, po=1, ugo =1, By = 1, and
1/BO —m
TR

Remark 7.11. The choices (7.105) are taken from Section 9.1.1 of [12]. The specific param-
eter values were taken as a simple case for which oscillation counts reveal an accumulation
point of eigenvalues at A = —1.

=.9.

With the choices made above, we can compute

mBy(z) By(mk + k) 1
F —= kBZ = - )
() T + (z) 14+ k222 1+ .81x2
from which we see that
1
Flooy = |————— 1] S [.999919, 1} .
ran ‘[O,.OI] 1 + 81(01)2

It follows from our general theory that we can work on any interval [A, Ao| contained in the
union
(—o0, —1) U (—.999919, 0),

i.e., on intervals either to the left of —1 or contained in the interval (—.999919, 0). Numerical
computations in [23] suggest that eigenvalues accumulate at —1 from the left, so we will
proceed by working with small intervals near —1, starting with [\, Ao] = [—1.1, —1.03].

First, since our system is regular at the right boundary point x = b = .01, we can readily
generate the frame Xy (z; \) for all A € [\, A\y] by solving the first-order ODE

JX) = B(r; )Xy, X,(0130) = (‘D .

We know from our Frobenius theory that the system is limit-point at = 0, so we only need
to generate the unique solution that lies left in (0,.01). For this, we can use the development
outlined at the beginning of Section 7, beginning with the eigenvalues of

B(a; M) = (250, M) J(98) (w30, \y).

In order to approximate the behavior of these eigenvalues as x — 0T, we choose a small
value ¢ and evaluate v1(8; A1) and 15(d; \;). Precisely, in this case, we take § = 1075, for
which we find

v1(107%; A) = —9.3997 x 10°

7/2(]_0_5; )\1) —2.3953.
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The eigenvector associated with v5(1075; \;) is

sy (99997
v2(10 ’Al)_<—.00717 '

This approximately specifies the solution Xq(x; A1) that lies left in (0,.01) as
Xo(m; A1) = (250, A )v2 (10725 \y).
With Xq(z; A1) and X,(x; \y) specified, we can now compute the Maslov index
Mas(£o(+; A1), o(+; A2); (0,.01))
as a rotation number through —1 for the complex number

Wz M, X)) = —(Xo(2: M) 4+ 1Yo (z; M) (Xo (23 M) — 1Yo (3 M) ™
X (Xp(3 Aa) + Y5 (25 X2)) (X (5 Xo) — (5 Ag)) ™

By generating the frames Xg(x; A1) and Xy(z; A2) numerically, we can track the complex
value W(w, A1, A2), and in this way, we observe a single crossing at the value x = .006388
(with numerical increment 107%). From Theorem 2.12, we can conclude that there is one
eigenvalue on the interval [—1.1, —1.03] in this case.

The Maslov Box

%1073

T - axis

Il Il Il Il Il Il
-1.1 -1.08 -1.06 -1.04 -1.02 -1
A - axis

Figure 7.4: The Maslov Box for (7.68) on [—1.1, —1.03] x [0, .01].

In order to see more fully the dynamics associated with this count, we generate the
spectral curves passing through the Maslov box [—1.1, —1.03] x [0, .01], where the endpoint
0 can be included in a limiting sense. (See Figure 7.4.) As expected, we see that there is a
single monotonic spectral curve, which passes through the right shelf at about x = .006 and
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The Maslov Box

%1078

T - axis
[6)]

A - axis

Figure 7.5: The Maslov Box for (7.68) on [—1.1, —1.01] x [0, .01].

approaches the bottom shelf at about A = —1.0482 (with a stepsize of .0001). This value of
A is the eigenvalue that we expected to find on [—1.1, —1.03].

Based on numerical calculations from [23], discussed in Section 9.3.2 of [12], we expect
that —1 will be an accumulation point, and in order to investigate this, we move the right
endpoint of our interval closer to —1. Leaving \; = —1.1, we move Ay to Ay = —1.01. In
this case, we find five crossings along the right shelf, approximately located at z = .000315,
.003288, .005216, .007133, and .009049 (with a stepsize again of 107%). From Theorem 2.12,
we can conclude that there are five eigenvalue on the interval [—1.1, —1.01]. A Maslov box
associated with this calculation is included as Figure 7.5, in which we see that the eigenvalues
are located at A = —1.4082, A\ = —1.0260, A = —1.0179, A = —1.0136, and A = —1.0110
(again with a stepsize of .0001).

7.2.3 Application to Hydraulic Shocks

In [39, 44], the authors consider traveling waves (specifically hydraulic shock profiles) arising
as solutions of the inviscid Saint-Venant equations for inclined shallow-water flow, namely

ht+Qx =0
2 p2 (7.106)
qt+(q——i——> :h—@,
h 2F2/: h?

where h denotes fluid height, ¢ = hu denotes fluid flow (u is fluid velocity), F' > 0 denotes
Froude number, and the system is posed on R x R,. System (7.106) is of relaxation form
with associated formal equilibrium equation

hy + Q*(h):v =0, (7'107)
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where ¢,(h) := h*? is the value of ¢ for which gravity and bottom forces cancel.
In [44], the authors establish existence of traveling-wave solutions

h(z,t) = H(x — st)
q(z,t) = Qz — st),

with well-defined asymptotic endstates

Specifically, they prove the following proposition.

Proposition 7.12 (Proposition 1.1 from [44]). Let (Hp, Hg,c) be a triple for which there
exists an entropy-admissible shock solution of (7.107) in the sense of Lax [25] with speed ¢
connecting left state Hy, to right state Hg; i.c., Hp > Hg > 0 and c[H] = [H*?], where [/]
denotes a jump difference, e.qg., [H] = Hgr — Hy,. Then there exists a corresponding hydraulic
shock profile with Qp = HE/Q and Qr = Hz/Q if and only if 0 < F < 2. The profile is smooth
(i.e., C*(R)) for
2F?
Hy,
14+2F ++1+4F

and nondegenerate in the sense that ¢ is not a characteristic speed of (7.107) at any point
along the profile. For

H; > Hg >

9 F? H
14+2F+ I+ 4F ©

the profile is nondegenerate and piecewise smooth with a single discontinuuity consisting of
an entropy-admissible shock of (7.107). At the critical value

0< Hg < (7.108)

V&
Hy = Hy,
Bt or+VIitar "

Hpy is characteristic, and there exists a degenerate profile that is continuous but not smooth,
with discontinuous derivative at Hg.

Our focus will be on the case characterized by (7.108). Upon linearization of (7.106)
about (H(z — st), Q(xz — st)), we arrive (proceeding as in [28]) at the eigenvalue problem

Av' = (E =X — A, (7.109)

—c 1 0 0
AR =@ _eer 20e |5 BE) =0 206 |

FZ T H(Z  H(2) (2)3 TH()?

and prime denotes differentiation with respect to the translated variable z = x — ct. Here,
the matrix A(z) is invertible, so we can express (7.109) as v' = Bv, B= A"'(E — \[ — A").

where
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For notational convenience, we’ll denote the elements of A and E respectively as {a;}7

and {e;;}7,_;, in which case the elements {b;;}7,_, of B can be expressed
Aax(2) + (e21(2) — a5 (2)) ) = e22(2) = A —an(2)
bll( ) agl(z) + CCLQQ(Z) ’ b12( ) agl(z) —+ Cagg( )
by (2) = c(ean(z) — ay (2)) — Aax () bao(2) = c(exn(z) — a22(z))'

CL21<Z) + CCLQQ(Z) CL21<Z) + CCLQQ(Z)

So far, we’ve been viewing (7.106) and the subsequent equations as posed on R, but
due to the discontinuity of the wave (H(z),Q(z)) at z = 0 it’s convenient to re-formulate
the problem on (—o0,0]. Following an approach of Erpenbeck and Majda (see [5, 6, 27]),
the authors of [39] carry this out, restricting (7.109) to (—oo,0) and adding the following
boundary condition:

(» (g((g;) ~R (ggg;) ) TA©Ow(0) =0, J= ((1) _01>

H00)\ 0

In order to formulate (7.109) in the current setting, we make a transformation v = T,

with )
T — 3 Jo b11(O)+ebra(¢)d¢ §(b11 +chyp) 1
c— A c/’

where

obtaining JY' = BY with (replacing now z with z)

o (v(@) + @@+ g@(x)A? 0
B(x; \) = < 4 0 1 1) ,

where the three functions v(z), ¢;(x), and go(z) are all carefully analyzed in [39], namely in
terms of functions fi, fa, f3, and f; that we won’t specify precisely here (see Appendix A
of [39] for precise specifications). Here, we only briefly summarize the salient properties of
these functions. First, we have the following relations:

1

o(w) =~ fol@) = 5 4)

0 (@) = fu(e) — S Fila)fole) — 3 £i(2)
0(e) = fola) — i)

From [39], we have the following properties. The functions fi, f2, f5, and fy are all uniformly
bounded on (—oo, 0] with bounded derivatives, so v, ¢1, g2 € L®((—00,0],R). From the proof
of Lemma 3.1 in [39], there exists a constant d; > 0 so that ¢;(z) < —4; for all x € (—o0,0]),
and likewise from equation (4.13) in [39], there exists a constant do > 0 so that ga(x) < —dy
for all x € (—o0,0]).
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For our purposes, it will be convenient to express our system on [0, 00), and for this we
introduce a new variable, y(z) := Y (—z), > 0. Our system then becomes (2.1) with

ol — o ()2
B(z; A) = ( v(—z) — qi OIB))\ G@(—T)A _()1)7 (7.110)
and the boundary condition
ay(0) =0; a=((a+cA) —1). (7.111)

where the constants ¢; and ¢y are specified respectively in (4.8) and (4.9) of [39]. There is a
typo in (4.8) from [39], and the correct specification should be

1 H.(H vV H 1)2 — Hp(2F? +1
1 = = f(0) — F? (Hr+ VHr+ 1) R(S + >, (7.112)
> (VI + DA(H — HY)
where Hp is as in Proposition 7.12 and
—v—14+V8F24 + 12+ 20+ 1 Fuv? \2/3 Hp
H, — Hp: HS:<—> o=
20 + 1) R vr1) TP VTN Iy,
(7.113)

According to (4.9) in [39], ¢y < 0.

In order to apply Lemma 7.4, we need to establish that Assumptions (Q) hold. For this, a
key point is the boundedness of v(x), ¢;(x), and ¢z (x), along with other properties established
in [44, 39]. For convenient reference, we summarize these in the following proposition.

Proposition 7.13. Let 0 < F' < 2, v > 1, and suppose (7.108) holds. If H(x) denotes
the profile from Proposition 7.12 connecting Hy to Hpg, shifted so that the unique point of
discontinuity of H(x) occurs at x = 0, then the following hold:

(i) H'(x) <0 for all x € (—o0,0], with H'(0) specified as x approaches 0 from the left;

(ii) The left-sided limit of H(x) at the point of discontinuity exists and is given by

lim H(x) = H,;

z—0~

(#ii) The right-sided limit of H(x) at the point of discontinuity exists and is given by

lim H(x) = Hg;

z—0t

(iv) Hr < Hs < H, < Hp;
(’U) v, 41,42 S Loo((—O0,0),R),

(vi) There exists some 6 > 0 so that for all v € (—00,0]), we have ¢ (z) < —6 and
¢@(x) < —0.
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Proof. Most of these properties have been established in our references [39, 44], so we pri-
marily just indicate where the results can be found in those references. First, Items (i), (i),
and (77) simply combine observations from [39], p. 3 (discussion surrounding equation (2.4)
of that reference).

For Item (iv), we start with the inequality Hgr < H,. Noting that v* = Hy/Hp, we can

express (7.108) as
, 1+2F+I+4F
Ve > SF? .

Rewriting this inequality as
2F%? — 1 —2F > +/1+4F,

we observe that if this inequality holds then both sides must be positive, and we can square
both sides. If we do this and cancel the quantity 1 + 4F from either side of the resulting
equation, we arrive at the inequality

((FI/Q—:[)—V><(FV2—1)+V> > 0.

The second factor on the left-hand side is clearly positive (since v > 1), and so the first
factor must be positive as well, ensuring the inequality
Fuv?
1+v

> 1, (7.114)

whence )
Fuv

HS:(
v+1

Turning next to the inequality Hy < Hj, we see that our goal can be expressed as

2/3
) Hgi > Hp.

(FV2

2/3H I
<
V-'-l) R L,

or equivalently

Fuv? \2/3
( > <2
v+1

Rearranging this last inequality, we arrive at the relation

F<vv+1),

and this holds for all 0 < F' < 2 and v > 1.
To see that H, < Hp, we first observe that H, can be expressed as

—v—1+V8F2t + 12+ 20 +1H|
2(v+1) V2

8F2 4+ (L 4+ L)?
(e,

H, =
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Since Fv? > 1 + v (as shown during the verification that Hr < H,), we see that F >
(1/v + 1/v?%), so that

1 8F? + F? 1 3F
Y G PP R S L Y
2 2(v+1) 2 2w+1)

where the final inequality follows for all 0 < F' < 2 and v > 1.
For the inequality H, > H,, we first express it as

—v—14+V8F2 A + 12+ 20+ 1
2(v+1)

Fu? \2/3
) R

H<<
R v+1

which is equivalent to

—v =1+ /8F24 + (v +1)2

212/3
TOESIEE < (Fv#)*-.

From (7.114), we can conclude the inequality

1 1
>
(v+1)1/3 7 (Fu2)l/3°

which allows us to write

—v— 14 /8F24 + (v +1)2 et s V8F2h + (v 4 1)2
2w+ 1)1 2F12)73 |

In this way, we see that the sought inequality will follow if we can show that

—v—1+/8F24 + (v + 1)2
2(Fu?)1/3

> (Fr?)?3,

This is equivalent to the inequality

—v— 14 /8F24 + (v +1)2 > 2F12,

which we can rearrange as

V8F2UA 4+ (v +1)2 > 2FV? + v+ 1.

Upon squaring both sides, we find that this reduces to (and so follows from) (7.114). This
concludes the proof of Ttem (iv).

For Item (v), since H > H, > Hg, we have from (3.4) of [39] that ¢; € L*°((—00,0),R),
and likewise from (4.13) of the same reference that g, € L>®((—00,0),R). For v(x), we see
from the specification of f; in the appendix of [39] that v(x) is bounded provided

H?*(\/Hr+1)>— F*Hz #0 VH € [H,, Hy). (7.115)
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From (3.8) of [39], we additionally have the inequality F' < Hg + v/Hpg, and this allows us
to compute

H3(\/ HR+1>2_F2H12% > H]?’{(HR_‘_2\/HR+1) — (HR+ /HR)QHIQ%
= Hijy — 2H" + Hy — (Hj, + 2H}” + He) Hj, = 0,

verifying (7.115).
Finally Item (vi) follows from the proofs of Lemma 3.1 in [39] (the claim for ¢;) and

Lemma 4.1 in the same reference (the claim for ¢s).
[l

We now verify that Assumptions (Q) hold for (2.1) with (7.110) and boundary condition
(7.111). For this, we first observe the correspondences Q1(x) = —¢qi(—x), Q2(z) = —q2(—2),
and V(z) = v(—x), and note that the appearance of —1 in the lower right entry of B(x; \)
(rather than +1 as in Section 7.1.2) has no bearing on the proof of Lemma 7.4.

The conditions Q1,Q2,V € Li..((0,00), R™"), and also Q1, Q2 € L=((0,00), R"*™), all
follow from Item (%) in Proposition 7.13. For the final statement in Assumption (Q), we
need to verify that there exists some 6 > 0 so that for all z € [0, 00), and for all A € [0, A\],
we have the relation

(~a1(~2) — 22gs(~)) > 0.

Since ¢o(—z) < 0 and A > 0, it is sufficiently to verify that ¢;(—z) < —6 for all z € [0, c0).
But this is an immediate consequence of Item (iv) in Proposition 7.13.

In order to apply Theorem 2.12, we still need to verify the positivity condition associated
with the boundary, that A = 0 isn’t an eigenvalue, and that we can choose \,, sufficiently
large so that there are no eigenvalues greater than or equal to \,. For this latter condition,
we observe that if we set w(z) = y1(—x), the w solves the second-order ODE

w’ = —(v(@) + @ (@)X + @(2)X*)w; @ € (—00,0]

w'(0) = (c1 + c2A)w(0), (7.116)

which is precisely (2.14)—(4.6) in [39]. In Lemma 3.3 of [39] the authors show that A = 0
isn’t an eigenvalue of (7.116), so we only need to verify the existence of Aw. In [39], the
authors additionally show that the eigenvalues of (7.116) are all real-valued, so we can focus
on real values of \. We fix A € (0,00) and let w(x; \) denote an associated eigenfunction.
Taking an L?((—00,0),C) inner product of w* with (7.116), we obtain the relation

0 0
/ wrwdy = — / (0(2) + q1 () + g (2)72) [w]2dz, (7.117)
where for the left-hand side we have
0 0 0
/ ww"dz = —/ [w'Pdz + w*(0)w'(0) = —/ |w'Pdz + (1 + co\)|[w(0)[*.  (7.118)

If w(0) = 0, then w'(0) = 0, and consequently we must have w = 0 on (—o0, 0], so that w
isn’t an eigenfunction. In this way, we see that we must have w(0) # 0, and since ¢y < 0,
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this implies that A can be chosen sufficiently large so that the right-hand side of (7.118) is
negative. We can conclude from (7.117) that for A sufficiently large

0@ + 0@+ a0 fulds >0,

but since go(z) < 0 this is a contradiction (for A sufficiently large).
Having verified the assumptions of Theorem 2.12, we are now in a position to consider
the appropriate Maslov indices. According to Theorem 2.12,

N((0, As)) = Mas(la(+; Ao), loo (5 0); [0, 00)]) — Mas(£a(0;+), £ (05 0); [0, Ac]),  (7.119)

where Ao, has been chosen sufficiently large (as discussed above) so that our system (2.1)
with (7.110) and boundary conditions (7.111) has no eigenvalues greater than or equal to
Aoo-

Our goal now is to show that each of the Maslov indices in (7.119) is 0. For both of
these calculations, a key point will be that we can identify the space (. (z;0) explicitly, so
we begin by clarifying that observation. First, for A = 0, we have the system

JX! (2;0) = B(2;0) X0 (2;0);  lim X (x;0) = 0.

T—00

If we write X, = (g), this system becomes

G =—C
gé = 'U(—CC)Cl,

which is easily solved with (for > 0)
Ci(x) = ez o "W (g

1 r—x 1
) = 307 BN (H/ (=) + 2 fo(—a)H(~a)).
In this way, we identify a frame for £,,(0;0) as

%00 = (20) = (o) 2oy

A frame for £,(0; \) is readily seen to be

Xa(0;A) = Ja(A)" = (Cl +1ch) ’

so intersections in the calculation of the second Maslov index on the right-hand side of
(7.119) correspond precisely with zeros of the determinant

det (c1+1c2A H'(0) fé&?@)m) :H’(0>+(%f2(0>—(c1+c2A))H(o). (7.120)
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Here, H(0) = H,, and from [44] we have

;g0 = Q) — cH ().

(In [44], this is the first unnumbered equation after (2.7); we emphasize that Q(x) — cH(x)

is independent of z.) Upon setting x = 0, we obtain the relation

H} - Q2
HI(O):W—QQ7 Q« = qo + cH,.
= — 9

From (2.9) in [44], we have Hg = ¢2F?, allowing us to write

H3 N2
H'(0) = F?—~——= Q;.
Focusing now on the numerator H2 — Q2 we can write

H} = QF = H} — (cH. — qo)* = H} — ¢*H} + 2cH.q0 — g5,

which can be expressed as

3/2
3 M2 _ 173 N2 3 2772 Hs/ _Hg
H! = Qi = H! — (cH. — @) = H! = CH} + 2cH.—5~ — =,

(using again Hg = ¢ F?). For ¢, we can combine the relations Qg = cHp—qo and Qp = Hj,

to see that 3o
Hy
= Hp.
c F iy + R
If we substitute this last expression for ¢ into (7.122), we find
1732 ¥ ¥ s
HS _ N2 — HS _ /H S 2H2 2 H S H, s 75
* Q* * ( R+FHR> « T ( R+FHR) ja 2
H.—H
_ Wj{ﬁ[{ﬁﬂf —oFHYHYPH, — H3(H, — HR)}.
R

Rearranging, we find the relation

M= Q2 o 2HYPH,  HY(H.— Hy)

Hp— H. * " FVHg 22
From (4.7) in [39], we know
Hf(\/HR—l— 1)2+H*HR(\/ HR+1)2 —2F2HR :0,

which we can rearrange as

2F2HR
H)= -HHzp+ —"—.
T (VHR +1)?
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Upon substitution of this last expression into (7.123), we obtain the relation

Hi-QF 2F2 [, . 2 H, N H%(H.— Hp)
Hp—H. " (VHp+1?  FVHg F?Hp,

In order to make a final simplification, we observe the relation
H3 — F2HI2%
S (1 +VHg)?

which is easily seen from (7.113). Namely, we can write

2.4 2 2 2

73— v 73 2, o F°H Hj
ST w12 R oo 2 R Hiyo
(Vge+1) (L+/F%)

and by a choice of scaling we take H; = 1. This allows us to write

- Q2 _ (HR<1+¢—> +2¢H—R<1+¢H_R>+1>H (1+2F*)Hp
Hy — H. (1+ Hg)? © 1+ VHR?

Noting the identity

Hr(1+/Hg)* + 2/ Hpr(1+/Hg)+ 1= (Hg+ /Hg + 1)
we arrive at the relation

- Q2 (Hrp++Hp+1)*H, — (14 2F?)Hp

Hp — H, (VHg + 1)2
By incorporating this last relation into (7.112), we arrive at the relations
1 Q2 1
= f2(0) — e : 7.124
20— =g H — H? (7.124)

We are now in a position to better understand the right-hand side of (7.120). Using
(7.121) and (7.124), we can write

/ 1 2 QZ _Qz
H'O) + (370) — ) HO0) = P g 4 P e e
— Q3 Hp
H3 Hg Hp— H,

H,
(7.125)
F2

From Proposition 7.13, we have the inequalities H> — Hg > 0 and Hr — H, < 0, and since
H'(0) < 0 we also see (from (7.121)) that H2 — Q? < 0. Combining these observations with
(7.125), we see at last that

H(0) + (%f2(0) — ) H(0) > 0.
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Since ¢y < 0, we can conclude that the right-hand side of (7.120) is positive for all A € [0, Ay ].
In this way, we conclude that

Mas(£a (0; ), £oo (0; 0); [0, Aoo]) = 0.

For the first Maslov index in (7.119), we note from our construction above that

o [(Glx)) ez o " Wy (—p)
Kool 0) = (Cz(:ﬁ)) N (6“0%(3’)@(11'(—90) + %f2(_I)H(_x))> |

This allows us to identify intersections arising in the Maslov index under consideration with

solutions to the eigenvalue problem (7.116). In particular, the question becomes, for A = A,

are there values of = € (—o0, 0] for which (;‘jféﬁ’}z))) intersects

(VVVV(@) B <e%fo“” f2<y>3j<fifﬁ:;dﬁ?<x>ﬂ<x>>) |

An intersection will occur if there exists s < 0 so that

(535 ) =0

I.e., the condition for an intersection is
W(s)w'(s; Aoo) — W (s)w(s; Ass) = 0,

and since the exponential factor is irrelevant, this can be expressed as
1
H(s)w'(s; Mo0) — (H'(8) + §f2(s)H(s))w(s; Aso) = 0.

We will have an intersection in the calculation of the first Maslov index in (7.119) if and
only if there exists a function w(-; \s,) € H?(s,0) satisfying the boundary value problem

w” = —(v(2) + @) + @2(2)X)w;  x € (s,0]
U)/(O) = (Cl + CQ)\)’U)(O),

W (55 ) = (flf; + 2 als) (s ).

(7.126)

Suppose that some A > 0 is an eigenvalue of this problem, and let w(z; A) denote its associ-
ated eigenfunction. As noted in (7.117), if we multiply this ODE by w*(z; \) and integrate
on [s, 0], the right-hand side becomes

- / (v(x) + qu(2)A + g2(2) X?) [w(2; ) [Pdex.

From Proposition 7.13, we have that v € L>(s,0) and that for some § > 0 we have ¢;(z) < —6
and ga(x) < —0 for all x € [s,0]. It follows that we can choose A sufficiently large so that

2

0
A
—/ (0(e) + (A + @)W (e M) P > S5l z2000). (7.127)
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On the left-hand side, we obtain the relation

0 0
/ w"w*dr = —/ e (75 Moo ) [Pd + w4 (0; Moo )w* (03 Aoo) — W (85 Moo )W (85 Aoo)

H'(s)
H(s)

+ 5l el A

(7.128)
Here, H'(s) is uniformly bounded on (—o00,0), and H(s) is bounded away from 0 on this

same interval, so the ratio H'(s)/H(s) is uniformly bounded on (—oc,0). Likewise, fo(s) is
H(s)
H(s)

0
:_/ g (25 M0 2 + (€1 + 2o [0(03 M) = (

uniformly bounded on (—o0, 0), so the quantity
interval.

Precisely in the spirit of Lemma 1.3.8 from [3], we find that for any € > 0, we have the
inequality

+ 3 f2(s) is uniformly bounded on this

1
(53 do0) P < [005 M) P + =105 Aa) By + el 5 ho) 3y (7.129)

This inequality, combined with (7.127) and (7.128), allows us to write

A 2 2 H'(s) 1 )
2l + iAo By = (1 a0 ) < ~( 4 3 o)l )
H'(s) 1 1
< |7+ 5 ) {1000 M) P <05 ) B elle (5 M) e -

Since ¢ < 0 and Z((j)) + 1 f2(s) is bounded, we can choose A, large enough to ensure a

contradiction.

A Appendix

In this appendix, we include the following: (1) a full derivation of our Green’s function
G(x,&; \) associated with the operator 7*(\) (i.e., a full proof of Lemma 4.5); (2) details
on the monotonicity (in A) arguments from the proofs of Theorems 2.12 and 2.14; and (3) a
proof of Lemma 7.5.

A.1 Derivation of the Green’s Function G7,(z,{; \)

In this section, we prove Lemma 4.5, establishing a representation for the Green’s function
associated with (4.7). We begin by letting ®(x; \) denote a fundamental matrix for (4.1)
satisfying

JO =B(x; )P, P(c;\) = Iy,
Proceeding by variation of parameters, we look for solutions of (4.7) of the form y(z;\) =

O (z; N)v(x; N), where the vector function v(x; A) is to be determined. This leads immediately
to the relation J®(x; A\)v'(x; \) = By(z; A) f. Using the relation

O(x; N) TP (25 M) = J,
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we can solve for
V(z;N) = —JP(x; \)'By(z; M) f.

Integrating, we obtain the relation

ey = [ " JB(E ) By N F()de + K,

where K'(\) is a (vector) constant of integration to be determined, and consequently we can
write

y(z;A) = =P(x50) /m JO(EN) BA(E; N) f(§)dE + (5 \) K (N). (A1)

In order to identify K (), we employ the boundary conditions associated with 7., (A), namely
(4.2) and (4.3). For the former, since y(x; ) = ®(x; \)v(z; \) and ®(c; A) = I, we see that
y(c; A) = v(e; ) = K()), so that the condition is 7K (\) = 0, which is equivalent to

(Jy*) JK(X) = 0.

For the latter, in Lemma 4.4, we constructed a basis {ug( A)}j—, for the space of solutions
to (4.1) that lie right in (¢, b) and satisfy (4.3). We let U”(z; \) denote the matrix comprising
the vector functions {u}(z; X\)}}_, as its columns, noting that we then have

lim U (5 1o, Mo)* JU (5 \) = 0. (A.2)
r—b—

If we alternatively impose the boundary condition

lim U°(z; \)*Jy(z) = 0, (A.3)

rz—b—

then by the Lagrangian property we are effectively looking for a Green’s function that can
be expressed in terms of U’(x; \) for a < € < < b. It follows from (A.2) that G7,(z,&; )
will then satisfy the required boundary condition (4.3) (which can be checked directly with
our final form of the Green’s function).

We now act with U°(z; \)*J on (A.1) to obtain the relation

Ut N) Ty(as ) = ~Uta )T () [ " (€N By (€ N () de
+ Uz A\)*J®(z; MK (V).

(A4)

Since the columns of U’(x;\) solve (4.1) and are linearly independent, there must exist a
rank-n 2n x n matrix R®(\) so that U’(z; \) = ®(z; \)RP()) (i.e., R*(A) = U%(¢; \)). This
allows us to express (A.4) as

U Ay T ) = [ RN BAE NS (€€ + RYN) TK )
By assumption, ®(-; A\)R"(A) € L§ ((c,b),C?"), and we are taking f € Lg ((c,b),C*"), so

we are justified in taking £ — b~ on the right-hand side. Since this limit is 0 on the left, we
obtain the relation

0= / RY(A)®(¢: A Ba(&; N F(€)dE + RY(A) TE(N).
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Combining this last relation with (J~*)*JK(X) = 0, we can write

(J77) 0
(o) 50 = [P RY) (€N B (€ Vree)
At this point, we set
E(A) := (Jv* Rb(A)) ,

and claim that since 0 ¢ o(7_},())), it must be the case that E()) is non-singular. To see this,
we observe that solutions of (4.1) satisfying the boundary condition at x = ¢ are linear combi-
nations of the columns of ®(x; \).Jy*, while solutions satisfying (A.3) are linear combinations
of the columns of ®(z; \)R?(N). Tt follows that the matrix (®(z;\)Jy*)*JP(x; \)RY(N) is
singular if and only if 0 € oy, (7., (A)). But

(D(3 0) 7)) T (25 AR () = (J7°)" TRy(N),

and we know from Lemma 2.2 in [18] that (Jv*)*JR4(A) is non-singular if and only if E(\)
is non-singular. In particular, if 0 ¢ o(7.,()\)) then E(\) must be non-singular. This
observation allows us to solve for

*\—1 O
K()) = ~J(E(\)") ( JYRY A D(E: ) By (& A)f(i)dé)

b

—JEN)T [ (0 ROV) (G BAG V)
Upon substitution of K(\) into (A.1), we obtain the relation
ylaiN) = ~0(wiX) [ IBE N Ba(E NF (€
b
FRENIEN) [ (0 RAN) 06N BAG V)
— (s NIEOY)EQ) [ 060 BA€ NI
FB@NIEN)T [0 RI) RGN BAE N
Continuing with this calculation, we next see that
y(; A) = = (z; A)J(EN)) (S 0)" [ BN BAE M) F(§)dE

— O(z; M) J(EMN))TH(0 RYN)" [ @& A)BAE M) f(£)dE

—®(z; N)JEN)) T (Jy 0)" [ D& N)BA(E ) F(E)dE

+ @2 M) J(EN)) (0 RY(N)

Cb
LB NIEN) (0 RN / B(E; N) B (6 N) £(€)de
/ B(E AV Ba(&; N F(€)de.

102



It follows, by inspection, that

—®(z; \)J(EN)*) ! (Jy* 0>* DN e<E<z<Db

el {%«; NIEN) T (0 RIO)) BEN) e<a<E<b

Last, it’s convenient to note that we can express Gz’b(x, €; ) in a more symmetric form.
To see this, we first observe that

B TEW) = gy ) 7 (777 ROV

:( Iy TRY(N) ):( 0 va(A))
~R'(\)*y" RY(A)* TR (M) —(R*(N) 0 )7

where we’ve used the observations that Jv* and R®(\) are frames for Lagrangian subspaces of
C?". Here, YR?(\) = (Jv*)*JR()), and we've already seen that this matrix is non-singular
so long as 0 ¢ o(7.},())). This allows us to write

(BQ)TE))™ = <<7Rb(()x))‘1 _((WRbéA))*)l) | (A.5)

It follows that
— (Jy 0)EN)TJEMN)TH(0 RY(N)

o 0 —((RO))Y [ 0
= 0) (wa(A))l 0 ) (Rbm*) (A.6)
=—(Jy 0) (mR W );) " W) = —(J7) (R () TRV

On the other hand, (A.5) also allows us to write

EW) =80 (s O
from which we see that

EO)) (0 RYN)" = JE() (wa(gA))_l —<<vaO<A>>*>—1) (Rb&)*>
)

Comparing (A.6) and (A.7), we see that
JEN)T (0 RYN) = (Jv 0)EQN)JEN (0 R'(N)".

We will set
M()) :=EM\) T J(EN))
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from which we observe that
M(/\) M(A).

For c <z < £ < b, we will re-write G” ; A) by using the relation

(T,
JEXN))T(0 R'W)" = (Jy* 0)M(A) (0 R*(N))".

and similarly we will re-write Glb(x, & \) for ¢ < € < x < b, by using the relation

JEN)T(Jy 0)" = (0 R*N) M) (Jy* 0)".

These relations allow us to express sz(x, &; ) in precisely the claimed form. U

A.2 Monotonicity as A\ Varies

In this section, we verify that the Maslov index specified on the right-hand side of (6.4) is
a monotonic count of crossing points, each negatively directed. From Lemma 5.1, we know
that the signs of the associated crossing points are determined by the matrices

—Xa (e A)* T X (5 N) (A.8)

and
X (c; A JONXp(c; N). (A.9)

We've already seen from our analysis of the top shelf that (A.8) is negative definite for all

€ (a,b), so we focus here on making a similar conclusion about (A.9). For this, we recall
that the columns of X,(x; \) comprise the basis elements for ¢,(x; \) described in Lemma
4.7 and extended in Lemma 4.8. By construction, these basis elements are differentiable
in A on the intervals (Ay, AL?), (ALZ A23) 0 (AN72N=LAN=LNY D (AN=LN "),); more pre-
cisely, on (A, A?) the columns of X, (z; \) are differentiable extensions of the basis elements
{ub(x; AL)}, on ()\i 2 223) the columns of Xj(z; \) are differentiable extensions of the basis el-

ements {u}(x; A2)}, and so on, with the values {\]} ', as specified in the proof of Lemma 4.8.
Here, we recall that AL = A, AV = Xy, and M € ()\J LI NI for all j € {2,.. —1}.
(The precise location of M isn’t required for the argument.) In addition, we know from
Lemma 4.7, that with this construction we have the relation

lim X, (25 M)*J (02 Xp) (73 M) = 0 (A.10)

r—b—

for all j € {1,2,...,n}.

In order to understand rotation as A varies near A\, we first use (4.11) (from Lemma 4.7)
to compute (precisely as with the corresponding calculation for X, (z; A) in our analysis of
the top shelf in the proof of Theorem 2.12)

& X M) T(OK0) (M) = Xyl M) B M) X M), (A11)
x

Integrating on (¢, z), we can write

Xy (2 M) T (03 X) (25 X)) = Xy (e M) T (0:X0) (5 M) + / Xy (& M) Ba(§ M) X (&5 M) dE.
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Upon taking the limit as  — b~ and using (A.10), we see that

Xy (e3 M)" T (0:X5) (63 M) /Xb£ ) BA (& ML) X (€5 M)dE, (A.12)

allowing us to conclude, similarly as we did with X, (c; A)*J0xX4(c; A) in the proof of
Theorem 2.12, that the matrix on the left-hand side of (A.12) is negative definite for all

€ (a,b), and by continuity in A that X,(c; \)*J0,Xp(c; \) is negative definite for all A
sufficiently close to AJ. Possibly by taking a finer partition of [A;, As] in the proof of Lemma
4.8 (i.e., by taking N larger and the associated radii smaller), we can ensure in this way
that Xy(c; \)* JO\Xp(c; \) is negative definite on each interval in our partition, (A1, Al?),
(ALZNZ3) ) (ANZZNZLAN=LNY D (AN=LNX,). In this way, we find that the direction of
crossings on each of these intervals is negative, and since these intervals partition [A1, Ag],
that the direction of all crossings on [A1, \o] is negative (as A increases).

A.3 Proof of Lemma 7.5

We follow the proof of Theorem V.2.2 from [24]. We will proceed for the case my(u, \),
noting that the case m,(u, A) is similar.
First, we fix any A € I, and for the ODE

Jy' —B(z; Ny — uBa(x; Ny = Ba(a; ) f,

with f € Lg ((a,b),C*"), we construct a Green’s function G(z,&; 1, A) so that

y@mMI/G@@mM&@Mﬂ&%

where y(z; u, \) satisfies (4.3) on the right (for a selection of Niessen elements) and a (regular)
self-adjoint boundary condition at x = ¢. Here, G(x,&; u, A) can be constructed similarly as
in our development in Section A.1, or as in Section VL5 in [24]. For any fixed p € C\R, we
set

s 1= min{my(; A)}-

Since s > n, this minimum is well defined, and since my(u; A) takes discrete values, it must
occur at some Ay € I (possibly at multiple values in I).

Let {yi(x; p, Ao)}5_; denote a linearly independent collection of solutions of (2.8) (with
A = )g) that lie right in (a,b). For X near \g, let z(z; p, A) solve (2.8), and notice that we
can write

T2 — B3 M)z — B (5 M)z = (B3 A) — B(z: M)z + (B (5 A) — By Mo))z. (A13)
According to Assumption (E), we can write
B(z; A) — B(x; Ao) = Ba(z; A0)E(; A, Ao),
and upon differentiating in A

Ba(z; A) = Ba(z; Mo)En(5 A, No),
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so that
Ba(z; A) — Ba(z; M) = Ba(x; M) (Ex(x; A, Ao) — I).

Combining these observations, we can express (A.13) as
J2' = B(x; Xg)z — uBa(x; o)z = Ba(z; M) (E(x; A, Xo) + (Ex(m; M, M) — 1))z, (A.14)
Under our assumptions on £(x; A\, Ag) and Ex(z; A, A\g), if we set
E(2; 1, A, Ao) i= E(x3 A, Ao) + pu(Ex(w; A, Ao) — 1),

then the following hold immediately: for each A sufficiently close enough to Ag E(-; i1, A\; Ag) €
B(Lg, ((a,b),C*")) (i.e., when viewed as a multiplication operator, the matrix function
E(-; 1, A\; Ao) is a bounded linear operator taking L%A((a,b),(CQ”) to itself), and the map
A= E(; 1, A; Xo) is continuous as a map from a neighborhood of A to B(Lg, ((a,b),C*")),
with additionally ||E(-; i, A, Ao)|| = 0(1), A = Ag. These observations allow us to conclude
that for any ¢ € Lg ((a,b), C*") we have the inequality

[EC A A0)@ () sy < IECS 1 A Ao) [l g,

and consequently we can take \ sufficiently close to \g so that

I
B2 2000, < 2oz, (A.15)

for all ¢ € Lg ((a,b),C*").

At this point, we take A close enough to Ay so that (A.15) holds, set S := my(u; A), and
let {z;(x; 1, A, Ao) }5—; denote a collection of linearly independent solutions to (A.13) that lie
right in (a,b). For each j € {1,2,...,S}, we define

b
Zi (x5 1y A, o) 22/ G (2, &ty Ao)BA(E; Mo)E(E; 11, A, Xo) 2 (€5, A, Ao)dE,

noting particularly that Z;(x; i, A, Ag) solves the ODE

J

Le., Zj(x;p, A\, No) is a particular solution for this inhomogeneous equation. The space
of homogeneous solutions to (A.16) that lie right in (a,b) is spanned by the collection
{i(2; 11, Ao) Y5y Since each element in the collection {z;(x;u, A, Ag)}5_; is a solution to

(A.16) that lies right in (a,b), there must exist constants {c;; (1, A, )\0)}5’:’;1 so that

zj(x;u, )‘7)\0) - chi(:ua )\7 )\O)yl(xnua )‘0) + 2]'(1‘;#7)\7)\0)’ j = 1727 .- '75'

i=1

Suppose now that S > s, in which case we can associate the coefficients (c¢;;) with an
S x s matrix C. It follows that there must exist a non-trivial row vector g = (51, o, - . ., 8s),
depending on u, A and \g, so that SC = 0. We now set

s
O(; py Ay Ag) i= Z B (s A, Ao)zj (x5 11, Ay No)- (A.17)

j=1
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Then by linear independence of the collection {z;(x; 1, A\, \o) }5_;, we see that ¢(x; u, A, Ag)

cannot be identically 0. In addition, we can now write

Jj=b

¢($>,u7 )\7)\0 ,u7)\ )\O)Z](l. ,u7)\ )\0)

S

B3 (1 2 20) (D 5l A oyl s M) + 24 A Mo))

1 =1

Il
w TMO: [ Mo:

(Zﬁj s A, AO)Cﬂ(M?)‘ )‘0)>y1(‘r :u7/\0 +Zﬁj s A, )\0)25](56 s A, )‘0)

=1 7=1 7=1

By the selection of 3, we have Zle B, A, Ao)cji(p, A, Ag) = 0, and this allows us to write

s
P31, A, M) = Z 53'(% A, /\0)%‘ (3 11, A, Ao)

j=1

S b
= 35550 00) [ Gl €511 A JBA(E A€ 1,0 o) 65 A M)
j=1 c

S

b
= / G(z,&; 1, M) BA(E; o) E(E; 11, A, Ao) Z B (16 Ay Mo) 25 (&5 s Ay Ao)dE

j=1
b
— [ 6o DBA(E A€ 1.0 M) A Ao
In particular, ¢ satisfies the equation

J¢' —B(x; Xo)¢ — uBa(2; Mo)d = Ba(z; Mo)E(2; 11, A, Ao) b

Precisely as in the proof of Theorem V.2.2 in [24], we now make use of the following
relation (see Theorem VI.6.2 in [24]): if ¢, f € L, ((¢,b),C*") and ¢ solves the equation

J¢' — B(2; M) ¢ — uBi (5 A0)d = Ba(z; M) [,

then

/ 6(2)*Ba (: Ao)b(a)dz <

For ¢ as in (A.17), this becomes

|Im,u|/ f(x) Ba(x; Xo) f(x)d.

/ 6(2) B (2 Do) () < IImul / 1) Ba (2 Mo) (E()(x))de,

where most dependence on the spectral parameters has been suppressed for notational
brevity. Expressed in terms of the norm || - ||g, (on (¢,b)), this becomes

1
I#ll5, < IEgll5, < < 5 lI¢ll,

_\I # !1 w
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where in obtaining this final inequality we've used (A.15). In this way, we arrive at a
contradiction to the assumption that S > s, so it must be the case that m;(u; ) = s for all
A sufficiently close to .

Finally, using compactness of the interval [A;, \s] C I, we can conclude that we must
have my(p; A) = s for all A € [\, Ag]. Since my(p; ) is constant in p for each fixed A, and
constant in A for each fixed p, it must be constant for all (u, A) € (C\R) x [A1, Ag].

Acknowledgments. A.S. acknowledges support from the National Science Foundation
under grant DMS-1910820.

References

[1] F. V. Atkinson, H. Langer, R. Mennicken, and A.A. Shkalikov, The essential spectrum
of some matriz operators, Math. Nachr. 167 (1994) 5 — 20.

[2] W. Boyce, R. Diprima, and D Meade, Elementary differential equations and boundary
value problems, 11th Ed., Wiley 2017.

[3] G. Berkolaiko and P. Kuchment, Introduction to quantum graphs, Mathematical Surveys
and Monographs 186, AMS 2013.

[4] J. Elyseeva, Relative oscillation theory for linear Hamiltonian systems with non-
linear dependence on the spectral parameter, to appear in Math. Nachr., doi:
10.1002/mana.202000434.

[5] J. J. Erpenbeck, Stability of steady-state equilibrium detonations, Phys. Fluids 5 (1962)
604 — 614.

[6] J. J. Erpenbeck, Stability of step shocks, Phys. Fluids 5 (1962) 1181 — 1187.

[7] J. Elyseeva, P. Sepitka, and R. S. Hilscher, Oscillation numbers for continuous La-
grangian paths and Maslov index, J. Dynamics and Differential Equations (2022),
https://doi.org/10.1007/s10884-022-10140-7.

[8] K. Furutani, Fredholm-Lagrangian-Grassmannian and the Maslov indez, Journal of Ge-
ometry and Physics 51 (2004) 269 — 331.

[9] J. Freidberg, Magnetohydrodyamic stability of a diffuse screw pinch, The Physics of
Fluids 14 (1970) 1812-1818.

[10] J. Freidberg, Ideal MHD, Cambridge University Press 2014.
[11] S. Gasiorowicz, Quantum physics, John Wiley & Sons 1974.

[12] J. P. Goedbloed and S. Poedts, Principles of magnetohydrodynamics: with applications
to laboratory and astrophysical plasmas, Cambridge University Press 2004.

[13] F. Gesztesy, B. Simon, and G. Teschl, Zeros of the Wronskian and renormalized oscil-
lation theory, American J. Math. 118 (1996) 571-594.

108



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]
23]
[24]

[25]

[20]

[27]

28]

[29]

[30]

F. Gesztesy and M. Zinchenko, Renormalized oscillation theory for Hamiltonian systems,
Adv. Math. 311 (2017) 569-597.

P. Howard, S. Jung, and B. Kwon, The Maslov index and spectral counts for Hamiltonian
systems on [0,1], J. Dynamics and Differential Equations 30 (2018) 1703-1729.

P. Howard, Renormalized oscillation theory for regular linear non-Hamiltonian systems,
Communications on Pure and Applied Analysis 21 (2022) 4311-4345.

P. Howard, Y. Latushkin, and A. Sukhtayev, The Maslov index for Lagrangian pairs on
R?*" J. Math. Anal. Appl. 451 (2017) 794-821.

P. Howard and A. Sukhtayev, Renormalized oscillation theory for linear Hamiltonian
systems on [0, 1] via the Maslov indez, to appear in J. Dynamics and Differential Equa-
tions.

P. Howard and A. Sukhtayev, The Maslov and Morse Indices for Sturm-Liouville Sys-
tems on the Half-Line, Discrete and Continuous Dynamical Systems A 40(2) (2020)
983-1012.

P. Howard and A. Sukhtayev, Renormalized oscillation theory for singular linear Hamil-
tonian systems, J. Functional Analysis 283 (2022).

M. Jaulent and C. Jean, The inverse s-wave scattering problem for a class of potentials
depending on energy, Commun. math. phys. 28 (1972) 177-220.

T. Kato, Perturbation Theory for Linear Operators, Springer 1980.
W. Kerner, Large-scale complex eigenvalue problems, J. Comp. Physics 85 (1987) 1-85.

A. M. Krall, Hilbert space, boundary value problems and orthogonal polynomials,
Birkhauser Verlag 2002.

P. D. Lax, Hyperbolic systems of conservation laws, II, Comm. Pure Appl. Math. 10
(1957) 537 — 566.

Y. Latushkin and A. Sukhtayev, The Evans function and the Weyl-Titchmarsh function,
Discrete and Continuous Dyn. Sys. Series S 5 (2012) 939 - 970.

A. Majda, The stability of multidimensional shock fronts, in: Memoirs of the AMS 275,
AMS Providence, 1983.

C. Mascia and K. Zumbrun, Pointwise Green’s function bounds and stability of relaxation
shocks, Indiana Univ. Math. J. 51 (4) (2002) 773 — 904.

H. D. Niessen, Singulare S-hermitesche Rand-FEigenwert Probleme, Manuscripta Math.
3 (1970) 35-68.

H. D. Niessen, Zum verallgemeinerten zweiten Weylschen Satz, Archiv der Math. 22
(1971) 648-656.

109



[31]

[32]
[33]

[34]
[35]

[36]

[39]

[40]

[41]

[42]
[43]
[44]

H. D. Niessen, Greensche Matrixz and die Formel von Titchmarch-Kodaira fur singuldre
S-hermitesche Eigenwert Probleme, J. reine arg. Math. 261 (1972) 164-193.

F. W. J. Olver, Introduction to asymptotics and special functions, Academic Press 1974.

J. Phillips, Selfadjoint Fredholm operators and spectral flow, Canad. Math. Bull. 39
(1996), 460-467.

D. B. Pearson, Quantum scattering and spectral theory, Academic Press 1988.

P. A. Rejto, On the essential spectrum of the hydrogen energy and related operators,
Pacific J. Math. 19 (1966) 109-140.

B. Simon, Sturm oscillation and comparison theorems, in Sturm-Liouville Theory: Past
and Present, Birkhauser Verlag 2005, W. O. Amrein, A. M. Hinz, and D. B. Pearson,
Eds.

C. Sturm, Mémoire sur les équations différentielles linéaires du second ordre, J. math.
pures appl. 1 (1836) 106—186.

H. Sun and Y. Shi, Self-adjoint extensions for linear Hamiltonian systems with two
singular endpoints, J. Functional Analysis 259 (2010) 2003 — 2027.

A. Sukhtayev, Z. Yang, and K. Zumbrun, Spectral stability of hydraulic shock profiles,
Physica D 405 (2020) 132360.

G. Teschl, Oscillation theory and renormalized oscillation theory for Jacobi operators,
J. Differential Equations 129 (1996) 532-558.

G. Teschl, Renormalized oscillation theory for Dirac operators, Proceedings of the AMS
126 (1998) 1685-1695.

J. Weidmann, Linear Operators in Hilbert spaces, Springer—Verlag 1980.
J. Weidmann, Spectral theory of ordinary differential operators, Springer-Verlag 1987.

Z. Yang and K. Zumbrun, Stability of hydraulic shock profiles, Arch. Rational Mech.
Anal. 235 (2020) 195 — 285.

110



