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Abstract

For many applications, critical information about system dynamics is encoded in
associated eigenvalue problems that can be posed as linear Hamiltonian systems with
suitable boundary conditions. Motivated by examples from hydrodynamics, quantum
mechanics, and magnetohydrodynamics (MHD), we develop a general framework for
analyzing a broad class of linear Hamiltonian systems with at least one singular bound-
ary condition and possible nonlinear dependence on the spectral parameter. We show
that renormalized oscillation results can be obtained in a natural way through consid-
eration of the Maslov index associated with appropriately chosen paths of Lagrangian
subspaces of C2n. This extends previous work by the authors for regular linear Hamil-
tonian systems that depend nonlinearly on the spectral parameter and singular linear
Hamiltonian systems that depend linearly on the spectral parameter. We conclude
the study by using our framework to study the spectrum in the setting of each of our
motivating examples.

1 Introduction

In this study, we employ renormalized oscillation theory (via the Maslov index) to analyze
the spectrum associated with a general class of differential operators that depend nonlinearly
on their spectral parameter λ and have one or two singular endpoints. Such operators arise
naturally in a wide range of applications, including three that will be emphasized in this
work, from hydrodynamics, quantum mechanics, and magnetohydrodynamics (MHD). For
the first of these, it’s shown in [39] that when the Saint–Venant model for inclined shallow
water flow is linearized about a hydraulic shock profile, the resulting eigenvalue problem
takes the form

Av′ = (E − λI − Ax)v, (1.1)

where

A(x) =

(
−c 1

H(x)
F 2 − Q(x)2

H(x)2
2Q(x)
H(x)

− c

)
, E(x) =

(
0 0

2Q(x)2

H(x)3
+ 1 − 2Q(x)

H(x)2

)
. (1.2)

Here, (H(x), Q(x)) comprises the hydraulic shock profile, c denotes the profile wave speed,
and F > 0 is the Froude number (a nondimensional constant; see Section 7.2.3 below for
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details on the Saint–Venant system). In the case of a discontinuous profile, it’s shown in [44]
that (1.1) can be understood on the half-line (−∞, 0) with right boundary condition(

λQ(0)−H(0) +
|Q(0)|Q(0)

H(0)2
, −λH(0)

)
A(0)v(0) = 0. (1.3)

We will observe in Section 7.2.3 below that with suitable transformations, the system (1.1)–
(1.3) can be expressed as

Jy′ = B(x;λ)y, α(λ)y(0) = 0, y(x;λ) ∈ C2, (1.4)

where

J =

(
0 −1
1 0

)
, (1.5)

B(x;λ) is self-adjoint for all x ∈ (−∞, 0), λ > 0 (see (7.110)), and α(λ) is a row vector
depending on λ. Equations with form (1.4) will be addressed in Theorem 2.12.

For the application to quantum mechanics, it’s known that the potential function in
Schrödinger’s wave equation can depend on energy encoded in the equation’s eigenvalues,
giving rise to ODE of the form

−ψ′′ + V (x;λ)ψ = λψ, (1.6)

for which a typical form of V (x;λ) (taken from [21]) is

V ±(x;λ) = U(x)± 2
√
λQ(x),

where U(x) and Q(x) are appropriately specified functions (see Section 7.2.1 for particular
examples). Expressed as a first-order system with components y1 = φ and y2 = φ′, (1.6)
becomes

Jy′ = B(x;λ)y, B(x;λ) =

(
λ− V (x;λ) 0

0 1

)
, x ∈ R (1.7)

which is the same form as (1.4), except with domain R rather than (−∞, 0). Equations of
form (1.7) will be addressed in Theorem 2.14.

In Section 7.2.2, we take from [12] a model of incompressible ideal MHD flow, and show
that when this system is linearized about certain stationary solutions the resulting eigenvalue
problem can be expressed as

−(P (x;λ)φ′)′ + V (x;λ)φ = 0, (1.8)

where the coefficient function V (x;λ) is nonlinear in the spectral parameter λ (see equations
(7.70) and (7.71) below for the specifications of P (x;λ) and V (x;λ) respectively). Similarly
as with (1.6), (1.8) can be expressed as a first-order system with form (1.4), this time with
natural domain (0,∞).

In order to develop a framework in which to study the applications described above,
along with numerous others, we consider systems of the general form

Jy′ = B(x;λ)y, x ∈ (a, b), y(x;λ) ∈ Cn, (1.9)
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where J is as in (1.5) with each 1 replaced by an n × n identity matrix, B(x;λ) ∈ Cn×n is
self-adjoint for a. e. x ∈ (a, b), λ ∈ I ⊂ R, and

−∞ ≤ a < b ≤ +∞,

either with two singular endpoints or with one singular endpoint and one regular endpoint
with boundary condition expressed as α(λ)y(a) = 0 or α(λ)y(b) = 0. (The case of two
regular endpoints has been analyzed previously in [20]).

For each of our motivating applications, it is important to understand the eigenvalues of
(1.9), by which we mean the values λ ∈ I for which (1.9) has a solution in an appropriate
function space, determined by the nature of the endpoints and the boundary conditions.
However, the possibility of singular endpoints along with the possibly nonlinear dependence
on λ complicate the specification of such spaces, and indeed such specification is a key point
of the current analysis.

Precisely, our goals for the current study are as follows:

1. Identify general conditions on the matrix function B(x;λ) under which the spectrum of
(1.9) can be analyzed by our geometric approach based on the Maslov index;

2. For singular endpoints, determine suitable boundary conditions to impose on (1.9), and
relate these to physically relevant behavior;

3. With B(x;λ) chosen, along with suitable boundary conditions, compute the number of
eigenvalues N ([λ1, λ2)) that the specified eigenvalue problem has on the interval [λ1, λ2).

Our approach to the problem will be through oscillation theory, and in particular the
renormalized oscillation approach introduced in [13]. Developed initially in the context of
single Sturm-Liouville equations, this method has been extended in [40, 41] to the cases of
Jacobi and Dirac operators, in [14, 20] to (1.9) when B(x;λ) depends linearly on λ, in [18]
to (1.9) when B(x;λ) depends nonlinearly on λ (but restricted to regular endpoints), and
in [16] when B(x;λ) is not self-adjoint (again restricted to the case of regular endpoints).
The current analysis extends the approach of [18, 20] to the setting in which B(x;λ) both
depends nonlinearly on λ and has one or two singular endpoints.

Plan of the paper. In Section 2, we develop the notation and background needed to state
our main results, and we state these results as Theorems 2.12 and 2.14. In Section 3, we
prove Lemma 2.7, establishing the existence and nature of the family of self-adjoint pencils
T (λ) and T α(λ) that will be the principal objects of our study, and in Section 4, we construct
the frames Xa(x;λ) and Xb(x;λ), introduced respectively in (2.17) and (2.13). In Section
5, we provide additional background on the Maslov index, along with some results that will
be needed for the subsequent analysis, and in Section 6, we prove Theorems 2.12 and 2.14.
Finally, in Section 7 we conclude with the three specific illustrative applications discussed in
this introduction.

Notational conventions. Throughout the analysis, we will use the notation ‖ · ‖Bλ and
〈·, ·〉Bλ respectively for our weighted norm and inner product. In the case that (2.1) is regular
at x = a, we will denote the associated map of Lagrangian subspaces by `α, and we will
denote by Xα a specific corresponding map of frames. Likewise, if (2.1) is singular at x = a,
we will use `a and Xa, and for x = b (always assumed singular), we will use `b and Xb. In
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order to accommodate limits associated with our bilinear form, we will adopt the notation

(Jy, z)a := lim
x→a+

(Jy(x), z(x)); (Jy, z)b := lim
x→b−

(Jy(x), z(x)),

along with
(Jy, z)ba := (Jy, z)b − (Jy, z)a.

Here and throughout, we use (·, ·) to denote the usual inner product for C2n.

2 Statements of the Main Results

For values λ in some interval I ⊂ R, we consider linear Hamiltonian systems

Jy′ = B(x;λ)y; y(x;λ) ∈ C2n, n ∈ {1, 2, . . . }, (2.1)

where J denotes the standard symplectic matrix

J =

(
0n −In
In 0n

)
.

We specify (2.1) on intervals (a, b), with −∞ ≤ a < b ≤ +∞, and we assume throughout that
for each λ ∈ I, B(·;λ) is a measurable function with B(x;λ) self-adjoint for a.e. x ∈ (a, b),
and that there exists b0 ∈ L1

loc((a, b),R) so that for each λ ∈ I, |B(x;λ)| ≤ b0(x) for a.e.
x ∈ (a, b). In addition, we assume that for each λ ∈ I, Bλ(x;λ) exists for a.e. x ∈ (a, b), with
Bλ(x;λ) self-adjoint and non-negative, and that there exists b1 ∈ L1

loc((a, b),R) so that for
each λ ∈ I, |Bλ(x;λ)| ≤ b1(x) for a.e. x ∈ (a, b). For convenient reference, we refer to these
basic assumptions as Assumptions (A). In addition, we make the following Atkinson-type
positivity assumption.

(B) For each λ ∈ I, if y(·;λ) ∈ ACloc((a, b),C2n) is any non-trivial solution of (2.1), then∫ d

c

(Bλ(x;λ)y(x;λ), y(x;λ))dx > 0, (2.2)

for all [c, d] ⊂ (a, b), c < d. (Here and throughout, ACloc(·) denotes local absolute continuity,
and (·, ·) denotes the usual inner product on C2n.)

Our goal is to associate (2.1) with one or more self-adjoint operator pencils L(λ) (see
Lemma 2.7 below), and to use renormalized oscillation theory to count the number of eigen-
values N ([λ1, λ2)), λ1, λ2 ∈ I, λ1 < λ2, that each such operator has on a given interval
[λ1, λ2) for which the closure [λ1, λ2] has empty intersection with the essential spectrum of
the pencil. We will formulate our results for two cases: (1) when x = a is a regular boundary
point for (2.1); and (2) when x = a is a singular boundary point for (2.1). (We take (2.1)
to be singular at x = b in both cases; the case in which (2.1) is regular at both endpoints
has been analyzed in [18].) The case in which (2.1) is regular at x = a corresponds with the
following additional assumption.

(A)′ The value a is finite, and for any c ∈ (a, b), we have

B(·;λ), Bλ(·;λ) ∈ L1((a, c),C2n×2n).

4



For the case in which B(x;λ) has the standard form

B(x;λ) = B0(x) + λB1(x), (2.3)

results along these lines have been obtained in [14] for the limit-point case and in [20] for
all limit-point, limit-circle, and limit-intermediate cases. These and related results will be
discussed at the end of this introduction.

Our starting point will be to specify an appropriate Hilbert space to work in, and for
this we begin by fixing any λ ∈ I and denoting by L̃2

Bλ((a, b),C2n) the set of all Lebesgue
measureable functions f defined on (a, b) so that

‖f‖Bλ :=
(∫ b

a

(Bλ(x;λ)f(x), f(x))dx
)1/2

<∞.

Correspondingly, we denote by ZBλ the subset of L̃2
Bλ((a, b),C2n) comprising elements f ∈

L̃2
Bλ((a, b),C2n) so that ‖f‖Bλ = 0. Our Hilbert space will be the quotient space,

L2
Bλ((a, b),C2n) := L̃2

Bλ((a, b),C2n)/ZBλ .

I.e., two functions f, g ∈ L2
Bλ((a, b),C2n) are equivalent if and only if ‖f−g‖Bλ = 0. With this

convention, it follows that ‖ · ‖Bλ is a norm on L2
Bλ((a, b),C2n), and we equip L2

Bλ((a, b),C2n)
with the inner product

〈f, g〉Bλ :=

∫ b

a

(Bλ(x;λ)f(x), g(x))dx.

We emphasize that Assumptions (A) and (B) are sufficient for defining L2
Bλ((a, b),C2n) in

this way, and in particular that Bλ(x;λ) need not be an invertible matrix. We next begin
our specification of the operator pencils we’ll work with by defining what we will mean by
the maximal domain DM(λ) and the maximal operator TM(λ).

Definition 2.1. (i) For each fixed λ ∈ I, we denote by DM(λ) the collection of all

y ∈ ACloc((a, b),C2n) ∩ L2
Bλ((a, b),C2n) (2.4)

for which there exists some f ∈ L2
Bλ((a, b),C2n) so that

Jy′ − B(x;λ)y = Bλ(x;λ)f, (2.5)

for a.e. x ∈ (a, b). We note that the function f in this specification is uniquely determined
in L2

Bλ((a, b),C2n). (If f and g are two functions associated with the same y ∈ DM(λ), then
Bλ(x;λ)(f − g) = 0 for a.e. x ∈ (a, b), so that f = g in L2

Bλ((a, b),C2n).) We will refer to
DM(λ) as the maximal domain associated with (2.1).

(ii) For each fixed λ ∈ I, we define the maximal operator TM(λ) : L2
Bλ

((a, b),C2n) →
L2
Bλ((a, b),C2n) to be the operator with domain DM(λ) taking a given y ∈ DM(λ) to the

unique f ∈ L2
Bλ((a, b),C2n) guaranteed by the definition of DM(λ). We note particularly that

y(·;λ) ∈ DM(λ) solves (2.1) if and only if TM(λ)y = 0 a.e. in (a, b).
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Remark 2.2. In the definition of DM(λ), relation (2.5) could be replaced by

Jy′ − (B(x;λ)− λBλ(x;λ))y = Bλ(x;λ)f. (2.6)

This follows because for a given y as specified in (2.4), if there exists f ∈ L2
Bλ((a, b),C2n) so

that (2.5) holds then it must be the case that (2.6) holds with f replaced by f̃ = f + λy, and
the other direction is similar. In [20] the authors analyze the case (2.3) and (following [24])
use (2.6) to work with Jy′ −B0(x)y = B1(x)f .

We emphasize that in Definition 2.1 and throughout, the designation a.e. always means
almost everywhere in the usual sense, and in particular when we write TM(λ)y = 0 a.e. in
(a, b), we mean that y is not only in the kernel of TM(λ), but additionally that the element
f ∈ L2

Bλ((a, b),Cn) for which TM(λ)y = f is equivalent in L2
Bλ((a, b),Cn) to a function that

vanishes a.e. in (a, b).

With Definition 2.1 in place, we make the following Assumptions (C).

(C) For any values λ, λ̃ ∈ I, the spaces L2
Bλ((a, b),C2n) and L2

Bλ̃
((a, b),C2n) are equivalent.

In addition, the maximal domains DM(λ) and DM(λ̃) are identical as sets (henceforth, we
will denote this set DM).

Remark 2.3. We will check in Section 7 that Assumptions (A), (B), and (C), along with
Assumptions (D), (E), and (F) below hold in a wide range of important cases.

We will often find it convenient to fix λ ∈ I and consider the linear eigenvalue problem

T (λ)y = µy, (2.7)

for which our primary interest will be whether µ = 0 is an eigenvalue. Nonetheless, we
observe that for any µ ∈ C (2.7) corresponds with the Hamiltonian system

Jy′ = B(x;λ)y + µBλ(x;λ)y, (2.8)

which has precisely the structure of the Hamiltonian systems considered in [20] (i.e., is a
Hamiltonian system linear in the spectral parameter µ).

The following terminology will be convenient for the discussion.

Definition 2.4. For each fixed pair (µ, λ) ∈ C × I, we will say that a solution y(·;µ, λ) ∈
ACloc((a, b),C2n) of (2.8) lies left in (a, b) if for any c ∈ (a, b), the restriction of y(·;µ, λ) to
(a, c) is in L2

Bλ((a, c),C2n). Likewise, we will say that a solution y(·;µ, λ) ∈ ACloc((a, b),C2n)
of (2.8) lies right in (a, b) if for any c ∈ (a, b), the restriction of y(·;µ, λ) to (c, b) is in
L2
Bλ((c, b),C2n). We will denote by ma(µ, λ) the dimension of the space of solutions to (2.8)

that lie left in (a, b), and we will denote by mb(µ, λ) the dimension of the space of solutions
to (2.8) that lie right in (a, b).

We can take advantage of the observation that (2.8) has the form of the systems analyzed
in [20] to draw the following conclusions. If Assumptions (A) and (B) hold and λ ∈ I is
fixed, then for any µ ∈ C\R, (2.8) admits at least n linearly independent solutions that lie
left in (a, b) and at least n linearly independent solutions that lie right in (a, b). According to

6



Theorem V.2.2 in [24], ma(µ, λ) and mb(µ, λ) are both constant for all µ with Imµ > 0, and
the same statement is true for Imµ < 0. In the event that B(x;λ) has real-valued entries for
a.e. x ∈ (a, b), it is furthermore the case that ma(µ, λ) and mb(µ, λ) are both constant for
all µ ∈ C\R. For the current analysis we will further assume a type of uniformity for this
behavior as λ varies in I.

(D) The values ma(µ, λ) and mb(µ, λ) are both constant for all (µ, λ) ∈ (C\R)× I. We
denote these common values ma and mb.

In the event that Assumption (A)′ also holds, it’s clear that ma(µ, λ) = 2n for all
(µ, λ) ∈ C× I. In the terminology of our next definition, this means that under Assumption
(A)′, (2.8) is in the limit circle case at x = a. In this case, Assumption (D) holds immediately
for x = a, with ma = 2n. We note here that whenever we state that a result holds under
Assumptions (A) through (D), we will mean that (A)′ doesn’t necessarily hold. If (A)′ is
needed, it will always be explicitly included in the list of assumptions.

Remark 2.5. In the event that we have an equation of form (2.1) with an alternative non-
singular skew-symmetric matrix, say J , we can always make a change of variables to obtain
our preferred form. Precisely, suppose the form we have is J z′ = B(x;λ)z, with B(x;λ)
satisfying our assumptions (A) through (D). As noted in [15], there exists an invertible
matrix M so that J = MTJM . If we set z = My then JMy′ = B(x;λ)My, so that
MTJMy′ = MTB(x;λ)My, giving (2.1) with B(x;λ) = MTB(x;λ)M . It’s straightforward
to see that B(x;λ) also satisfies Assumptions (A) through (D).

Definition 2.6. If ma = n, we say that (2.8) is in the limit point case at x = a, and if
ma = 2n, we say that (2.8) is in the limit circle case at x = a. If ma ∈ (n, 2n), we say that
(2.8) is in the limit-ma case at x = a. Analogous specifications are made at x = b.

Under Assumptions (A) through (D), and for some fixed pair (µ0, λ0) ∈ (C\R) × I we
will show that by taking an appropriate selection of n solutions to (2.8) that lie left in (a, b),
{uaj (x;µ0, λ0)}nj=1, and an appropriate selection of n solutions to (2.8) that lie right in (a, b),
{ubj(x;µ0, λ0)}nj=1, we can specify, for each λ ∈ I, the domain of a self-adjoint restriction of
TM(λ), which we will denote T (λ). For the purposes of this introduction, we will sum this
development up in the following lemma, for which we denote by Ua(x;µ0, λ0) the matrix
comprising the vector functions {uaj (x;µ0, λ0)}nj=1 as its columns, and by U b(x;µ0, λ0) the
matrix comprising the vector functions {ubj(x;µ0, λ0)}nj=1 as its columns. (The selection
process is taken from Section 2.1 of [20], with an overview given in Section 3 below.) The
proof of this lemma is the main content of Section 3.

Lemma 2.7. (i) Let Assumptions (A) through (D) hold, and let (µ0, λ0) ∈ (C\R) × I be
fixed. Then there exists a selection of n solutions {uaj (x;µ0, λ0)}nj=1 to (2.8) (with (µ, λ) =
(µ0, λ0)) that lie left in (a, b), along with a selection of n solutions {ubj(x;µ0, λ0)}nj=1 to (2.8)
(with (µ, λ) = (µ0, λ0)) that lie right in (a, b) so that for each λ ∈ I the restriction of TM(λ)
to the (λ-independent) domain

D := {y ∈ DM : lim
x→a+

Ua(x;µ0, λ0)
∗Jy(x) = 0, lim

x→b−
U b(x;µ0, λ0)

∗Jy(x) = 0}

is a self-adjoint operator. We will denote this operator T (λ).
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(ii) In addition to Assumptions (A) through (D), suppose that Assumption (A)′ holds,
and let (µ0, λ0) ∈ (C\R) × I be fixed. Let α ∈ C1(I,Cn×2n) be a continuously differentiable
matrix-valued function so that for each λ ∈ I, rankα(λ) = n and α(λ)Jα(λ)∗ = 0. Then
there exists a selection of solutions {ubj(x;µ0, λ0)}nj=1 to (2.8) (with (µ, λ) = (µ0, λ0)) that lie
right in (a, b) so that for each λ ∈ I the restriction of TM(λ) to the (λ-dependent) domain

Dα(λ) := {y ∈ DM : α(λ)y(a) = 0, lim
x→b−

U b(x;µ0, λ0)
∗Jy(x) = 0}

is a self-adjoint operator. We will denote this operator T α(λ).

Remark 2.8. We emphasize that while the operator pencils T (λ) and T α(λ) generally depend
on λ, the domain D depends only on the fixed value λ0 ∈ I, and the domain Dα(λ) depends
on λ only through the boundary matrix α(λ), and otherwise only depends on the fixed value
λ0 ∈ I.

In addition to Assumptions (A) through (D), we will require two additional assumptions,
the first of which is somewhat technical. To motivate this, we note that for the case of (2.3),
we have the convenient relation

B(x;λ2)− B(x;λ1) = (λ2 − λ1)B1(x),

and Assumption (E) (just below) can be viewed as a generalization of this relation. As
expected, in the case of (2.3), this assumption holds trivially. To set some notation, for any
λ∗ ∈ I and any r > 0 (typically to be taken small), we set

Iλ∗,r := (λ∗ − r, λ∗ + r) ∩ I. (2.9)

(E) For each λ∗ ∈ I, there exists a positive constant r > 0 and a map E(·; ·, λ∗) :
(a, b)× Iλ∗,r → C2n×2n so that for each λ ∈ Iλ∗,r we have

B(x;λ)− B(x;λ∗) = Bλ(x;λ∗)E(x;λ, λ∗) (2.10)

for a.e. x ∈ (a, b). In addition, the following hold: (i) for each λ ∈ Iλ∗,r, E(·;λ;λ∗) ∈
B(L2

Bλ((a, b),C2n)) (i.e., when viewed as a multiplication operator, the matrix function
E(·;λ;λ∗) is a bounded linear operator taking L2

Bλ((a, b),C2n) to itself); (ii) ‖E(·;λ, λ∗)‖ =
o(1), λ → λ∗; (iii) for a.e. x ∈ (a, b), the matrix function E(x;λ, λ∗) is continuously dif-
ferentiable in λ on Iλ∗,r, and the map λ 7→ E(·;λ;λ∗) is continuously differentiable as a
map from Iλ∗,r to B(L2

Bλ((a, b),C2n)); and (iv) given any f, g ∈ L2
Bλ((a, b),C2n), there exists

h ∈ L1((a, b),R), depending on f and g, so that for all λ ∈ Iλ∗,r

|f(x)∗Bλ(x;λ)g(x)| ≤ h(x),

for a.e. x ∈ (a, b). By (2.10), this is equivalent to

|f(x)∗Bλ(x;λ∗)Eλ(x;λ, λ∗)g(x)| ≤ h(x).

In order to set some notation and terminology for this discussion, we make the following
standard definitions.
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Definition 2.9. For each fixed λ ∈ I, we define the resolvent set ρ(T (λ)), the spectrum
σ(T (λ)), the point spectrum σp(T (λ)), and the essential spectrum σess(T (λ)) in the usual
way (see, e.g., Definition 1.4 in [20]). In all cases, we categorize λ with respect to the
operator pencil T (·) according to the categorization of µ = 0 with respect to the operator
T (λ) (i.e., with respect to the eigenvalue problem (2.7)). Analogous specifications are taken
to hold for T α(λ).

Our primary tool for this analysis will be the Maslov index, and as a starting point for
a discussion of this object, we define what we will mean by a Lagrangian subspace of C2n.

Definition 2.10. We say ` ⊂ C2n is a Lagrangian subspace of C2n if ` has dimension n and

(Ju, v) = 0, (2.11)

for all u, v ∈ `. In addition, we denote by Λ(n) the collection of all Lagrangian subspaces of
C2n, and we will refer to this as the Lagrangian Grassmannian.

Any Lagrangian subspace of C2n can be spanned by a choice of n linearly independent
vectors in C2n. We will generally find it convenient to collect these n vectors as the columns
of a 2n × n matrix X, which we will refer to as a frame for `. Moreover, we will often
coordinatize our frames as X =

(
X
Y

)
, where X and Y are n × n matrices. Following [8] (p.

274), we specify a metric on Λ(n) in terms of appropriate orthogonal projections. Precisely,
let Pi denote the orthogonal projection matrix onto `i ∈ Λ(n) for i = 1, 2. I.e., if Xi denotes
a frame for `i, then Pi = Xi(X

∗
iXi)

−1X∗i . We take our metric d on Λ(n) to be defined by

d(`1, `2) := ‖P1 − P2‖,

where ‖ · ‖ can denote any matrix norm. We will say that a path of Lagrangian subspaces
` : I → Λ(n) is continuous provided it is continuous under the metric d.

Suppose `1(·), `2(·) denote continuous paths of Lagrangian subspaces `i : I → Λ(n),
i = 1, 2, for some parameter interval I (not necessarily closed and bounded). The Maslov
index associated with these paths, which we will denote Mas(`1, `2; I), is a count of the
number of times the subspaces `1(t) and `2(t) intersect as t traverses I, counted with both
multiplicity and direction. (In this setting, if we let t∗ denote the point of intersection (often
referred to as a crossing point), then multiplicity corresponds with the dimension of the
intersection `1(t∗) ∩ `2(t∗); a precise definition of what we mean in this context by direction
will be given in Section 5.)

In order to relate our results to previous work on renormalized oscillation theory, we
observe that in some cases the Maslov index can be expressed as a sum of nullities for certain
evolving matrix Wronskians. To understand this, we first specify the following terminology:
for two paths of Lagrangian subspaces `1, `2 : [a, b]→ Λ(n), we say that the evolution of the
pair `1, `2 is monotonic provided all intersections (including full multiplicities) occur in the
same direction. If the intersections all correspond with the positive direction, then we can
compute

Mas(`1, `2; [a, b]) =
∑
t∈(a,b]

dim(`1(t) ∩ `2(t)).
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(Here, we exclude a from the interval we sum over, because there will be no contribution to
the Maslov index from an initial positive crossing; see Section 5 for details on our conventions
with the endpoints.) Suppose X1(t) =

(
X1(t)
Y1(t)

)
and X2(t) =

(
X2(t)
Y2(t)

)
respectively denote frames

for Lagrangian subspaces of C2n, `1(t) and `2(t). Then we can express this last relation as

Mas(`1, `2; [a, b]) =
∑
t∈(a,b]

dim ker(X1(t)
∗JX2(t)).

(See Lemma 2.2 of [18].)
In preparation for formulating our results in the case that (2.1) is regular at x = a, we

introduce the 2n× n matrix solution Xα(x;λ) to the initial value problem

JX′α = B(x;λ)Xα, Xα(a;λ) = Jα(λ)∗. (2.12)

Under our assumptions (A) and (A)′, we can conclude that for each λ ∈ I, Xα(·;λ) ∈
ACloc([a, b),C2n×n). In addition, Xα ∈ C([a, b) × I,C2n×n), and Xα(x; ·) is differentiable in
λ. (See, for example, [43].) As shown in [15], for each pair (x, λ) ∈ [a, b)× I, Xα(x;λ) is the
frame for a Lagrangian subspace of C2n, which we will denote `α(x;λ). (In [15], the authors
make slightly stronger assumptions on B(x;λ), but their proof carries over immediately into
our setting.)

For the frame associated with the right endpoint, we let [λ1, λ2] ⊂ I, λ1 < λ2, be such
that for all λ ∈ [λ1, λ2], 0 /∈ σess(T α(λ)) (equivalently, in our notation, λ /∈ σess(T α(·))).
In Section 3, we will show that for each λ ∈ [λ1, λ2], there exists a 2n × n matrix solution
Xb(x;λ) to the ODE

JX′b = B(x;λ)Xb, lim
x→b−

U b(x;µ0, λ0)
∗JXb(x;λ) = 0, (2.13)

where the matrix U b(x;µ0, λ0) is described in Lemma 2.7 (and the paragraph leading into
that lemma). In addition, we will check that for each pair (x, λ) ∈ [a, b)× [λ1, λ2], Xb(x;λ)
is the frame for a Lagrangian subspace of C2n, which we will denote `b(x;λ), and we will
also check that `b ∈ C([a, b)× [λ1, λ2],Λ(n)).

In order to conclude monotonicity, we require one final assumption.

(F) For specified values λ1, λ2 ∈ I, λ1 < λ2, the matrix (B(x;λ2) − B(x;λ1)) is non-
negative for a.e. x ∈ (a, b), and moreover there is no interval [c, d] ⊂ (a, b), c < d, so
that

dim(`a(x;λ1) ∩ `b(x;λ2)) 6= 0

for all x ∈ [c, d]. In the case that Assumption (A)′ holds, the subscript a is replaced by α
in this statement.

Remark 2.11. In [18] the authors verify that the moreover part of (F) is implied by the
following form of Atkinson positivity: for any [c, d] ⊂ (a, b), c < d, and any non-trivial
solution y(·;λ1) ∈ ACloc((a, b),C2n) of (2.1), we must have∫ d

c

(B(x;λ2)− B(x;λ1))y(x;λ1), y(x;λ1))dx > 0. (2.14)
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In the case B(x;λ) = B0(x) + λB1(x), non-negativity of (B(x;λ2) − B(x;λ1)) corresponds
with non-negativity of the matrix B1(x) (since λ1 < λ2), and the integral conditions (2.2)
and (2.14) are both equivalent to Atkinson positivity (see, e.g., Section 4 in [26] and Section
IV.4 in [24]).

In Section 6, we will establish the following theorem.

Theorem 2.12. Let Assumptions (A) through (E) hold, along with Assumption (A)′, and
assume that for some pair λ1, λ2 ∈ I, λ1 < λ2, we have 0 /∈ σess(T α(λ)) for all λ ∈ [λ1, λ2].
In addition, let Assumption (F) hold for the values λ1 and λ2, and for the boundary matrix
α(λ) specified in Lemma 2.7(ii), assume that α(λ)J∂λα

∗(λ) (which is necessarily self-adjoint)
is non-negative at each λ ∈ [λ1, λ2]. If `α(·;λ1) and `b(·;λ2) denote the paths of Lagrangian
subspaces of C2n constructed just above, and N α([λ1, λ2)) denotes a count of the number of
eigenvalues that T α(·) has on the interval [λ1, λ2), then

N α([λ1, λ2)) ≥ Mas(`α(·;λ1), `b(·;λ2); [a, b))−Mas(`α(a; ·), `b(a;λ2); [λ1, λ2]), (2.15)

where
Mas(`α(·;λ1), `b(·;λ2); [a, b)) := lim

c→b−
Mas(`α(·;λ1), `b(·;λ2); [a, c]),

and part of the assertion is that this limit exists. If additionally there exists a value cb ∈ (a, b)
so that for all c ∈ (cb, b)

`α(c;λ1) ∩ `b(c;λ) = {0}, ∀ λ ∈ [λ1, λ2), (2.16)

then we have equality in (2.15).

Remark 2.13. In the case that α(λ) is constant in λ (i.e., the boundary condition at x = a is
independent of λ), we necessarily have Mas(`α(a; ·), `b(a;λ2), [λ1, λ2]) = 0, because the maps
`α(a;λ) and `b(a;λ2) are both independent of λ. As shown in [20], in the case of (2.3), (2.16)
can be replaced by the simpler requirement 0 /∈ σp(T α(λ1)) ∪ σp(T α(λ2)). More generally,
(2.16) implies 0 /∈ σp(T α(λ1)), and in this case `α(c;λ1) is the space of solutions of (2.1)
that do not satisfy the specified boundary conditions at x = b, while `b(c;λ) is the space of
solutions of (2.1) that do satisfy such conditions (though for varying values of λ). For many
important cases, we can use a converse argument to verify that (2.16) holds.

In the case that (A)′ doesn’t hold, so that (2.1) is singular at x = a, we let [λ1, λ2] ⊂ I,
λ1 < λ2, be such that 0 /∈ σess(T (λ)) for all λ ∈ [λ1, λ2]. We will show in Section 3 that for
each λ ∈ [λ1, λ2] there exists a 2n× n matrix solution Xa(x;λ) to the ODE

JX′a = B(x;λ)Xa, lim
x→a+

Ua(x;µ0, λ0)
∗JXa(x;λ) = 0, (2.17)

where the matrix Ua(x;µ0, λ0) is described in Lemma 2.7 (and the paragraph leading into
that lemma). In addition, we will check that for each pair (x, λ) ∈ (a, b)× [λ1, λ2], Xa(x;λ)
is the frame for a Lagrangian subspace of C2n, which we will denote `a(x;λ), and that
`a ∈ C((a, b)× [λ1, λ2],Λ(n)).

In Section 6, we will establish the following theorem.
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Theorem 2.14. Let Assumptions (A) through (E) hold, and assume that for some pair
λ1, λ2 ∈ I, λ1 < λ2, we have 0 /∈ σess(T (λ)) for all λ ∈ [λ1, λ2]. In addition, let Assumption
(F) hold for the values λ1 and λ2. If `a(·;λ1) and `b(·;λ2) denote the paths of Lagrangian
subspaces of C2n constructed just above, and N ([λ1, λ2)) denotes a count of the number of
eigenvalues that T (·) has on the interval [λ1, λ2), then

N ([λ1, λ2)) ≥ Mas(`a(·;λ1), `b(·;λ2); (a, b)), (2.18)

where the Maslov index Mas(`α(·;λ1), `b(·;λ2); (a, b)) is computed by taking a limit of the
values Mas(`α(·;λ1), `b(·;λ2); [c1, c2]) as c1 → a+ and c2 → b−, and part of the assertion is
that this double limit exists. If additionally there exists a value ca ∈ (a, b) so that for all
c ∈ (a, ca)

`a(c;λ) ∩ `b(c;λ2) = {0}, ∀ λ ∈ [λ1, λ2), (2.19)

and also a value cb ∈ (a, b) so that for all c ∈ (cb, b)

`a(c;λ1) ∩ `b(c;λ) = {0}, ∀ λ ∈ [λ1, λ2), (2.20)

then we have equality in (2.18).

Remark 2.15. Similarly as with Theorem 2.12, in the case of (2.3), conditions (2.19) and
(2.20) can be replaced by the simpler requirement 0 /∈ σp(T (λ1)) ∪ σp(T (λ2)). Conditions
(2.19) and (2.20) can be interpreted similarly as in Remark 2.13.

In the current setting, the necessary monotonicity follows from Claims 4.1 and 4.2 of [18]
(with (0, 1) replaced by (a, b)). With this observation, we obtain the following theorem.

Theorem 2.16. Under the assumptions of Theorem 2.12 (without condition (2.16)), we can
write

Mas(`α(·;λ1), `b(·;λ2); [a, b)) =
∑
x∈(a,b)

dim ker Xα(x;λ1)
∗JXb(x;λ2),

and under the assumptions of Theorem 2.14 (without conditions (2.19) and (2.20)), we can
write

Mas(`a(·;λ1), `b(·;λ2); (a, b)) =
∑
x∈(a,b)

dim ker Xa(x;λ1)
∗JXb(x;λ2).

Remark 2.17. For the first assertion in Theorem 2.16, the left endpoint a is not included
on the right-hand side because the intersections counted by the Maslov index in this case
are monotonically associated with a direction (counterclockwise) that does not increment the
Maslov index at departures (as discussed in Section 5).

3 The Self-Adjoint Operator Pencils T (·) and T α(·)
In this section, we construct the self-adjoint operator pencils T (·) and T α(·) described in
Lemma 2.7. We begin by formulating a version of Green’s identity appropriate for this
setting.
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Lemma 3.1 (Green’s Identity). Let Assumptions (A) hold, and for any fixed λ ∈ I let
TM(λ) be the maximal operator specified in Definition 2.1. Then for any y, z ∈ DM(λ),

〈TM(λ)y, z〉Bλ − 〈y, TM(λ)z〉Bλ = (Jy, z)ba, (3.1)

where
(Jy, z)ba = (Jy, z)b − (Jy, z)a,

with
(Jy, z)a := lim

x→a+
(Jy(x), z(x)),

(Jy, z)b := lim
x→b−

(Jy(x), z(x))

(for which the limits are well-defined). In particular, if y and z satisfy TM(λ)y = µy and
TM(λ)z = µz for some µ ∈ C, then

2i(Imµ)〈y, z〉Bλ = (Jy, z)ba. (3.2)

Proof. To begin, we fix any λ ∈ I, and for any y, z ∈ DM(λ), we let f, g ∈ L2
Bλ((a, b),C2n)

respectively denote the uniquely defined functions so that TM(λ)y = f and TM(λ)z = g. By
definition of DM , this means that we have the relations

Jy′ − B(x;λ)y = Bλ(x;λ)f

Jz′ − B(x;λ)z = Bλ(x;λ)g,

for a.e. x ∈ (a, b). We compute the C2n inner product

(Bλ(x;λ)TM(λ)y, z) = (Bλ(x;λ)f, z) = (Jy′ − B(x;λ)y, z) = (Jy′, z)− (y,B(x;λ)z),

where in obtaining the final equality we have used our assumption that B(x;λ) is self-adjoint
for a.e. x ∈ (a, b). Likewise,

(Bλ(x;λ)y, TM(λ)z) = (Bλ(x;λ)y, g) = (y,Bλ(x;λ)g)

= (y, Jz′ − B(x;λ)z) = (y, Jz′)− (y,B(x;λ)z).

Subtracting the latter of these relations from the former, we see that

d

dx
(Jy, z) = (Bλ(x;λ)TM(λ)y, z)− (Bλ(x;λ)y, TM(λ)z).

For any c, d ∈ (a, b), c < d, we can integrate this last relation to see that

(Jy(d), z(d))− (Jy(c), z(c))

=

∫ d

c

(Bλ(x;λ)TM(λ)y(x), z(x))dx−
∫ d

c

(Bλ(x;λ)y(x), TM(λ)z(x))dx.

If we allow d to remain fixed, then since y, z ∈ L2
Bλ((a, b),C2n) we see that the limit

(Jy, z)a := lim
c→a+

(Jy(c), z(c))
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is well-defined. In particular, we can write

(Jy(d), z(d))− (Jy, z)a =

∫ d

a

(Bλ(x;λ)TM(λ)y(x), z(x))dx−
∫ d

a

(Bλ(x;λ)y(x), TM(λ)z(x))dx.

If we now take d → b−, we obtain precisely (3.1). Relation (3.2) is an immediately conse-
quence of (3.1).

Remark 3.2. Throughout the proof of Lemma 3.1, λ remains fixed, so there is no require-
ment that either the weighted space L2

Bλ((a, b),C2n) or the maximal domain DM(λ) be inde-
pendent of λ.

We turn next to the identification of appropriate domains D and Dα on which the re-
spective restrictions of TM(λ) are self-adjoint. This development is adapted from Section
2 of [20], which in turn follows Chapter 6 in [34]. We begin by making some preliminary
definitions. We set

Dc := {y ∈ DM : y has compact support in (a, b)},

and we denote by Tc(λ) the restriction of TM(λ) to Dc. We can show, as in Theorem 3.9
of [43] that for each λ ∈ I, Tc(λ)∗ = TM(λ), and from Theorem 3.7 of that same reference
(adapted to the current setting) that Dc is dense in L2

Bλ((a, b),C2n).
At this point, we fix some λ0 ∈ I, and in addition we fix some µ0 ∈ C\R, and we em-

phasize that these values will remain fixed throughout the analysis. Under our assumptions
(A) through (C), the linear Hamiltonian system

Jy′ = (B(x;λ0) + µ0Bλ(x;λ0)) (3.3)

satisfies all the assumptions of the corresponding systems analyzed in [20]. This allows us to
adapt four useful lemmas from that reference, stated here as Lemmas 3.3 through 3.6. First,
we summarize some notation and terminology from [20] associated with the Niessen spaces
that will have a critical role in our development. We begin by fixing some c ∈ (a, b), and for
(µ, λ) ∈ (C\R)× I letting Φ(x;µ, λ) denote the fundamental matrix specified by

JΦ′ = (B(x;λ) + µBλ(x;λ))Φ; Φ(c;µ, λ) = I2n. (3.4)

We define

A(x;µ, λ) :=
1

2Imµ
Φ(x;µ, λ)∗(J/i)Φ(x;µ, λ), (3.5)

on (a, b) × (C\R) × I. It’s clear from this definition that with λ ∈ I fixed, for each µ ∈
C\R, we have A(·;µ, λ) ∈ ACloc((a, b),C2n×2n), with A(x;µ, λ) self-adjoint for all (x, µ) ∈
(a, b) × C\R. It follows that the eigenvalues {νj(x;µ, λ)}2nj=1 of A(x;µ, λ) can be ordered
so that νj(x;µ, λ) ≤ νj+1(x;µ, λ) for all j ∈ {1, 2, . . . , 2n − 1}. In addition, it follows from
Assumption (B) that each νj(x;λ) is non-decreasing as x increases.

The following lemma is proven as Lemma 2.1 in [20].
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Lemma 3.3. Let Assumptions (A) and (B) hold, and let (µ, λ) ∈ (C\R)× I be fixed. Then
the dimension ma(µ, λ) of the subspace of solutions to (2.8) that lie left in (a, b) is precisely
the number of eigenvalues νj(x;µ, λ) ∈ σ(A(x;µ, λ)) that approach a finite limit as x→ a+.
Likewise, the dimension mb(µ, λ) of the subspace of solutions to (2.8) that lie right in (a, b)
is precisely the number of eigenvalues νj(x;µ, λ) ∈ σ(A(x;µ, λ)) that approach a finite limit
as x→ b−.

In addition, for each eigenvalue-eigenvector pair (νj(x;µ, λ), vj(x;µ, λ)) (whether or not
the limits described above exist), there exists a sequence {xk}∞k=1, with xk → a+ so that
vaj (µ, λ) := limk→∞ vj(xk;µ, λ) is well defined, and also a sequence {x̃k}∞k=1, with x̃k → b− so
that vbj(µ, λ) := limk→∞ vj(x̃k;µ, λ) is well defined. The collection

{Φ(x;µ, λ)vaj (µ, λ)}2nj=2n−ma(µ,λ)+1

comprises a basis for the space of solutions to (2.8) that lie left in (a, b), and the collection

{Φ(x;µ, λ)vaj (µ, λ)}2n−ma(µ,λ)+1
j=1

comprises a basis for the space of solutions to (2.8) that do not lie left in (a, b). Likewise,
the collection

{Φ(x;µ, λ)vbj(µ, λ)}mb(µ,λ)j=1

comprises a basis for the space of solutions to (2.8) that lie right in (a, b), and the collection

{Φ(x;µ, λ)vbj(µ, λ)}2nj=mb(µ,λ)+1

comprises a basis for the space of solutions to (2.8) that do not lie right in (a, b).

To set some notation, for each j ∈ {2n−ma(µ, λ) + 1, . . . , 2n}, we set

νaj (µ, λ) := lim
x→a+

νj(x;µ, λ),

and likewise for each j ∈ {1, 2, · · · ,mb(µ, λ)}, we set

νbj (µ, λ) := lim
x→b−

νj(x;µ, λ).

Using the elements described in Lemma 3.3, we can specify Niessen elements associated with
(2.1). These specifications are adapted from [29, 30, 31] (as developed in Chapter VI of [24]).
Since the development is similar at the two endpoints x = a and x = b, we will work through
full details only for x = b and summarize results for x = a.

For j = 1, 2, . . . , n, we set

ybj(x;µ, λ) := Φ(x;µ, λ)vbj(µ, λ)

zbj(x;µ, λ) := Φ(x;µ, λ)vbn+j(µ, λ).
(3.6)

It’s clear from our construction that ybj(·;µ, λ) lies right in (a, b) for each j ∈ {1, 2, . . . , n},
while zbj(·;µ, λ) lies right in (a, b) if and only if n+ j ∈ {1, 2, . . . ,mb(µ, λ)} is finite. In what
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follows, we will find it convenient to introduce the value rb(µ, λ) := mb(µ, λ) − n. For each
j ∈ {1, 2, . . . , n}, we define the two-dimensional space

N b
j (µ, λ) := Span{ybj(·;µ, λ), zbj(·;µ, λ)}, (3.7)

and following [24] we refer to the collection {N b
j (µ, λ)}nj=1 as the Niessen subspaces at b.

According to our labeling convention, the Niessen subspaces {N b
j (µ, λ)}rb(µ,λ)j=1 all satisfy

dimN b
j (µ, λ)∩L2

Bλ((c, b),C2n) = 2, while the remaining Niessen subspaces {N b
j (µ, λ)}nrb(µ,λ)+1

satisfy dimN b
j (µ, λ)∩L2

Bλ((c, b),C2n) = 1. (Here, c continues to be the value c ∈ (a, b) fixed
just prior to (3.4).)

In the development so far, it hasn’t necessarily been the case that ma(µ, λ) and mb(µ, λ)
are independent of µ and λ, but at this point we add our Assumption (D) and henceforth
denote ma(µ, λ), mb(µ, λ), ra(µ, λ), and rb(µ, λ) respectively ma, mb, ra, and rb. In this
setting, we choose n solutions of (2.8) that lie right in (a, b), taking precisely one from each
Niessen subspace N b

j (µ, λ) in the following way. First, for each j ∈ {1, 2, . . . , rb}, we let
βj(µ, λ) be any complex number on the circle

|βbj(µ, λ)| =
√
−νbj (µ, λ)/νbn+j(µ, λ),

where as discussed in [20] these ratios cannot be 0, and we set

ubj(x;µ, λ) := ybj(x;µ, λ) + βbj(µ, λ)zbj(x;µ, λ).

Next, for each j ∈ {rb + 1, rb + 2, . . . , n}, we set

ubj(x;µ, λ) = ybj(x;µ, λ).

Correspondingly, we will denote by {rbj(µ, λ)}nj=1 the vectors specified so that ubj(x;µ, λ) =
Φ(x;µ, λ)rbj(µ, λ) for each j ∈ {1, 2, . . . , n}. Precisely, this means that

rbj(µ, λ) = vbj(µ, λ) + βbj(µ, λ)vbn+j(µ, λ), j ∈ {1, 2, . . . , rb},
rbj(µ, λ) = vbj(µ, λ), j ∈ {rb + 1, rb + 2, . . . , n}.

We can now collect the vectors {rbj(µ, λ)}nj=1 into a frame

Rb(µ, λ) =
(
rb1(µ, λ) rb2(µ, λ) . . . rbn(µ, λ)

)
. (3.8)

In addition to the above specifications, for the Niessen subspaces {N b
j (µ, λ)}rbj=1, it will

be useful to introduce notation for elements linearly independent to the {ubj(x;µ, λ)}rbj=1. For
each j ∈ {1, 2, . . . , rb}, we take any complex number γj(µ, λ) so that |γj(µ, λ)| = |βj(µ, λ)|
but γj(µ, λ) 6= βj(µ, λ), and we define the Niessen complement to ubj(x;µ, λ) to be

vbj(x;µ, λ) = ybj(x;µ, λ) + γbj(µ, λ)zbj(x;µ, λ). (3.9)

The following three lemmas are adapted respectively from Lemma 2.3, Claim 2.1, and
Claim 2.2 of [20].
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Lemma 3.4. Let Assumptions (A) through (D) hold, and take the collection of Niessen
elements {ubj(x;µ, λ)}nj=1 and the collection of Niessen complements {vbj(x;µ, λ)}rbj=1 to be
specified as above. Then the following hold:

(i) For each j, k ∈ {1, 2, . . . , n},

(Jubj(·;µ, λ), ubk(·;µ, λ))b = 0.

(ii) For each j ∈ {1, 2, . . . , n}, k ∈ {1, 2, . . . , rb},

(Jubj(·;µ, λ), vbk(·;µ, λ))b =

{
0 j 6= k

κbj = 2iImµ(νbj (µ, λ) + γbj(µ, λ)βbj(µ, λ)νbn+j(µ, λ)) 6= 0 j = k.

Lemma 3.5. Let Assumptions (A) through (D) hold, and suppose the Niessen elements for
(2.8) are chosen to be

ubj(x;µ, λ) = Φ(x;µ, λ)(vbj(µ, λ) + βbj(µ, λ)vbn+j(µ, λ)), j ∈ {1, 2, . . . , rb}
vbj(x;µ, λ) = Φ(x;µ, λ)(vbj(µ, λ) + γbj(µ, λ)vbn+j(µ, λ)), j ∈ {1, 2, . . . , rb}
ubj(x;µ, λ) = Φ(x;µ, λ)vbj(µ, λ), j ∈ {rb + 1, rb + 2, . . . , n},

with βbj(µ, λ) and γbj(µ, λ) specified just above (in particular, as well-defined non-zero values).
Then the Niessen elements for (2.8) with µ replaced by µ̄ (and λ unchanged) can be chosen
to be

ubj(x; µ̄, λ) = Φ(x; µ̄, λ)(vbj(µ̄, λ) + βbj(µ̄, λ)vbn+j(µ̄, λ)), j ∈ {1, 2, . . . , rb}
vbj(x; µ̄, λ) = Φ(x; µ̄, λ)(vbj(µ̄, λ) + γbj(µ̄, λ)vbn+j(µ̄, λ)), j ∈ {1, 2, . . . , rb}
ubj(x; µ̄, λ) = Φ(x; µ̄, λ)vbj(µ̄, λ), j ∈ {rb + 1, rb + 2, . . . , n},

with βbj(µ̄, λ) = −βbj(µ, λ) and γbj(µ̄, λ) = −γbj(µ, λ) for all j ∈ {1, 2, . . . rb}.

Lemma 3.6. Let the Assumptions and notation of Lemma 3.5 hold, and let Rb(µ, λ) denote
the matrix defined in (3.8). If Rb(µ̄, λ) denotes the matrix defined in (3.8) with µ replaced
by µ̄ and the Niessen elements described in Lemma 3.5, then

Rb(µ̄, λ)∗JRb(µ, λ) = 0.

As noted in [20], with appropriate labeling, statements analogous to Lemmas 3.4, 3.5 and
3.6 can be established with b replaced by a.

Proceeding now with fixed values λ0 ∈ I, and µ0 ∈ C\R, we let {ubj(x;µ0, λ0)}nj=1 denote
a selection of Niessen elements as described in Lemma 3.5, and we denote by U b(x;µ0, λ0)
the 2n× n matrix comprising the vectors {ubj(x;µ0, λ0)}nj=1 as its columns. Likewise we let
{uaj (x;µ0, λ0)}nj=1 denote a selection of Niessen elements that can similarly be specified in
association with x = a, and we denote by Ua(x;µ0, λ0) the 2n × n matrix comprising the
vectors {uaj (x;µ0, λ0)}nj=1 as its columns. In [20], the authors verify that we can construct
functions {ũaj (x;µ0, λ0)}nj=1 and {ũbj(x;µ0, λ0)}nj=1 so that for each j ∈ {1, 2, . . . , n} we have
ũaj (·;µ0, λ0), ũ

b
j(·;µ0, λ0) ∈ DM , and moreover

ũaj (x;µ0, λ0) =

{
uaj (x;µ0, λ0) near x = a

0 near x = b
; ũbj(x;µ0, λ0) =

{
0 near x = a

ubj(x;µ0, λ0) near x = b.

(3.10)
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(See Lemma 2.5 in [20], which is adapted directly from Lemma 3.1 in [38].)
We now specify the domain

Dµ0,λ0 := Dc + Span
{
{ũaj (·;µ0, λ0)}nj=1, {ũbj(·;µ0, λ0)}nj=1

}
, (3.11)

and for each λ ∈ I we denote by Tµ0,λ0(λ) the restriction of TM(λ) to Dµ0,λ0 . We know from
Theorem 2.1 of [20] that Tµ0,λ0(λ0) is a self-adjoint operator. In addition, we establish in
the next theorem that for each λ ∈ I, Tµ0,λ0(λ) is essentially self-adjoint. We note that the
proof of Theorem 3.7 also establishes Item (i) in Lemma 2.7.

Theorem 3.7. Let Assumptions (A) through (D) hold. Then for each λ ∈ I, the operator
Tµ0,λ0(λ) is essentially self-adjoint, and so in particular, T (λ) := Tµ0,λ0(λ) = Tµ0,λ0(λ)∗ is
self-adjoint. (Here and below, overbar denotes closure.) The domain D of T (λ) is

D = {y ∈ DM : lim
x→a+

Ua(x;µ0, λ0)
∗Jy(x) = 0, lim

x→b−
U b(x;µ0, λ0)

∗Jy(x) = 0}. (3.12)

Proof of Theorem 3.7. We begin by fixing some λ ∈ I and checking that the operator
Tµ0,λ0(λ) is symmetric. Using (3.1), we immediately see that for any y, z ∈ Dc we have

〈Tµ0,λ0(λ)y, z〉Bλ − 〈y, Tµ0,λ0(λ)z〉Bλ = (Jy, z)ba = 0,

and we can similarly use (3.1) along with the identities

(Jy, ũaj )
b
a = 0, (Jy, ũbj)

b
a = 0, (Jũaj , ũ

b
k)
b
a = 0,

for all j, k ∈ {1, 2, . . . , n} (following from support of the elements in all cases). It remains to
show that

(Jũaj , ũ
a
k)
b
a = 0, (Jũbj, ũ

b
k)
b
a = 0, (3.13)

but these identities are immediate from Lemma 3.4 (along with the analogous statement
associated with x = a), so symmetry is established.

Next, we will show that Tµ0,λ0(λ) is essentially self-adjoint. According to Theorem 5.21
in [42], it suffices to show that for some (and hence for all) µ ∈ C\R,

ran(Tµ0,λ0(λ)− µI) = L2
Bλ((a, b),C2n), and ran(Tµ0,λ0(λ)− µ̄I) = L2

Bλ((a, b),C2n).
(3.14)

Since we can proceed with any µ ∈ C\R, we can take µ0 from (3.11) as our choice.
We will show that

ran(Tµ0,λ0(λ)− µ0I)⊥ = {0}, and ran(Tµ0,λ0(λ)− µ̄0I)⊥ = {0}, (3.15)

from which (3.14) is clear, since

L2
Bλ((a, b),C2n) = ran(Tµ0,λ0(λ)− µ0I)⊥ ⊕ ran(Tµ0,λ0(λ)− µ0I), (3.16)

and likewise with µ0 replaced by µ̄0.
Starting with the second relation in (3.15), we suppose that for some u ∈ L2

Bλ((a, b),C2n),

〈(Tµ0,λ0(λ)− µ̄0I)ψ, u〉Bλ = 0, ∀ψ ∈ Dµ0,λ0 ,
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and our goal is to show that this implies that u = 0 in L2
Bλ((a, b),C2n). First, if we restrict

to ψ ∈ Dc, then we have

〈(Tc(λ)− µ̄0I)ψ, u〉Bλ = 0, ∀ψ ∈ Dc. (3.17)

This relation implies that u ∈ dom((Tc(λ)− µ̄0I)∗) (= DM), so we’re justified in writing

〈ψ, (TM(λ)− µ0I)u〉Bλ = 0, ∀ψ ∈ Dc. (3.18)

Since Dc is dense in L2
Bλ((a, b),C2n), we can conclude that u must satisfy (TM(λ)−µ0I)u = 0.

Next, we also have the relation

〈(Tµ0,λ0(λ)− µ̄0I)ψ, u〉Bλ = 0, ∀ψ ∈ Span
{
{ũaj}nj=1, {ũbj}nj=1

}
. (3.19)

For each j ∈ {1, 2, . . . , n}, ũa,bj (·;µ0, λ0) ∈ DM , and we’ve already established that u ∈ DM ,
so we can apply Green’s identity (3.1) to see that with ψ as in (3.19)

0 = 〈(Tµ0,λ0(λ)− µ̄0I)ψ, u〉Bλ = 〈ψ, (TM(λ)− µ0I)u〉Bλ + (Jψ, u)ba. (3.20)

Since (TM(λ)−µ0I)u = 0, we see that (Jψ, u)ba = 0. In addition, since ũbj is zero near x = a,
we have (taking ψ = ũbj) (Jũbj, u)a = 0, and consequently we can conclude (Jũbj, u)b = 0.
That is,

lim
x→b−

u(x)∗Jũbj(x;µ0, λ0) = 0.

If we take the adjoint of this relation, and recall that ũbj is identical to ubj for x near b, then
we can express this limit in our preferred form

lim
x→b−

ubj(x;µ0, λ0)
∗Ju(x) = 0.

This last relation is true for all j ∈ {1, 2, . . . , n}, and a similar relation holds near x = a.
We can summarize these observations with the following limits

Ba(µ0, λ0)u := lim
x→a+

Ua(x;µ0, λ0)
∗Ju(x) = 0,

Bb(µ0, λ0)u := lim
x→b−

U b(x;µ0, λ0)
∗Ju(x) = 0,

(3.21)

where we have also specified some convenient boundary operator notation.
At this point, we introduce a useful way of representing elements of DM . Since DM

does not depend on λ, we can assert that if y ∈ DM , then for any λ ∈ I there exists
f(·;λ) ∈ L2

Bλ((a, b),C2n) so that TM(λ)y = f(·;λ). In particular, this is true for λ0 as above,
allowing us to write

TM(λ0)y − µ0y = f(·;λ0)− µ0y. (3.22)

Recalling the definition of TM(λ0), (3.22) can be viewed as an inhomogeneous system of
ODE for which solutions can be expressed in the usual way as the sum of a solution to the
inhomogeneous system and an appropriate solution to the associated homogeneous system.
For the particular solution, we can take advantage of the fact that T (λ0) is already known
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to be a self-adjoint operator with domain D, so that with µ0 ∈ C\R, we can solve (3.22)
with

yp = (T (λ0)− µ0)
−1(f(·;λ0)− µ0y).

We have yp ∈ D, so
Ba(µ0, λ0)yp(·) = 0,

Bb(µ0, λ0)yp(·) = 0.
(3.23)

Turning to solutions of the homogeneous equation associated with (3.22), the Niessen el-
ements {ubj(x;µ0, λ0)}nj=1 and {vbj(x;µ0, λ0)}rbj=1 comprise (by construction) a basis for the
mb-dimensional space of solutions to the homogeneous equation associated with (3.22) that
lie right in (a, b). It follows that y can be expressed as

y(x) = yp(x) +
n∑
j=1

cbj(µ0, λ0)u
b
j(x;µ0, λ0) +

rb∑
j=1

dbj(µ0, λ0)v
b
j(x;µ0, λ0),

for some constants {cbj(µ0, λ0)}nj=1 and {dbj(µ0, λ0)}rbj=1. Using (3.23) along with Lemma 3.4,
we can write

Bb(µ0, λ0)y(·) =

rb∑
j=1

dbj(µ0, λ0)B
b(µ0, λ0)v

b
j(·;µ0, λ0). (3.24)

Returning now to (3.21), since u ∈ DM , we know from (3.24) that for some constants
{dbj(µ0, λ0)}rbj=1 we have

Bb(µ0, λ0)u(·) =

rb∑
j=1

dbj(µ0, λ0)B
b(µ0, λ0)v

b
j(·;µ0, λ0).

According to Lemma 3.4,

(Bb(µ0, λ0)v
b
j(·;µ0, λ0))i =

{
0 i 6= j

κbj(µ0, λ0) 6= 0 i = j
.

In this way, we see that

Bb(µ0, λ0)u(·) =
(
db1(µ0, λ0)κ

b
1(µ0, λ0) . . . dbrb(µ0, λ0)κ

b
rb

(µ0, λ0) 0 . . . 0
)T
.

Since the constants {κbj(µ0, λ0)}rbj=1 are all non-zero, we can only have the required relation

Bb(µ0, λ0)u(·) = 0 if dbj(µ0, λ0) = 0 for all j ∈ {1, 2, . . . , rb}, and in this case

u(x) = up(x) +
n∑
j=1

cbj(µ0, λ0)u
b
j(x;µ0, λ0), (3.25)

for some up ∈ D and some constants {cbj(µ0, λ0)}nj=1. Likewise, there exist expansion con-
stants {caj (µ0, λ0)}nj=1 so that

u(x) = up(x) +
n∑
j=1

caj (µ0, λ0)u
a
j (x;µ0, λ0). (3.26)
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For convenient reference, these last observations will be summarized in Lemma 3.9 at the
end of this section.

Since TM(λ)u = µ0u, we can use (3.2) from Lemma 3.1 to see that

2i(Imµ0)‖u‖2Bλ = (Ju, u)ba = (Ju, u)b − (Ju, u)a. (3.27)

We can now check that relation (3.25) allows us to conclude that (Ju, u)b = 0. First, to see
that (Jup, up)b = 0, we use Lemma 2.5 in [20] to construct ũp ∈ D so that

ũp(x) =

{
0 x near a

up(x) x near b.

Then, since T (λ0) is self-adjoint, we can use (3.1) from Lemma 3.1 to write

0 = 〈T (λ0)ũp, ũp〉 − 〈ũp, T (λ0)ũp〉 = (Jũp, ũp)
b
a = (Jũp, ũp)b,

where the final equality follows from the support of ũp. Next, according to Lemma 3.4
(Jubk(·;µ0, λ0), u

b
j(·;µ0, λ0))b = 0 for all j, k ∈ {1, 2, . . . , n}. Last, for terms of the form

(Jup, u
b
j(·;µ0, λ0))b, we can use Lemma 2.5 in [20] to truncate ubj(·;µ0, λ0) and proceed as

with (Jup, up)b. Similarly, using (3.26) we can show that (Ju, u)a = 0, and consequently
from (3.27) we conclude that ‖u‖Bλ = 0, and so u = 0 in L2

Bλ((a, b),C2n), which is what we
wanted to show (i.e., we have verified the second condition in (3.15)).

We turn now to verifying the first condition in (3.15). For this, we suppose that for some
u ∈ L2

Bλ((a, b),C2n) we have

〈(Tµ0,λ0(λ)− µ0I)ψ, u〉Bλ = 0, ∀ψ ∈ Dµ0,λ0 , (3.28)

and our goal is to show that this implies u = 0 in L2
Bλ((a, b),C2n). Precisely as with the

second condition in (3.15), we can check that (3.28) implies that u ∈ DM , Tµ0,λ0(λ)u = µ̄0u,
and also that relations (3.21) hold. Since u ∈ DM and relations (3.21) hold, we can conclude
that there exist constants {c̃bj(µ0, λ0)}nj=1 so that

u(x) = ũp(x) +
n∑
j=1

c̃bj(µ0, λ0)u
b
j(x;µ0, λ0), (3.29)

for some ũp ∈ D. As in the previous case, we can conclude that (Ju, u)b = 0, and by a
similar argument that (Ju, u)a = 0. Since TM(λ)u = µ̄0u, we can use (3.2) from Lemma 3.1
to see that

2i(Im µ̄0)‖u‖2Bλ = (Ju, u)ba = 0,

confirming that u = 0 in L2
Bλ((a, b),C2n).

In summary to this point, we have shown that for each λ ∈ I, if we restrict the maximal
operator TM(λ) to the domain Dµ0,λ0 specified in (3.11), then we obtain an essentially self-
adjoint operator Tµ0,λ0(λ). Since Tµ0,λ0(λ) is essentially self-adjoint, we can set T (λ) :=
Tµ0,λ0(λ)∗, and conclude that T (λ) is self-adjoint (see, e.g. Theorem 5.20 in [42]).

The final item of Theorem 3.7 to be clear about is the domain of T (λ). For this, we first
observe that

Tc(λ) ⊂ Tµ0,λ0(λ) =⇒ Tµ0,λ0(λ)∗ ⊂ Tc(λ)∗.
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Using the relations T (λ) = Tµ0,λ0(λ)∗ and TM(λ) = Tc(λ)∗, we see that T (λ) ⊂ TM(λ). This
leaves only the question of what, if any, additional restrictions elements in the domain of
T (λ) must satisfy. To understand this, we recall that, by definition, the domain of T (λ) is

D = {u ∈ DM : there exists v ∈ L2
Bλ((a, b),C2n)

so that 〈Tµ0,λ0(λ)ψ, u〉Bλ = 〈ψ, v〉Bλ ∀ψ ∈ Dµ0,λ0}.

Let u ∈ DM . For all ψ ∈ Dc, we can immediately write

〈Tµ0,λ0(λ)ψ, u〉Bλ = 〈Tc(λ)ψ, u〉Bλ = 〈ψ, TM(λ)u〉Bλ = 〈ψ, v〉Bλ , v = TM(λ)u.

In particular, this places no additional restrictions on u. On the other hand, for any j ∈
{1, 2, . . . , n}, we have from (3.1) in Lemma 3.1

〈Tµ0,λ0(λ)ũbj, u〉Bλ − 〈ũbj, TM(λ)u〉Bλ = (Jũbj, u)b,

where we’ve recalled that ũbj is identically zero for x near a. We see that in order to have
u ∈ D, we must have (Jũbj, u)b = 0, and since this is true for all j ∈ {1, 2, . . . , n}, we can
conclude that

lim
x→b−

U b(x;µ0, λ0)
∗Ju(x) = 0.

A similar argument holds with each ũbj replaced by ũaj , leading to the full characterization of
D given in the statement of Theorem 3.7.

By essentially identical considerations, we can establish a similar theorem for T α(·). In
this case, we take α(λ) as specified in the statement of Lemma 2.7(ii), and we take Uα(x;λ)
to solve

J(Uα)′(x;λ) = B(x;λ)Uα(x;λ), Uα(a;λ) = Jα(λ)∗.

If we denote the columns of Uα(x;λ) by {uαj (x;λ)}nj=1, and their respective truncations
{ũαj (x;λ)}nj=1, then for a fixed pair (µ0, λ0) ∈ (C\R)× I we can define the domain

Dαµ0,λ0 := Dc + Span
{
{ũαj (·;µ0, λ0)}nj=1, {ũbj(·;µ0, λ0)}nj=1

}
. (3.30)

We denote by T αµ0,λ0(λ) the restriction of TM(λ) to Dαµ0,λ0 . We note that the proof of Theorem
3.8 (omitted due to its similarity to the proof of Theorem 3.7) also establishes Item (ii) in
Lemma 2.7.

Theorem 3.8. Let Assumptions (A) through (D) hold, along with (A)′. Then for each λ ∈
I the operator T αµ0,λ0(λ) is essentially self-adjoint, and so in particular, T α(λ) := T αµ0,λ0(λ) =
(T αµ0,λ0(λ))∗ is self-adjoint. The domain Dα(λ) of T α(λ) is

Dα(λ) = {y ∈ DM : α(λ)y(a) = 0, lim
x→b−

U b(x;µ0, λ0)
∗Jy(x) = 0}. (3.31)

During the proof of Theorem 3.7, we established a useful representation for elements y ∈
DM in terms of Niessen elements, and for future reference we summarize this representation
as a lemma.
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Lemma 3.9. Let Assumptions (A) through (D) hold, and fix any λ0 ∈ I and any µ0 ∈
C\R. In addition, let {ubj(x;µ0, λ0)}nj=1 and {vbj(x;µ0, λ0)}rbj=1 denote the Niessen elements
constructed in Lemma 3.5 for (2.8) with λ = λ0 and µ = µ0. Then given any y ∈ DM , there
exist values {cbj(µ0, λ0)}nj=1 and {dbj(µ0, λ0)}rbj=1 so that y can be expressed as

y(x) = yp(x) +
n∑
j=1

cbj(µ0, λ0)u
b
j(x;µ0, λ0) +

rb∑
j=1

dbj(µ0, λ0)v
b
j(x;µ0, λ0),

where
yp = (T (λ0)− µ0)

−1(f(·;λ0)− µ0y), (3.32)

Moreover,

Bb(µ0, λ0)y(·) =

rb∑
j=1

dbj(µ0, λ0)B
b(µ0, λ0)v

b
j(·;µ0, λ0).

A similar statement holds with b replaced by a.

4 Continuation to R
In the preceding considerations, we fixed some λ0 ∈ I, along with some µ0 ∈ C\R and used
these values to specify the self-adjoint operators T (λ) and T α(λ) for each λ ∈ I. With these
operators in hand, we fix some interval [λ1, λ2] ⊂ I, λ1 < λ2, for which we have the exclusion
0 /∈ σess(T (λ)) for all λ ∈ [λ1, λ2]. Our next goal is to fix any λ ∈ [λ1, λ2] and construct a
collection {uaj (x;λ)}nj=1 of linearly independent solutions to

Ju′ = B(x;λ)u (4.1)

that lie left in (a, b), along with a collection {ubj(x;λ)}nj=1 of linearly independent solutions to
(4.1) that lie right in (a, b). One difficulty we encounter is that the matrix A(x;µ, λ) specified
in (3.5) is not defined for µ = 0, and so we cannot directly extend Niessen’s development
to this setting. Instead of extending Niessen’s development directly, we will take advantage
of our assumption that for all λ ∈ [λ1, λ2], 0 /∈ σess(T (λ)), along with a theorem from [43]
about self-adjoint operators.

As a starting point, we fix some c ∈ (a, b) and consider (4.1) on (c, b) with boundary
conditions

γy(c) = 0, (4.2)

and
lim
x→b−

U b(x;µ0, λ0)
∗Jy(x) = 0, (4.3)

where U b(x;µ0, λ0) is as in Theorem 3.7 and the boundary matrix γ ∈ Cn×2n satisfies

rank γ = n, and γJγ∗ = 0, (4.4)

and will be specified more precisely below as needed. Similarly as in Section 3, we can
associate this boundary value problem with a self-adjoint operator T γc,b(λ), with domain

Dγc,b := {y ∈ Dc,b,M : γy(c) = 0, lim
x→b−

U b(x;µ0, λ0)Jy(x) = 0}.
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Here, Dc,b,M denotes the domain of the maximal operator associated with (4.1) on (c, b).
We start with a lemma.

Lemma 4.1. Let Assumptions (A) through (D) hold. For any fixed λ ∈ [λ1, λ2], suppose
ub(x;λ) and vb(x;λ) denote any two solutions of (4.1) (if such solutions exist) that lie right
in (c, b) and satisfy (4.3). Then (Jub(·;λ), vb(·;λ))b = 0.

Proof. First, using Lemma 2.5 from [20], we can construct functions ũb(·;λ), ṽb(·;λ) ∈ Dc,b,M
so that

ũb(x;λ) =

{
0 near x = c

ub(x;λ) near x = b,
ṽb(x;λ) =

{
0 near x = c

vb(x;λ) near x = b.

Since ũb(x;λ) and ṽb(x;λ) lie right in (c, b) and satisfy (4.3), it’s clear that ũb(x;λ), ṽb(x;λ)
are contained in Dγc,b. Using self-adjointness of T γc,b(λ), along with Green’s identity, we can
write

0 = 〈T γc,b(λ)ũb(·;λ), ṽb(·;λ)〉Bλ − 〈ũb(·;λ), T γc,b(λ)ṽb(·;λ)〉Bλ
= (Jũb(·;λ), ṽb(·;λ))bc = (Jũb(·;λ), ṽb(·;λ))b.

Since ũb(x;λ), ṽb(x;λ) are identical to ub(x;λ), vb(x;λ) for x near b, this gives the claim.

Lemma 4.2. Let Assumptions (A) through (D) hold. Then for any fixed λ ∈ [λ1, λ2], the
space of solutions of (4.1) (if such solutions exist) that lie right in (c, b) and satisfy (4.3) has
dimension at most n. In the event that the dimension of this space is n, we let {ubj(x;λ)}nj=1

denote a choice of basis. Then for each x ∈ (c, b) the vectors {ubj(x;λ)}nj=1 comprise the basis
for a Lagrangian subspace of C2n.

Proof. Let d denote the dimension of the space of solutions of (4.1) that lie right in (c, b)
and satisfy (4.3), and suppose d ≥ n. Let {ubj(x;λ)}dj=1 denote a basis for this space, and
notice that for any j, k ∈ {1, 2, . . . , d} (and with ′ denoting differentiation with respect to
x),

(ubj(x;λ)∗Jubk(x;λ))′ = ub ′j (x;λ)∗Jubk(x;λ) + ubj(x;λ)∗Jub ′k (x;λ)

= −(Jub ′j (x;λ))∗ubk(x;λ) + uj(x;λ)∗Jub ′k (x;λ)

= −(B(x;λ)ubj(x;λ))∗ubk(x;λ) + ubj(x;λ)∗B(x;λ)ubk(x;λ)

= −ubj(x;λ)∗B(x;λ)ubk(x;λ) + ubj(x;λ)∗B(x;λ)ubk(x;λ) = 0.

We see that ubj(x;λ)∗Jubk(x;λ) is constant for all x ∈ (c, b). In addition, according to Lemma
4.1, we have

lim
x→b−

ubj(x;λ)∗Jubk(x;λ) = 0.

We conclude that ubj(x;λ)∗Jubk(x;λ) = 0 for all x ∈ (c, b).
We see immediately that the first n elements {ubj(x;λ)}nj=1 (or any other n elements

taken from {ubj(x;λ)}dj=1) form the basis for a Lagrangian subspace of C2n for all x ∈ (c, b).
If d > n, we get a contradiction to the maximality of Lagrangian subspaces, and so we can
conclude that d = n (recalling that this is under the assumption that d ≥ n). This, of course,
leaves open the possibility that the dimension of the space of solutions of (4.1) that lie right
in (c, b) and satisfy (4.3) is less than n.
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Lemma 4.3. Let Assumptions (A) through (D) hold. Then for any fixed λ ∈ [λ1, λ2], there
exists a matrix γ ∈ Cn×2n satisfying (4.4) so that 0 is not an eigenvalue of T γc,b(λ).

Proof. First, we recall that 0 is an eigenvalue of T γc,b(λ) if and only if there exists a solution

y(·;λ) ∈ ACloc([c, b),C2n) ∩ L2
Bλ((c, b),C2n)

to (4.1) so that (4.2) and (4.3) are both satisfied. Also, according to Lemma 4.2, the space
of solutions of (4.1) that lie right in (c, b) and satisfy (4.3) has dimension at most n. We
begin by assuming that this space of solutions has dimension n, and we denote a basis for
the space by {ubj(x;λ)}nj=1.

We let Φ(x;λ) denote a fundamental matrix for (4.1), initialized by Φ(c;λ) = I2n. If
U b(x;λ) denotes the matrix comprising {ubj(x;λ)}nj=1 as its columns, then there exists a

2n× n matrix Rb(λ) =
(
Rb(λ)
Sb(λ)

)
so that

U b(x;λ) = Φ(x;λ)Rb(λ),

for all x ∈ [c, b) (i.e., Rb(λ) = U b(c;λ)). We know from Lemma 4.2 that U b(c;λ) is a frame
for a Lagrangian subspace of C2n, and it follows immediately that the same is true for Rb(λ).
By taking a derivative in x, we can readily check that Φ(x;λ)∗JΦ(x;λ) is constant in x, and
evaluation at x = c yields the useful identity

Φ(x;λ)∗JΦ(x;λ) = J. (4.5)

Using this relation, we can compute

U b(x;λ)∗JU b(x;λ) = Rb(λ)∗Φ(x;λ)∗JΦ(x;λ)Rb(λ) = Rb(λ)∗JRb(λ).

The value µ = 0 will be an eigenvalue of T γc,b(λ) if and only if there exists a vector v ∈ Cn

so that y(x;λ) = Φ(x;λ)Rb(λ)v satisfies

γy(c;λ) = 0,

which we can express (since Φ(c;λ) = I2n) as γRb(λ)v = 0. This relation will hold for a
vector v 6= 0 if and only if the Lagrangian spaces with frames Jγ∗ and Rb(λ) intersect. We
choose γ = Rb(λ)∗, noting that in this case

γJγ∗ = Rb(λ)∗JRb(λ) = 0

(i.e., this is a valid choice for γ, satisfying (4.4)) but γRb(λ) = Rb(λ)∗Rb(λ) is certainly
non-singular, so 0 is not an eigenvalue of T γc,b(λ).

In the event that the space of solutions of (4.1) that lie right in (c, b) and satisfy (4.3) has
dimension less than n, the matrix Rb(λ) (as constructed just above) will have fewer than n
columns, but we can add columns (which don’t correspond with solutions of (4.1) that lie
right in (c, b) and satisfy (4.3)) to create the basis for a Lagrangian subspace of C2n. We can
then proceed precisely as before, and we conclude that the Lagrangian subspace with frame
Jγ∗ does not intersect the Lagrangian subspace with frame Rb(λ), certainly including the
elements that correspond with solutions of (4.1) that lie right in (c, b) and satisfy (4.3).
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Lemma 4.4. Let Assumptions (A) through (D) hold, and suppose that for each λ ∈ [λ1, λ2],
we have the exclusion 0 /∈ σess(T (λ)). Then for each λ ∈ [λ1, λ2], the space of solutions of
(4.1) that lie right in (c, b) and satisfy (4.3) has dimension n. If we let {ubj(x;λ)}nj=1 denote
a basis for this space, then for each x ∈ (c, b), the vectors {ubj(x;λ)}nj=1 comprise a basis for
a Lagrangian subspace of C2n.

Proof. We fix any λ ∈ [λ1, λ2], and observe from Lemma 4.3 that we can select γ ∈ Cn×2n

satisfying (4.4) so that 0 is not an eigenvalue of the self-adjoint operator T γc,b(λ). In addition,
we know from Theorem 11.5 in [43], appropriately adapted to our setting, that σess(T γc,b(λ)) ⊂
σess(T (λ)), so we can conclude (using our assumption 0 /∈ σess(T (λ))) that, in fact, 0 ∈
ρ(T γc,b(λ)). This last inclusion allows us to apply Theorem 7.1 in [43], which asserts (among
other things) that the space of solutions of (4.1) that lie right in (c, b) and satisfy (4.3) has
the same dimension for each µ ∈ ρ(T γc,b(λ)). We know by construction that for µ0 and λ = λ0
as in the specification of D this dimension is precisely n, and so we can conclude that it must
be n for µ = 0 as well (still with λ = λ0). We can now conclude from Lemma 4.2 that this
space must be a Lagrangian subspace of C2n for each x ∈ (c, b). This gives the claim for the
specific choice λ = λ0.

For λ ∈ [λ1, λ2]\λ0, we have from Assumption (C) that there exist n + rb solutions
{ubj(x;µ0, λ)}n+rbj=1 to Ju′ − B(x;λ)u = µ0Bλ(x;λ)u that lie right in (c, b). Such functions are
solutions to the eigenvalue problem Tc,b,M(λ)u = µ0u (noting that the equation is regular at
x = c, so u ∈ Dc,b,M = dom(Tc,b,M(λ))). According to Lemma 3.9, for each j ∈ {1, 2, . . . , n+
rb}, we can write

ubj(x;µ0;λ) = up,j(x) +
n∑
k=1

cjk(µ0, λ, λ0)u
b
k(x;µ0, λ0) +

rb∑
k=1

djk(µ0, λ, λ0)v
b
k(x;µ0, λ0), (4.6)

for some constants {cjk(µ0, λ, λ0)}nk=1 and {djk(µ0, λ, λ0)}rbk=1, and where up,j ∈ Dγc,b. (Here, we
recall that under Assumption (C) rb does not depend on λ.) We would like to show that by
taking appropriate linear combinations of the functions {ubj(x;µ0, λ)}n+rbj=1 , we can construct
n linearly independent solutions of Ju′ − B(x;λ)u = µ0Bλ(x;λ)u that lie right in (c, b) and
satisfy (4.3).

First, suppose we’re in the limit point case so that rb = 0. Then

ubj(x;µ0;λ) = up,j(x) +
n∑
k=1

cjk(µ0, λ, λ0)u
b
k(x;µ0, λ0),

and since the elements up,j and {ubk(x;µ0, λ0)}nk=1 all lie right in (c, b) and satisfy (4.3), we
see immediately that the elements {ubj(x;µ0;λ)}nj=1 must also have these properties.

For the general case with rb ∈ {1, 2, . . . , n}, we will show that by taking appropriate
linear combinations of the elements {ubj(x;µ0, λ)}n+rbj=1 we can construct at least n linearly
independent solutions of Ju′ − B(x;λ)u = µ0Bλ(x;λ)u that lie right in (c, b) and satisfy
(4.3). Using (4.6), we see that linear combinations of the elements {ubj(x;µ0, λ)}n+rbj=1 can be
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expressed as

n+rb∑
j=1

eju
b
j(x;µ0, λ) =

n+rb∑
j=1

ejup,j(x) +

n+rb∑
j=1

ej

n∑
k=1

cjk(µ0, λ, λ0)u
b
k(x;µ0, λ0)

+

n+rb∑
j=1

ej

rb∑
k=1

djk(µ0, λ, λ0)v
b
k(x;µ0, λ0),

for some constants {ej}n+rbj=1 . We want to find all collections of such sets for which the

sum involving {vbk(x;µ0, λ0)}rbk=1 is eliminated. Recalling again that the elements up,j and
{ubk(x;µ0, λ0)}nk=1 all lie right in (c, b) and satisfy (4.3), our goal is to show that the coefficients
{ej}n+rbj=1 can be chosen so that the Niessen elements {vbk(x;µ0, λ0)}rbk=1 are eliminated entirely
from this sum for at least n choices of the coefficients. In order to effect this elimination, we
need to choose the coefficients {ej}n+rbj=1 so that for each k ∈ {1, 2, . . . , rb} we have

n+rb∑
j=1

ejd
j
k(µ0, λ, λ0) = 0.

I.e., we have rb equations for the n+ rb unknowns {ej}n+rbj=1 . For purposes of notation, it will

be convenient to let D denote the rb × (n + rb) matrix D = (djk)
rb,n+rb
k,j=1 and likewise to let e

denote the column vector of length n + rb with entries {ej}n+rbj=1 . Then we can express the
system we need to solve as De = 0. Here, since D only has rb rows, rankD ≤ rb, so that
nullityD ≥ n, from which we conclude that we can find at least n suitable choices of the
coefficients.

At this point, we’ve shown that there exist at least n linearly independent functions
{ubj(x;λ)}nj=1 that solve

Ju′ − B(x;λ)u = µ0B(x;λ)u

and additionally lie right in (c, b) and satisfy (4.3). (The collection {ubj(x;λ)}nj=1 comprises

linear combinations of the elements {ubj(x;µ0, λ)}n+rbj=1 just above, and our convention of
suppressing dependence on µ0 in the former is intended merely to draw a distinction between
the two collections without introducing additional cumbersome notation.) As described at
the outset of the proof, since 0 ∈ ρ(T γc,b(λ)), we can conclude that there must be at least n

linearly independent solutions {ubj(x;λ)}nj=1 of (4.1) that lie right in (c, b) and satisfy (4.3).
Last, according to Lemma 4.2, for each x ∈ (c, b) these elements comprise a basis for a
Lagrangian subspace of C2n.

We next develop a Green’s function for the inhomogeneous system

Jy′ − B(x;λ)y = Bλ(x;λ)f, (4.7)

The construction follows a standard argument, and is included in the appendix.

Lemma 4.5. Let Assumptions (A) through (D) hold, and fix any λ ∈ [λ1, λ2] for which
0 /∈ σess(T (λ)). Using Lemma 4.3, take γ satisfying (4.4) so that 0 /∈ σp(T γc,b(λ)) (and so
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consequently 0 ∈ ρ(T γc,b(λ))). Then for any f ∈ L2
Bλ((c, b),C2n) the inhomogeneous problem

(4.7) can be solved for y ∈ Dγc,b via the Green’s function formulation

y(x;λ) =

∫ b

c

Gγ
c,b(x, ξ;λ)Bλ(ξ;λ)f(ξ)dξ,

where

Gγ
c,b(x, ξ;λ) =

−Φ(x;λ)
(

0 Rb(λ)
)
M(λ)

(
Jγ∗ 0

)∗
Φ(ξ;λ)∗ c < ξ < x < b

Φ(x;λ)
(
Jγ∗ 0

)
M(λ)

(
0 Rb(λ)

)∗
Φ(ξ;λ)∗ c < x < ξ < b,

and Φ(x;λ) denotes a fundamental matrix for (4.1) satisfying

JΦ′ = B(x;λ)Φ, Φ(c;λ) = I2n.

Here, Rb(λ) is the frame for a Lagrangian subspace of C2n, and

M(λ) = E(λ)−1J(E(λ)∗)−1, E(λ) = (Jγ∗ Rb(λ)).

We next use our Green’s function formulation from Lemma 4.5 to obtain useful pointwise
estimates on elements (T γc,b(λ∗)−1E(·;λ, λ∗)f)(x). For this discussion, it will be convenient
to set

RE(λ) := T γc,b(λ∗)
−1E(·;λ, λ∗), (4.8)

and we note the inequalities

‖RE(λ)k‖ ≤ ‖T γc,b(λ∗)
−1‖k‖E(·;λ, λ∗)‖k, (4.9)

where in all cases ‖ · ‖ denotes operator norm, with the operator viewed as a map from
L2
Bλ((c, b),C2n) to itself.

Lemma 4.6. Let Assumptions (A) through (D) hold, and fix any λ∗ ∈ [λ1, λ2] for which
0 /∈ σess(T (λ∗)). Using Lemma 4.3, take γ, depending on λ∗, satisfying (4.4) so that 0 /∈
σp(T γc,b(λ∗)) (and so consequently 0 ∈ ρ(T γc,b(λ∗))). Finally, for some interval I ⊂ [λ1, λ2], let
E(x;λ, λ∗) denote any measurable map from [c, b)×I to C2n×2n (in particular, not necessarily
the map specified in Assumption (E)) so that for all λ ∈ I E(·;λ, λ∗) is bounded as a map
from L2

Bλ((c, b),C2n) to itself. Then for any fixed x ∈ [c, b) there exists a value C(x;λ∗) so
that for any f ∈ L2

Bλ((c, b),C2n) we have

|(RE(λ)f)(x)| ≤ C(x;λ∗)‖E(·;λ, λ∗)‖‖f‖Bλ ,

for all λ ∈ I. Moreover, for any b′ ∈ (c, b) there exists a value Cb′(λ∗) so that C(x;λ∗) ≤
Cb′(λ∗) for all x ∈ [c, b′].

Proof. By construction of Gγ
c,b(x, ξ;λ∗), along with the definition of RE(λ), for any f ∈

L2
Bλ((c, b),C2n),

(RE(λ)f)(x) =

∫ b

c

Gγ
c,b(x, ξ;λ∗)Bλ(ξ;λ∗)E(ξ;λ, λ∗)f(ξ)dξ.
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Using Lemma 4.5, we obtain the inequality

|(RE(λ)f)(x)|

≤
∣∣∣Φ(x;λ∗)

(
0 Rb(λ∗)

)
M(λ∗)

∫ x

c

(
Jγ∗ 0

)∗
Φ(ξ;λ∗)

∗Bλ(ξ;λ∗)E(ξ;λ, λ∗)f(ξ)dξ
∣∣∣

+
∣∣∣Φ(x;λ∗)

(
Jγ∗ 0

)
M(λ∗)

∫ b

x

(
0 Rb(λ∗)

)∗
Φ(ξ;λ∗)

∗Bλ(ξ;λ∗)E(ξ;λ, λ∗)f(ξ)dξ
∣∣∣

=: I1 + I2.

(4.10)

Beginning with I1, since Φ(x;λ∗) is absolutely continuous on [c, b′] for any c < b′ < b, the
value

C1(x;λ∗) := |Φ(x;λ∗)
(
0 Rb(λ∗)

)
M(λ∗)|

is fixed and finite. The integral in I1 can be associated with a collection of L2
Bλ((c, b),C2n)

inner products (i.e., one for each row of the matrix (Jγ∗ 0)∗Φ(ξ;λ∗)
∗), allowing us to write

I1 ≤ C1(x;λ∗)C2(x;λ∗)‖E(·;λ, λ∗)f‖Bλ ≤ C1(x;λ∗)C2(x;λ∗)‖E(·;λ, λ∗)‖‖f‖Bλ

where C2(x;λ∗) is the Euclidean length of the vector in Rn whose ith component is the
L2
Bλ((c, b),C2n) norm of the ith column of Φ(x;λ∗)(Jγ

∗ 0). We emphasize that Φ(·;λ∗)(Jγ∗ 0)
is not generally in L2

Bλ((c, b),C2n×2n), but since x ∈ [c, b) is fixed, C2(x;λ∗) is finite by the
local absolute continuity of Φ(x;λ∗). Also, we see that C2(x;λ∗) is uniformly bounded for
all x ∈ [c, b′].

Likewise, for I2 in (4.10), we can write

I2 ≤ C̃1(x;λ∗)C̃2(x;λ∗)‖E(·;λ, λ∗)‖‖f‖Bλ ,

where in this case
C̃1(x;λ∗) = |Φ(x;λ∗)

(
Jγ∗ 0

)
M(λ∗)|,

and C̃2(x;λ∗) is the Euclidean length of the vector in Rn whose ith component is the
L2
Bλ((c, b),C2n) norm of the ith column of Φ(x;λ∗)(0 Rb(λ∗)). In this case, it’s important

that the columns of Φ(x;λ∗)(0 Rb(λ∗)) lie in L2
Bλ((c, b),C2n×2n). Combining these estimates

on I1 and I2, we arrive that the claimed estimate

|(RE(λ)f)(x)| ≤ C(x;λ∗)‖E(·;λ, λ∗)‖‖f‖Bλ ,

where
C(x;λ∗) = C1(x;λ∗)C2(x;λ∗) + C̃1(x;λ∗)C̃2(x;λ∗),

with C(x;λ∗) uniformly bounded for all x ∈ [c, b′].

For the final two lemmas of this section we will add Assumption (E) to our list of
hypotheses.

Lemma 4.7. Let Assumptions (A) through (E) hold, and suppose that for some fixed λ∗ ∈
[λ1, λ2] there is an open interval I∗ containing λ∗ so that for each λ ∈ I∗ ∩ [λ1, λ2], we have
0 /∈ σess(T (λ)). Let {ubj(x;λ∗)}nj=1 denote a basis for the n-dimensional space of solutions of
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(4.1) (with λ = λ∗) that lie right in (c, b) and satisfy (4.3) (guaranteed to exist by Lemma
4.4). Then there exists a constant r > 0, depending on both λ∗ and T γc,b(λ∗) (including the

choice of γ) so that the elements {ubj(x;λ∗)}nj=1 can be extended in λ to the interval Iλ∗,r (as
specified in Assumption (E)). The extensions {ubj(x;λ)}nj=1 comprise a basis for the space of
solutions of (2.8) that lie right in (a, b) and satisfy (4.3), and moreover they are continuously
differentiable on Iλ∗,r, and for every λ ∈ Iλ∗,r satisfy the relations

J(∂λu
b
j)
′(x;λ) = Bλ(x;λ)ubj(x;λ) + B(x;λ)∂λu

b
j(x;λ), (4.11)

for a.e. x ∈ (a, b), and

lim
x→b−

ubj(x;λ∗)
∗J∂λu

b
k(x;λ∗) = 0, ∀ j, k ∈ {1, 2, . . . , n}. (4.12)

Proof. We begin by observing that the starting element ubj(x;λ∗) solves

J(ubj)
′ = B(x;λ∗)u

b
j.

Our goal is to construct ubj(x;λ) so that

J(ubj)
′ = B(x;λ)ubj, (4.13)

for λ near λ∗. For this, we express the latter equation as

J(ubj)
′ − B(x;λ∗)u

b
j = (B(x;λ)− B(x;λ∗))u

b
j.

Our strategy will be to look for solutions of this equation of the form

ubj(x;λ) = ubj(x;λ∗) + F b
j (x;λ, λ∗), (4.14)

where F b
j (·;λ, λ∗) ∈ Dγc,b satisfies

J(F b
j )′ − B(x;λ∗)F

b
j = (B(x;λ)− B(x;λ∗))u

b
j(x;λ),

or equivalently
T γc,d(λ∗)F

b
j (·;λ, λ∗) = E(x;λ, λ∗)u

b
j(·;λ), (4.15)

where E(x;λ, λ∗) is described in Assumption (E).
If a solution of (4.15) exists with F b

j (x;λ, λ∗) contained in Dγc,b, then we have the relation

F b
j (·;λ, λ∗) = RE(λ)ubj(·;λ),

where since 0 ∈ ρ(T γc,b(λ∗)), we have that T γc,b(λ∗)−1 is a bounded linear operator mapping

L2
Bλ((c, b),C2n) into Dγc,b, so that in particular F b

j (·;λ, λ∗) satisfies (4.3). In this way, we
arrive at the integral equation

ubj(·;λ) = ubj(·;λ∗) +RE(λ)ubj(·;λ).

Rearranging, we can express this equation as

(I −RE(λ))ubj(·;λ) = ubj(·;λ∗). (4.16)
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According to Assumption (E) we can choose r > 0 sufficiently small so that

‖T γc,b(λ∗)
−1‖‖E(·;λ, λ∗)‖ < 1, (4.17)

for all λ ∈ Iλ∗,r. Accordingly (using (4.9)), ‖RE(λ)‖ < 1 for all λ ∈ Iλ∗,r, and by the standard
theory of Neumann series (for example, the discussion of Example 4.9 on p. 32 of [22]), we
can solve (4.16) with

ubj(·;λ) = (I −RE(λ))−1ubj(·;λ∗) ∈ L2
Bλ((a, b),C2n), (4.18)

for all λ ∈ Iλ∗,r.
We’ve already noted that F b

j (x;λ∗, λ) is contained in Dγc,b, and so in particular lies right

in (c, b) and satisfies (4.3). In addition, ubj(·;λ∗) lies right in (c, b) and satisfies (4.3), so
we can conclude that ubj(x;λ) is a solution of (4.13) that lies right in (c, b) and satisfies
(4.3). Proceeding similarly for each j ∈ {1, 2, . . . , n}, we obtain a collection of extensions
{ubj(x;λ)}nj=1.

In addition, by virtue of (4.16) and (4.18), we see that {ubj(x;λ)}nj=1 inherits linear inde-
pendence from the set {ubj(x;λ∗)}nj=1. We conclude from Lemma 4.2 that the set {ubj(x;λ)}nj=1

comprises a basis for the space of solutions of (4.1) that lie right in (c, b) and satisfy (4.3),
and additionally that for each x ∈ (c, b) the vectors {ubj(x;λ)}nj=1 comprise the basis of a
Lagrangian subspace of C2n.

Turning now to the dependence of our extensions {ubj(·;λ)}nj=1 on λ, we observe that by
standard Neumann expansion, we can express (4.18) as

ubj(·;λ) =
∞∑
k=0

RE(λ)kubj(·;λ∗), (4.19)

and conclude that for each λ ∈ Iλ∗,r this series converges absolutely in L2
Bλ((c, b),C2n). In

order to conclude something about the dependence of ubj(·;λ) on λ, we will proceed by
showing that the series of term-by-term λ-derivatives of (4.19) converges absolutely for all
λ ∈ Iλ∗,r. As a starting point, we need to verify that the individual summands are in fact
differentiable in λ, and we will do this iteratively, verifying that if some

f(·;λ) ∈ ACloc([c, b),C2n) ∩ L2
Bλ((c, b),C2n),

is differentiable as a map λ 7→ L2
Bλ((c, b),C2n), then so is

F (·;λ) = RE(λ)f(·;λ). (4.20)

To this end, we write

1

h
(F (·;λ+ h)− F (·;λ)) =

1

h
(RE(λ+ h)f(·;λ+ h)−RE(λ)f(·;λ))

=
1

h

(
RE(λ+ h)−RE(λ)

)
f(·;λ+ h)− 1

h
RE(λ)

(
f(·;λ)− f(·;λ+ h)

)
,
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from which we see that F (·;λ) inherits the differentiability in λ of f(·;λ) (by virtue of the
assumed differentiability of E(·;λ, λ∗) in λ). In addition, we can use the inequality

‖1

h
(F (·;λ+ h)− F (·;λ))‖Bλ ≤ ‖T

γ
c,b(λ∗)

−1‖‖1

h
(E(·;λ+ h, λ∗)− E(·;λ, λ∗))‖‖f(·;λ+ h)‖Bλ

+ ‖T γc,b(λ∗)
−1‖‖E(·;λ, λ∗)‖‖

1

h
(f(·;λ+ h)− f(·;λ))‖Bλ

to obtain the relation

‖Fλ(·;λ)‖Bλ ≤ ‖T
γ
c,b(λ∗)

−1‖‖Eλ(·;λ, λ∗)‖‖f(·;λ)‖Bλ + ‖T γc,b(λ∗)
−1‖‖E(·;λ, λ∗)‖‖fλ(·;λ)‖Bλ .

(4.21)
To see that

∞∑
k=0

d

dλ
RE(λ)kubj(·;λ∗), (4.22)

converges absolutely, we begin by using (4.21) to observe that (for k = 1)

‖ d
dλ
RE(λ)ubj(·;λ∗)‖Bλ ≤ ‖T

γ
c,b(λ∗)

−1‖‖Eλ(·;λ, λ∗)‖‖ubj(·;λ∗)‖Bλ , (4.23)

where the contribution associated with fλ(·;λ) doesn’t appear because ubj(·;λ∗) doesn’t de-
pend on λ. Next, using (4.21) again, this time with f(·;λ) = RE(λ)ubj(·;λ∗) we combine
(4.9) (with k = 1) and (4.23) to obtain the estimate

‖ d
dλ
RE(λ)2ubj(·;λ∗)‖Bλ ≤ 2‖T γc,b(λ∗)

−1‖2‖E(·;λ, λ∗)‖‖Eλ(·;λ, λ∗)‖‖ubj(·;λ∗)‖Bλ .

Continuing this way, we obtain the inequality

‖ d
dλ
RE(λ)kubj(·;λ∗)‖Bλ ≤ k‖T γc,b(λ∗)

−1‖k‖E(·;λ, λ∗)‖k−1‖Eλ(·;λ, λ∗)‖‖ubj(·;λ∗)‖Bλ ,

from which the absolute convergence of (4.22), uniform for λ in compact subsets of Iλ∗,r, is
immediate from the ratio test. We can conclude that λ 7→ ubj(·;λ) is differentiable as a map
taking λ ∈ Iλ∗,r to L2

Bλ((c, b),C2n).
Next, we check that for each fixed x ∈ [c, b), the map λ 7→ ubj(x;λ) taking Iλ∗,r to C2n is

differentiable in λ. For this, we need to understand the convergence of the series

∞∑
k=0

(
RE(λ)kubj(·;λ∗)

)
(x), (4.24)

in C2n, and also the associated series of derivatives

∞∑
k=0

∂

∂λ

(
RE(λ)kubj(·;λ∗)

)
(x). (4.25)
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First, we check that (4.24) is absolutely convergent for all λ ∈ Iλ∗,r. To this end, we write
(for k ≥ 1)∣∣∣(RE(λ)kubj(·;λ∗)

)
(x)
∣∣∣ =

∣∣∣(RE(λ)RE(λ)(k−1)ubj(·;λ∗)
)

(x)
∣∣∣

≤ C(x;λ∗)‖E(·;λ, λ∗)‖‖RE(λ)(k−1)ubj(·;λ∗)‖Bλ
≤ C(x;λ∗)‖E(·;λ, λ∗)‖‖RE(λ)‖(k−1)‖ubj(·;λ∗)‖Bλ ,

(4.26)

where in obtaining the first inequality we have used Lemma 4.6. Recalling that ‖RE(λ)‖ < 1
for λ ∈ Iλ∗,r, we see that

∞∑
k=0

∣∣∣(RE(λ)kubj(·;λ∗)
)

(x)
∣∣∣ ≤ |ubj(x;λ∗)|+

∞∑
k=1

∣∣∣(RE(λ)kubj(·;λ∗)
)

(x)
∣∣∣

≤ |ubj(x;λ∗)|+ C(x;λ∗)‖E(·;λ, λ∗)‖‖ubj(·;λ∗)‖Bλ
∞∑
k=1

‖RE(λ)‖(k−1)

= |ubj(x;λ∗)|+ C(x;λ∗)‖E(·;λ, λ∗)‖‖ubj(·;λ∗)‖Bλ
1

1− ‖RE(λ)‖
,

(4.27)

verifying that (4.24) is absolutely convergent for all λ ∈ Iλ∗,r.
Turning to (4.25), we first need to verify that each summand in (4.24) is indeed differen-

tiable in λ. For this, it suffices to show that if

f(·;λ), fλ(·;λ) ∈ ACloc([c, b),C2n) ∩ L2
Bλ((c, b),C2n), (4.28)

then F (·;λ) from (4.20) and Fλ(·;λ) are also contained in this intersection. The required
differentiability then follows upon iteration of

(RE(λ)kubj(·;λ∗))(x) =

∫ b

c

Gγ
c,b(x;λ, λ∗)Bλ(ξ;λ∗)E(ξ;λ, λ∗)(RE(λ)k−1ubj(·;λ∗))(ξ)dξ,

starting with f(x;λ) = ubj(x;λ∗). To see that F (·;λ) ∈ ACloc([c, b),C2n) ∩ L2
Bλ((c, b),C2n),

we recall that since 0 ∈ ρ(T γc,b(λ∗)), RE(λ) maps L2
Bλ((c, b),C2n) into Dγc,b, and moreover that

all elements of Dγc,b lie in this intersection. Turning to Fλ(x;λ), the inclusions (4.28) allow us
to use the Lebesgue Dominated Convergence Theorem to differentiate through the integral
to write

Fλ(x;λ) =

∫ b

c

Gγ
c,b(x, ξ;λ∗)Bλ(ξ;λ∗)

(
Eλ(ξ;λ, λ∗)f(ξ;λ) + E(ξ;λ, λ∗)fλ(ξ;λ)

)
dξ. (4.29)

From Lemma 4.5, we see that we only need to verify the inclusions

Eλ(·;λ, λ∗)f(·;λ), E(·;λ, λ∗)fλ(·;λ) ∈ L2
Bλ((c, b),C2n),

each of which is immediate from our Assumption (E), which asserts that E(·;λ, λ∗) and
Eλ(·;λ, λ∗) are both bounded linear operators mapping L2

Bλ((c, b),C2n) to itself. We conclude
that each summand in (4.24) is differentiable in λ for all λ ∈ Iλ∗,r.
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In order to complete this part of the proof, we need to verify that (4.25) converges
absolutely for all λ ∈ Iλ∗,r. To this end, we observe from (4.29) and Lemma 4.6 the estimate

|Fλ(x;λ)| ≤ C(x;λ∗)‖Eλ(·;λ, λ∗)‖‖f(·;λ)‖Bλ + C(x;λ∗)‖E(·;λ, λ∗)‖‖fλ(·;λ)‖Bλ , (4.30)

where C(x;λ∗) is as in Lemma 4.6. For k = 1, this allows us to write

| ∂
∂λ

(RE(λ)ubj(·;λ∗))(x)| ≤ C(x;λ∗)‖Eλ(·;λ, λ∗)‖‖ubj(·;λ∗)‖Bλ , (4.31)

where the contribution associated with fλ(·;λ) doesn’t appear because ubj(·;λ∗) doesn’t de-
pend on λ. Next, using (4.30) again, this time with f(x;λ) = (RE(λ)ubj(·;λ∗))(x) we combine
(4.9) (with k = 1) and (4.23) to obtain the estimate

| ∂
∂λ

(RE(λ)2ubj(·;λ∗))(x)| ≤ 2C(x;λ∗)‖T γc,b(λ∗)
−1‖‖E(·;λ, λ∗)‖‖Eλ(·;λ, λ∗)‖‖ubj(·;λ∗)‖Bλ .

Continuing in this way, we obtain, for each k ∈ N, the inequality

| ∂
∂λ

(RE(λ)kubj(·;λ∗))(x)|

≤ kC(x;λ∗)‖T γc,b(λ∗)
−1‖k−1‖E(·;λ, λ∗)‖k−1‖Eλ(·;λ, λ∗)‖‖ubj(·;λ∗)‖Bλ ,

(4.32)

from which the absolute convergence of (4.25), uniform for λ in compact subsets of Iλ∗,r, is
immediate from the ratio test, along with the inequality (4.17). We can conclude that for
each fixed x ∈ [c, b), the map λ 7→ ubj(x;λ) taking Iλ∗,r to C2n is continuously differentiable
in λ.

For the final statements in the lemma, addressing differentiability in λ, we first observe
that by using (4.19) along with the estimates (4.27) we can conclude that that given any
λ∗ ∈ [λ1, λ2] and any compact set [c, d] ⊂ (a, b), there exists a value r∗ > 0 and a constant
K0, depending only on c, d, λ∗, and r∗ so that

|ubj(x;λ)| ≤ K0, ∀ (x, λ) ∈ [c, d]× Iλ∗,r∗ .

Likewise, if we combine (4.25), established above as a uniformly converging expression of
∂λu

b
j(x;λ), with the estimates (4.32), along with the relation

‖T γc,b(λ∗)
−1‖‖E(·;λ, λ∗)‖ < 1,

we see that given any λ∗ ∈ [λ1, λ2] and any compact set [c, d] ⊂ (a, b), there exists a value
r∗ > 0 and a constant K1, depending only on c, d, λ∗, and r∗ so that

|∂λubj(x;λ)| ≤ K1, ∀ (x, λ) ∈ [c, d]× Iλ∗,r∗ .

At this point, we proceed by integrating J(ubj)
′ = B(x;λ)ubj on (x, c) to obtain the integral

relation

Jubj(x;λ) = Jubj(c;λ)−
∫ c

x

B(ξ;λ)ubj(ξ;λ)dξ. (4.33)
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In order to establish the claimed derivative relation, we need to justify differentiating in λ
through the integral, and for this we use our assumption that there exist b0, b1 ∈ L1

loc((a, b),R),
independent of λ, so that

|B(x;λ)| ≤ b0(x), ∀λ ∈ I, a.e. x ∈ (a, b), |Bλ(x;λ)| ≤ b1(x),∀λ ∈ I, a.e. x ∈ (a, b).

With these assumptions, along with the pointwise estimates obtained above, we can justify
differentiating (4.33) in λ and x to get

J(∂λu
b
j)
′ = Bλ(x;λ)ubj + B(x;λ)∂λu

b
j.

Last, we need to verify the limit (4.12). For this, we work again with (4.25), using the
estimates (4.32). Recalling that, by assumption,

lim
λ→λ∗

‖E(·;λ, λ∗)‖ = 0,

we see that the only non-zero summand in (4.25) is the one with k = 1. I.e.,

∂λu
b
j(x;λ∗) =

∂

∂λ
(RE(λ)ubj(·;λ∗))(x).

Here,

(RE(λ)ubj(·;λ∗))(x) =

∫ b

c

Gγ
c,b(x; ξ;λ∗)Bλ(ξ;λ∗)E(ξ;λ, λ∗)u

b
j(ξ;λ∗)dξ,

and we would like to differentiate in λ through the integral sign. For this we need to uniformly
dominate the integrand

Gγ
c,b(x; ξ;λ∗)Bλ(ξ;λ∗)Eλ(ξ;λ, λ∗)ubj(ξ;λ∗),

and this is precisely what we assume is possible in Assumption (E)(iv).
We can now write

∂λu
b
j(x;λ∗) = T γc,b(λ∗)

−1(Eλ(·;λ, λ∗)ubj(·;λ))(x).

Finally, T γc,b(λ∗)−1 maps into Dγc,b, and elements in Dγc,b satisfy the limit we need.

Lemma 4.8. Let Assumptions (A) through (E) hold, and suppose that for all λ ∈ [λ1, λ2],
0 /∈ σess(T (λ)). In addition, for each λ ∈ [λ1, λ2], let `b(x;λ) denote the Lagrangian subspace
associated with the basis {ubj(x;λ)}nj=1 constructed in Lemma 4.4. Then `b : (c, b)× [λ1, λ2]→
Λ(n) is continuous. Moreover, we can choose the bases {ubj(x;λ)}nj=1 so that for each j ∈
{1, 2, . . . , n}, the function ubj(x;λ) is piecewise continuously differentiable in λ on [λ1, λ2].

Proof. First, for each fixed λ∗ ∈ [λ1, λ2], we can use Lemma 4.7 to obtain a differentiable-
in-λ family of bases {ub,λ∗j (x;λ)}nj=1, for all λ ∈ Iλ∗,r∗ , where r∗ > 0 is a constant depending
on λ∗ (and T γc,b(λ∗), including the boundary matrix γ). By Lemma 4.2, these elements

must comprise a basis for the same Lagrangian subspaces `b(x;λ) as the bases {ubj(x;λ)}nj=1

constructed in Lemma 4.4. This process creates an open cover of [λ1, λ2], created by the
union of all of these intervals. Next, we use compactness of the interval [λ1, λ2] to extract
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a finite subcover, comprising intervals {Iλj∗,rj∗}
N
j=1 for point-radius pairs {(λj∗, rj∗)}Nj=1, where

for notational convenience, we can select the values {λj∗}Nj=1 so that

λ1 =: λ1∗ < λ2∗ < · · · < λN∗ := λ2,

and where the values rj∗ > 0 are constants respectively associated with the values λj∗ in our
construction of the family of intervals.

Starting at λ1∗, we can take {ubj(x;λ1∗)}nj=1 to be a basis for the Lagrangian subspace

`b(x;λ1∗). As λ increases from λ1∗, the extensions {ub,λ
1
∗

j (x;λ)}nj=1 in Iλ1∗,r1∗ comprise bases
for the Lagrangian subspaces `b(x;λ). By construction, the set Iλ1∗,r1∗ ∩ Iλ2∗,r2∗ must be non-
empty. We take any λ1,2∗ in this intersection, and we note that at this value of λ the

extensions {ub,λ
1
∗

j (x;λ1,2∗ )}nj=1 in Iλ1∗,r1∗ serve as a basis for the same Lagrangian subspace as

the extensions {ub,λ
2
∗

j (x;λ1,2∗ )}nj=1 in Iλ2∗,r2∗ . This allows us to continuously switch from the

frame {ub,λ
1
∗

j (x;λ1,2∗ )}nj=1 to the frame {ub,λ
2
∗

j (x;λ1,2∗ )}nj=1.

We now allow λ to increase from λ1,2∗ , and take the elements {ub,λ
2
∗

j (x;λ)}nj=1 as our
choice of bases for the Lagrangian subspaces `b(x;λ). By construction, the set Iλ2∗,r2∗ ∩ Iλ3∗,r3∗
must be non-empty, and we take any λ2,3∗ in this intersection, noting that at this value of λ

the analytic extensions {ub,λ
2
∗

j (x;λ2,3∗ )}nj=1 in Iλ2∗,r2∗ serve as a basis for the same Lagrangian

subspace as the extensions {ub,λ
3
∗

j (x;λ2,3∗ )}nj=1 in Iλ3∗,r3∗ . Continuing in this way, we see that
`b : (c, b)× [λ1, λ2]→ Λ(n) is continuous.

Summarising our notation, the interval [λ1, λ2] has been partitioned into values

λ1 =: λ0,1∗ < λ1,2∗ < λ2,3∗ < · · · < λN−1,N∗ < λN,N+1
∗ := λ2,

and we use the frame {ub,λ
k
∗

j (x;λ)}nj=1 on the interval [λk−1,k∗ , λk,k+1
∗ ] for all k = 1, 2, . . . , N .

It’s clear from the construction in Lemma 4.7 that for each j ∈ {1, 2, . . . , n}, ub,λ
k
∗

j (x;λ) is

continuously differentiable in λ on (λk−1,k∗ , λk,k+1
∗ ), so the frame obtained by patching these

bases together at the points {λi,j∗ }
N,N+1
i,j=0,1 is piecewise continuously differentiable.

With appropriate modifications, Lemmas 4.1–4.8 can be stated with {ubj(x;λ)}nj=1 re-
placed by {uaj (x;λ)}nj=1. In addition, under the assumption (A)′, the analysis of T (·) in this
section can be carried out for T α(·), and in particular, Lemmas 4.4 through 4.8 hold with
T (λ) replaced by T α(λ).

5 The Maslov Index

Our framework for computing the Maslov index is adapted from Section 2 of [18], and we
briefly sketch the main ideas here. Given any pair of Lagrangian subspaces `1 and `2 with
respective frames X1 =

(
X1

Y1

)
and X2 =

(
X2

Y2

)
, we consider the matrix

W̃ := −(X1 + iY1)(X1 − iY1)−1(X2 − iY2)(X2 + iY2)
−1. (5.1)

In [18], the authors establish: (1) the inverses appearing in (5.1) exist; (2) W̃ is independent
of the specific frames X1 and X2 (as long as these are indeed frames for `1 and `2); (3) W̃
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is unitary; and (4) the identity

dim(`1 ∩ `2) = dim(ker(W̃ + I)). (5.2)

Given two continuous paths of Lagrangian subspaces `i : [0, 1] → Λ(n), i = 1, 2, with
respective frames Xi : [0, 1] → C2n×n, relation (5.2) allows us to compute the Maslov index
Mas(`1, `2; [0, 1]) as a spectral flow through −1 for the path of matrices

W̃ (t) := −(X1(t) + iY1(t))(X1(t)− iY1(t))−1(X2(t)− iY2(t))(X2(t) + iY2(t))
−1. (5.3)

In [18], the authors provide a rigorous definition of the Maslov index based on the spectral
flow developed in [33]. Here, rather, we give only an intuitive discussion. As a starting point,
if −1 ∈ σ(W̃ (t∗)) for some t∗ ∈ [0, 1], then we refer to t∗ as a crossing point, and its multiplic-
ity is taken to be dim(`1(t∗)∩`2(t∗)), which by virtue of (5.2) is equivalent to the multiplicity
of −1 as an eigenvalue of W̃ (t∗). We compute the Maslov index Mas(`1, `2; [0, 1]) by allowing
t to increase from 0 to 1 and incrementing the index whenever an eigenvalue crosses −1 in
the counterclockwise direction, while decrementing the index whenever an eigenvalue crosses
−1 in the clockwise direction. These increments/decrements are counted with multiplicity,
so for example, if a pair of eigenvalues crosses −1 together in the counterclockwise direction,
then a net amount of +2 is added to the index. Regarding behavior at the endpoints, if an
eigenvalue of W̃ rotates away from −1 in the clockwise direction as t increases from 0, then
the Maslov index decrements (according to multiplicity), while if an eigenvalue of W̃ rotates
away from −1 in the counterclockwise direction as t increases from 0, then the Maslov index
does not change. Likewise, if an eigenvalue of W̃ rotates into −1 in the counterclockwise
direction as t increases to 1, then the Maslov index increments (according to multiplicity),
while if an eigenvalue of W̃ rotates into −1 in the clockwise direction as t increases to 1, then
the Maslov index does not change. Finally, it’s possible that an eigenvalue of W̃ will arrive
at −1 for t = t∗ and remain at −1 as t traverses an interval. In these cases, the Maslov index
only increments/decrements upon arrival or departure, and the increments/decrements are
determined as for the endpoints (departures determined as with t = 0, arrivals determined
as with t = 1).

One of the most important features of the Maslov index is homotopy invariance, for which
we need to consider continuously varying families of Lagrangian paths. To set some notation,
we denote by P(I) the collection of all paths L(t) = (`1(t), `2(t)), where `1, `2 : I → Λ(n) are
continuous paths in the Lagrangian–Grassmannian. We say that two paths L,M ∈ P(I)
are homotopic in Λ(n) provided there exists a family Hs so that H0 = L, H1 = M, and
Hs(t) is continuous as a map from (t, s) ∈ I × [0, 1] into Λ(n)× Λ(n).

The Maslov index has the following properties.

(P1) (Path Additivity) If L ∈ P(I) and a, b, c ∈ I, with a < b < c, then

Mas(L; [a, c]) = Mas(L; [a, b]) + Mas(L; [b, c]).

(P2) (Homotopy Invariance) If I = [a, b] and L,M ∈ P(I) are homotopic in Λ(n) with
L(a) =M(a) and L(b) =M(b) (i.e., if L,M are homotopic with fixed endpoints) then

Mas(L; [a, b]) = Mas(M; [a, b]).
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Straightforward proofs of these properties appear in [17] for Lagrangian subspaces of R2n,
and proofs in the current setting of Lagrangian subspaces of C2n are essentially identical.

As noted previously, the direction we associate with a crossing point is determined by the
direction in which eigenvalues of W̃ rotate through −1 (counterclockwise is positive, while
clockwise is negative). In order to analyze this direction in specific cases, we will make use
of the following lemma from [18].

Lemma 5.1. Suppose `1, `2 : I → Λ(n) denote paths of Lagrangian subspaces of C2n with
respective frames X1 =

(
X1

Y1

)
and X2 =

(
X2

Y2

)
that are differentiable at t0 ∈ I. If the matrices

−X1(t0)
∗JX′1(t0) = X1(t0)

∗Y ′1(t0)− Y1(t0)∗X ′1(t0)

and (noting the sign change)

X2(t0)
∗JX′2(t0) = −(X2(t0)

∗Y ′2(t0)− Y2(t0)∗X ′2(t0))

are both non-negative, and at least one is positive definite, then the eigenvalues of W̃ (t)
rotate in the counterclockwise direction as t increases through t0. Likewise, if both of these
matrices are non-positive, and at least one is negative definite, then the eigenvalues of W̃ (t)
rotate in the clockwise direction as t increases through t0.

6 Proofs of the Main Theorems

In this section, we use our Maslov index framework to prove Theorems 2.12 and 2.14.

6.1 Proof of Theorem 2.12

Fix any pair λ1, λ2 ∈ I, λ1 < λ2 so that for all λ ∈ [λ1, λ2], we have the exclusion 0 /∈
σess(T α(λ)), and let `α(x;λ) denote the map of Lagrangian subspaces associated with the
frames Xα(x;λ) specified in (2.12). Keeping in mind that λ2 is fixed, let `b(x;λ2) denote
the map of Lagrangian subspaces associated with the frames Xb(x;λ2) specified in (2.13).
We emphasize that since λ2 is fixed we don’t yet require Lemma 4.8 to extend the frame
Xb(x;λ2) to additional values λ ∈ [λ1, λ2]. We will establish Theorem 2.12 by considering
the Maslov index for `α(x;λ) and `b(x;λ2) along a path designated as the Maslov box in the
next paragraph. As described in Section 5, this Maslov index is computed as a spectral flow
for the matrix

W̃ (x;λ) = −(Xα(x;λ) + iYα(x;λ))(Xα(x;λ)− iYα(x;λ))−1

× (Xb(x;λ2)− iYb(x;λ2))(Xb(x;λ2) + iYb(x;λ2))
−1.

(6.1)

By Maslov Box in this case we mean the following sequence of contours, specified for
some value c ∈ (a, b) to be chosen sufficiently close to b during the analysis (sufficiently large
if b = +∞): (1) fix x = a and let λ increase from λ1 to λ2 (the bottom shelf); (2) fix λ = λ2
and let x increase from a to c (the right shelf); (3) fix x = c and let λ decrease from λ2 to λ1
(the top shelf); and (4) fix λ = λ1 and let x decrease from c to a (the left shelf). (See Figure
6.1.)
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Figure 6.1: The Maslov Box.

Right shelf. We begin our analysis with the right shelf, for which Xα and Xb are both
evaluated at λ2. By construction, `α(x;λ2) and `b(x;λ2) will have non-trivial intersection
at some x ∈ [a, c] (and so for all x ∈ [a, c]) with dimension m if and only if λ2 is an
eigenvalue of the operator pencil T α(·) with multiplicity m (i.e., 0 is an eigenvalue of T α(λ2)
with multiplicity m). In the event that λ2 is not an eigenvalue of T α(·), there will be no
crossing points along the right shelf. On the other hand, if λ2 is an eigenvalue of T α(·)
with multiplicity m, then W̃ (x;λ2) will have −1 as an eigenvalue with multiplicity m for all
x ∈ [a, c]. In either case,

Mas(`α(·;λ2), `b(·;λ2); [a, c]) = 0,

so there is no contribution from the right shelf.
Bottom shelf. For the bottom shelf, `α(a;λ) is determined by the boundary matrix α(λ),

leading to the Maslov index

Mas(`α(a; ·), `b(a;λ2); [λ1, λ2]),

which appears in the statement of Theorem 2.12. As observed in Remark 2.13, there is no
contribution from this term if α(λ) is constant.

Top shelf. For the top shelf, W̃ (c;λ) detects intersections between `α(c;λ) and `b(c;λ2)
as λ decreases from λ2 to λ1. Such intersections correspond precisely with eigenvalues of
T αa,c(·), where T αa,c(·) denotes the finite-interval (or truncated) operator specified similarly as
T α(·), except on the domain

Dαa,c := {y ∈ Da,c,M : α(λ)y(a) = 0, Xb(c;λ2)
∗Jy(c) = 0},

where Da,c,M denotes the domain of the maximal operator specified as in Definition 2.1,
except on (a, c). Similarly as in Section 3, we can check that for each λ ∈ [λ1, λ2] T αa,c(λ)
is a self-adjoint operator. (In fact, since T αa,c(λ) is posed on a bounded interval (a, c) with
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B(·;λ),Bλ(·;λ) ∈ L1((a, c),C2n×2n), for all λ ∈ [λ1, λ2], self-adjointness can be established
by more routine considerations.)

We know from Lemma 5.1 that monotonicity in λ is determined by−Xα(c;λ)∗J∂λXα(c;λ),
and we readily compute

∂

∂x
X∗α(x;λ)J∂λXα(x;λ) = X′α(x;λ)∗J∂λXα(x;λ) + Xα(x;λ)∗J∂λX

′
α(x;λ)

= −X′α(x;λ)∗J∗∂λXα(x;λ) + Xα(x;λ)∗∂λJX′α(x;λ)

= −Xα(x;λ)∗B(x;λ)∂λXα(x;λ) + Xα(x;λ)∗B(x;λ)∂λXα(x;λ)

+ X∗α∂λB(x;λ)Xα(x;λ) = Xα(x;λ)∗Bλ(x;λ)Xα(x;λ),

where the differentiation of Xα(x;λ) in x and λ, including the exchange of order of these
derivatives, is straightforward since the columns of Xα(x;λ) are simply solutions to standard
initial value problems. Integrating on [a, x], and noting that

X∗α(a;λ)J∂λXα(a;λ) = α(λ)J∂λα
∗(λ),

we obtain the relation

Xα(x;λ)∗J∂λXα(x;λ) = α(λ)J∂λα
∗(λ) +

∫ x

a

Xα(y;λ)∗Bλ(y;λ)Xα(y;λ)dy.

By assumption, the matrix α(λ)J∂λα
∗(λ) is non-negative for all λ ∈ [λ1, λ2], so monotonicity

along the top shelf follows by setting x = c and appealing to Assumption (B). In this way,
we see that Assumption (B) (along with our assumptions on the nature of α(λ)) ensures
that as λ increases, the eigenvalues of W̃ (c;λ) will rotate monotonically in the clockwise
direction. Since each crossing along the top shelf corresponds with a value λ for which 0 is
an eigenvalue of T αa,c(λ), we can conclude that

N α
a,c([λ1, λ2)) = −Mas(`α(c; ·), `b(c;λ2); [λ1, λ2]), (6.2)

where N α
a,c([λ1, λ2)) denotes a count, including multiplicities, of the values λ ∈ [λ1, λ2) for

which 0 is an eigenvalue of T αa,c(λ). We note that λ1 is included in the count, because in

the event that (c, λ1) is a crossing point, eigenvalues of W̃ (c;λ) will rotate away from −1
in the clockwise direction as λ increases from λ1 (thus decrementing the Maslov index).
Likewise, λ2 is not included in the count, because in the event that (c, λ2) is a crossing point,
eigenvalues of W̃ (c;λ) will rotate into −1 in the clockwise direction as λ increases to λ2 (thus
leaving the Maslov index unchanged).

Left shelf. Our analysis so far leaves only the left shelf to consider, and we observe that
the Maslov index on the left shelf can be expressed as

−Mas(`α(·;λ1), `b(·;λ2); [a, c]).

Using path additivity and homotopy invariance, we can sum the Maslov indices on each shelf
of the Maslov Box to arrive at the relation

N α
a,c([λ1, λ2)) = Mas(`α(·;λ1), `b(·;λ2); [a, c])−Mas(`α(a; ·), `b(a;λ2); [λ1, λ2]). (6.3)
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In order to obtain a statement about N α([λ1, λ2)), we observe that eigenvalues of T α(·)
correspond precisely with intersections of `α(c;λ) and `b(c;λ). (We emphasize that in this
last statement, `b is evaluated at λ, not λ2, and so we are using Lemma 4.8). Employing a
monotonicity argument similar to the one above for the top shelf, we can conclude that

N α([λ1, λ2)) = −Mas(`α(c; ·), `b(c; ·); [λ1, λ2]). (6.4)

Remark 6.1. The monotonicity argument in the case of (6.4) is a bit more subtle than in
the case above for the top shelf, and in order to keep the analysis as complete as possible, we
include the full argument in the appendix, Section A.2.

Our next goal is to relate the Maslov index on the right-hand side of (6.4) to Maslov
indices in which λ only varies in one or the other of `α(c;λ) and `b(c;λ). For this, we have
the following claim.

Claim 6.2. Under the assumptions of Theorem 2.12, and for any c ∈ (a, b),

Mas(`α(c; ·), `b(c; ·); [λ1, λ2]) = Mas(`α(c;λ1), `b(c; ·); [λ1, λ2])

+ Mas(`α(c; ·), `b(c;λ2); [λ1, λ2]).

Proof. With c ∈ (a, b) fixed, we consider `α(c; ·), `b(c; ·) : [λ1, λ2]→ Λ(n) and set

W̃c(λ, µ) := −(Xα(c;λ) + iYα(c;λ))(Xα(c;λ)− iYα(c;λ))−1

× (Xb(c;µ)− iYb(c;µ))(Xb(c;µ) + iYb(c;µ))−1.

We now compute the Maslov index associated with W̃c(λ, µ) along the triangular path in
[λ1, λ2] × [λ1, λ2] comprising the following three paths: (1) fix λ = λ1 and let µ increase
from λ1 to λ2; (2) fix µ = λ2 and let λ increase from λ1 to λ2; and (3) let λ and µ decrease
together (i.e., with λ = µ) from λ2 to λ1. (See Figure 6.2.) The claim follows from path
additivity and homotopy invariance.

We can conclude from (6.2), (6.4), and Claim 6.2 that

N α([λ1, λ2)) = N α
a,c([λ1, λ2))−Mas(`α(c;λ1), `b(c; ·); [λ1, λ2]). (6.5)

By monotonicity,
Mas(`α(c;λ1), `b(c; ·); [λ1, λ2]) ≤ 0,

from which we can additionally conclude that

N α([λ1, λ2)) ≥ N α
a,c([λ1, λ2)).

In light of (6.3), this gives

N α([λ1, λ2)) ≥ Mas(`α(·;λ1), `b(·;λ2); [a, c])−Mas(`α(a; ·), `b(a;λ2); [λ1, λ2]). (6.6)

Here, we emphasize that it follows from (6.4), monotonicity in the calculation of the right-
hand side of (6.4), and continuity in λ that the count N α([λ1, λ2)) must be finite.
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Figure 6.2: Triangular path in the (λ, µ)-plane for Claim 6.2.

The first summand on the right-hand side of (6.6) is computed over the compact interval
[a, c] on which (2.8) can be viewed as a regular system, as analyzed in [18]. In [18], the
authors show that the direction of crossing points for such systems are all positive as x
increases from a to c. (See the statement and proof of Theorem 1.1 in [18].) It follows that
as c → b− the values Mas(`α(·;λ1), `b(·;λ2); [a, c]) are monotonically non-decreasing, and
since N α([λ1, λ2)) and Mas(`α(a; ·), `b(a;λ2); [λ1, λ2]) are both finite and independent of c,
we can conclude that the limit

lim
c→b−

Mas(`α(·;λ1), `b(·;λ2); [a, c]),

must exist, and in fact that it must be the case that this limit is obtained for all c sufficiently
close to b (sufficiently large if b = +∞). As noted in Remark 2.13, we denote this limit by
Mas(`α(·;λ1), `b(·;λ2); [a, b)). In this way, the first assertion of Theorem 2.12 is obtained by
taking a limit on both sides of (6.6) as c→ b−.

For the second assertion in Theorem 2.12, we can combine (6.5) and (6.3) to write

N α([λ1, λ2)) = Mas(`α(·;λ1), `b(·;λ2); [a, c])−Mas(`α(a; ·), `b(a;λ2); [λ1, λ2])

−Mas(`α(c;λ1), `b(c; ·); [λ1, λ2]).

If there exists a value c0 ∈ (a, b) so that for all c ∈ (c0, b)

`α(c;λ1) ∩ `b(c;λ) = {0}, ∀ λ ∈ [λ1, λ2),

then for all c ∈ (c0, b) we have

N α([λ1, λ2)) = Mas(`α(·;λ1), `b(·;λ2); [a, c])−Mas(`α(a; ·), `b(a;λ2); [λ1, λ2]).

The second claim in Theorem 2.12 follows immediately upon taking c → b−, noting par-
ticularly that by monotonicity the right-hand side of this last expression remains fixed for
c ∈ (c0, b). �
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6.2 Proof of Theorem 2.14

Similarly as in the proof of Theorem 2.12, we fix any pair λ1, λ2 ∈ I, λ1 < λ2, for which
we have that for each λ ∈ [λ1, λ2], 0 /∈ σess(T (λ)). For the proof of Theorem 2.14, we let
`b(x;λ2) be as in the proof of Theorem 2.12, and we let `a(x;λ) denote the map of Lagrangian
subspaces associated with the frames Xa(x;λ) constructed as in Lemma 4.8, except with the
analysis on (a, c) rather than (c, b). We will establish Theorem 2.14 by considering the Maslov
index for `a(x;λ) and `b(x;λ2) along the Maslov box designated just below. As described in
Section 5, this Maslov index is computed as a spectral flow for the matrix

W̃ (x;λ) = −(Xa(x;λ) + iYa(x;λ))(Xa(x;λ)− iYa(x;λ))−1

× (Xb(x;λ2)− iYb(x;λ2))(Xb(x;λ2) + iYb(x;λ2))
−1 (6.7)

(re-defined from Section 6.1).
In this case, the Maslov Box will consist of the following sequence of contours, specified

for some values c1, c2 ∈ (a, b), c1 < c2 to be chosen sufficiently close to a and b (respectively)
during the analysis: (1) fix x = c1 and let λ increase from λ1 to λ2 (the bottom shelf); (2)
fix λ = λ2 and let x increase from c1 to c2 (the right shelf); (3) fix x = c2 and let λ decrease
from λ2 to λ1 (the top shelf); and (4) fix λ = λ1 and let x decrease from c2 to c1 (the left
shelf). (The figure is similar to Figure 6.1).

Right shelf. In this case, our calculation along the right shelf detects intersections between
`a(x;λ2) and `b(x;λ2) as x increases from c1 to c2. By construction, `a(x;λ2) and `b(x;λ2)
will have non-trivial intersection at some value x ∈ [c1, c2] with dimension m if and only if
λ2 is an eigenvalue of the operator pencil T (·) with multiplicity m. In the event that λ2 is
not an eigenvalue of T (·), there will be no crossing points along the right shelf. On the other
hand, if λ2 is an eigenvalue of T (·) with multiplicity m, then W̃ (x;λ2) will have −1 as an
eigenvalue with multiplicity m for all x ∈ [c1, c2]. In either case,

Mas(`a(·;λ2), `b(·;λ2); [c1, c2]) = 0. (6.8)

Bottom shelf. For the bottom shelf, we’re looking for intersections between `a(c1;λ) and
`b(c1;λ2) as λ increases from λ1 to λ2. Since `a(c1;λ) corresponds with solutions that lie left
in (a, b), this leads to a calculation similar to the calculation of

Mas(`α(c; ·), `b(c;λ2); [λ1, λ2]),

which arose in our analysis of the top shelf for the proof of Theorem 2.12. For the moment,
the only thing we will note about this quantity is that due to monotonicity in λ (following
similarly as in Section A.2), we have the inequality

Mas(`a(c1; ·), `b(c1;λ2); [λ1, λ2]) ≤ 0. (6.9)

Top shelf. For the top shelf, W̃ (c2;λ) detects intersections between `a(c2;λ) and `b(c2;λ2)
as λ decreases from λ2 to λ1. In this way, intersections correspond precisely with eigenvalues
of the restriction Ta,c2(·) of the maximal operator associated with (2.8) on (a, c2) to the
domain

Da,c2 := {y ∈ Da,c2,M : lim
x→a+

Ua(x;µ0, λ0)
∗Jy(x) = 0, Xb(c2;λ2)

∗Jy(c2) = 0}.
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Similarly as in Section 3, we can check that for each λ ∈ [λ1, λ2], Ta,c2(λ) is a self-adjoint
operator.

We can verify monotonicity along the top shelf almost precisely as in Section A.2, and
we can conclude from this that

Na,c2([λ1, λ2)) = −Mas(`a(c2; ·), `b(c2;λ2); [λ1, λ2]), (6.10)

where Na,c2([λ1, λ2)) denotes a count of the number of eigenvalues that Ta,c2(·) has on the
interval [λ1, λ2). (The inclusion of λ1 and exclusion of λ2 are precisely as discussed in the
proof of Theorem 2.12.)

Similarly as with Claim 6.2, we obtain the relation

Mas(`a(c2; ·), `b(c2; ·); [λ1, λ2]) = Mas(`a(c2;λ1), `b(c2; ·); [λ1, λ2])

+ Mas(`a(c2; ·), `b(c2;λ2); [λ1, λ2]).
(6.11)

Recalling that N ([λ1, λ2)) denotes the number of eigenvalues that T (·) has on the interval
[λ1, λ2), we can write

N ([λ1, λ2)) = −Mas(`a(c2; ·), `b(c2; ·); [λ1, λ2])

= −Mas(`a(c2;λ1), `b(c2; ·); [λ1, λ2])−Mas(`a(c2; ·), `b(c2;λ2); [λ1, λ2])

= Na,c2([λ1, λ2))−Mas(`a(c2;λ1), `b(c2; ·); [λ1, λ2]).

(6.12)

Left shelf. Our analysis so far leaves only the left shelf to consider, and we observe that
it can be expressed as

−Mas(`a(·;λ1), `b(·;λ2); [c1, c2]).

Using path additivity and homotopy invariance, we can sum the Maslov indices on each shelf
of the Maslov Box to arrive at the relation

Na,c2([λ1, λ2)) = Mas(`a(·;λ1), `b(·;λ2); [c1, c2])−Mas(`a(c1; ·), `b(c1;λ2); [λ1, λ2]). (6.13)

Using (6.12) and (6.13), we can now write

N ([λ1, λ2)) = Na,c2([λ1, λ2))−Mas(`a(c2;λ1), `b(c2; ·); [λ1, λ2])

= Mas(`a(·;λ1), `b(·;λ2); [c1, c2])−Mas(`a(c1; ·), `b(c1;λ2); [λ1, λ2])

−Mas(`a(c2;λ1), `b(c2; ·); [λ1, λ2]).

(6.14)

Recalling the monotonicity relation (6.9), and noting likewise the inequality

Mas(`a(c2;λ1), `b(c2; ·); [λ1, λ2]) ≤ 0,

we can conclude the inequality

N ([λ1, λ2)) ≥ Mas(`a(·;λ1), `b(·;λ2); [c1, c2]). (6.15)

The right-hand side of (6.15) is computed over the compact interval [c1, c2] on which (2.8)
can be viewed as a regular system, as analyzed in [18]. In [18], the authors show that the
direction of crossing points for such systems are all positive as x increases from c1 to c2. (See
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the statement and proof of Theorem 1.1 in [18].) It follows that as c1 → a+ and c2 → b− the
values Mas(`α(·;λ1), `b(·;λ2); [c1, c2]) are monotonically non-decreasing, and sinceN ([λ1, λ2))
is finite, we can conclude that the limit

lim
c1→a+
c2→b−

Mas(`α(·;λ1), `b(·;λ2); [c1, c2]),

must exist, and in fact that it must be the case that this limit is obtained for all c1 sufficiently
close to a (sufficiently negative if a = −∞) and all c2 sufficiently close to b (sufficiently large
if b = +∞). As noted in Remark 2.15, we denote this limit by Mas(`α(·;λ1), `b(·;λ2); (a, b)).
In this way, the first assertion of Theorem 2.14 is obtained by taking a limit on both sides
of (6.15) as c1 → a+ and c2 → b−.

For the second claim in Theorem 2.14, we observe that under the assumption that there
exists a value ca ∈ (a, b) so that for all c ∈ (a, ca)

`a(c;λ) ∩ `b(c;λ2) = {0}, ∀ λ ∈ [λ1, λ2),

we can take c1 sufficiently close to a (sufficiently negative if a = −∞) so that

Mas(`a(c1; ·), `b(c1;λ2); [λ1, λ2]) = 0,

and likewise under the assumption that there exists a value cb ∈ (a, b) so that for all c ∈ (cb, b)

`a(c;λ1) ∩ `b(c;λ) = {0}, ∀ λ ∈ [λ1, λ2),

we can take c2 sufficiently close to b (sufficiently large if b = +∞) so that

Mas(`a(c2;λ1), `b(c2; ·); [λ1, λ2]) = 0.

If follows then from (6.14) that

N ([λ1, λ2)) = Mas(`a(·;λ1), `b(·;λ2); [c1, c2])

for all such c1 and c2. The second claim of Theorem 2.14 now follows trivially upon taking
c1 → a+ and c2 → b−. �

7 Applications

In this section, we will discuss two two specific applications of our main results, though we
first need to make one further observation associated with Niessen’s approach. We recall
that the key element in Niessen’s approach is an emphasis on the matrix

A(x;µ, λ) =
1

2Imµ
Φ(x;µ, λ)∗(J/i)Φ(x;µ, λ),

where Φ(x;µ, λ) denotes a fundamental matrix for (2.8), and we clearly require Imµ 6= 0.
We saw in Section 3 that if {νj(x;µ, λ)}2nj=1 denote the eigenvalues of A(x;µ, λ), then the
number of solutions of (2.8) that lie left in (a, b) is precisely the number of these eigenvalues
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with a finite limit as x approaches a, while the number of solutions of (2.8) that lie right
in (a, b) is precisely the number of these eigenvalues with a finite limit as x approaches b.
Under Assumption (D), these numbers are constant in µ and λ on the set (C\R)× I, and so
we can categorize the limit-case (i.e., limit-point, limit-circle, or limit-m) of (2.8) at x = a
(resp. x = b) by fixing any (µ, λ) ∈ (C\R) × I and computing the values {νj(x;µ, λ)}2nj=1

as x tends to a (resp. as x tends to b). (This is precisely what we will do in our examples
below.) Furthermore, we have additionally seen in Section 3 that for each νj(x;µ, λ) (with
or without a finite limit), we can associate a (sub)sequence of eigenvectors {vj(xk;µ, λ)}∞k=1

that converges, as xk → a+, to some vaj (µ, λ) that lies on the unit circle in C2n, and similarly
for a sequence xk → b−. If νj(x;µ, λ) has a finite limit as x → a+, then Φ(x;µ, λ)vaj (µ, λ)
will lie left in (a, b), while if νj(x;µ, λ) has a finite limit as x → b−, then Φ(x;µ, λ)vbj(µ, λ)
will lie right in (a, b).

In practice, in order to construct the frames Xa(x;λi), Xb(x;λi), i = 1, 2, we would like
to fix either λ = λ1 or λ = λ2 and extend these ideas to values µ = 0. Following [20], we do
this by replacing A(x;µ, λ) with

B(x;λ) := Φ(x; 0, λ)∗J∂λΦ(x; 0, λ). (7.1)

At this point, µ is fixed at zero, so we are working directly with (2.1) rather than (2.8), but
for notational consistency we will continue to view Φ as a function of x, µ, and λ.

If we differentiate (7.1) with respect to x, we find that

B′(x;λ) = Φ(x; 0, λ)∗Bλ(x;λ)Φ(x; 0, λ), (7.2)

and upon integrating we find that we can alternatively express B(x;λ) as

B(x;λ) =

∫ x

c

Φ(ξ; 0, λ)∗Bλ(ξ;λ)Φ(ξ; 0, λ)dξ, (7.3)

where we’ve observed that since Φ(c; 0, λ) = I2n, we have B(c;λ) = 0. Recalling that Bλ(x;λ)
is self-adjoint for a.e. x ∈ (a, b), we see from this relation that B(x;λ) is self-adjoint for all
x ∈ (a, b). Consequently, the eigenvalues of B(x;λ) must be real-valued, and we denote
these values {ηj(x;λ)}2nj=1. Since B(c;λ) = 0, we can conclude that ηj(c;λ) = 0 for all
j ∈ {1, 2, . . . , 2n}, and all λ ∈ I. In addition, according to (7.2), along with Condition (B),
for each fixed λ ∈ R, the eigenvalues {ηj(x;λ)}2nj=1 will be non-decreasing as x increases. It
follows that as x → b−, each eigenvalue ηj(x;λ) will either approach +∞ or a finite limit.
In the latter case, we set

ηbj(λ) := lim
x→b−

ηj(x;λ).

Likewise, as x → a+, each eigenvalue ηj(x;λ) will either approach −∞ or a finite limit. In
the latter case, we set

ηaj (λ) := lim
x→a+

ηj(x;λ).

The following lemma can be adapted directly from Lemma 5.1 in [20].

Lemma 7.1. Let Assumptions (A) and (B) hold, and let λ ∈ [λ1, λ2] be fixed. Then the
dimension ma(0, λ) of the subspace of solutions to (2.1) that lie left in (a, b) is precisely the

46



number of eigenvalues ηj(x;λ) ∈ σ(B(x;λ)) that approach a finite limit as x→ a+. Likewise,
the dimension mb(0, λ) of the subspace of solutions to (2.1) that lie right in (a, b) is precisely
the number of eigenvalues ηj(x;λ) ∈ σ(B(x;λ)) that approach a finite limit as x→ b−.

Remark 7.2. We emphasize that as opposed to the case µ ∈ C\R, we cannot conclude
from these considerations that ma(0, λ),mb(0, λ) ≥ n. Rather, in this case we conclude
these inequalities for all λ ∈ [λ1, λ2] from Lemma 4.4 (under the assumptions stated for that
lemma).

If, for each x ∈ (a, b), we let {wj(x;λ)}2nj=1 denote an orthonormal collection of eigen-
vectors associated with the eigenvalues {ηj(x;λ)}2nj=1, then as in the proof of Lemma 2.1
of [20], we can find (for each j ∈ {1, 2, . . . , 2n}) a sequence {wj(xk;λ)}∞k=1 that converges,
as xk → a+, to some waj (λ) on the unit circle in C2n, and likewise we can find a sequence
{wj(xk;λ)}∞k=1 that converges, as xk → b−, to some wbj(λ) on the unit circle in C2n. More-
over, if ηj(x;λ) has a finite limit as x→ a+, then Φ(x; 0, λ)waj (λ) will lie left in (a, b), while
if ηj(x;λ) has a finite limit as x→ b−, then Φ(x; 0, λ)wbj(λ) will lie right in (a, b).

These considerations provide a practical method for constructing the frames Xa(x;λ) and
Xb(x;λ) that we will need in order to implement Theorems 2.12 and 2.14. Most directly,
if (2.8) is limit-point at x = a (resp., x = b), then the procedure described in the previous
paragraph will provide precisely n linearly independent solutions to (2.1) that lie left in (a, b)
(resp., right in (a, b)), and these can be taken to comprise the columns of Xa(x;λ) (resp.,
Xb(x;λ)).

More generally, Lemma 3.3 can be used to construct left and right lying solutions of (2.8)
for some (λ0, µ0) ∈ I × (C\R), and these can then be used to specify the Niessen elements
described in the lead-in to Lemma 3.4. I.e., the matrices Ua(x;µ0, λ0) and U b(x;µ0, λ0)
discussed in Section 3 can be constructed in this way. Working, for example, with the
solutions constructed above for µ = 0 that lie left in (a, b), we can identify n linearly
independent solutions to (2.1) {uaj (x;λ)}nj=1 that satisfy

lim
x→a+

Ua(x;µ0, λ0)
∗Juaj (x;λ) = 0.

This collection {uaj (x;λ)}nj=1 can be taken to comprise the columns of Xa(x;λ), and we can
proceed similarly for Xb(x;λ).

Before turning to two specific applications, we verify that our full assumptions (A)
through (F) hold for three important general cases.

7.1 Verification of Assumptions (A) through (F)

In this section, we verify that our full assumptions (A) through (F) hold for systems (2.1)
that are linear in λ (i.e., with B(x;λ) as in (2.3)), and also for systems with two common types
of nonlinear dependence on λ. While these constitute important cases in their own right,
our primary goal is to establish a straightforward framework for checking these assumptions
in additional cases that come up in applications.
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7.1.1 The Linear Case

In order to be clear that this analysis is a genuine extension of the case in which B(x;λ)
is linear in λ, we verify that our assumptions hold in the case (2.3) under the following
assumptions from [20], which include the cases considered in [14]:

(Ã) We take B0, B1 ∈ L1
loc((a, b),C2n×2n), and additionally assume that B0(x) and B1(x)

are both self-adjoint for a.e. x ∈ (a, b), with also B1(x) non-negative for a.e. x ∈ (a, b).

(B̃) If y(·;λ) ∈ ACloc((a, b),C2n) is any non-trivial solution of (2.1) with B(x;λ) as in
(2.3), then ∫ d

c

(B1(x)y(x;λ), y(x;λ))dx > 0,

for all [c, d] ⊂ (a, b), c < d.

(C̃) If m̃a(λ) denotes the dimension of the subspace of solutions to (2.1)-(2.3) (i.e., the
system (2.1) with B(x;λ) as in (2.3)) that lie left in (a, b) and m̃b(λ) denotes the dimension
of the subspace of solutions to (2.1)-(2.3) that lie right in (a, b), then the values m̃a(λ) and
m̃b(λ) are both constant for all λ ∈ C\R.

Lemma 7.3. Under Assumptions (Ã), (B̃), and (C̃), the system (2.1)-(2.3) satisfies As-
sumptions (A) through (E) for I = R, and Assumption (F) holds for all λ1, λ2 ∈ R, λ1 < λ2.

Proof. First, noting that Bλ(x;λ) = B1(x), we immediately see that Assumptions (A) hold
with b0(x) = |B0(x)| and b1(x) = |B1(x)|, and moreover that Assumption (B) is just a
restatement of Assumption (B̃) in this case.

For Assumption (C), in the case of (2.3), the norm on L2
Bλ((a, b),C2n) becomes

‖f‖Bλ =
(∫ b

a

(B1(x)f(x), f(x))dx
)1/2

,

from which it’s clear that the space L2
Bλ((a, b),C2n) is independent of λ. Likewise, the

maximal domain constructed in Definition 2.1 is based on the equation

Jy′ −B0(x)y = B1(x)f,

and so is clearly identical for all λ ∈ R (since λ doesn’t appear).
For Assumption (D), we note that in this case (2.8) can be expressed as

Jy′ = B0(x)y + (λ+ µ)B1(x)y.

By Assumption (C̃), ma(µ, λ) = m̃a(λ + µ) is constant for all λ + µ ∈ C\R, and this
condition implies that ma(µ, λ) is constant for all (λ, µ) ∈ R× (C\R), which is the first half
of Assumption (D). The condition on mb(µ;λ) follows similarly.

Turning now to Assumption (E), we observe that in the case of (2.3), we have simply

E(x;λ, λ∗) = (λ− λ∗)I,

for which Items (i) through (iv) of Assumption (E) are immediately seen to hold.
Finally, for Assumption (F), in the case of (2.3) we can write

B(x;λ2)− B(x;λ1) = (λ2 − λ1)B1(x),

making (2.14) from Remark 2.11 an immediate consequence of Assumption (B̃).
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7.1.2 Quadratic Schrödinger Systems

Next, we identify conditions under which Assumptions (A) through (F) hold for Hamiltonian
systems associated with Quadratic Schrödinger Systems

−φ′′ + V (x)φ = (λQ1(x) + λ2Q2(x))φ, φ(x) ∈ Cn,

where V (x), Q1(x), and Q2(x) are taken to be n × n matrices that will be characterized
below in Assumption (Q). Writing y =

(
y1
y2

)
with y1 = φ and y2 = φ′, we obtain the system

Jy′ = B(x;λ)y with

B(x;λ) =

(
λQ1(x) + λ2Q2(x)− V (x) 0

0 I

)
, (7.4)

and

Bλ(x;λ) =

(
Q1(x) + 2λQ2(x) 0

0 0

)
. (7.5)

We make the following assumptions on V , Q1, and Q2:

(Q) We assume Q1, Q2, V ∈ L1
loc((a, b),Rn×n), and also that Q1, Q2 ∈ L∞((a, b),Rn×n),

with Q1(x), Q2(x) and V (x) symmetric for a.e. x ∈ (a, b). In addition, we assume there
exists a closed interval I ⊂ R and a constant θ > 0 so that for each λ ∈ I the following
holds: for a.e. x ∈ (a, b)

((Q1(x) + 2λQ2(x))v, v) ≥ θ|v|2, ∀ v ∈ Rn.

Lemma 7.4. Let Assumptions (Q) hold for some closed interval I ⊂ R. Then the system
(2.1)-(7.4) satisfies Assumptions (A) through (E) on I, and Assumption (F) holds for all
λ1, λ2 ∈ I, λ1 < λ2.

Proof. Under Assumptions (Q), and for B(x;λ) and Bλ(x;λ) as in (7.4) and (7.5), we can
set

b0(x) := max
λ∈I
|B(x;λ)|, b1(x) := max

λ∈I
|Bλ(x;λ)|,

and it’s clear that Assumptions (A) hold with these choices of b0(x) and b1(x).
For (B), we take any non-trivial solution y(·;λ) ∈ ACloc((a, b),C2n) of (2.1)-(7.4), and

for any fixed λ∗ ∈ I, compute (recalling y =
(
y1
y2

)
)

‖y‖2Bλ∗ =

∫ d

c

(Bλ(x;λ∗)y(x;λ), y(x;λ))dx

=

∫ d

c

((Q1(x) + 2λ∗Q2(x))y1, y1)Cndx ≥ θ

∫ d

c

|y1(x;λ)|2dx

for all [c, d] ⊂ (a, b), c < d. If this final integral is 0, we must have y1(x;λ) = 0 for all
x ∈ (c, d), and consequently (since y2 = y′1) we must have y(x;λ) = 0 for all x ∈ (c, d).
But this contradicts the assumption that y(x;λ) is non-trivial, so we can conclude that this
integral is positive, from which (B) is immediate.
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Turning to (C), for any measurable f : (a, b) → C2n, expressed as f =
(
f1
f2

)
, and any

λ ∈ I, we can write

‖f‖2Bλ =

∫ b

a

((Q1(x) + 2λQ2(x))f1, f1)dx.

Since Q1, Q2 ∈ L∞((a, b),Cn×n), we have the inequality∫ b

a

((Q1(x) + 2λQ2(x))f1, f1)dx ≤ max
λ∈I
‖Q1(x) + 2λQ2(x)‖L∞((a,b),C2n)‖f1‖2L2((a,b),Cn),

so in particular there exists a constant C1 so that

‖f‖Bλ ≤ C1‖f1‖L2((a,b),Cn), ∀λ ∈ I. (7.6)

Likewise we have∫ b

a

((Q1(x) + 2λQ2(x))f1, f1)dx ≥ θ‖f1‖2L2((a,b),Cn), ∀λ ∈ I, (7.7)

so that
‖f‖Bλ ≥

√
θ‖f1‖L2((a,b),Cn). (7.8)

In total, we can conclude that for all λ ∈ I

L2
Bλ((a, b),C2n) = {Measurable functions f : (a, b)→ C2n : f1 ∈ L2((a, b),Cn)},

and this space is clearly independent of λ. For the second part of (C), for any fixed λ ∈ I,
we can characterize DM(λ) in this case as the collection of functions

y ∈ ACloc((a, b),C2n) ∩ L2
Bλ((a, b),C2n)

for which there exists f ∈ L2
Bλ((a, b),C2n), f =

(
f1
f2

)
, so that (using (2.6))

−y′2 + (λ2Q2(x) + V (x))y1 = (Q1(x) + 2λQ2(x))f1

y′1 = y2,
(7.9)

for a.e. x ∈ (a, b). Given that y ∈ DM(λ), for some λ ∈ I, we need to verify that for any
other λ̃ ∈ I we also have y ∈ DM(λ̃). I.e., we need to show that for any λ̃ ∈ I there exists

f̃ ∈ L2
Bλ((a, b),C2n), f̃ =

(f̃1
f̃2

)
, so that

−y′2 + (λ̃2Q2(x) + V (x))y1 = (Q1(x) + 2λ̃Q2(x))f̃1

y′1 = y2,

for a.e. x ∈ (a, b). To see this, we begin by re-writing the first equation in (7.9) as

−y′2 + (λ̃2Q2(x) + V (x))y1 = (Q1(x) + 2λQ2(x))f1 + (λ̃2 − λ2)Q2(x)y1.

In this way, we see that we need to find f̃ ∈ L2
Bλ((a, b),C2n) so that

(Q1(x) + 2λ̃Q2(x))f̃1 = (Q1(x) + 2λQ2(x))f1 + (λ̃2 − λ2)Q2(x)y1.
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Under Assumption (Q), we can write

f̃1 = (Q1(x) + 2λ̃Q2(x))−1
(

(Q1(x) + 2λQ2(x))f1 + (λ̃2 − λ2)Q2(x)y1

)
,

and it follows from the assumed L∞((a, b),C2n) bounds on Q1, Q2, and (Q1 + 2λ̃Q2)
−1 that

f̃1 ∈ L2((a, b),Cn), so that f̃ ∈ L2
Bλ((a, b),C2n).

Our verification of Assumption (D) will make use of ideas developed during our verifica-
tion of Assumption (E), so we turn next to this latter case, for which we begin by identifying
the function E(x;λ, λ∗) so that

B(x;λ)− B(x;λ∗) = Bλ(x;λ∗)E(x;λ, λ∗).

In this case, the relation can be expressed as

(λ− λ∗)
(
Q1(x) + (λ+ λ∗)Q2(x) 0

0 0

)
=

(
Q1(x) + 2λ∗Q2(x) 0

0 0

)(
E11 E12
E21 E22

)
,

where we’re using the block notation

E(x;λ, λ∗) =

(
E11(x;λ, λ∗) E12(x;λ, λ∗)
E21(x;λ, λ∗) E22(x;λ, λ∗)

)
.

We may as well take E12 = E21 = E22 = 0, requiring only

(λ− λ∗)(Q1(x) + (λ+ λ∗)Q2(x)) = (Q1(x) + 2λ∗Q2(x))E11.

Since Q1(x) + 2λ∗Q2(x) is positive definite for a.e. x ∈ (a, b) we can write

E11(x;λ, λ∗) = (λ− λ∗)(Q1(x) + 2λ∗Q2(x))−1(Q1(x) + (λ+ λ∗)Q2(x)), (7.10)

and likewise

∂λE11(x;λ, λ∗) = (Q1(x) + 2λ∗Q2(x))−1(Q1(x) + 2λQ2(x)). (7.11)

For Assumption (E)(i), we need to determine the behavior of E(·;λ, λ∗) as a map from
L2
Bλ((a, b),Cn) to itself. Here, for any f ∈ L2

Bλ((a, b),Cn), expressed as f =
(
f1
f2

)
, we can

write

‖E(·;λ, λ∗)f‖2Bλ∗ =

∫ b

a

(E(x;λ, λ∗)f(x))∗Bλ(x;λ∗)E(x;λ, λ∗)f(x)dx

=

∫ b

a

(E11(x;λ, λ∗)f1(x))∗(Q1(x) + 2λ∗Q2(x))E11(x;λ, λ∗)f1(x)dx

≤ ‖E11(·;λ, λ∗)‖2L∞‖Q1(·) + 2λ∗Q2(·)‖L∞‖f1‖2L2 ,

where each norm in this last expression is unweighted and computed on (a, b). Under our
assumptions on Q1(x) and Q2(x), the multiplier of ‖f1‖2L2 is bounded, and in light of (7.8)
we can conclude that there exists a constant C2 so that

‖E(·;λ, λ∗)‖ ≤ C2‖E11(·;λ, λ∗)‖L∞ , (7.12)
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from which it’s clear that E(·;λ, λ∗) ∈ B(L2
Bλ((a, b),C2n)).

For Assumption (E)(ii), we see from (7.10) that

‖E11(·;λ, λ∗)‖L∞ ≤ |λ− λ∗|‖(Q1(·) + 2λ∗Q2(·))−1‖L∞‖Q1(·) + (λ+ λ∗)Q2(·)‖L∞ ,

from which it’s clear from (7.12) that ‖E(·;λ, λ∗)‖ = O(|λ − λ∗|) for λ near λ∗, which is
stronger than the claim.

For Assumption (E)(iii), we see from (7.11) that for a.e. x ∈ (a, b), Eλ(x;λ, λ∗) is
continuous in λ. In order to verify that E(·;λ, λ∗) is differentiable in λ as a map from I to
B(L2

Bλ((a, b),C2n)), we let ε(h;λ) ∈ B(L2
Bλ((a, b),C2n)) be the operator so that

E(·;λ+ h, λ∗) = E(·;λ, λ∗) + Eλ(·;λ, λ∗)h+ ε(h;λ)h,

and our goal is to show that
lim
h→0
‖ε(h;λ)‖ = 0. (7.13)

Using (7.10) and (7.11) we find that

ε(h;λ) = h

(
(Q1(·) + 2λ∗Q2(·))−1Q2(·) 0

0 0

)
,

from which (7.13) follows from our previous calculations. As expected, the derivative of
E(·;λ, λ∗) is precisely the usual partial derivative ∂E

∂λ
(·;λ, λ∗), and we need to verify that this

latter operator is continuous on Iλ∗,r. For this, we fix any λ0 ∈ I, and observe that for any
other λ ∈ I, we can write

∂λE11(x;λ, λ∗)− ∂λE11(x;λ0, λ∗) = 2(λ− λ0)(Q1(x) + 2λ∗Q2(x))−1Q2(x).

Proceeding similarly as in the calculations leading to (7.12), we find that there exists a
constant C3 so that

‖∂λE11(x;λ, λ∗)− ∂λE11(x;λ0, λ∗)‖ ≤ C3|λ− λ0|,

which is more than we require.
Turning to Assumption (E)(iv), given any f, g ∈ L2

Bλ((a, b),C2n), expressed as f =
(
f1
f2

)
and g =

(
g1
g2

)
, we can compute directly to see that

f(x)∗Bλ(x;λ)g(x) = f1(x)∗(Q1(x) + 2λQ2(x))g1(x)

= f1(x)∗Q1(x)g1(x) + 2λf1(x)∗Q2(x)g1(x).

It follows that we can take the function h specified in Assumption (E)(iv) to be

h(x) := |f1(x)∗Q1(x)g1(x)|+ 2K|f1(x)∗Q2(x)g1(x)|,

where
K = max{|λ| : λ ∈ I}.

This completes the verification of Assumption (E), and at this point, we return to estab-
lishing Assumption (D), which we recall addresses the dimension ma(µ;λ) of the space of
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solutions to (2.8) that lie left in (a, b), and the dimension mb(µ;λ) of the space of solutions
to (2.8) that lie right in (a, b). For a fixed value λ0 ∈ I, suppose B(x;λ0) and Bλ(x;λ0) have
real-valued entries for a.e. x ∈ (a, b). Then we can conclude from Theorem V.2.2 in [24] that
ma(µ;λ0) is constant for all µ ∈ C\R, and similarly for mb(µ;λ0). For Assumption (D), we
need to additionally check that ma(µ;λ) and mb(µ;λ) remain constant as λ varies as well.
For this, we can establish the following lemma, which we prove in the appendix.

Lemma 7.5. Let Assumptions (A) through (C) hold, along with Assumptions (E), and
suppose that for each λ0 ∈ I the values ma(µ, λ0) (from Definition 2.4) are constant for all
µ ∈ C\R, and likewise for the values mb(µ, λ0). In addition, assume that for each λ0 ∈ I

‖Eλ(·;λ, λ0)− I‖ = o(1), λ→ λ0.

Then the values ma(µ;λ) are constant for all (µ, λ) ∈ (C\R)× I, and likewise for the values
mb(µ;λ).

The key observation in this lemma is that Assumption (D) now follows from the condition

‖Eλ(·;λ, λ0)− I‖ = o(1), λ→ λ0. (7.14)

For this, we first use (7.11) to write

∂λE11(x;λ, λ0)− I = (Q1(x) + 2λ0Q2(x))−1
{

(Q1(x) + 2λQ2(x))− (Q1(x) + 2λ0Q2(x))
}

= 2(λ− λ0)(Q1(x) + 2λ0Q2(x))−1Q2(x),

from which it follows similarly as in the calculations leading to (7.12) that there exists a
constant C4 so that

‖Eλ(·;λ, λ0)− I‖ ≤ C4|λ− λ0|.

The claim (7.14) is now immediate.
Last, we verify Assumption (F). For this, we fix any λ1, λ2 ∈ I, λ1 < λ2, and compute

B(x;λ2)− B(x;λ1) =

(
(λ2 − λ1)(Q1(x) + (λ1 + λ2)Q2(x)) 0

0 0

)
.

Since (λ1 + λ2)/2 ∈ [λ1, λ2] ⊂ I, we can conclude from Assumptions (Q) that the matrix
Q1(x) + (λ1 +λ2)Q2(x) is positive definite, and consequently that B(x;λ2)−B(x;λ1) is non-
negative. In addition, the second part of Assumption (F) follows similarly as Assumption
(B), using Remark 2.11.

7.1.3 Degenerate Sturm-Liouville Systems

In this section, we consider systems

Lφ = −(P (x)φ′)′ + V (x)φ = λφ, (7.15)

with degenerate matrices

P (x) =

(
P11(x) 0

0 0

)
.
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Here, for some 0 < m < n, P11 ∈ ACloc((a, b),Cm×m) is a map into the space of self-
adjoint matrices. We assume P11(x) is invertible for all x ∈ (a, b), and additionally that
V ∈ C((a, b),Cn×n). For notational convenience, we will write

V (x) =

(
V11(x) V12(x)
V12(x)∗ V22(x)

)
, (7.16)

where for each x ∈ (a, b), V11(x) is a self-adjoint m ×m matrix, V12(x) is an m × (n −m)
matrix, and V22(x) is a self-adjoint (n−m)× (n−m) matrix. We will write

φ =

(
φ1

φ2

)
; φ1(x;λ) ∈ Cm; φ2(x;λ) ∈ Cn−m,

allowing us to express the system (7.15) as

−(P11(x)φ′1)
′ + V11(x)φ1 + V12(x)φ2 = λφ1

V12(x)∗φ1 + V22(x)φ2 = λφ2.
(7.17)

First, it follows from Theorem 2.2 of [1] that the essential spectrum associated with (7.17)
contains (though might not be limited to) the union of the ranges of the eigenvalues of V22(x)
as x ranges over (a, b). More precisely, let {νk(x)}n−mk=1 denote the eigenvalues of V22(x), and
let Rk denote the range of νk : (a, b) → R. Then the essential spectrum associated with
(7.17) contains the set

R :=
n−m⋃
k=1

Rk.

For values λ /∈ R, we can eliminate φ2 from (7.17) to obtain the system

−(P11(x)φ′1)
′ + V11(x)φ1 + V12(x)(λI − V22(x))−1V12(x)∗φ1 = λφ1.

We can express this system as a first-order system in the usual way, writing y1 = φ1 and
y2 = P11φ

′
1. In this way, we obtain (2.1) with

B(x;λ) =

(
λI −V(x;λ) 0

0 P11(x)−1

)
, (7.18)

where we’ve set
V(x;λ) = V11(x) + V12(x)(λI − V22(x))−1V12(x)∗.

In order to analyze the system (2.1)-(7.18) using our general framework, we need to verify
Assumptions (A) through (F). In order to do this, we make the following assumptions.

(DSLS) For (2.1)-(7.18), assume P11 ∈ ACloc((a, b),Rm×m), with P11(x) self-adjoint for all
x ∈ (a, b), and also that there exists a constant θ > 0 so that

(P11(x)v, v) ≥ θ|v|2, ∀x ∈ (a, b), v ∈ Cn.

In addition, for V as in (7.16), suppose V ∈ C((a, b),Rn×n), and also that there exists a
constant C so that

|V12(x)|, |V22(x)| ≤ C, ∀x ∈ (a, b).
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Lemma 7.6. Let Assumptions (DSLS) hold, and fix any interval I = [λ1, λ2], λ1 < λ2,
for which there exists some δ > 0 so that for any x ∈ (a, b) if ν(x) is any eigenvalue of
V22(x) then either ν(x) ≤ λ1 − δ or ν(x) ≥ λ2 + δ. Then the system (2.1)-(7.18) satisfies
Assumptions (A) through (F) on I.

Proof. For Assumption (A), we observe that it follows from our assumptions on V (x) that
for each λ ∈ [λ1, λ2] the matrix norm |V(x;λ)| is uniformly bounded for all x ∈ (a, b). It
follows from compactness of [λ1, λ2] that we can set

b0(x) := max
λ∈[λ1,λ2]

|B(x;λ)|,

and conclude that for any compact interval [c, d] ⊂ (a, b), c < d, there exists a constant Cc,d
0

so that b0(x) ≤ Cc,d
0 for all x ∈ (a, b). It follows immediately that b0 ∈ L1

loc((a, b),R), and
that |B(x;λ)| ≤ b0(x) for all x ∈ (a, b), λ ∈ [λ1, λ2]. Next, computing directly, we can write

Bλ(x;λ) =

(
I −Vλ(x;λ) 0

0 0

)
, (7.19)

where
Vλ(x;λ) = −V12(x)(λI − V22(x))−2V12(x)∗. (7.20)

Similarly as with B(x;λ), we can set

b1(x) := max
λ∈[λ1,λ2]

|Bλ(x;λ)|,

and conclude that for any compact interval [c, d] ⊂ (a, b), c < d, there exists a constant Cc,d
1

so that b1(x) ≤ Cc,d
1 for all x ∈ (a, b). It follows immediately that b1 ∈ L1

loc((a, b),R), and
that |Bλ(x;λ)| ≤ b1(x) for all x ∈ (a, b), λ ∈ [λ1, λ2].

For Assumption (B), we let y(·;λ) ∈ ACloc((a, b),C2m) be any non-trivial solution of
(2.1)-(7.18), expressed as y =

(
y1
y2

)
, and for any [c, d] ⊂ (a, b), c < d, compute∫ d

c

(Bλ(x;λ)y(x;λ), y(x;λ))dx =

∫ d

c

(
(I −Vλ(x;λ))y1(x;λ), y1(x;λ)

)
dx. (7.21)

It’s clear from (7.20) that Vλ(x;λ) is non-positive, and so I−Vλ(x;λ) is positive definite for
all x ∈ [c, d] and all λ ∈ [λ1, λ2]. We can conclude that (7.21) can only be 0 if y1(x;λ) = 0
for all x ∈ [c, d], and in this case we must also have y2(x;λ) = 0 for all x ∈ [c, d]. But this
contradicts our assumption that y(x;λ) is a non-trivial solution, allowing us to conclude that
the left-hand side of (7.21) must be positive; i.e., that Assumption (B) must hold.

For Assumption (C), we first observe that given any measurable function f , expressed
as f =

(
f1
f2

)
, we can write∫ b

a

(Bλ(x;λ)f(x), f(x))dx =

∫ b

a

((I −Vλ(x;λ))f1(x), f1(x))dx.

Since Vλ(x;λ) is non-positive we see that

|((I −Vλ(x;λ))f1(x), f1(x))| ≥ |f1(x)|2
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for a.e. x ∈ (a, b), and in addition, under Assumptions (DSLS), there exists a constant C1

so that
|((I −Vλ(x;λ))f1(x), f1(x))| ≤ C1|f1(x)|2.

Similarly as in Section 7.1.2, we can conclude that

L2
Bλ((a, b),C2n) = {Measurable functions f : (a, b)→ C2n : f1 ∈ L2((a, b),Cn)},

and this space is independent of λ.
Turning to the second part of Assumption (C), a function

y ∈ ACloc((a, b),C2m) ∩ L2
Bλ((a, b),C2m)

is in DM(λ) if and only if there exists some f ∈ L2
Bλ((a, b),C2m), expressed as f =

(
f1
f2

)
, so

that (
−y′2
y′1

)
−
(

(λI −V(x;λ))y1
P11(x)−1y2

)
=

(
(I −Vλ(x;λ))f1

0

)
, (7.22)

for a.e. x ∈ (a, b). For λ, λ̃ ∈ [λ1, λ2], in order to show that DM(λ) and DM(λ̃) are identical
sets, it is sufficient to show the following: given that we can find f1 ∈ L2((a, b),Cm) for
which (7.22) holds, we can find f̃1 ∈ L2((a, b),Cm) for which the same relations hold with λ
replaced by λ̃. As a starting point, we can rearrange the first equation in (7.22) as

−y′2 − (λ̃I −V(x; λ̃))y1 = −(λ̃I −V(x; λ̃))y1 + (λI −V(x;λ))y1 + (I −Vλ(x;λ))f1.

We see from this that we need to find f̃1 ∈ L2((a, b),Cm) so that{
(λI −V(x;λ))− (λ̃I −V(x; λ̃))

}
y1 + (I −Vλ(x;λ))f1 = (I −Vλ(x; λ̃))f̃1.

We’ve seen that under Assumptions (DSLS) the matrix I − Vλ(x; λ̃) is invertible for all
x ∈ (a, b), allowing us to solve for f̃1 as

f̃1(x) = (I −Vλ(x; λ̃))−1
{

(λ− λ̃)y1 − (V(x;λ)−V(x; λ̃))y1 + (I −Vλ(x;λ))f1

}
.

Here,

V(x;λ)−V(x; λ̃) = −(λ− λ̃)V12(x)(λI − V22(x))−1(λ̃I − V22(x))−1V12(x)∗, (7.23)

from which it follows from Assumptions (DSLS) that there exists a constant C2 so that

‖V(·;λ)−V(·; λ̃)‖L∞((a,b),Cm×m) ≤ C2|λ− λ̃|,

for all λ, λ̃ ∈ [λ1, λ2]. Using the L∞((a, b),Cm×m) control we have on (λ̃I − Vλ(x; λ̃))−1

and V(x;λ) − V(x; λ̃), along with L2((a, b),Cm) control on y1 and f1, we see that f̃1 ∈
L2((a, b),Cm) as required.

Similarly as in Section 7.1.2, we will next verify Assumption (E), then return to the
verification of Assumption (D). For Assumption (E), we begin by identifying the function
E(x;λ, λ∗). In this case,

B(x;λ)− B(x;λ∗) =

(
(λ− λ∗)I − (V(x;λ)−V(x;λ∗)) 0

0 0

)
, (7.24)
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and by comparing this with Bλ(x;λ∗) (from 7.19), we see that we can express E(x;λ, λ∗) as

E(x;λ, λ∗) =

(
E11(x;λ, λ∗) 0

0 0

)
,

with

E11(x;λ, λ∗) = (I −Vλ(x;λ∗))
−1
{

(λ− λ∗)I − (V(x;λ)−V(x;λ∗))
}
. (7.25)

(Here, the entries in the bottom row of E(x;λ, λ∗) don’t have a role in the analysis, and are
chosen to be zero for simplicity.) Computing directly, we also see that

∂λE11(x;λ, λ∗) = (I −Vλ(x;λ∗))
−1(I −Vλ(x;λ)). (7.26)

For Assumptions (E)(i) and (E)(ii), we observe that for any f ∈ L2
Bλ((a, b),C2m), ex-

pressed as f =
(
f1
f2

)
, we have

‖E(·;λ, λ∗)f‖2Bλ =

∫ b

a

(E11(x;λ, λ∗)f1(x))∗(I −Vλ(x;λ))E11(x;λ, λ∗)f1(x)dx,

for which we can combine (7.25) with (7.23) (with λ∗ in place of λ̃ in the latter) to see that
there exists a constant C3 so that

‖E(·;λ, λ∗)‖ ≤ C3|λ− λ∗|. (7.27)

Assumptions (E)(i) and (E)(ii) both follow immediately.
For Assumption (E)(iii), it’s clear from (7.26) that for a.e. x ∈ (a, b), Eλ(x;λ, λ∗) is

continuous in λ. In order to verify that E(·;λ, λ∗) is differentiable as a map from Iλ∗,r ⊂ I
to B(L2

Bλ((a, b),C2n)), we let ε(h;λ) ∈ B(L2
Bλ((a, b),C2n)) be the operator so that

E(·;λ+ h, λ∗) = E(·;λ, λ∗) + Eλ(·;λ, λ∗)h+ ε(h;λ)h,

and our goal is to show that
lim
h→0
‖ε(h;λ)‖ = 0. (7.28)

Using (7.25) and (7.26) we find that

ε(h;λ) =

(
ε11(h;λ) 0

0 0

)
,

where

ε11(h;λ) = −h(I −Vλ(·;λ∗))−1V12(·)((λ+ h)I − V22(·))−1(λI − V22(·))−2V12(x)∗.

Proceeding now similarly as in the calculations leading to (7.27), we find that (7.28) holds.
As expected, the derivative of E(·;λ, λ∗) is precisely the usual partial derivative ∂E

∂λ
(·;λ, λ∗),

and we need to verify that this latter operator is continuous on Iλ∗,r ⊂ I. For this, we fix
any λ0 ∈ Iλ∗,r, and observe that for any other λ ∈ Iλ∗,r, we can write

∂λE11(x;λ, λ∗)− ∂λE11(x;λ0, λ∗) = −(I −Vλ(x;λ∗))
−1(Vλ(x;λ)−Vλ(x;λ0)). (7.29)
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Focusing on the difference Vλ(x;λ)−Vλ(x;λ∗), we can write

Vλ(x;λ)−Vλ(x;λ0) = −V12(x)
{

((λI − V22(x))−1)∗(λI − V22(x))−1

− ((λ0I − V22(x))−1)∗(λ0I − V22(x))−1
}
V12(x)∗

= −V12(x)((λI − V22(x))−1)∗
{

(λI − V22(x))−1 − (λ0I − V22(x))−1
}
V12(x)∗

+ V12(x)
{

(λI − V22(x))−1 − (λ0I − V22(x))−1
}

(λ0I − V22(x))−1V12(x)∗

= −(λ− λ0)V12(x)
{

((λI − V22(x))−1)2(λ0I − V22(x))−1

+ (λI − V22(x))−1((λ0I − V22(x))−1)2
}
V12(x)∗.

(7.30)

Combining this relation with (7.29), we find that there exists a constant C4 so that

‖∂λE(·;λ, λ∗)− ∂λE(·;λ0, λ∗)‖ ≤ C4|λ− λ0|,

which implies continuity.
For Assumption (E)(iv), we let f, g ∈ L2

Bλ((a, b),C2m) and observe that

|f(x)∗Bλ(x;λ)g(x)| = |f1(x)∗(I −Vλ(x;λ))g1(x)|.

If we set
h̃(x) := max

λ∈[λ1,λ2]
‖I −Vλ(x;λ)‖L∞((a,b),Cm×m),

then according to Assumptions (DSLS) (and using compactness of [λ1, λ2]), there exists a
constant C5 so that |h̃(x)| ≤ C5 for all x ∈ (a, b). It follows that Assumption (E)(iv) is
satisfied with

h(x) := h̃(x)2|(I −Vλ(x;λ∗))
−1||f1(x)||g1(x)|.

At this point, we return to establishing Assumption (D), which now follows via Lemma
7.5 from the condition

‖Eλ(·;λ, λ0)− I‖ = o(1), λ→ λ0.

For this, we first use (7.26) to write

∂λE11(x;λ, λ∗)− I = (I −Vλ(x;λ∗))
−1(I −Vλ(x;λ))− I

= (I −Vλ(x;λ∗))
−1
{

(I −Vλ(x;λ))− (I −Vλ(x;λ∗))
}

= (I −Vλ(x;λ∗))
−1(Vλ(x;λ)−Vλ(x;λ∗)).

In view of (7.30), we can conclude that there exists a constant C6 so that

‖∂λE11(x;λ, λ∗)− I‖L∞((a,b),Cm×m) ≤ C6|λ− λ∗|,

which is stronger than we require.
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Finally, for Assumption (F) we see from (7.24) (with λ1 and λ2 respectively in place of
λ∗ and λ) that we need to understand the matrix V(x;λ2)−V(x;λ1). Using (7.23), we can
write

V(x;λ2)−V(x;λ1) = −(λ2 − λ1)V12(x)(λ2I − V22(x))−1(λ1I − V22(x))−1V12(x)∗.

In order to understand the sign of this resulting matrix, we observe by spectral mapping
that for each x ∈ (a, b) the eigenvalues of the matrix (λ2I − V22(x))−1(λ1I − V22(x))−1 are
precisely the values (λ2 − ν(x))−1(λ1 − ν(x))−1, where ν(x) is an eigenvalue of V22(x).

If ν(x) is an eigenvalue of V22(x), then by assumption we have either ν(x) + δ < λ1 or
ν(x)− δ > λ2. In the former case, we have λ1 − ν(x) > δ, which also implies λ2 − ν(x) > δ,
so that

1

(λ1 − ν(x))(λ2 − ν(x))
> 0. (7.31)

Likewise, if ν(x)− δ > λ2 then we have λ2 − ν(x) < −δ, which also implies λ1 − ν(x) < −δ,
so that the left-hand side of (7.31) is again positive. We conclude that for every x ∈
(a, b), the eigenvalues of the matrix (λ2I − V22(x))−1(λ1I − V22(x))−1 are all positive, and
consequently the matrix V(x;λ2)−V(x;λ1) is necessarily non-positive (and negative definite
if rankV12(x) = m). Since λ2 > λ1, it follows that the matrix

(λ2 − λ1)I − (V(x;λ2)−V(x;λ1))

is positive-definite. In this way, we see that B(x;λ2)−B(x;λ1) is non-negative. In addition,
if y(·;λ1) ∈ ACloc((a, b),C2m) is any solution of Jy′ = B(x;λ1)y, then for any interval
[c, d] ⊂ (a, b), c < d,∫ d

c

((B(x;λ2)− B(x;λ1))y1(x;λ1), y(x;λ1))dx

=

∫ d

c

(((λ2 − λ1)I − (V(x;λ2)−V(x;λ1))y1(x;λ1), y1(x;λ1))dx,

and this must be strictly positive unless y1(x;λ1) = 0 for all x ∈ (c, d). But since y2 =
P11(x)−1y1, this would contradict the assumption that y(x;λ) is a non-trivial solution. This
completes the verification of Assumption (F), and so concludes the verifications of Assump-
tions (A) through (F).

7.2 Specific Applications

In this section, we apply our framework to a specific case of the quadratic Schrödinger equa-
tion, and to an equation of Hain-Lüst type arising in the study of magnetohydrodynamics.

7.2.1 Quadratic Schrödinger Equation

When Schrödinger’s equation for the hydrogen atom is expressed in spherical coordinates
and analyzed by separation of variables, the resulting radial equation can be expressed as

Hφ := − 1

x2
(x2φ′)′ − γ

x
φ+

`(`+ 1)

x2
φ = λφ, x ∈ (0,∞), (7.32)
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where γ > 0 is a physical constant and ` is a non-negative integer associated with angular
momentum (see, e.g., Chapter 12 in [11]). In the case ` = 0, the change of dependent variable
ψ = xφ reduces (7.32) to

Hψ := −ψ′′ − γ

x
ψ = λψ. (7.33)

Equations (7.32) (with ` = 0) and (7.33) were analyzed in [20] with the renormalized os-
cillation approach, and in this section we extend that analysis to the case in which (7.33)
is augmented with a quadratic nonlinearity in λ. As background for this, we observe that
in the setting of (7.32) eigenvalues λ correspond with energies, and additionally that these
energies can affect the potential function so that Schrödinger’s equation becomes nonlinear
in the spectral parameter,

−ψ′′ + V (x;λ)ψ = λψ (7.34)

(see, e.g., [21]). In particular, in [21], the authors consider potentials V (x;λ) of the forms

V ±(x;λ) = U(x)± 2
√
λQ(x),

with U(x) andQ(x) appropriately specified, leading to Schrödinger’s equations with quadratic
dependence on a spectral parameter κ :=

√
λ. For the current analysis, we take precisely

this form with U(x) = −γ
x

and the choice V +(x;λ) to obtain

Hψ = −ψ′′ − γ

x
ψ = −2κQ(x)ψ + κ2ψ. (7.35)

As discussed in [21], the eigenvalues of interest in (7.35) are negative-real, so κ is purely
imaginary. In order to work with a real spectral parameter, we write κ = iτ , and for a
specific example, we adopt from [21] a form of Q(x), which we index with a parameter δ ≥ 0
to study its effect on the location of the eigenvalues. In particular, we use

Q(x; δ) :=
iδ

2

e−x/2

1− .5e−x/2
.

Combining these observations, we arrive at the family of equations

Hψ = −ψ′′ + V (x)ψ = (Q1(x; δ)λ+Q2(x)λ2)ψ, x ∈ (0,∞), (7.36)

where V (x) = −γ
x
,

Q1(x; δ) =
δ

2

e−x/2

1− .5e−x/2
,

Q2(x) = −1, and we are using λ rather than τ to denote the spectral parameter. For the
calculations carried out below we will complete the specification of H by taking γ = 4.

The first step of our analysis of (7.36) is to verify that Assumptions (Q) from Section 7.1.2
are satisfied. For this, we first observe by inspection that V,Q1, Q2 ∈ L1

loc((0,∞),R), and
also that Q1, Q2 ∈ L∞((0,∞),R). In addition, since V , Q1, and Q2 are all functions mapping
into the real numbers they are immediately symmetric when viewed as 1× 1 matrices. For
the final assumption in (Q), we can write

Q1(x) + 2λQ2(x) =
δ

2

e−x/2

1− .5e−x/2
− 2λ ≥ −2λ,
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so the condition is satisfied on any interval I = [λ1, λ2], λ1 < λ2, for which λ2 < 0.
Next, we fix a particular interval [λ1, λ2] that will remain unchanged throughout the

analysis. In order to anchor our work to the case in which λ appears linearly, we will start
by thinking about the case δ = 0, for which (7.36) becomes

−ψ′′ + V (x)ψ = −λ2ψ. (7.37)

This is precisely the case analyzed in [20], except that in [20] the appearance of −λ2 here
is replaced by λ ≤ 0. As discussed in [20], the eigenvalues (with appropriate boundary
conditions, discussed in detail below) are known to be

λ = ± γ

2n
, n = 1, 2, 3, . . . .

The lowest four eigenvalues are −2, −1, −2
3
, and −1

2
, and in order to focus on the first three

of these we will take λ1 = −3 and λ2 = −7/12.
In the usual way, we will express (7.36) as a first-order system by setting y1 = ψ and

y2 = ψ′. We obtain (2.1) with

B(x;λ) =

(
λδ
2

e−x/2

1−.5e−x/2 − λ
2 + γ

x
0

0 1

)
. (7.38)

For each λ ∈ [−3,−7/12], the maximal operator TM(λ) is now defined precisely as in Defi-
nition 2.1, Part (ii).

Our starting point for the analysis is to determine the limit-case of (2.1) with (7.38). For
this, we fix any λ0 ∈ [−3,−7/12] and any µ0 ∈ C\R, and we consider the linear Hamiltonian
system

Jy′ = B(x;λ0)y + µ0Bλ(x;λ0)y. (7.39)

Specifically, we will take λ0 = −1 and µ0 = i. We let Φ(x; i,−1) denote a fundamental
matrix for this system specified with Φ(1; i,−1) = I2 (i.e., we take c = 1 in our general
development). With A(x; i,−1) correspondingly defined as in (3.5), the value m0(i,−1)
can be determined by considering the eigenvalues of A(x; i,−1) as x → 0+, and the value
m∞(i,−1) can be determined by considering the eigenvalues of A(x; i,−1) as x→ +∞. We
denote the eigenvalues of A(x; i,−1) by {νj(x; i,−1)}2j=1, and proceeding numerically, we
find that for the case δ = 0 we approximately have

ν1(ε; i,−1) = −1.3305

ν2(ε; i,−1) = .1879,
(7.40)

and
ν1(10; i,−1) = −1.0302× 10−8

ν2(10; i,−1) = 2.7857× 107,

where here and below we are taking ε = 10−10 as a suitably small value for the approxi-
mations. From the first pair we expect that m0(i;−1) = 2, from which we can conclude
from Assumption (D) (verified for this case in Section 7.1.2) that m0(µ, λ) = 2 for all
λ ∈ [−3,−7/12] and µ ∈ C\R. By definition, then, TM(λ) is in the limit-circle case at x = 0
for all λ ∈ [−3,−7/12]. Likewise, m∞(i;−1) = 1, from which we can conclude that TM(λ) is
in the limit-point case at x =∞ for all λ ∈ [−3,−7/12]. Finally, we note that similar values
and conclusions hold for the cases δ = 1 and δ = 5, though we omit details in those cases.
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Remark 7.7. Throughout this section, our numerical calculations are intended only to il-
lustrate the theory, and we make no effort to rigorously justify either the values we obtain
or the conclusions we draw from them. For example, in this last calculation, we have not
attempted to find a rigorous error interval for the values of ν1(10−10; i,−1), ν2(10−10; i,−1),
and ν1(10; i,−1), and we offer no additional direct justification that ν2(x; i,−1) is indeed
tending to +∞ as x tends to +∞. Nonetheless, we observe that in the current relatively
simple setting the associated observations about limiting behavior can be verified rigorously
using Frobenius regular singular-point theory as x → 0+ (as described, e.g., in Section 5.6
of [2]) and a standard asymptotic analysis as x → +∞ (as in [19]). Finally, we note that
in all of our numerical calculations, we work with more precise numbers than those given in
the text.

Since TM(λ) is in the limit-point case at x = +∞, no boundary condition is necessary
on that side, but on the left we must specify a boundary condition based on a choice of
Niessen elements. As discussed in Section 5.2 of [20], it’s natural in physical arguments to
specify boundary conditions so that solutions of (7.32) remain bounded as x→ 0+. Through
the map ψ = xφ, such solutions correspond with solutions of (7.33) for which ψ(x;λ) → 0
as x → 0+. Motivated by these observations, we will choose the Niessen elements for our
boundary condition at x = 0 so that solutions vanish as x→ 0+.

As discussed in Section 3, the Niessen space associated with x = 0 comprises two solutions
to (7.39), constructed as

y01(x; i,−1) = Φ(x; i,−1)v01(i,−1), y02(x; i,−1) = Φ(x; i,−1)v02(i,−1),

where v01(i,−1) and v02(i,−1) are respectively vectors obtained as limits (x → 0+) of eigen-
vectors of A(x; i,−1) associated respectively with the eigenvalues ν1(x; i,−1) and ν2(x; i,−1)
(obtained as described in Lemma 3.3). For computational purposes, we approximate these
vectors in the case δ = 0 with

v01(i,−1) ∼= v1(ε; i,−1) =

(
.8631

−.1762 + 4733i

)
;

v02(i,−1) ∼= v2(ε; i,−1) =

(
.1762 + 4733i

.8631

)
.

Remark 7.8. We see in these calculations that

v02(i;−1) = Jv01(i;−1),

where the overbar denotes complex conjugate. In order to verify that this is generally the
case, we first recall the identities

Φ(x; µ̄;λ)∗JΦ(x;µ, λ) = J

Φ(x; µ̄, λ) = Φ(x;µ, λ).
(7.41)

The first of these is equation (2.7) from [20], and the second follows from (7.39) since B(x;λ)
has real-valued entries. Now, suppose ν1 is an eigenvalue of A(x;µ, λ) with eigenvector v1
so that

1

2 Imµ
Φ(x;µ, λ)∗(J/i)Φ(x;µ, λ)v1 = ν1v1.
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If we take the complex conjugate of this relation, we obtain

1

2 Imµ
Φ(x; µ̄, λ)∗(J/i)Φ(x; µ̄, λ)v̄1 = ν1v̄1, (7.42)

where we have recalled that ν1 ∈ R. According to (7.41), the matrix −JΦ(x;µ, λ)J is the
inverse of Φ(x; µ̄, λ)∗, so if we multiply (7.42) on the left by −Φ(x;µ, λ)∗JΦ(x;µ, λ)J we
obtain the relation

1

2 Imµ
(J/i)v̄1 = ν1Φ(x;µ, λ)∗JΦ(x;µ, λ)Jv̄1.

Rearranging, we see that

1

2 Imµ
Φ(x;µ, λ)∗(J/i)Φ(x;µ, λ)Jv̄1 = − 1

(2 Imµ)2ν1
Jv̄1,

showing that if ν1 is an eigenvalue of A(x;µ, λ) with eigenvector v1 then ν2 = −1/((2 Imµ)2ν1)
is an eigenvalue of A(x;µ, λ) with eigenvector v2 = Jv̄1. (Cf. Lemma 2.2 in [20].)

Our boundary conditions at x = 0 will be specified via a vector function

U0(x; i,−1) = y01(x; i,−1) + βz01(x; i,−1)

= Φ(x; i,−1)(v01(i,−1) + βv02(i,−1)),
(7.43)

where β is taken to be a complex number so that

|β| =
√
−ν01(i,−1)/ν02(i,−1).

Using (7.40), we can approximate the right-hand side of this relation with√
−ν1(ε; i,−1)/ν2(ε; i,−1) = 2.6609.

We’ve seen that the physical boundary condition we expect is

lim
x→0+

y(x;λ) =

(
0
1

)
(the value 1 taken as a choice of scaling), and with y(x;λ) = Φ(x; 0, λ)w we can identify the
vector w by computing

w = lim
x→0+

Φ(x; 0, λ)−1
(

0
1

)
.

Precisely, we fix λ = λ1 = −3, and approximate w with

w ∼= Φ(ε; 0,−3)−1
(

0
1

)
=

(
.4720
.8816

)
.

The boundary condition that we would like to identify will have the form

lim
x→0+

U0(x; i,−1)∗JΦ(x; 0,−3)w = 0,
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so we can approximate the required choice of β by taking β ∈ C so that

U0(ε; i,−1)∗JΦ(ε; 0,−3)w = 0.

We can express this relation as(
Φ(ε; i,−1)(v01(i,−1) + βv02(i,−1))

)∗
JΦ(ε; 0,−3)w = 0,

allowing us to solve for

β̄ ∼= −
v01(i,−1)∗Φ(ε; i,−1)∗JΦ(ε; 0,−3)w

v02(i,−1)∗Φ(ε; i,−1)∗JΦ(ε; 0,−3)w
.

Proceeding with the above numerical approximations of v01(i,−1) and v02(i,−1), we find
β̄ ∼= −.9494− 2.4858i, so that β ∼= −.9494 + 2.4858i.

At this point, we can fully specify the self-adjoint restriction of TM(λ) that we will work
with; namely, for each λ ∈ [λ1, λ2] we will take T (λ) to be the restriction of TM(λ) to the
domain

D := {y ∈ DM : lim
x→0+

U0(x; i,−1)∗Jy(x) = 0},

where U0(x; i,−1) is as in (7.43) with β = −.9494 + 2.4858i. Having specified the operator
under consideration, we next check the condition on essential spectrum, namely that for each
λ ∈ [λ1, λ2], 0 /∈ σess(T (λ)). To this end, we define the corresponding second-order operator

H(λ)ψ := −ψ′′ + (V (x)− λQ1(x) + λ2)ψ (7.44)

with domain

dom(H(λ)) =
{
ψ ∈ L2((0,∞),C) : ψ, ψ′ ∈ ACloc((0,∞),C),

H(λ)ψ ∈ L2((0,∞),C), lim
x→0+

U0(x; i,−1)∗J

(
ψ(x)

ψ′(x)

)
= 0
}
.

As discussed in [20], it’s straightforward to check that for each λ ∈ [−3,−7/12], the operators
TM(λ) and H(λ) have precisely the same sets of essential spectrum, and also the same sets
of discrete eigenvalues. In addition, we know from [35] that any self-adjoint restriction of
the operator −∂2x + V (x) has essential spectrum [0,∞), and it follows immediately that any
self-adjoint restriction of the operator −∂2x + (V (x) + λ2) has essential spectrum [λ2,∞).
The remaining term −λQ1(x) is a compact perturbation of −∂2x + (V (x) + λ2), and so we
can conclude that for each λ ∈ [−3,−7/12] the essential spectrum of H(λ) (and so of T (λ))
is precisely [λ2,+∞). From these observations it’s clear that for each λ ∈ [λ1, λ2], we have
0 /∈ σess(T (λ)), which is exactly the condition we require on essential spectrum.

Next, in order to fully apply Theorem 2.14, we must check conditions (2.19) and (2.20).
Beginning with (2.19), we first observe that x = 0 is a regular singular point of (7.36), so
we have from standard Frobenius theory that for each λ ∈ [−3,−7/12] there exist constants
{ak(λ)}∞k=1 and {bk(λ)}∞k=0 so that for all x > 0 sufficiently small, the functions

ψ1(x;λ) = x+
∞∑
k=1

ak(λ)xk+1

ψ2(x;λ) = 1 + b0(λ)ψ1(x;λ) lnx+
∞∑
k=1

bk(λ)xk

64



comprise a linearly independent pair of solutions. (See, e.g., [2]). In addition, our boundary
condition at x = 0 selects precisely the solution of (7.36) that approaches 0 as x → 0+, so
we can take

X0(x;λ) =

(
ψ1(x;λ)
ψ′1(x;λ)

)
.

Moreover, if λ2 is not an eigenvalue of (7.36), then we can take

X∞(x;λ2) =

(
ψ2(x;λ2) + κ0(λ2)ψ1(x;λ2)
ψ′2(x;λ2) + κ0(λ2)ψ

′
1(x;λ2)

)
,

for some constant κ0(λ2), where the key point in the specification of X∞(x;λ2) is that if λ2
is not an eigenvalue of (7.36), then ψ2(x;λ2) must appear non-trivially.

At this point, we can detect intersections between `0(x;λ) and `∞(x;λ2) (respectively
the Lagrangian subspaces with frames X0(x;λ) and X∞(x;λ2)) by computing

det
(
X0(x;λ) X∞(x;λ2)

)
= det

(
ψ1(x;λ) ψ2(x;λ2) + κ0(λ2)ψ1(x;λ2)
ψ′1(x;λ) ψ′2(x;λ2) + κ0(λ2)ψ

′
1(x;λ2)

)
.

The only term that doesn’t vanish to first order in x is ψ2(x;λ2)ψ
′
1(x;λ), and this product

approaches 1 as x→ 0+. We can conclude that for x > 0 sufficiently small the spaces `0(x;λ)
and `∞(x;λ2) do not intersect for any λ ∈ [−3,−7/12], giving (2.19).

Turning to condition (2.20), it’s convenient to express (7.36) as

ψ′′ = V(x;λ)ψ, (7.45)

where

V(x;λ) := −γ
x
− δ

2

e−x/2

1− .5e−x/2
λ+ λ2. (7.46)

According to Theorem 2.1 in Chapter 6 of [32], for each λ ∈ [−3,−7/12], we can express a
linearly independent pair of solutions to (7.45) as

ψ3(x;λ) = V(x;λ)−1/4e−
∫ x
M V(y;λ)dy(1 + ε3(x;λ))

ψ4(x;λ) = V(x;λ)−1/4e
∫ x
M V(y;λ)dy(1 + ε4(x;λ)),

where by taking 0 � M we can ensure that for i = 1, 2, εi(x;λ) and ε′i(x;λ) are suitably
small for all x > M , i = 3, 4.

With the above construction, we can take a frame for `∞(x;λ) to be

X∞(x;λ) =

(
ψ3(x;λ)
ψ′3(x;λ)

)
.

In addition, since λ1 = −3 is not an eigenvalue of T (·), we can take a frame for `0(x;λ1) to
be

X0(x;λ1) =

(
ψ4(x;λ1) + κ∞(λ1)ψ3(x;λ1)
ψ′4(x;λ1) + κ∞(λ1)ψ

′
3(x;λ1)

)
,
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where the key point is that ψ4(x;λ1) must appear non-trivally in the linear combination.
In order to detect intersections between `0(x;λ1) and `∞(x;λ) (respectively the Lagrangian
subspaces with frames X0(x;λ1) and X∞(x;λ)), we can compute the determinant

det
(
X0(x;λ1) X∞(x;λ)

)
= det

(
ψ4(x;λ1) + κ∞(λ1)ψ3(x;λ1) ψ3(x;λ)
ψ′4(x;λ1) + κ∞(λ1)ψ

′
3(x;λ1) ψ′3(x;λ)

)
.

For M sufficiently large, the leading order term from this determinant is

(
V(x;λ)

V(x;λ1)
)1/4 + (

V(x;λ1)

V(x;λ)
)1/4 ∼= (

λ

λ1
)1/4 + (

λ1
λ

)1/4,

where the approximation becomes better as x increases. Since this last relation is non-zero
for all λ ∈ [−3,−7/12], we can conclude that for x sufficiently large the spaces `0(x;λ1) and
`∞(x;λ) do not intersect, ensuring that Condition (2.20) holds.

At this point, we have (approximately) specified our frame that lies left in (0,∞),

X0(x;−3) = Φ(x; 0,−3)w,

and we next turn to identifying the solution of (2.1) with (7.38) and λ = λ2 = −7/12 that
lies right in (0,∞). For this, we begin with the eigenvalues of

B(x;λ2) = Φ(x; 0, λ2)
∗J(∂λΦ)(x; 0, λ2).

In order to approximate the behavior of these eigenvalues as x → +∞, we choose a large
value M and evaluate ν1(M ;λ2) and ν2(M ;λ2). Precisely, in this case, we take M = 50, for
which we find

ν1(50;λ2) = 32.7812

ν2(50;λ2) = 1.6480× 1014.

The eigenvector associated with ν1(50;λ2) is

v1(50;λ2) =

(
−.9332
.3593

)
.

This approximately specifies the solution X∞(x;λ2) that lies right in (0,∞) as

X∞(x;λ2) = Φ(x; 0,− 7

12
)v1(50;λ2).

With X0(x;λ1) and X∞(x;λ2) specified, we can now compute the Maslov index

Mas(`0(·;λ1), `∞(·;λ2); (0,∞))

as a rotation number through −1 for the complex number

W̃ (x;λ1, λ2) = −(X0(x;λ1) + iY0(x;λ1))(X0(x;λ1)− iY0(x;λ1))
−1

× (X∞(x;λ2) + iY∞(x;λ2))(X∞(x;λ2)− iY∞(x;λ2))
−1.
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By generating the frames X0(x;λ1) and X∞(x;λ2) numerically, we can track the complex
value W̃ (x;λ1, λ2), and in this way, we observe crossings at values x = .653, x = 2.137, and
x = 5.489 (with numerical increment .001). From Theorem 2.14, we can conclude that there
are three eigenvalues on the interval [−3,−7/12], as expected.

In order to see more fully the dynamics associated with this count, we identify the spectral
curves passing through the Maslov box [−3,−7/12] × [0, 10], where the endpoint 0 can be
included in a limiting sense and, due to exponential decay, 10 is sufficient for approximating
the right endstate at +∞. In the left-hand side of Figure 7.1, the top two spectral curves
(with spectral curves counted top to bottom as they cross the left shelf) appear to cross at
about (λ, x) = (−2.5, .68), and in order to better understand the nature of this point, we
depict an amplified view of it on the right-hand side of Figure 7.1. We see that, in fact, the
spectral curves do not cross, but rather the top curve sharply rises and the second curve
turns sharply to the right.

Figure 7.1: The Full Maslov Box for H on [−3,−7/12]× [0, 10] with δ = 0.

Next, we begin to increase δ so that we obtain interaction between the terms Q1(x; δ)λ
and Q2(x)λ2. The details of these calculations are nearly identical to those for the case
δ = 0, so we only give a summary of results. First, for δ = 1, we again count the number of
eigenvalues in the interval [−3,−7/12]. In this case, we obtain crossing points along the left
shelf at approximately x = .520, x = 1.999, and x = 5.410. These values are lower than their
counterparts for the case δ = 0, so it’s natural to expect that the eigenvalues have moved to
the right. Again, in order to understand the full dynamics, we identify the spectral curves
passing through the Maslov box [−3,−7/12]× [0, 10]. (See Figure 7.2). As expected, we find
that the eigenvalues are now located approximately at values λ = −1.740, λ = −.925, and
λ = −.660 (working with an increment of .005 in the numerical calculations). As with the
case δ = 0, the top two spectral curves don’t cross.

Last, we increase δ to δ = 5, and again we start by computing the Maslov index on
the left shelf. In this case, we find only two intersections, at approximately x = 1.323 and
x = 5.043. These values are lower than 1.999 and 5.410 respectively, and the lowest crossing
no longer occurs. We conclude that for δ = 5 there are only two eigenvalues on the interval
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Figure 7.2: The Full Maslov Box for H on [−3,−7/12]× [0, 10] with δ = 1.

[−3,−7/12]. Once more, in order to understand the full dynamics associated with this
count, we identify the spectral curves passing through the Maslov box [−3,−7/12]× [0, 10].
(See Figure 7.3). We see that the two eigenvalues reside at approximately λ = −1.085 and
λ = −.738.

7.2.2 Application to Incompressible Ideal MHD

As a second application, we consider a model of incompressible magnetohydrodynamics
(MHD), adapted from [9], with the precise form considered taken from [12]. As discussed in
detail in [10, 12], the behavior of a plasma can be modeled by the MHD equations

ρ(vt + (v · ∇)v) = J ×B −∇p
ρt +∇ · (ρv) = 0

Bt = −∇× E
pt + v · ∇p+ γp∇ · v = 0,

(7.47)

along with the Maxwell relations ∇ × B = µ0J and ∇ · B = 0. (In Ampère’s Law, µ0ε0Et
is taken to be negligible; see p. 38 in [12] for discussion.) For the current application, we
will also assume perfect conductivity E + v × B = 0 (see p. 70 in [12]; also equation (5) in
[9]), along with incompressibility, ∇ · v = 0. Here, ρ denotes fluid density, v denotes fluid
velocity, J denotes current density, B denotes magnetic field strength, E denotes electric
field strength, and p denotes fluid pressure. The constant µ0 is the usual permeability of free
space, and the constant γ is a ratio of specific heats taken in [12] to be γ = 5/3. (See p. 53
of [12] for details.)

For this application, we will focus on a plasma confined to a cylinder with radius b > 0,
in which case cylindrical coordinates (r, θ, z) become convenient. In what follows, we will let
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Figure 7.3: The Full Maslov Box for H on [−3,−7/12]× [0, 10] with δ = 5.

r̂, θ̂, and ẑ denote the usual basis elements for cylindrical coordinates, and we will write

B = Brr̂ +Bθθ̂ +Bz ẑ,

and similarly for other vectors. Our focus will be on the spectrum of the operator obtained
when the system (7.47) is linearized about a stationary solution depending only on the radial
variable r, (v0(r), ρ0(r), B0(r), p0(r)), with also J0(r) = µ−10 ∇×B0(r). As in Section 6.1.2 of
[12], we focus on the static equilibrium case with v0 taken to be identically zero. Linearization
leads us to equation (9.47) from [12], though since we’re not aware of a reference in which
this equation is derived in detail, we briefly include such a derivation here. For this, we begin
by observing that since v0(r) is identically zero, the functions B0(r) and p0(r) are seen to
satisfy

∇p0 = J0 ×B0 =
1

µ0

(∇×B0)×B0. (7.48)

The condition ∇ ·B = 0 implies that Br(r) = 0, and subsequently (7.48) reduces to

(p0 +
1

2
|B|2)′ = −1

r
B2
θ ,

where |B| denotes the length of B. This still leaves considerable freedom in the choice of
p0(r), Bθ(r), and Bz(r). For our numerical calculations, we will take a particular triple
of functions from Section 9.1.1 in [12], but for our general derivation we will leave these
functions unspecified.

We linearize (7.47) about the stationary solution, writing our perturbations as ρ1(r, θ, z, t),
v1(r, θ, z, t), p1(r, θ, z, t), and B1(r, θ, z, t), with also J1(r, θ, z, t) = (1/µ0)∇ × B1(r, θ, z, t).
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In this way, we obtain the system of perturbations,

ρ0v1t = J0 ×B1 + J1 ×B0 −∇p1
ρ1t = 0

B1t = ∇× (v1 ×B0)

p1t = 0.

Following [10, 12], we introduce ξ so that

v1(r, θ, z, t) = ξt(r, θ, z, t),

allowing us to express the momentum equation as

ρ0ξtt = J0 ×B1 + J1 ×B0 −∇p1. (7.49)

Similarly, our equation for B1 becomes

B1t = ∇× (ξt ×B0). (7.50)

We now look for solutions of the form

ξ(r, θ, z, t) = ξ̃(r)ei(mθ+kz−ωt),

and similarly for B1(r, θ, z, t), where m, k ∈ Z, and identifying appropriate values of ω will
be the primary focus of our attention. With this notation, (7.50) becomes

−iωB1 = ∇× (−iωξ ×B0) =⇒ B1 = ∇× (ξ ×B0),

and likewise −iωρ̃1 = 0 and −iωp̃1 = 0. Upon substitution into the momentum equation we
see that

−ρ0ω2ξ = F(ξ) :=
1

µ0

(∇×B0)× (∇× (ξ ×B0)) +
1

µ0

(∇× (∇× (ξ ×B0))). (7.51)

Following [12], we introduce
Q := ∇× (ξ ×B0), (7.52)

so that (7.51) can be expressed in the more compact form

−ρ0ω2ξ =
1

µ0

{
(∇×B0)×Q+ (∇×Q)×B0

}
. (7.53)

By direct calculation we find that if

ξ̃(r) = ξr(r)r̂ + ξθ(r)θ̂ + ξz(r)r̂,

then

Qe−i(mθ+kz−ωt) = iFξrr̂ +
(
k|B|η − (Bθξr)

′
)
θ̂ −

(1

r
(rBzξr)

′ +
m|B|η
r

)
ẑ.
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where we’ve introduced (from [12]) the convenient notation

F :=
mBθ

r
+ kBz, (7.54)

and

η = −Bzξθ −Bθξx
|B|

. (7.55)

The system (7.53) comprises a matrix operator problem in the variables ξr, ξθ, and ξz.
In [12], the authors show that this system can alternatively be expressed in terms ξr, η, and

ζ := i
Bθξθ +Bzξz
|B|

, (7.56)

with the result taking the form

M

ξrη
ζ

 = −ρ0µ0ω
2

ξrη
ζ

 , (7.57)

with

M =

 d
dr
|B|2
r

d
dr
r − F 2 − r(B

2
θ

r2
)′ d

dr
GB − 2kBθ|B|

r
0

−GB
r

d
dr
r − 2kBθ|B|

r
−F 2 −G2 0

0 0 0

 ,

where we have introduced

G =
mBz

r
− kBθ. (7.58)

For comparison, this is the analogue of equation (9.28) in [12], appearing here in the incom-
pressible case. (In [12], the authors scale µ0 to 1, so it doesn’t appear.)

In order to reduce (7.57) to a single second-order equation, we will restrict our attention
to values ω2 larger than 0 and on closed intervals disjoint from

ran
( F 2

µ0ρ0

)∣∣∣
[0,b]

,

where we recall that b is the radius of the cylinder, so r ∈ [0, b]. We see from the third
equation in (7.57) that we must have ζ = 0, requiring

ξz = −Bθ

Bz

ξθ,

from which it follows immediately that

η = i
|B|
Bz

ξθ. (7.59)

In the incompressible case, we additionally have

∇ · ξ =
(1

r
(rξr(r))

′ +
im

r
ξθ(r) + ikξz(r)

)
ei(mθ+kz−ωt) = 0,
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from which we see that

(rξr(r))
′ = −i(m− krBθ

Bz

)ξθ(r) = −i r
Bz

Gξθ(r). (7.60)

If we combine (7.60) with (7.59), we find that

η = −|B|
rG

(rξr(r))
′ (7.61)

Following [12], we introduce the radial variable χ = rξr, for which the second equation
in (7.57) can be expressed as

−G|B|
r

χ′ − 2kBθ|B|
r2

χ− (F 2 +G2)η = −ρ0µ0ω
2η. (7.62)

In order to obtain a single second-order equation for χ, our strategy will be to use this
equation to solve for η, and then to substitute the expression we obtain for η into the first
equation in (7.57). More precisely, our goal is to obtain equation (9.47) from [12], which
requires the use of relations we have from incompressibility. To this end, we will use (7.61)
for the right-hand side of (7.62), and solve the resulting equation for η. Noting additionally
the relation

F 2 +G2 = (
m2

r2
+ k2)|B|2, (7.63)

we find that

η = − G2 + µ0ρ0ω
2

(m
2

r2
+ k2)|B|Gr

χ′ − 2kBθ

(m
2

r2
+ k2)|B|r2

χ. (7.64)

Alternatively, we can use the relation (7.61) in the term −G2η in (7.62) to see that

(F 2 − ρ0µ0ω
2)η = −2kBθ|B|

r2
χ =⇒ η = − 2kBθ|B|

(F 2 − ρ0µ0ω2)r2
χ. (7.65)

If we now combine (7.65) with (7.61) we obtain a first-order equation for χ,

χ′ =
2kBθG

(F 2 − ρ0µ0ω2)r
χ. (7.66)

Upon substitution of (7.64) into the first equation in (7.57), we obtain the relation

d

dr

[F 2 − ρ0µ0ω
2

m2 + k2r2
r
dχ

dr

]
+

2kBθρ0µ0ω
2

(m2 + k2r2)G
χ′

+
[ρ0µ0ω

2 − F 2

r
− (

B2
θ

r2
)′ − (

2kBθG

m2 + k2r2
)′ +

4k2B2
θ

(m2 + k2r2)r

]
χ = 0.

(7.67)

In addition, if we replace χ′ in (7.67) with (7.66), we obtain equation (9.47) from [12], namely

d

dr

[F 2 − ρ0µ0ω
2

m2 + k2r2
r
dχ

dr

]
+
[ρ0µ0ω

2 − F 2

r
− (

B2
θ

r2
)′

− (
2kBθG

m2 + k2r2
)′ +

4k2B2
θF

2

(F 2 − ρ0µ0ω2)(m2 + k2r2)r

]
χ = 0.

(7.68)
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In order to ensure that the denominator m2 + k2r2 remains bounded away from 0, we will
focus on cases for which m is non-zero. We will see that (7.68) is limit-point at x = 0, and so
no boundary condition is required, while for the boundary condition at the regular endpoint
x = b we will take the Dirichlet condition χ(b) = 0. (See Section 9.2.1 in [12].)

For the calculations that follow, we assume Bθ(r), Bz(r), ρ0(r), and p0(r) are all analytic
in r in an open ball containing the interval [0, b], and also that Bθ(0) = 0. For notational
consistency, we begin by expressing (7.68) in the form used throughout the current analysis,
namely by replacing r with x and ω2 with −λ (for which we will then be interested in λ < 0),
so that (7.68) can be expressed as

−(P (x;λ)φ′)′ + V (x;λ)φ = 0, (7.69)

where

P (x;λ) =
µ0ρ0λ+ F (x)2

m2 + k2x2
x, (7.70)

and

V (x;λ) =
1

x
(µ0ρ0λ+ F (x)2) +

(B2
θ

x2

)′
− 4k2B2

θF
2

x(m2 + k2x2)(µ0ρ0λ+ F (x)2)
+
( 2kBθG

m2 + k2x2

)′
.

(7.71)
We now express (7.69) in our standard form (2.1) by setting y1 = φ and y2 = −P (x;λ)φ′,
noting the sign choice on y2. We obtain

Jy′ = B(x;λ)y, B(x;λ) =

(
V (x;λ) 0

0 −P (x;λ)−1

)
. (7.72)

For notational convenience, we will set Q(x;λ) = −P (x;λ)−1.
In order to employ Theorem 2.12 in this case, we need to check Assumptions (A) through

(F), along with the additional assumptions of Theorem 2.12. Starting with Assumption
(A), we first observe that since F is continuous, the range of F 2/(µ0ρ0)|[0,b] is a closed set,
say [c, d]. We will apply Theorem 2.12 on a fixed interval [λ1, λ2], λ1 < λ2 < 0 so that
[λ1, λ2] ∩ [c, d] = ∅. On such intervals, the quantity µ0ρ0λ + F (x)2 is bounded below. It
follows that there exists a constant C0 sufficiently large so that for all λ ∈ [λ1, λ2] we have

|B(x;λ)| ≤ b0(x) :=
C0

x
∀x ∈ (0, b).

Next, we compute

Bλ(x;λ) =

(
Vλ(x;λ) 0

0 Qλ(x;λ)

)
, (7.73)

where

Vλ(x;λ) =
ρ0µ0

x
+

4ρ0µ0Bθ(x)2F (x)2

x(m2 + k2x2)(ρ0µ0λ+ F (x)2)

Qλ(x;λ) =
ρ0µ0(m

2 + k2x2)

x(ρ0µ0λ+ F (x)2)2
.

(7.74)

We readily see that there exists a constant C1 sufficiently large so that for all λ ∈ [λ1, λ2] we
have

|B(x;λ)| ≤ b1(x) :=
C1

x
∀x ∈ (0, b),
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completing the verification of Assumption (A).
For Assumption (B), we observe that

(Bλ(x;λ)y, y) = Vλ(x;λ)|y1|2 +Qλ(x;λ)|y2|2, (7.75)

and it’s clear from (7.74) that this sum can only vanish on an interval [c, d], c < d, if y1(x)
and y2(x) both vanish on this interval. This establishes Assumption (B).

Turning to Assumption (C), our starting point is to be clear about the nature of
L2
Bλ((0, b),C2) for this application. By definition, this is the collection of Lebesgue mea-

surable functions f =
(
f1
f2

)
for which∫ b

0

(Bλ(x;λ)f(x), f(x))dx <∞.

Using (7.75), we immediately see that L2
Bλ((0, b),C2) is equivalent to the collection of Lebesgue

measurable functions f =
(
f1
f2

)
for which∫ b

0

1

x
|fi(x)|2dx <∞, i = 1, 2.

This space, which we will denote L2
1/x((0, b),C2) is clearly independent of λ, establishing the

first part of Assumption (C). For the second part of Assumption (C), we need to check that
the maximal domain DM(λ) is independent of λ. For (7.72), we can characterize DM(λ) as
the collection of functions

y ∈ ACloc((0, b],C2) ∩ L2
Bλ((0, b),C2)

for which there exists f =
(
f1
f2

)
∈ L2

Bλ((0, b),C2) so that

−y′2 − V (x;λ)y1 = Vλ(x;λ)f1(x)

y′1 −Q(x;λ)y2 = Qλ(x;λ)f2(x),
(7.76)

for a.e. x ∈ (0, b). Given that y ∈ DM(λ) for some λ ∈ [λ1, λ2], we need to verify that for
any other λ̃ ∈ [λ1, λ2] we have y ∈ DM(λ̃). Specifically, we need to show that for any such

λ̃ ∈ [λ1, λ2] there exists f̃ =
(f̃1
f̃2

)
∈ L2

Bλ((0, b),C2) so that

−y′2 − V (x; λ̃)y1 = Vλ(x; λ̃)f̃1(x)

y′1 −Q(x; λ̃)y2 = Qλ(x; λ̃)f̃2(x).
(7.77)

To this end, we can write (7.76) as

−y′2 − V (x; λ̃)y1 = Vλ(x;λ)f1 + (V (x;λ)− V (x; λ̃))y1

y′1 −Q(x; λ̃)y2 = Qλ(x;λ)f2 + (Q(x;λ)−Q(x; λ̃))y2,

from which we see by inspection that in order to obtain the relations (7.77), we need to have

Vλ(x; λ̃)f̃1(x) = Vλ(x;λ)f1(x) + (V (x;λ)− V (x; λ̃))y1

Qλ(x; λ̃)f̃2(x) = Qλ(x;λ)f2(x) + (Q(x;λ)−Q(x; λ̃))y2,
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for a.e. x ∈ (0, b). For the first, we can write

f̃1(x) = Vλ(x; λ̃)−1Vλ(x;λ)f1(x) + Vλ(x; λ̃)−1(V (x;λ)− V (x; λ̃))y1(x),

where by direct calculation we find the relations

Vλ(x; λ̃)−1Vλ(x;λ) =
{

1 +
4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ̃+ F (x)2)2

}−1
×
{

1 +
4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ+ F (x)2)2

}
,

(7.78)

and

Vλ(x; λ̃)−1(V (x;λ)− V (x; λ̃)) = (λ− λ̃)
{

1 +
4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ̃+ F (x)2)2

}−1
×
{

1 +
4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ+ F (x)2)(µ0ρ0λ̃+ F (x)2)

}
.

In each case, we see that the expression on the right-hand side is uniformly bounded both
above and below, so f̃1 inherits the integrability properties of f1 and y1, which is precisely
what we need.

For f̃2, we need

f̃2 = Qλ(x; λ̃)−1Qλ(x;λ)f2 +Qλ(x; λ̃)−1(Q(x;λ)−Q(x; λ̃))y2,

where

Qλ(x; λ̃)−1Qλ(x;λ) =
(ρ0µ0λ̃+ F (x)2)2

(ρ0µ0λ+ F (x)2)2
,

and

Qλ(x; λ̃)−1(Q(x;λ)−Q(x; λ̃)) = (λ− λ̃)
ρ0µ0λ̃+ F (x)2

ρ0µ0λ+ F (x)2
. (7.79)

The expressions on the right-hand sides are uniformly bounded above and below, so f̃2 inher-
its the integrability properties of f2 and y2. This completes the verification of Assumption
(C).

As with our previous applications, we set Assumption (D) aside until we’ve verified
Assumption (E). For this latter verification, we begin by identifying E(x;λ, λ∗) in this case.
Taking advantage of the diagonal structure of B(x;λ), we can choose E12(x;λ, λ∗) ≡ 0 and
E21(x;λ, λ∗) ≡ 0, and take

E11(x;λ, λ∗) = Vλ(x;λ∗)
−1(V (x;λ)− V (x;λ∗))

= (λ− λ∗)
{

1 +
4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ+ F (x)2)2

}−1
×
{

1 +
4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ+ F (x)2)(µ0ρ0λ∗ + F (x)2)

}
,

(7.80)
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and
E22(x;λ, λ∗) = Qλ(x;λ∗)

−1(Q(x;λ)−Q(x;λ∗))

= (λ− λ∗)
ρ0µ0λ∗ + F (x)2

ρ0µ0λ+ F (x)2
.

(7.81)

We observe here that E11(x;λ, λ∗) and E22(x;λ, λ∗) can be expressed in the form

Eii(x;λ, λ∗) = (λ− λ∗)Θii(x;λ, λ∗), i = 1, 2,

where we see from (7.80) and (7.81) that the functions Θii(x;λ, λ∗), i = 1, 2, are uniformly
bounded above and below on [λ1, λ2]× [0, b]. In addition,

Θii(x;λ, λ∗)→ 1, λ→ λ∗

uniformly for x ∈ [0, b].
Now we’re prepared to check the four parts of Assumption (E). For (i), we need to check

that E(x;λ, λ∗) is bounded as a multiplication operator mapping L2
Bλ((0, b),C2) to itself, and

for (ii) we need to verify that in fact the norm of this operator is o(1) as λ→ λ∗. We check
these conditions together by computing

‖E(·;λ, λ∗)‖ = sup
‖f‖Bλ=1

‖E(·;λ, λ∗)f(·)‖Bλ

= sup
‖f‖Bλ=1

(∫ b

0

Bλ(x;λ∗)E(x;λ, λ∗)f(x), E(x;λ, λ∗)f(x))dx
)1/2

= |λ− λ∗| sup
‖f‖Bλ=1

(∫ b

0

Vλ(x;λ)|Θ11(x;λ, λ∗)f1(x)|2 +Qλ(x;λ)|Θ22(x;λ, λ∗)f2(x)|2
)1/2

≤ C|λ− λ∗| sup
‖f‖Bλ=1

(∫ b

0

Vλ(x;λ)|f1(x)|2 +Qλ(x;λ)|f2(x)|2
)1/2

= C|λ− λ∗| sup
‖f‖Bλ=1

‖f‖Bλ = C|λ− λ∗|,

where
C = max

[λ1,λ2]×[0,b]

{
|Θ11(x;λ)|+ |Θ22(x;λ)|

}
.

We see that
‖E(·;λ, λ∗)‖ ≤ C|λ− λ∗|, λ→ λ∗,

which is more than we require for (i) and (ii).
For (iii), we need to show that the matrix function E(x;λ, λ∗) is continuously differentiable

in λ for λ ∈ Iλ∗,r, and that the map λ 7→ E(x;λ, λ∗) is continuously differentiable as a map
from Iλ∗,r∗ to B(L2

Bλ((0, b),C2)).
First, continuous differentiability of E(x;λ, λ∗) in λ is clear from the explicit relations

(7.80) and (7.81). Specifically, we see that

∂λE11(x;λ, λ∗) = Vλ(x;λ∗)
−1Vλ(x;λ)

∂λE22(x;λ, λ∗) = Qλ(x;λ∗)
−1Qλ(x;λ),

(7.82)
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for which we respectively have explicit expressions (after replacing λ̃ with λ∗) from (7.78)
and (7.79).

In order to verify that E(·;λ, λ∗) is differentiable as a map from Iλ∗,r ⊂ [λ1, λ2] to
B(L2

Bλ((0, b),C2)), we let ε(h;λ) denote the operator so that

E(·;λ+ h, λ∗) = E(·;λ, λ∗) + Eλ(·;λ, λ∗)h+ ε(h;λ, λ∗)h,

and our goal is to check that
lim
h→0
‖ε(h;λ, λ∗)‖ = 0. (7.83)

Computing directly, we find

ε11(h;λ, λ∗) =
1

h

{
E11(x;λ+ h, λ∗)− E11(x;λ, λ∗)− ∂λE11(x;λ, λ∗)h

}
=
{

1 +
4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ∗ + F (x)2)2

}−1 4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ+ F (x)2)

×
{ 1

(µ0ρ0(λ+ h) + F (x)2)
− 1

(µ0ρ0λ+ F (x)2)

}
,

where we mean here that ε11(h;λ, λ∗) acts as a multiplication operator mapping L2
Bλ((0, b),C2)

to itself. We see directly from this relation that (7.83) must hold. The verification for
ε22(h;λ, λ∗) is similar, allowing us to conclude that the map λ 7→ E(x;λ, λ∗) is differen-
tiable as a map from Iλ∗,r to B(L2

Bλ((0, b),C2)), with derivative the multiplication operator
Eλ(·;λ, λ∗).

For the final part of Assumption (E)(iii), we need to show that Eλ(·;λ, λ∗) is continuous
as a map from Iλ∗,r to B(L2

Bλ((0, b),C2)). For this, we fix λ0 ∈ [λ1, λ2] and for any λ ∈ [λ1, λ2]
consider the difference

Eλ(·;λ, λ∗)− Eλ(·;λ0, λ∗).
Focusing again on E11, we can use (7.82) to compute

∂λE11(·;λ, λ∗)− ∂λE11(·;λ0, λ∗) = −(λ− λ0)
{

1 +
4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ∗ + F (x)2)2

}−1
×
{4k2Bθ(x)2F (x)2

m2 + k2x2

}{ µ2
0ρ

2
0(λ+ λ0) + 2µ0ρ0F (x)2

(µ0ρ0λ+ F (x)2)2(µ0ρ0λ0 + F (x)2)2

}
.

The key observation here is that this difference goes to 0 uniformly in x as λ approaches λ0,
and this is enough to allow us to conclude that Eλ(·;λ, λ∗) is continuous as a map from Iλ∗,r
to B(L2

Bλ((0, b),C2)). The analysis of ∂λE11(·;λ, λ∗) is similar, finalizing the verification of
Assumption (E)(iii).

This brings us to Assumption (E)(iv). For this, we can compute

|f(x)∗Bλ(x;λ)g(x)| ≤ |f1(x)∗Vλ(x;λ)g1(x)|+ |f2(x)∗Qλ(x;λ)g2(x)|,

and Assumption (E)(iv) follows from uniformity of Vλ(x;λ) and Qλ(x;λ) in λ. This com-
pletes the verification of Assumption (E).

Returning to Assumption (D), according to Lemma 7.5 we only need to check that

‖Eλ(·;λ, λ0)− I‖ = o(1), λ→ λ0.

77



Using (7.82), we find

∂λE11(·;λ, λ0)− 1 = −(λ− λ0)
{

1 +
4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ0 + F (x)2)2

}−1
×
{4k2Bθ(x)2F (x)2

m2 + k2x2

}{ µ2
0ρ

2
0(λ+ λ0) + 2µ0ρ0F (x)2

(µ0ρ0λ+ F (x)2)2(µ0ρ0λ0 + F (x)2)2

}
.

We see that in fact
‖Eλ(·;λ, λ0)− I‖ = O(|λ− λ0|),

which is substantially stronger than the required condition.
This concludes the verification of Assumptions (A) through (E). For Assumption (F),

we have

B(x;λ2)− B(x;λ1) =

(
V (x;λ2)− V (x;λ1) 0

0 Q(x;λ2)−Q(x;λ1)

)
,

where

V (x;λ2)− V (x;λ1) =
µ0ρ0(λ2 − λ1)

x

{
1 +

4k2Bθ(x)2F (x)2

(m2 + k2x2)(µ0ρ0λ2 + F (x)2)(µ0ρ0λ1 + F (x)2)

}
Q(x;λ2)−Q(x;λ1) =

µ0ρ0(λ2 − λ1)
x

{ m2 + k2x2

(µ0ρ0λ2 + F (x)2)(µ0ρ0λ1 + F (x)2)

}
.

Since the quantity µ0ρ0λ+ F (x)2 is taken to have the same sign for all λ ∈ [λ1, λ2], we have
that

(µ0ρ0λ2 + F (x)2)(µ0ρ0λ1 + F (x)2) > 0.

It follows immediately that the condition from Remark 2.11 follows, so Assumption (F) is
seen to hold.

We turn next to the assumption in Theorem 2.12 on asymptotic intersections. For this
application, the singular point is on the left, so the condition becomes existence of a value
c0 > 0 sufficiently small so that for all 0 < c < c0

`0(c;λ) ∩ `b(c;λ2) = {0}, ∀λ ∈ (λ1, λ2],

where `0(c;λ) denotes the one-dimensional space of solutions to (7.72) that lie left in (0, b),
and `b(c;λ2) denotes the one-dimensional space of solutions to (7.72) that satisfy the Dirichlet
boundary condition at x = b.

In order to verify this, we observe that for all λ ∈ [λ1, λ2], our equation (7.69) has a regular
singularity at x = 0. This allows us to construct linearly independent series solutions

φ(x;λ) = x|m|
(

1 +
∞∑
j=1

aj(λ)xj
)

ϕ(x;λ) = b0(λ)φ1(x;λ) lnx+ x−|m|
(

1 +
∞∑
j=1

bj(λ)xj
)
,

(7.84)
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for some constants {aj(λ)}∞j=1 and {bj(λ)}∞j=1, with each series converging on an open interval
containing [0, b].

Using (7.84), we can take as our frame for solutions of (7.72) lying left in (0, b) the vector

X0(x;λ) =

(
φ(x;λ)

−P (x;λ)φ′(x;λ)

)
,

noting that for x near 0 this is approximately

X0(x;λ) ∼=
(

x|m|

−µ0ρ0λ+F (0)2

m
x|m|

)
.

For Xb(x;λ2), since λ2 is not an eigenvalue, we can take

Xb(x;λ2) =

(
ϕ(x;λ2)

−P (x;λ2)ϕ
′(x;λ2)

)
+ C

(
φ(x;λ2)

−P (x;λ2)φ
′(x;λ2)

)
,

for some constant C, where the key point is that if λ2 is not an eigenvalue then the first
term on the right-hand side of this expression must appear non-trivially. We can detect
intersections between `0(x;λ) and `b(x;λ2) by computing

det

(
φ(x;λ) ϕ(x;λ2) + Cφ(x;λ2)

−P (x;λ)φ′(x;λ) −P (x;λ2)(ϕ
′(x;λ2) + Cφ′(x;λ2))

)
∼=
(

x|m| x−|m|

−µ0ρ0λ+F (0)2

m
x|m| µ0ρ0λ2+F (0)2

m
x−|m|

)
=
µ0ρ0(λ+ λ2) + 2F (0)2

m
6= 0.

The final item we need to check is the assumption that

σess(T ) ∩ [λ1, λ2] = ∅.

For this, we recall that a value λ ∈ [λ1, λ2] is in the essential spectrum of the operator pencil
T (·) if and only if µ = 0 is in the essential spectrum of the operator T (λ). In order to
understand the essential spectrum of the operator T (λ), we consider the eigenvalue problem
T (λ)y = µy, which can be expressed as

Jy′ = B(x;λ)y + µBλ(x;λ)y (7.85)

(see (2.7) and (2.8)). If we set

P(x;λ, µ) = −(Q(x;λ) + µQλ(x;λ))−1

V(x;λ, µ) = V (x;λ) + µVλ(x;λ),

then we can express (7.85) as a second-order equation for the component y1, namely

−(P(x;λ, µ)y′1)
′ + V(x;λ, µ)y1 = 0. (7.86)
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Our approach to the essential spectrum will now be as follows: (1) we will show that for
each λ ∈ [λ1, λ2] we can construct a solution φ(x;λ, µ) to (7.86), analytic in µ for µ in a
neighborhood of 0, so that

X0(x;λ, µ) =

(
φ(x;λ, µ)

−P(x;λ, µ)φ(x;λ, µ)

)
is a solution of (7.85) that lies left in (0, b), and likewise that we can construct a solution
ψ(x;λ, µ) to (7.86), analytic in µ for µ in a neighborhood of 0, so that

Xb(x;λ, µ) =

(
ψ(x;λ, µ)

−P(x;λ, µ)ψ(x;λ, µ)

)
is a solution of (7.85) such that ψ(b;λ, µ) = 0; and (2) we will show that if the Evans function

D(µ;λ) = det
(
X0(x;λ, µ) Xb(x;λ, µ)

)
(7.87)

(which is independent of x) satisfies D(0;λ) 6= 0, then 0 ∈ ρ(T (λ)). Since D(·;λ) is analytic
in µ (due to analyticity of X0(x;λ, µ) and Xb(x;λ, µ) in µ) and not identically 0, we can
conclude that if µ = 0 is a root of D(·;λ), then it must be isolated, and so must be an
element of the point spectrum of T (λ). In summary, for each λ ∈ [λ1, λ2], we will be able
to conclude that µ = 0 is either in the resolvent set of T (λ) or in the point spectrum of
T (λ). It will follow immediately that µ = 0 is not in the essential spectrum of T (λ) for any
λ ∈ [λ1, λ2].

For the first step in this approach, we observe that (7.86) has a regular singular point at
x = 0, allowing us to construct a series solutions of the form

φ(x;λ, µ) = xr
(

1 +
∞∑
j=0

aj(λ, µ)xj
)
, (7.88)

where a0(λ, µ) = 1 and

r(µ;λ) =

√
(µ0λ0(λ+ µ) + F (0)2)(µ0λ0(λ− µ) + F (0)2)

(µ0ρ0λ+ F (0)2)2
|m|. (7.89)

Here, we observe that r(·;λ) is analytic in µ for µ near 0, with also r(0;λ) = |m|. (We
can also construct a second solution of (7.86), linearly independent of φ(x;λ, µ), but that
solution won’t be needed for the current analysis.) In (7.88), we see that xr is analytic
in µ, so we only need to verify that the sum

∑∞
j=1 aj(λ, µ)xr+j is also analytic in µ. To

this end, we will check that each coefficient aj(λ, µ) is analytic in µ, and also that the sum
converges uniformly in µ. In addition to (7.88), this calculation will require the following
series expansions:

φ′(x;λ, µ) =
∞∑
j=0

aj(λ, µ)(r + j)xr+j−1

φ′′(x;λ, µ) =
∞∑
j=0

aj(λ, µ)(r + j)(r + j − 1)xr+j−2,

(7.90)
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and

P(x;λ, µ) =
∞∑
j=1

pj(λ, µ)xj

P ′(x;λ, µ) =
∞∑
j=1

jpj(λ, µ)xj−1

V(x;λ, µ) =
∞∑
j=0

vj(λ, µ)xj−1,

(7.91)

where

p1(λ, µ) =
(µ0ρ0λ+ F (0)2)2

m2(µ0ρ0(λ− µ) + F (0)2)

v0(µ, λ) = µ0ρ0(λ+ µ) + F (0)2.

Upon substitution of these relations into (7.86), we obtain the relation

−
( ∞∑
j=1

pj(λ, µ)xj
)( ∞∑

j=0

aj(λ, µ)(r + j)(r + j − 1)xr+j−2
)

−
( ∞∑
j=1

jpj(λ, µ)xj−1
)( ∞∑

j=0

aj(λ, µ)(r + j)xr+j−1
)

+ x−1
( ∞∑
j=0

vj(λ, µ)xj−1
)( ∞∑

j=0

aj(λ, µ)xr+j
)

= 0.

For the subsequent calculations, it will be convenient to write( ∞∑
j=1

pj(λ, µ)xj
)( ∞∑

j=0

aj(λ, µ)(r + j)(r + j − 1)xr+j−2
)

= xr−2
( ∞∑
j=1

pj(λ, µ)xj
)( ∞∑

j=0

aj(λ, µ)(r + j)(r + j − 1)xj
)

= xr−2
∞∑
j=1

cj(λ, µ)xj,

where

cj = p1aj−1(r + j − 1)(r + j − 2) + p2aj−2(r + j − 2)(r + j − 3) + · · ·+ pja0r(r− 1), (7.92)

for j = 1, 2, . . . . (Here, dependence on λ and µ has been suppressed to emphasize the index
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relations.) Likewise,( ∞∑
k=1

jpj(λ, µ)xj−1
)( ∞∑

j=0

aj(λ, µ)(r + j)xr+j−1
)

= xr−2
( ∞∑
j=1

jpj(λ, µ)xj
)( ∞∑

j=0

aj(λ, µ)(r + j)xr+j−1
)

= xr−2
∞∑
j=1

dj(λ, µ)xj,

where
dj = p1aj−1(r + j − 1) + 2p2aj−2(r + j − 2) + · · ·+ jpja0r, (7.93)

for j = 1, 2, 3, . . . , and

x−1
( ∞∑
j=0

vj(λ, µ)xj
)( ∞∑

j=0

aj(λ, µ)xr+j
)

= xr−1
( ∞∑
j=0

vj(λ, µ)xj
)( ∞∑

j=0

aj(λ, µ)xj
)

= xr−1
∞∑
j=0

ej(λ, µ)xj = xr−2
∞∑
j=1

ej−1(λ, µ)xj,

where
ej = v0aj + v1aj−1 + · · ·+ vja0, (7.94)

for j = 0, 1, 2, . . . . Combining these expressions, we can write (7.86) as

−xr−2
∞∑
j=1

cj(λ, µ)xj − xr−2
∞∑
j=1

dj(λ, µ)xj + xr−2
∞∑
j=1

ej−1(λ, µ)xj = 0.

Upon matching coefficients of powers of x, we obtain the coefficient relations

−cj(λ, µ)− dj(λ, µ) + ej−1(λ, µ) = 0, j = 1, 2, 3, . . . . (7.95)

For j = 1, we have
c1 = p1(λ, µ)a0r(r − 1)

d1 = p1(λ, µ)a0r

e0 = v0(λ, µ)a0,

from which the relation −c1 − d1 + e0 = 0 is seen to hold from the above expressions for p1,
a0, and v0.

Next, we use the equation (7.95) to obtain an iterative relation for aj+1(λ, µ) in terms of
the previous coefficients. Using (7.92), (7.93), and (7.94), we obtain the relation

Aµaj−1 = Bµ,
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where

Aµ = −p1(r + j − 1)(r + j − 2)− p1(r + j − 1) + v0 = −p1(r + j − 1)2 + v0

= − (µ0ρ0λ+ F (0)2)2

m2(µ0ρ0(λ− µ) + F (0)2)
(r + j − 1)2 + µ0ρ0(λ+ µ) + F (0)2,

and
Bµ = p2(r + j − 2)(r + j − 3)aj−2 + · · ·+ pj(r − 1)(r − 2)a0

+ 2p2(r + j − 2)aj−2 + · · ·+ jpjra0 − v1aj−2 − · · · − vj−1a0.

Here, since r(0, λ) = |m|,

A0 = (µ0ρ0(λ+ µ) + F (0)2)(1− (|m|+ j − 1)2

m2
).

The quantity (1 − (|m| + j − 1)2/(m2)) is strictly negative for j = 2, 3, . . . , so that we can
divide by Aµ for all µ sufficiently close to 0. Since Aµ and Bµ both grow at quadratic rate
in j, we see that for the ratio Bµ/Aµ, the coefficients of the values {ai}j−2i=0 can be bounded
by some constant M , uniform in j and µ for µ in a fixed neighborhood of 0. Specifically, we
obtain an inequality of the form

|aj−1| ≤M(|a0|+ |a1|+ · · ·+ |aj−2|),

or upon shifting the index

|aj| ≤M(|a0|+ |a1|+ · · ·+ |aj−1|). (7.96)

Claim 7.9. For any sequence of values {aj}∞j=0, suppose |a0| ≤ 1 and that inequality (7.96)
holds for all j ∈ N. Then for any constant C > 1 chosen large enough so that

M/C

1− 1/C
≤ 1, (7.97)

we have |aj| ≤ Cj for all j ∈ {0, 1, 2, . . . }.

Proof. We proceed inductively, first observing that by assumption |a0| ≤ 1 = C0. For the
induction step, we assume that for some n ∈ N, we have |aj| ≤ Cj for all j ∈ {0, 1, 2, . . . , n},
and our goal is to show that this implies |an+1| ≤ Cn+1. Upon combining (7.96) with the
induction hypothesis, we obtain the inequality

|an+1| ≤M(|a0|+ |a1|+ · · ·+ |an|) ≤M(1 + C + · · ·+ Cn)

= MCn+1(
1

C
+

1

C2
+ · · ·+ 1

Cn+1
) ≤MCn+1

∞∑
j=1

1

Cj

= MCn+1 1/C

1− 1/C
≤ Cn+1,

where in the last step we’ve used (7.97).
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Now, we return to (7.88), and fix any value x ≤ 1/(2C), so that

|aj(λ, µ)xj| ≤ Cj(
1

2
)j

1

Cj
= (

1

2
)j.

We see that for fixed values λ ∈ [λ1, λ2] and x ≤ 1/(2C), the sum
∑∞

j=1 aj(λ, µ)xj converges
uniformly in µ for µ confined to a sufficiently small neighborhood of 0. Since the functions
{aj(λ, µ)}∞j=0 are analytic in µ (a property inherited from the analyticity of P(x;λ, µ) and
V(x;λ, µ) in µ), the function φ(x;λ, µ) in (7.88) is analytic in µ for 0 < x < 1/(2C).
Subsequently, we obtain analyticity in µ for for all x ∈ (0, b) by analytic continuation. Using
φ(x;λ, µ), we can now construct a solution

X0(x;λ, µ) =

(
φ(x;λ, µ)

−P(x;λ, µ)φ′(x;λ, µ)

)
, (7.98)

analytic in µ, that solves T (λ)X0 = µX0 and lies left in (0, b), and since (7.85) is regular
at x = b we can likewise construct a solution Xb(x;λ, µ), also analytic in µ, that solves
T (λ)Xb = µXb, along with the Dirichlet condition Xb(b;λ, µ) =

(
0
1

)
. This allows us to

analytically construct the Evans function D(µ) specified in (7.87).

Claim 7.10. For any fixed λ ∈ [λ1, λ2], there exists ε > 0 sufficiently small so that a value
µ ∈ B(0; ε) is in the resolvent set of T (λ) if and only if D(µ;λ) 6= 0.

Proof. First, if D(µ;λ) = 0, then µ is an eigenvalue of T (λ), and so excluded from the
resolvent set. For the other direction, we assume D(µ;λ) 6= 0, and as in Appendix Section
A.1, we construct a Green’s function

G(x, ξ;λ, µ) =

−
(

0 Xb(x;λ, µ)
)
M(λ, µ)

(
X0(x;λ, µ̄) 0

)∗
0 < ξ < x < b(

X0(x;λ, µ) 0
)
M(λ, µ)

(
0 Xb(x;λ, µ̄)

)∗
0 < x < ξ < b,

where

M(λ, µ) = E(x;λ, µ)−1J(E(x;λ, µ̄)−1)∗, E(x;λ, µ) =
(
X0(x;λ, µ) Xb(x;λ, µ)

)
,

and as indicated by the notation M does not depend on x. Precisely, if D(µ;λ) 6= 0, then
for any f ∈ L2

Bλ((0, b),C2) we can solve the inhomogeneous problem (T (λ)− µI)y = f with
the integral

y(x;λ, µ) = (T (λ)− µI)−1f =

∫ b

0

G(x, ξ;λ, µ)Bλ(ξ;λ)f(ξ)dξ. (7.99)

All that remains is to verify that (T (λ)− µ)−1 maps L2
Bλ((0, b),C2) to the domain of T (λ),

namely
D = {y ∈ DM : y1(b) = 0}.

If we write

M(λ, µ) =

(
m11(λ, µ) m12(λ, µ)
m21(λ, µ) m22(λ, µ)

)
,
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then the first component of y from (7.99) satisfies

y1(x) = m21

∫ x

0

{
Vλ(ξ, λ)φ(ξ)ψ(x)f1(ξ) + φ′(ξ)Qλ(ξ;λ)P (ξ;λ)ψ(x)f2(ξ)

}
dξ

+m12

∫ b

x

{
Vλ(ξ;λ)φ(x)ψ(ξ)f1(ξ) + φ(x)Qλ(ξ;λ)P (ξ)ψ′(ξ)f2(ξ)

}
dξ,

(7.100)

and y2(x) satisfies a similar relation. Here, dependence of m12, m21, y1, φ and ψ on the values
µ and λ has been suppressed for notational brevity. In order to verify that y ∈ L2

Bλ((0, b),C2),
we need to check that ∫ b

0

1

x
yi(x)2dx <∞, i = 1, 2. (7.101)

We will show this for i = 1, noting that verification for the case i = 2 is almost identical.
Recalling (7.74) and (7.88), we see that

Vλ(ξ;λ)φ(ξ;λ, µ) = ρ0µ0ξ
r−1 + O(ξr),

and likewise from (7.70), (7.74) and (7.88),

φ′(ξ;λ, µ)Qλ(ξ;λ)P (ξ;λ) =
rµ0ρ0

µ0ρ0λ+ F (0)2
ξr−1 + O(ξr).

In this way, we see that to leading order the first integral in (7.100) is

I1(x) = x−r
∫ x

0

ξr−1f1(ξ)dξ,

where the constant multiplier is left off for notational convenience. In order to check (7.101),
our starting point will be∫ b

0

1

x
I1(x)2dx =

∫ b

0

x−2r−1
(∫ x

0

ξr−1f1(ξ)dξ
)2
dx. (7.102)

Here, using the Cauchy-Schwarz inequality, we see that∣∣∣ ∫ x

0

ξr−1f1(ξ)dξ
∣∣∣ ≤ (∫ x

0

ξ2(r−1)dξ
)1/2(∫ x

0

f1(ξ)
2dξ
)1/2

=
1√

2r − 1
xr−1/2

(∫ x

0

f1(ξ)
2dξ
)1/2

,

where 2r − 1 > 0 for µ small since r(0;λ) = |m|, and we’re working in the case m 6= 0. The
right-hand side of (7.102) now becomes

1

2r − 1

∫ b

0

x−2
∫ x

0

f1(ξ)
2dξdx =

1

2r − 1

[
− x−1

∫ x

0

f1(ξ)
2dξ
∣∣∣b
0

+

∫ b

0

1

x
f1(x)2dx

]
.

The second summand in this last expression is finite because f ∈ L2
Bλ((0, b),C2). For the

first, ∫ x

0

f1(ξ)
2dξ =

∫ x

0

ξ
1

ξ
f1(ξ)

2dξ ≤ x

∫ x

0

1

ξ
f1(ξ)

2dξ,
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from which we see that the evaluations at both x = 0 and x = b are finite.
We turn next to the integral in (7.100) multiplying m12. In this case, the integral to

leading order is

I2(x) = xr
∫ b

x

ξ−r−1f1(ξ)dξ, (7.103)

for which we can compute∫ b

0

1

x
I2(x)2dx =

∫ b

0

x2r−1
(∫ b

x

ξ−r−1f1(ξ)dξ
)2
dx

≤
∫ b

0

x2r−1
(∫ b

x

ξ−2rdξ
)(∫ b

x

ξ−2f1(ξ)
2dξ
)
dx

=

∫ b

0

x2r−1
( 1

−2r + 1
ξ−2r+1

)∣∣∣ξ=b
ξ=x

(∫ b

x

ξ−2f1(ξ)
2dξ
)
dx

=
1

−2r + 1

∫ b

0

x2r−1
( 1

x2r−1
− 1

b2r−1

)(∫ b

x

ξ−2f1(ξ)
2dξ
)
dx.

The key integral here is ∫ b

0

∫ b

x

ξ−2f1(ξ)
2dξdx,

and we can integrate by parts to see that this integral can be expressed as(
x

∫ b

x

ξ−2f1(ξ)
2dξ
)∣∣∣b

0
+

∫ b

0

x−1f1(x)2dx. (7.104)

For the first summand in (7.104), we can write(
x

∫ b

x

ξ−2f1(ξ)
2dξ
)∣∣∣b

0
≤ x

∫ b

x

1

x
ξ−1f1(ξ)

2dξ =

∫ b

x

ξ−1f1(ξ)
2dξ,

from which we see that the evaluation is bounded at each endpoint. The second expression
in (7.104) is bounded since f ∈ L2

Bλ((0, b),C2). This completes the analysis of y1, and a
similar analysis can be carried out for y2, allowing us to conclude y ∈ L2

Bλ((0, b),C2).
Next, we see directly from (7.100) that y1(·;λ, µ) ∈ ACloc((0, b),C2), and also that the

evaluation y1(b;λ, µ) = 0 holds (because ψ(b;λ, µ) = 0). Likewise, we can show that
y2(·;λ, µ) ∈ ACloc((0, b),C2), and also that y2(b;λ, µ) is bounded, allowing us to conclude
that y(·;λ, µ) ∈ D.

We see now that for each fixed λ ∈ [λ1, λ2] there is a ball B(0; ε) ⊂ C, ε > 0, so that
the function D(µ, λ) is analytic for µ ∈ B(0; ε), and so that µ ∈ B(0; ε) is in the spectrum
of T (λ) if and only if D(µ, λ) = 0. Moreover, by monotonicity in the spectral parameter µ,
it cannot be the case that D(µ, λ) ≡ 0 in a neighborhood of µ = 0. Since the zeros of an
analytic function are isolated, if D(0, λ) = 0 then µ = 0 must be isolated as an eigenvalue
of T (λ), and so cannot be in the essential spectrum. In summary, we can conclude that for
each λ ∈ [λ1, λ2], µ = 0 is either in the resolvent set of T (λ) or is an eigenvalue of T (λ),
ensuring that 0 /∈ σess(T (λ)).
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We have now verified that for our MHD application (7.68), our Assumptions (A) through
(F) all hold, along with the full assumptions of Theorem 2.12, adjusted for the change of
singular side from the right to the left. We turn now to numerical calculations associated
with this example. For our example calculations, we will make the specific choices

Bθ(x) =
B0κx

1 + κ2x2

Bz(x) =
B0

1 + κ2x2
,

(7.105)

along with constant values b = .01, m = −1, k = 1, ρ0 = 1, µ0 = 1, B0 = 1, and

κ =
1/B0 −m

k
= .9.

Remark 7.11. The choices (7.105) are taken from Section 9.1.1 of [12]. The specific param-
eter values were taken as a simple case for which oscillation counts reveal an accumulation
point of eigenvalues at λ = −1.

With the choices made above, we can compute

F (x) =
mBθ(x)

x
+ kBz(x) =

B0(mκ+ k)

1 + κ2x2
=

1

1 + .81x2
,

from which we see that

ranF |[0,.01] =
[ 1

1 + .81(.01)2
, 1
]
∼=
[
.999919, 1

]
.

It follows from our general theory that we can work on any interval [λ1, λ2] contained in the
union

(−∞,−1) ∪ (−.999919, 0),

i.e., on intervals either to the left of −1 or contained in the interval (−.999919, 0). Numerical
computations in [23] suggest that eigenvalues accumulate at −1 from the left, so we will
proceed by working with small intervals near −1, starting with [λ1, λ2] = [−1.1,−1.03].

First, since our system is regular at the right boundary point x = b = .01, we can readily
generate the frame Xb(x;λ) for all λ ∈ [λ1, λ2] by solving the first-order ODE

JXb
′ = B(x;λ)Xb, Xb(.01;λ) =

(
0
1

)
.

We know from our Frobenius theory that the system is limit-point at x = 0, so we only need
to generate the unique solution that lies left in (0, .01). For this, we can use the development
outlined at the beginning of Section 7, beginning with the eigenvalues of

B(x;λ1) = Φ(x; 0, λ1)
∗J(∂λΦ)(x; 0, λ1).

In order to approximate the behavior of these eigenvalues as x → 0+, we choose a small
value δ and evaluate ν1(δ;λ1) and ν2(δ;λ1). Precisely, in this case, we take δ = 10−5, for
which we find

ν1(10−5;λ1) = −9.3997× 106

ν2(10−5;λ1) = −2.3953.
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The eigenvector associated with ν2(10−5;λ1) is

v2(10−5;λ1) =

(
.99997
−.00717

)
.

This approximately specifies the solution X0(x;λ1) that lies left in (0, .01) as

X0(x;λ1) = Φ(x; 0, λ1)v2(10−5;λ1).

With X0(x;λ1) and Xb(x;λ2) specified, we can now compute the Maslov index

Mas(`0(·;λ1), `b(·;λ2); (0, .01))

as a rotation number through −1 for the complex number

W̃ (x;λ1, λ2) = −(X0(x;λ1) + iY0(x;λ1))(X0(x;λ1)− iY0(x;λ1))
−1

× (Xb(x;λ2) + iYb(x;λ2))(Xb(x;λ2)− iYb(x;λ2))
−1.

By generating the frames X0(x;λ1) and Xb(x;λ2) numerically, we can track the complex
value W̃ (x;λ1, λ2), and in this way, we observe a single crossing at the value x = .006388
(with numerical increment 10−6). From Theorem 2.12, we can conclude that there is one
eigenvalue on the interval [−1.1,−1.03] in this case.
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Figure 7.4: The Maslov Box for (7.68) on [−1.1,−1.03]× [0, .01].

In order to see more fully the dynamics associated with this count, we generate the
spectral curves passing through the Maslov box [−1.1,−1.03]× [0, .01], where the endpoint
0 can be included in a limiting sense. (See Figure 7.4.) As expected, we see that there is a
single monotonic spectral curve, which passes through the right shelf at about x = .006 and
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Figure 7.5: The Maslov Box for (7.68) on [−1.1,−1.01]× [0, .01].

approaches the bottom shelf at about λ = −1.0482 (with a stepsize of .0001). This value of
λ is the eigenvalue that we expected to find on [−1.1,−1.03].

Based on numerical calculations from [23], discussed in Section 9.3.2 of [12], we expect
that −1 will be an accumulation point, and in order to investigate this, we move the right
endpoint of our interval closer to −1. Leaving λ1 = −1.1, we move λ2 to λ2 = −1.01. In
this case, we find five crossings along the right shelf, approximately located at x = .000315,
.003288, .005216, .007133, and .009049 (with a stepsize again of 10−6). From Theorem 2.12,
we can conclude that there are five eigenvalue on the interval [−1.1,−1.01]. A Maslov box
associated with this calculation is included as Figure 7.5, in which we see that the eigenvalues
are located at λ = −1.4082, λ = −1.0260, λ = −1.0179, λ = −1.0136, and λ = −1.0110
(again with a stepsize of .0001).

7.2.3 Application to Hydraulic Shocks

In [39, 44], the authors consider traveling waves (specifically hydraulic shock profiles) arising
as solutions of the inviscid Saint-Venant equations for inclined shallow-water flow, namely

ht + qx = 0

qt +
(q2
h

+
h2

2F 2

)
x

= h− |q|q
h2

,
(7.106)

where h denotes fluid height, q = hu denotes fluid flow (u is fluid velocity), F > 0 denotes
Froude number, and the system is posed on R × R+. System (7.106) is of relaxation form
with associated formal equilibrium equation

ht + q∗(h)x = 0, (7.107)
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where q∗(h) := h3/2 is the value of q for which gravity and bottom forces cancel.
In [44], the authors establish existence of traveling-wave solutions

h(x, t) = H(x− st)
q(x, t) = Q(x− st),

with well-defined asymptotic endstates

lim
z→−∞

(H(z), Q(z)) =: (HL, QL)

lim
z→+∞

(H(z), Q(z)) =: (HR, QR).

Specifically, they prove the following proposition.

Proposition 7.12 (Proposition 1.1 from [44]). Let (HL, HR, c) be a triple for which there
exists an entropy-admissible shock solution of (7.107) in the sense of Lax [25] with speed c
connecting left state HL to right state HR; i.e., HL > HR > 0 and c[H] = [H3/2], where [·]
denotes a jump difference, e.g., [H] = HR−HL. Then there exists a corresponding hydraulic

shock profile with QL = H
3/2
L and QR = H

3/2
R if and only if 0 < F < 2. The profile is smooth

(i.e., C∞(R)) for

HL > HR >
2F 2

1 + 2F +
√

1 + 4F
HL,

and nondegenerate in the sense that c is not a characteristic speed of (7.107) at any point
along the profile. For

0 < HR <
2F 2

1 + 2F +
√

1 + 4F
HL, (7.108)

the profile is nondegenerate and piecewise smooth with a single discontinuuity consisting of
an entropy-admissible shock of (7.107). At the critical value

HR =
2F 2

1 + 2F +
√

1 + 4F
HL,

HR is characteristic, and there exists a degenerate profile that is continuous but not smooth,
with discontinuous derivative at HR.

Our focus will be on the case characterized by (7.108). Upon linearization of (7.106)
about (H(x− st), Q(x− st)), we arrive (proceeding as in [28]) at the eigenvalue problem

Av′ = (E − λI − A′)v, (7.109)

where

A(z) =

(
−c 1

H(z)
F 2 − Q(z)2

H(z)2
2Q(z)
H(z)

− c

)
; E(z) =

(
0 0

2Q(z)2

H(z)3
+ 1 − 2Q(z)

H(z)2

)
,

and prime denotes differentiation with respect to the translated variable z = x − ct. Here,
the matrix A(z) is invertible, so we can express (7.109) as v′ = Bv, B = A−1(E − λI −A′).
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For notational convenience, we’ll denote the elements of A and E respectively as {aij}2i,j=1

and {eij}2i,j=1, in which case the elements {bij}2i,j=1 of B can be expressed

b11(z) =
λa22(z) + (e21(z)− a′21(z))

a21(z) + ca22(z)
; b12(z) =

e22(z)− λ− a′22(z)

a21(z) + ca22(z)

b21(z) =
c(e21(z)− a′21(z))− λa21(z)

a21(z) + ca22(z)
b22(z) =

c(e22(z)− λ− a′22(z))

a21(z) + ca22(z)
.

So far, we’ve been viewing (7.106) and the subsequent equations as posed on R, but
due to the discontinuity of the wave (H(z), Q(z)) at z = 0 it’s convenient to re-formulate
the problem on (−∞, 0]. Following an approach of Erpenbeck and Majda (see [5, 6, 27]),
the authors of [39] carry this out, restricting (7.109) to (−∞, 0) and adding the following
boundary condition:(

λ

(
H(0)
Q(0)

)
−R

(
H(0)
Q(0)

))∗
JA(0)v(0) = 0, J =

(
0 −1
1 0

)
where

R

(
H(0)
Q(0)

)
:=

(
0

H(0)− |Q(0)|Q(0)
H(0)2

)
.

In order to formulate (7.109) in the current setting, we make a transformation v = TY ,
with

T = e
1
2

∫ z
0 b11(ζ)+cb12(ζ)dζ

(
1
2
(b11 + cb12) 1
c− λ c

)
,

obtaining JY ′ = BY with (replacing now z with x)

B(x;λ) =

(
v(x) + q1(x)λ+ q2(x)λ2 0

0 1

)
,

where the three functions v(x), q1(x), and q2(x) are all carefully analyzed in [39], namely in
terms of functions f1, f2, f3, and f4 that we won’t specify precisely here (see Appendix A
of [39] for precise specifications). Here, we only briefly summarize the salient properties of
these functions. First, we have the following relations:

v(x) = −1

4
f2(x)2 − 1

2
f ′2(x)

q1(x) = f4(x)− 1

2
f1(x)f2(x)− 1

2
f ′1(x)

q2(x) = f3(x)− 1

4
f1(x)2.

From [39], we have the following properties. The functions f1, f2, f3, and f4 are all uniformly
bounded on (−∞, 0] with bounded derivatives, so v, q1, q2 ∈ L∞((−∞, 0],R). From the proof
of Lemma 3.1 in [39], there exists a constant δ1 > 0 so that q1(x) ≤ −δ1 for all x ∈ (−∞, 0]),
and likewise from equation (4.13) in [39], there exists a constant δ2 > 0 so that q2(x) ≤ −δ2
for all x ∈ (−∞, 0]).
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For our purposes, it will be convenient to express our system on [0,∞), and for this we
introduce a new variable, y(x) := Y (−x), x ≥ 0. Our system then becomes (2.1) with

B(x;λ) =

(
−v(−x)− q1(−x)λ− q2(−x)λ2 0

0 −1

)
, (7.110)

and the boundary condition

αy(0) = 0; α =
(
(c1 + c2λ) −1

)
. (7.111)

where the constants c1 and c2 are specified respectively in (4.8) and (4.9) of [39]. There is a
typo in (4.8) from [39], and the correct specification should be

c1 =
1

2
f2(0)− F 2H∗(HR +

√
HR + 1)2 −HR(2F 2 + 1)

(
√
HR + 1)2(H3

∗ −H3
S)

, (7.112)

where HR is as in Proposition 7.12 and

H∗ =
−ν − 1 +

√
8F 2ν4 + ν2 + 2ν + 1

2(ν + 1)
HR; Hs =

( Fν2
ν + 1

)2/3
HR; ν =

√
HL

HR

> 1.

(7.113)
According to (4.9) in [39], c2 < 0.

In order to apply Lemma 7.4, we need to establish that Assumptions (Q) hold. For this, a
key point is the boundedness of v(x), q1(x), and q2(x), along with other properties established
in [44, 39]. For convenient reference, we summarize these in the following proposition.

Proposition 7.13. Let 0 < F < 2, ν > 1, and suppose (7.108) holds. If H(x) denotes
the profile from Proposition 7.12 connecting HL to HR, shifted so that the unique point of
discontinuity of H(x) occurs at x = 0, then the following hold:

(i) H ′(x) < 0 for all x ∈ (−∞, 0], with H ′(0) specified as x approaches 0 from the left;

(ii) The left-sided limit of H(x) at the point of discontinuity exists and is given by

lim
x→0−

H(x) = H∗;

(iii) The right-sided limit of H(x) at the point of discontinuity exists and is given by

lim
x→0+

H(x) = HR;

(iv) HR < HS < H∗ < HL;

(v) v, q1, q2 ∈ L∞((−∞, 0),R);

(vi) There exists some δ > 0 so that for all x ∈ (−∞, 0]), we have q1(x) ≤ −δ and
q2(x) ≤ −δ.
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Proof. Most of these properties have been established in our references [39, 44], so we pri-
marily just indicate where the results can be found in those references. First, Items (i), (ii),
and (iii) simply combine observations from [39], p. 3 (discussion surrounding equation (2.4)
of that reference).

For Item (iv), we start with the inequality HR < Hs. Noting that ν2 = HL/HR, we can
express (7.108) as

ν2 >
1 + 2F +

√
1 + 4F

2F 2
.

Rewriting this inequality as

2F 2ν2 − 1− 2F >
√

1 + 4F ,

we observe that if this inequality holds then both sides must be positive, and we can square
both sides. If we do this and cancel the quantity 1 + 4F from either side of the resulting
equation, we arrive at the inequality(

(Fν2 − 1)− ν
)(

(Fν2 − 1) + ν
)
> 0.

The second factor on the left-hand side is clearly positive (since ν > 1), and so the first
factor must be positive as well, ensuring the inequality

Fν2

1 + ν
> 1, (7.114)

whence

Hs =
( Fν2
ν + 1

)2/3
HR > HR.

Turning next to the inequality Hs < HL, we see that our goal can be expressed as( Fν2
ν + 1

)2/3
HR < HL,

or equivalently ( Fν2
ν + 1

)2/3
< ν2.

Rearranging this last inequality, we arrive at the relation

F < ν(ν + 1),

and this holds for all 0 < F < 2 and ν > 1.
To see that H∗ < HL, we first observe that H∗ can be expressed as

H∗ =
−ν − 1 +

√
8F 2ν4 + ν2 + 2ν + 1

2(ν + 1)

HL

ν2

=
(
− 1

2
+

√
8F 2 + ( 1

ν
+ 1

ν2
)2

2(ν + 1)

)
HL
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Since Fν2 > 1 + ν (as shown during the verification that HR < Hs), we see that F >
(1/ν + 1/ν2), so that

H∗ <
(
− 1

2
+

√
8F 2 + F 2

2(ν + 1)

)
HL =

(
− 1

2
+

3F

2(ν + 1)

)
HL < HL,

where the final inequality follows for all 0 < F < 2 and ν > 1.
For the inequality H∗ > Hs, we first express it as

−ν − 1 +
√

8F 2ν4 + ν2 + 2ν + 1

2(ν + 1)
HR <

( Fν2
ν + 1

)2/3
HR,

which is equivalent to

−ν − 1 +
√

8F 2ν4 + (ν + 1)2

2(ν + 1)1/3
< (Fν2)2/3.

From (7.114), we can conclude the inequality

1

(ν + 1)1/3
>

1

(Fν2)1/3
,

which allows us to write

−ν − 1 +
√

8F 2ν4 + (ν + 1)2

2(ν + 1)1/3
>
−ν − 1 +

√
8F 2ν4 + (ν + 1)2

2(Fν2)1/3
.

In this way, we see that the sought inequality will follow if we can show that

−ν − 1 +
√

8F 2ν4 + (ν + 1)2

2(Fν2)1/3
> (Fν2)2/3.

This is equivalent to the inequality

−ν − 1 +
√

8F 2ν4 + (ν + 1)2 > 2Fν2,

which we can rearrange as √
8F 2ν4 + (ν + 1)2 > 2Fν2 + ν + 1.

Upon squaring both sides, we find that this reduces to (and so follows from) (7.114). This
concludes the proof of Item (iv).

For Item (v), since H > H∗ > HS, we have from (3.4) of [39] that q1 ∈ L∞((−∞, 0),R),
and likewise from (4.13) of the same reference that q2 ∈ L∞((−∞, 0),R). For v(x), we see
from the specification of f2 in the appendix of [39] that v(x) is bounded provided

H3(
√
HR + 1)2 − F 2H2

R 6= 0 ∀H ∈ [H∗, HL]. (7.115)
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From (3.8) of [39], we additionally have the inequality F < HR +
√
HR, and this allows us

to compute

H3(
√
HR + 1)2 − F 2H2

R > H3
R(HR + 2

√
HR + 1)− (HR +

√
HR)2H2

R

= H4
R − 2H

7/2
R +H3

R − (H2
R + 2H

3/2
R +HR)H2

R = 0,

verifying (7.115).
Finally Item (vi) follows from the proofs of Lemma 3.1 in [39] (the claim for q1) and

Lemma 4.1 in the same reference (the claim for q2).

We now verify that Assumptions (Q) hold for (2.1) with (7.110) and boundary condition
(7.111). For this, we first observe the correspondences Q1(x) = −q1(−x), Q2(x) = −q2(−x),
and V (x) = v(−x), and note that the appearance of −1 in the lower right entry of B(x;λ)
(rather than +1 as in Section 7.1.2) has no bearing on the proof of Lemma 7.4.

The conditions Q1, Q2, V ∈ L1
loc((0,∞),Rn×n), and also Q1, Q2 ∈ L∞((0,∞),Rn×n), all

follow from Item (iii) in Proposition 7.13. For the final statement in Assumption (Q), we
need to verify that there exists some θ > 0 so that for all x ∈ [0,∞), and for all λ ∈ [0, λ∞],
we have the relation

(−q1(−x)− 2λq2(−x)) ≥ θ.

Since q2(−x) < 0 and λ ≥ 0, it is sufficiently to verify that q1(−x) ≤ −θ for all x ∈ [0,∞).
But this is an immediate consequence of Item (iv) in Proposition 7.13.

In order to apply Theorem 2.12, we still need to verify the positivity condition associated
with the boundary, that λ = 0 isn’t an eigenvalue, and that we can choose λ∞ sufficiently
large so that there are no eigenvalues greater than or equal to λ∞. For this latter condition,
we observe that if we set w(x) = y1(−x), the w solves the second-order ODE

w′′ = −(v(x) + q1(x)λ+ q2(x)λ2)w; x ∈ (−∞, 0]

w′(0) = (c1 + c2λ)w(0),
(7.116)

which is precisely (2.14)–(4.6) in [39]. In Lemma 3.3 of [39] the authors show that λ = 0
isn’t an eigenvalue of (7.116), so we only need to verify the existence of λ∞. In [39], the
authors additionally show that the eigenvalues of (7.116) are all real-valued, so we can focus
on real values of λ. We fix λ ∈ (0,∞) and let w(x;λ) denote an associated eigenfunction.
Taking an L2((−∞, 0),C) inner product of w∗ with (7.116), we obtain the relation∫ 0

−∞
w∗w′′dx = −

∫ 0

−∞
(v(x) + q1(x)λ+ q2(x)λ2)|w|2dx, (7.117)

where for the left-hand side we have∫ 0

−∞
w∗w′′dx = −

∫ 0

−∞
|w′|2dx+ w∗(0)w′(0) = −

∫ 0

−∞
|w′|2dx+ (c1 + c2λ)|w(0)|2. (7.118)

If w(0) = 0, then w′(0) = 0, and consequently we must have w ≡ 0 on (−∞, 0], so that w
isn’t an eigenfunction. In this way, we see that we must have w(0) 6= 0, and since c2 < 0,
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this implies that λ can be chosen sufficiently large so that the right-hand side of (7.118) is
negative. We can conclude from (7.117) that for λ sufficiently large∫

(v(x) + q1(x)λ+ q2(x)λ2)|w|2dx > 0,

but since q2(x) < 0 this is a contradiction (for λ sufficiently large).
Having verified the assumptions of Theorem 2.12, we are now in a position to consider

the appropriate Maslov indices. According to Theorem 2.12,

N α((0, λ∞)) = Mas(`α(·;λ∞), `∞(·; 0); [0,∞)])−Mas(`α(0; ·), `∞(0; 0); [0, λ∞]), (7.119)

where λ∞ has been chosen sufficiently large (as discussed above) so that our system (2.1)
with (7.110) and boundary conditions (7.111) has no eigenvalues greater than or equal to
λ∞.

Our goal now is to show that each of the Maslov indices in (7.119) is 0. For both of
these calculations, a key point will be that we can identify the space `∞(x; 0) explicitly, so
we begin by clarifying that observation. First, for λ = 0, we have the system

JX′∞(x; 0) = B(x; 0)X∞(x; 0); lim
x→∞

X∞(x; 0) = 0.

If we write X∞ =
(
ζ1
ζ2

)
, this system becomes

ζ ′1 = −ζ2
ζ ′2 = v(−x)ζ1,

which is easily solved with (for x > 0)

ζ1(x) = e
1
2

∫−x
0 f2(y)dyH(−x)

ζ2(x) = e
1
2

∫−x
0 f2(y)dy

(
H ′(−x) +

1

2
f2(−x)H(−x)

)
.

In this way, we identify a frame for `∞(0; 0) as

X∞(0; 0) =

(
ζ1(0)
ζ2(0)

)
=

(
H(0)

H ′(0) + 1
2
f2(0)H(0)

)
.

A frame for `α(0;λ) is readily seen to be

Xα(0;λ) = Jα(λ)∗ =

(
1

c1 + c2λ

)
,

so intersections in the calculation of the second Maslov index on the right-hand side of
(7.119) correspond precisely with zeros of the determinant

det

(
1 H(0)

c1 + c2λ H ′(0) + 1
2
f2(0)H(0)

)
= H ′(0) +

(1

2
f2(0)− (c1 + c2λ)

)
H(0). (7.120)
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Here, H(0) = H∗, and from [44] we have

H ′(x) =
H(x)3 −Q(x)2

H(x)3

F 2 − q20
; q0 = Q(x)− cH(x).

(In [44], this is the first unnumbered equation after (2.7); we emphasize that Q(x)− cH(x)
is independent of x.) Upon setting x = 0, we obtain the relation

H ′(0) =
H3
∗ −Q2

∗
H3
∗

F 2 − q20
, Q∗ = q0 + cH∗.

From (2.9) in [44], we have HS = q20F
2, allowing us to write

H ′(0) = F 2H
3
∗ −Q2

∗
H3
∗ −H3

S

. (7.121)

Focusing now on the numerator H3
∗ −Q2

∗, we can write

H3
∗ −Q2

∗ = H3
∗ − (cH∗ − q0)2 = H3

∗ − c2H2
∗ + 2cH∗q0 − q20,

which can be expressed as

H3
∗ −Q2

∗ = H3
∗ − (cH∗ − q0)2 = H3

∗ − c2H2
∗ + 2cH∗

H
3/2
S

F
− H3

S

F 2
, (7.122)

(using again HS = q20F
2). For c, we can combine the relations QR = cHR−q0 and QR = H

3/2
R

to see that

c =
H

3/2
S

FHR

+
√
HR.

If we substitute this last expression for c into (7.122), we find

H3
∗ −Q2

∗ = H3
∗ − (

√
HR +

H
3/2
S

FHR

)2H2
∗ + 2(

√
HR +

H
3/2
S

FHR

)H∗
H

3/2
S

F
− H3

S

F 2

=
H∗ −HR

F 2H2
R

{
F 2H2

RH
2
∗ − 2FH

3/2
R H

3/2
S H∗ −H3

S(H∗ −HR)
}
.

Rearranging, we find the relation

H3
∗ −Q2

∗
HR −H∗

= −H2
∗ +

2H
3/2
S H∗

F
√
HR

+
H3
S(H∗ −HR)

F 2H2
R

. (7.123)

From (4.7) in [39], we know

H2
∗ (
√
HR + 1)2 +H∗HR(

√
HR + 1)2 − 2F 2HR = 0,

which we can rearrange as

H2
∗ = −H∗HR +

2F 2HR

(
√
HR + 1)2

.
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Upon substitution of this last expression into (7.123), we obtain the relation

H3
∗ −Q2

∗
HR −H∗

= H∗HR −
2F 2HR

(
√
HR + 1)2

+
2H

3/2
S H∗

F
√
HR

+
H3
S(H∗ −HR)

F 2H2
R

.

In order to make a final simplification, we observe the relation

H3
S =

F 2H2
R

(1 +
√
HR)2

,

which is easily seen from (7.113). Namely, we can write

H3
S =

F 2ν4

(ν + 1)2
H3
R =

F 2H
2
L

H2
R

(
√

HL
HR

+ 1)2
H3
R =

F 2HLH
2
R

(1 +
√

HR
HL

)2
,

and by a choice of scaling we take HL = 1. This allows us to write

H3
∗ −Q2

∗
HR −H∗

=
(HR(1 +

√
HR)2 + 2

√
HR(1 +

√
HR) + 1

(1 +
√
HR)2

)
H∗ −

(1 + 2F 2)HR

(1 +
√
HR)2

.

Noting the identity

HR(1 +
√
HR)2 + 2

√
HR(1 +

√
HR) + 1 = (HR +

√
HR + 1)2,

we arrive at the relation

H3
∗ −Q2

∗
HR −H∗

=
(HR +

√
HR + 1)2H∗ − (1 + 2F 2)HR

(
√
HR + 1)2

.

By incorporating this last relation into (7.112), we arrive at the relations

1

2
f2(0)− c1 = F 2H

3
∗ −Q2

∗
HR −H∗

· 1

H3
∗ −H3

S

. (7.124)

We are now in a position to better understand the right-hand side of (7.120). Using
(7.121) and (7.124), we can write

H ′(0) + (
1

2
f2(0)− c1)H(0) = F 2H

3
∗ −Q2

∗
H3
∗ −H3

S

+ F 2 H3
∗ −Q2

∗
(HR −H∗)(H3

∗ −H3
S)
H∗

= F 2H
3
∗ −Q2

∗
H3
∗ −H3

S

· HR

HR −H∗

(7.125)

From Proposition 7.13, we have the inequalities H3
∗ −H3

S > 0 and HR −H∗ < 0, and since
H ′(0) < 0 we also see (from (7.121)) that H3

∗ −Q2
∗ < 0. Combining these observations with

(7.125), we see at last that

H ′(0) + (
1

2
f2(0)− c1)H(0) > 0.
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Since c2 < 0, we can conclude that the right-hand side of (7.120) is positive for all λ ∈ [0, λ∞].
In this way, we conclude that

Mas(`α(0; ·), `∞(0; 0); [0, λ∞]) = 0.

For the first Maslov index in (7.119), we note from our construction above that

X∞(x; 0) =

(
ζ1(x)
ζ2(x)

)
=

(
e

1
2

∫−x
0 f2(y)dyH(−x)

e
1
2

∫−x
0 f2(y)dy(H ′(−x) + 1

2
f2(−x)H(−x))

)
.

This allows us to identify intersections arising in the Maslov index under consideration with
solutions to the eigenvalue problem (7.116). In particular, the question becomes, for λ = λ∞,
are there values of x ∈ (−∞, 0] for which

(
w(x;λ∞)
w′(x;λ∞)

)
intersects(

W (x)
W ′(x)

)
:=

(
e

1
2

∫ x
0 f2(y)dyH(x)

e
1
2

∫ x
0 f2(y)dy(H ′(x) + 1

2
f2(x)H(x))

)
.

An intersection will occur if there exists s ≤ 0 so that

det

(
w(s;λ∞) W (s)
w′(s;λ∞) W ′(s)

)
= 0.

I.e., the condition for an intersection is

W (s)w′(s;λ∞)−W ′(s)w(s;λ∞) = 0,

and since the exponential factor is irrelevant, this can be expressed as

H(s)w′(s;λ∞)− (H ′(s) +
1

2
f2(s)H(s))w(s;λ∞) = 0.

We will have an intersection in the calculation of the first Maslov index in (7.119) if and
only if there exists a function w(·;λ∞) ∈ H2(s, 0) satisfying the boundary value problem

w′′ = −(v(x) + q1(x)λ+ q2(x)λ2)w; x ∈ (s, 0]

w′(0) = (c1 + c2λ)w(0),

w′(s;λ) =
(H ′(s)
H(s)

+
1

2
f2(s)

)
w(s;λ).

(7.126)

Suppose that some λ > 0 is an eigenvalue of this problem, and let w(x;λ) denote its associ-
ated eigenfunction. As noted in (7.117), if we multiply this ODE by w∗(x;λ) and integrate
on [s, 0], the right-hand side becomes

−
∫ 0

s

(v(x) + q1(x)λ+ q2(x)λ2)|w(x;λ)|2dx.

From Proposition 7.13, we have that v ∈ L∞(s, 0) and that for some δ > 0 we have q1(x) ≤ −δ
and q2(x) ≤ −δ for all x ∈ [s, 0]. It follows that we can choose λ∞ sufficiently large so that

−
∫ 0

s

(v(x) + q1(x)λ+ q2(x)λ2)|w(x;λ∞)|2dx ≥ λ2∞
2
δ‖w‖L2(s,0). (7.127)
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On the left-hand side, we obtain the relation∫ 0

s

w′′w∗dx = −
∫ 0

s

|wx(x;λ∞)|2dx+ wx(0;λ∞)w∗(0;λ∞)− wx(s;λ∞)w∗(s;λ∞)

= −
∫ 0

s

|wx(x;λ∞)|2dx+ (c1 + c2λ∞)|w(0;λ∞)|2 − (
H ′(s)

H(s)
+

1

2
f2(s))|w(s;λ∞)|2.

(7.128)
Here, H ′(s) is uniformly bounded on (−∞, 0), and H(s) is bounded away from 0 on this
same interval, so the ratio H ′(s)/H(s) is uniformly bounded on (−∞, 0). Likewise, f2(s) is

uniformly bounded on (−∞, 0), so the quantity H′(s)
H(s)

+ 1
2
f2(s) is uniformly bounded on this

interval.
Precisely in the spirit of Lemma 1.3.8 from [3], we find that for any ε > 0, we have the

inequality

|w(s;λ∞)|2 ≤ |w(0;λ∞)|2 +
1

ε
‖w(·;λ∞)‖2L2(s,0) + ε‖wx(·;λ∞)‖2L2(s,0). (7.129)

This inequality, combined with (7.127) and (7.128), allows us to write

λ2∞
2
δ‖w‖L2(s,0) + ‖wx(·;λ∞)‖2L2(s,0) − (c1 + c2λ∞)w(0;λ∞)2 ≤ −(

H ′(s)

H(s)
+

1

2
f2(s))w(s;λ∞)2

≤
∣∣∣H ′(s)
H(s)

+
1

2
f2(s)

∣∣∣{|w(0;λ∞)|2 +
1

ε
‖w(·;λ∞)‖2L2(s,0) + ε‖wx(·;λ∞)‖2L2(s,0)

}
.

Since c2 < 0 and H′(s)
H(s)

+ 1
2
f2(s) is bounded, we can choose λ∞ large enough to ensure a

contradiction.

A Appendix

In this appendix, we include the following: (1) a full derivation of our Green’s function
Gα(x, ξ;λ) associated with the operator T α(λ) (i.e., a full proof of Lemma 4.5); (2) details
on the monotonicity (in λ) arguments from the proofs of Theorems 2.12 and 2.14; and (3) a
proof of Lemma 7.5.

A.1 Derivation of the Green’s Function Gγ
c,b(x, ξ;λ)

In this section, we prove Lemma 4.5, establishing a representation for the Green’s function
associated with (4.7). We begin by letting Φ(x;λ) denote a fundamental matrix for (4.1)
satisfying

JΦ′ = B(x;λ)Φ, Φ(c;λ) = I2n.

Proceeding by variation of parameters, we look for solutions of (4.7) of the form y(x;λ) =
Φ(x;λ)v(x;λ), where the vector function v(x;λ) is to be determined. This leads immediately
to the relation JΦ(x;λ)v′(x;λ) = Bλ(x;λ)f . Using the relation

Φ(x;λ)∗JΦ(x;λ) = J,
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we can solve for
v′(x;λ) = −JΦ(x;λ)∗Bλ(x;λ)f.

Integrating, we obtain the relation

v(x;λ) = −
∫ x

c

JΦ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ +K(λ),

where K(λ) is a (vector) constant of integration to be determined, and consequently we can
write

y(x;λ) = −Φ(x;λ)

∫ x

c

JΦ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ + Φ(x;λ)K(λ). (A.1)

In order to identify K(λ), we employ the boundary conditions associated with T γc,b(λ), namely
(4.2) and (4.3). For the former, since y(x;λ) = Φ(x;λ)v(x;λ) and Φ(c;λ) = I2n, we see that
y(c;λ) = v(c;λ) = K(λ), so that the condition is γK(λ) = 0, which is equivalent to

(Jγ∗)∗JK(λ) = 0.

For the latter, in Lemma 4.4, we constructed a basis {ubj(x;λ)}nj=1 for the space of solutions
to (4.1) that lie right in (c, b) and satisfy (4.3). We let U b(x;λ) denote the matrix comprising
the vector functions {ubj(x;λ)}nj=1 as its columns, noting that we then have

lim
x→b−

U b(x;µ0, λ0)
∗JU b(x;λ) = 0. (A.2)

If we alternatively impose the boundary condition

lim
x→b−

U b(x;λ)∗Jy(x) = 0, (A.3)

then by the Lagrangian property we are effectively looking for a Green’s function that can
be expressed in terms of U b(x;λ) for a < ξ < x < b. It follows from (A.2) that Gγ

c,b(x, ξ;λ)
will then satisfy the required boundary condition (4.3) (which can be checked directly with
our final form of the Green’s function).

We now act with U b(x;λ)∗J on (A.1) to obtain the relation

U b(x;λ)∗Jy(x;λ) = −U b(x;λ)∗JΦ(x;λ)

∫ x

c

JΦ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ

+ U b(x;λ)∗JΦ(x;λ)K(λ).

(A.4)

Since the columns of U b(x;λ) solve (4.1) and are linearly independent, there must exist a
rank-n 2n × n matrix Rb(λ) so that U b(x;λ) = Φ(x;λ)Rb(λ) (i.e., Rb(λ) = U b(c;λ)). This
allows us to express (A.4) as

U b(x;λ)∗Jy(x;λ) =

∫ x

c

Rb(λ)∗Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ + Rb(λ)∗JK(λ).

By assumption, Φ(·;λ)Rb(λ) ∈ L2
Bλ((c, b),C2n), and we are taking f ∈ L2

Bλ((c, b),C2n), so
we are justified in taking x→ b− on the right-hand side. Since this limit is 0 on the left, we
obtain the relation

0 =

∫ b

c

Rb(λ)∗Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ + Rb(λ)∗JK(λ).

101



Combining this last relation with (Jγ∗)∗JK(λ) = 0, we can write(
(Jγ∗)∗

Rb(λ)∗

)
JK(λ) =

(
0

−
∫ b
c

Rb(λ)∗Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ

)
.

At this point, we set
E(λ) :=

(
Jγ∗ Rb(λ)

)
,

and claim that since 0 /∈ σ(T γc,b(λ)), it must be the case that E(λ) is non-singular. To see this,
we observe that solutions of (4.1) satisfying the boundary condition at x = c are linear combi-
nations of the columns of Φ(x;λ)Jγ∗, while solutions satisfying (A.3) are linear combinations
of the columns of Φ(x;λ)Rb(λ). It follows that the matrix (Φ(x;λ)Jγ∗)∗JΦ(x;λ)Rb(λ) is
singular if and only if 0 ∈ σpt(T γc,b(λ)). But

(Φ(x;λ)Jγ∗)∗JΦ(x;λ)Rb(λ) = (Jγ∗)∗JRb(λ),

and we know from Lemma 2.2 in [18] that (Jγ∗)∗JRb(λ) is non-singular if and only if E(λ)
is non-singular. In particular, if 0 /∈ σ(T γc,b(λ)) then E(λ) must be non-singular. This
observation allows us to solve for

K(λ) = −J(E(λ)∗)−1
(

0

−
∫ b
c

Rb(λ)∗Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ

)
= J(E(λ)∗)−1

∫ b

c

(
0 Rb(λ)∗

)∗
Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ.

Upon substitution of K(λ) into (A.1), we obtain the relation

y(x;λ) = −Φ(x;λ)

∫ x

c

JΦ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ

+ Φ(x;λ)J(E(λ)∗)−1
∫ b

c

(
0 Rb(λ)

)∗
Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ

= −Φ(x;λ)J(E(λ)∗)−1E(λ)∗
∫ x

c

Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ

+ Φ(x;λ)J(E(λ)∗)−1
∫ b

c

(
0 Rb(λ)

)∗
Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ.

Continuing with this calculation, we next see that

y(x;λ) = −Φ(x;λ)J(E(λ)∗)−1
(
Jγ∗ 0

)∗ ∫ x

c

Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ

− Φ(x;λ)J(E(λ)∗)−1
(
0 Rb(λ)

)∗ ∫ x

c

Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ

+ Φ(x;λ)J(E(λ)∗)−1
(
0 Rb(λ)

)∗ ∫ b

c

Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ

= −Φ(x;λ)J(E(λ)∗)−1
(
Jγ∗ 0

)∗ ∫ x

c

Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ

+ Φ(x;λ)J(E(λ)∗)−1
(
0 Rb(λ)

)∗ ∫ b

x

Φ(ξ;λ)∗Bλ(ξ;λ)f(ξ)dξ.

102



It follows, by inspection, that

Gγ
c,b(x, ξ;λ) =

−Φ(x;λ)J(E(λ)∗)−1
(
Jγ∗ 0

)∗
Φ(ξ;λ)∗ c < ξ < x < b

Φ(x;λ)J(E(λ)∗)−1
(

0 Rb(λ)
)∗

Φ(ξ;λ)∗ c < x < ξ < b.

Last, it’s convenient to note that we can express Gγ
c,b(x, ξ;λ) in a more symmetric form.

To see this, we first observe that

E(λ)∗JE(λ) =

(
−γJ

Rb(λ)∗

)
J
(
Jγ∗ Rb(λ)

)
=

(
γJγ∗ γRb(λ)

−Rb(λ)∗γ∗ Rb(λ)∗JRb(λ)

)
=

(
0 γRb(λ)

−(γRb(λ))∗ 0

)
,

where we’ve used the observations that Jγ∗ and Rb(λ) are frames for Lagrangian subspaces of
C2n. Here, γRb(λ) = (Jγ∗)∗JRb(λ), and we’ve already seen that this matrix is non-singular
so long as 0 /∈ σ(T γc,b(λ)). This allows us to write

(E(λ)∗JE(λ))−1 =

(
0 −((γRb(λ))∗)−1

(γRb(λ))−1 0

)
. (A.5)

It follows that

−
(
Jγ∗ 0

)
E(λ)−1J(E(λ)∗)−1

(
0 Rb(λ)

)∗
=
(
Jγ∗ 0

)( 0 −((γRb(λ))∗)−1

(γRb(λ))−1 0

)(
0

Rb(λ)∗

)
= −

(
Jγ∗ 0

)(((γRb(λ))∗)−1Rb(λ)∗

0

)
= −(Jγ∗)(γRb(λ)∗)−1Rb(λ)∗.

(A.6)

On the other hand, (A.5) also allows us to write

(E(λ)∗)−1 = JE(λ)

(
0 −((γRb(λ))∗)−1

(γRb(λ))−1 0

)
,

from which we see that

(E(λ)∗)−1
(
0 Rb(λ)

)∗
= JE(λ)

(
0 −((γRb(λ))∗)−1

(γRb(λ))−1 0

)(
0

Rb(λ)∗

)
= J

(
Jγ∗ Rb(λ)

)(−((γRb(λ))∗)−1Rb(λ)∗

0

)
= γ∗((γRb(λ))∗)−1Rb(λ)∗.

(A.7)

Comparing (A.6) and (A.7), we see that

J(E(λ)∗)−1
(
0 Rb(λ)

)∗
=
(
Jγ∗ 0

)
E(λ)−1J(E(λ)∗)−1

(
0 Rb(λ)

)∗
.

We will set
M(λ) := E(λ)−1J(E(λ)∗)−1,
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from which we observe that
M(λ)∗ = −M(λ).

For c < x < ξ < b, we will re-write Gγ
c,b(x, ξ;λ) by using the relation

J(E(λ)∗)−1
(
0 Rb(λ)

)∗
=
(
Jγ∗ 0

)
M(λ)

(
0 Rb(λ)

)∗
.

and similarly we will re-write Gγ
c,b(x, ξ;λ) for c < ξ < x < b, by using the relation

J(E(λ)∗)−1
(
Jγ∗ 0

)∗
=
(
0 Rb(λ)

)
M(λ)

(
Jγ∗ 0

)∗
.

These relations allow us to express Gγ
c,b(x, ξ;λ) in precisely the claimed form. �

A.2 Monotonicity as λ Varies

In this section, we verify that the Maslov index specified on the right-hand side of (6.4) is
a monotonic count of crossing points, each negatively directed. From Lemma 5.1, we know
that the signs of the associated crossing points are determined by the matrices

−Xα(c;λ)∗J∂λXα(c;λ) (A.8)

and
Xb(c;λ)∗J∂λXb(c;λ). (A.9)

We’ve already seen from our analysis of the top shelf that (A.8) is negative definite for all
c ∈ (a, b), so we focus here on making a similar conclusion about (A.9). For this, we recall
that the columns of Xb(x;λ) comprise the basis elements for `b(x;λ) described in Lemma
4.7 and extended in Lemma 4.8. By construction, these basis elements are differentiable
in λ on the intervals (λ1, λ

1,2
∗ ), (λ1,2∗ , λ

2,3
∗ ), ..., (λN−2,N−1∗ , λN−1,N∗ ), (λN−1,N∗ , λ2); more pre-

cisely, on (λ1, λ
1,2
∗ ) the columns of Xb(x;λ) are differentiable extensions of the basis elements

{ubj(x;λ1∗)}, on (λ1,2∗ , λ
2,3
∗ ) the columns of Xb(x;λ) are differentiable extensions of the basis el-

ements {ubj(x;λ2∗)}, and so on, with the values {λj∗}Nj=1 as specified in the proof of Lemma 4.8.
Here, we recall that λ1∗ = λ1, λ

N
∗ = λ2, and λj∗ ∈ (λj−1,j∗ , λj,j+1

∗ ) for all j ∈ {2, . . . , N − 1}.
(The precise location of λj∗ isn’t required for the argument.) In addition, we know from
Lemma 4.7, that with this construction we have the relation

lim
x→b−

Xb(x;λj∗)
∗J(∂λXb)(x;λj∗) = 0 (A.10)

for all j ∈ {1, 2, . . . , n}.
In order to understand rotation as λ varies near λj∗, we first use (4.11) (from Lemma 4.7)

to compute (precisely as with the corresponding calculation for Xα(x;λ) in our analysis of
the top shelf in the proof of Theorem 2.12)

∂

∂x
Xb(x;λj∗)

∗J(∂λXb)(x;λj∗) = Xb(x;λj∗)
∗Bλ(x;λj∗)Xb(x;λj∗). (A.11)

Integrating on (c, x), we can write

Xb(x;λj∗)
∗J(∂λXb)(x;λj∗) = Xb(c;λ

j
∗)
∗J(∂λXb)(c;λ

j
∗) +

∫ x

c

Xb(ξ;λ
j
∗)
∗Bλ(ξ;λj∗)Xb(ξ;λ

j
∗)dξ.
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Upon taking the limit as x→ b− and using (A.10), we see that

Xb(c;λ
j
∗)
∗J(∂λXb)(c;λ

j
∗) = −

∫ b

c

Xb(ξ;λ
j
∗)
∗Bλ(ξ;λj∗)Xb(ξ;λ

j
∗)dξ, (A.12)

allowing us to conclude, similarly as we did with Xα(c;λ)∗J∂λXα(c;λ) in the proof of
Theorem 2.12, that the matrix on the left-hand side of (A.12) is negative definite for all
c ∈ (a, b), and by continuity in λ that Xb(c;λ)∗J∂λXb(c;λ) is negative definite for all λ
sufficiently close to λj∗. Possibly by taking a finer partition of [λ1, λ2] in the proof of Lemma
4.8 (i.e., by taking N larger and the associated radii smaller), we can ensure in this way
that Xb(c;λ)∗J∂λXb(c;λ) is negative definite on each interval in our partition, (λ1, λ

1,2
∗ ),

(λ1,2∗ , λ
2,3
∗ ), ..., (λN−2,N−1∗ , λN−1,N∗ ), (λN−1,N∗ , λ2). In this way, we find that the direction of

crossings on each of these intervals is negative, and since these intervals partition [λ1, λ2],
that the direction of all crossings on [λ1, λ2] is negative (as λ increases).

A.3 Proof of Lemma 7.5

We follow the proof of Theorem V.2.2 from [24]. We will proceed for the case mb(µ, λ),
noting that the case ma(µ, λ) is similar.

First, we fix any λ ∈ I, and for the ODE

Jy′ − B(x;λ)y − µBλ(x;λ)y = Bλ(x;λ)f,

with f ∈ L2
Bλ((a, b),C2n), we construct a Green’s function G(x, ξ;µ, λ) so that

y(x;µ, λ) =

∫ b

c

G(x, ξ;µ, λ)Bλ(ξ;λ)f(ξ)dξ,

where y(x;µ, λ) satisfies (4.3) on the right (for a selection of Niessen elements) and a (regular)
self-adjoint boundary condition at x = c. Here, G(x, ξ;µ, λ) can be constructed similarly as
in our development in Section A.1, or as in Section VI.5 in [24]. For any fixed µ ∈ C\R, we
set

s := min
λ∈I
{mb(µ;λ)}.

Since s ≥ n, this minimum is well defined, and since mb(µ;λ) takes discrete values, it must
occur at some λ0 ∈ I (possibly at multiple values in I).

Let {yi(x;µ, λ0)}si=1 denote a linearly independent collection of solutions of (2.8) (with
λ = λ0) that lie right in (a, b). For λ near λ0, let z(x;µ, λ) solve (2.8), and notice that we
can write

Jz′ − B(x;λ0)z − µBλ(x;λ0)z = (B(x;λ)− B(x;λ0))z + µ(Bλ(x;λ)− Bλ(x;λ0))z. (A.13)

According to Assumption (E), we can write

B(x;λ)− B(x;λ0) = Bλ(x;λ0)E(x;λ, λ0),

and upon differentiating in λ

Bλ(x;λ) = Bλ(x;λ0)Eλ(x;λ, λ0),
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so that
Bλ(x;λ)− Bλ(x;λ0) = Bλ(x;λ0)(Eλ(x;λ, λ0)− I).

Combining these observations, we can express (A.13) as

Jz′ − B(x;λ0)z − µBλ(x;λ0)z = Bλ(x;λ0)(E(x;λ, λ0) + µ(Eλ(x;λ, λ0)− I))z. (A.14)

Under our assumptions on E(x;λ, λ0) and Eλ(x;λ, λ0), if we set

E(x;µ, λ, λ0) := E(x;λ, λ0) + µ(Eλ(x;λ, λ0)− I),

then the following hold immediately: for each λ sufficiently close enough to λ0 E(·;µ, λ;λ0) ∈
B(L2

Bλ((a, b),C2n)) (i.e., when viewed as a multiplication operator, the matrix function
E(·;µ, λ;λ0) is a bounded linear operator taking L2

Bλ((a, b),C2n) to itself), and the map
λ 7→ E(·;µ, λ;λ0) is continuous as a map from a neighborhood of λ0 to B(L2

Bλ((a, b),C2n)),
with additionally ‖E(·;µ, λ, λ0)‖ = o(1), λ → λ0. These observations allow us to conclude
that for any φ ∈ L2

Bλ((a, b),C2n) we have the inequality

‖E(·;µ, λ, λ0)φ(·)‖Bλ ≤ ‖E(·;µ, λ, λ0)‖‖φ(·)‖Bλ ,

and consequently we can take λ sufficiently close to λ0 so that

‖E(·;µ, λ, λ0)φ(·)‖2Bλ ≤
|Imµ|

2
‖φ(·)‖2Bλ , (A.15)

for all φ ∈ L2
Bλ((a, b),C2n).

At this point, we take λ close enough to λ0 so that (A.15) holds, set S := mb(µ;λ), and
let {zj(x;µ, λ, λ0)}Sj=1 denote a collection of linearly independent solutions to (A.13) that lie
right in (a, b). For each j ∈ {1, 2, . . . , S}, we define

z̃j(x;µ, λ, λ0) :=

∫ b

c

G(x, ξ;µ, λ0)Bλ(ξ;λ0)E(ξ;µ, λ, λ0)zj(ξ;µ, λ, λ0)dξ,

noting particularly that z̃j(x;µ, λ, λ0) solves the ODE

Jz̃′j − B(x;λ0)z̃j − µBλ(x;λ0)z̃j = Bλ(x;λ0)E(x;µ, λ, λ0)zj. (A.16)

I.e., z̃j(x;µ, λ, λ0) is a particular solution for this inhomogeneous equation. The space
of homogeneous solutions to (A.16) that lie right in (a, b) is spanned by the collection
{yi(x;µ, λ0)}si=1. Since each element in the collection {zj(x;µ, λ, λ0)}Sj=1 is a solution to

(A.16) that lies right in (a, b), there must exist constants {cji(µ, λ, λ0)}S,sj,i=1 so that

zj(x;µ, λ, λ0) =
s∑
i=1

cji(µ, λ, λ0)yi(x;µ, λ0) + z̃j(x;µ, λ, λ0), j = 1, 2, . . . , S.

Suppose now that S > s, in which case we can associate the coefficients (cji) with an
S×s matrix C. It follows that there must exist a non-trivial row vector β = (β1, β2, . . . , βS),
depending on µ, λ and λ0, so that βC = 0. We now set

φ(x;µ, λ, λ0) :=
S∑
j=1

βj(µ, λ, λ0)zj(x;µ, λ, λ0). (A.17)
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Then by linear independence of the collection {zj(x;µ, λ, λ0)}Sj=1, we see that φ(x;µ, λ, λ0)
cannot be identically 0. In addition, we can now write

φ(x;µ, λ, λ0) =
S∑
j=1

βj(µ, λ, λ0)zj(x;µ, λ, λ0)

=
S∑
j=1

βj(µ, λ, λ0)
( s∑
i=1

cji(µ, λ, λ0)yi(x;µ, λ0) + z̃j(x;µ, λ, λ0)
)

=
s∑
i=1

( S∑
j=1

βj(µ, λ, λ0)cji(µ, λ, λ0)
)
yi(x;µ, λ0) +

S∑
j=1

βj(µ, λ, λ0)z̃j(x;µ, λ, λ0).

By the selection of β, we have
∑S

j=1 βj(µ, λ, λ0)cji(µ, λ, λ0) = 0, and this allows us to write

φ(x;µ, λ, λ0) =
S∑
j=1

βj(µ, λ, λ0)z̃j(x;µ, λ, λ0)

=
S∑
j=1

βj(µ, λ, λ0)

∫ b

c

G(x, ξ;µ, λ0)Bλ(ξ;λ0)E(ξ;µ, λ, λ0)zj(ξ;µ, λ, λ0)dξ

=

∫ b

c

G(x, ξ;µ, λ0)Bλ(ξ;λ0)E(ξ;µ, λ, λ0)
S∑
j=1

βj(µ, λ, λ0)zj(ξ;µ, λ, λ0)dξ

=

∫ b

c

G(x, ξ;µ, λ0)Bλ(ξ;λ0)E(ξ;µ, λ, λ0)φ(ξ;µ, λ, λ0)dξ.

In particular, φ satisfies the equation

Jφ′ − B(x;λ0)φ− µBλ(x;λ0)φ = Bλ(x;λ0)E(x;µ, λ, λ0)φ.

Precisely as in the proof of Theorem V.2.2 in [24], we now make use of the following
relation (see Theorem VI.6.2 in [24]): if φ, f ∈ L2

Bλ((c, b),C2n) and φ solves the equation

Jφ′ − B(x;λ0)φ− µBλ(x;λ0)φ = Bλ(x;λ0)f,

then ∫ b

c

φ(x)∗Bλ(x;λ0)φ(x)dx ≤ 1

|Imµ|

∫ b

c

f(x)∗Bλ(x;λ0)f(x)dx.

For φ as in (A.17), this becomes∫ b

c

φ(x)∗Bλ(x;λ0)φ(x)dx ≤ 1

|Imµ|

∫ b

c

(E(x)φ(x))∗Bλ(x;λ0)(E(x)φ(x))dx,

where most dependence on the spectral parameters has been suppressed for notational
brevity. Expressed in terms of the norm ‖ · ‖Bλ (on (c, b)), this becomes

‖φ‖2Bλ ≤
1

|Imµ|
‖Eφ‖2Bλ ≤

1

|Imµ|
‖E‖2‖φ‖2Bλ <

1

2
‖φ‖2Bλ ,
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where in obtaining this final inequality we’ve used (A.15). In this way, we arrive at a
contradiction to the assumption that S > s, so it must be the case that mb(µ;λ) = s for all
λ sufficiently close to λ0.

Finally, using compactness of the interval [λ1, λ2] ⊂ I, we can conclude that we must
have mb(µ;λ) = s for all λ ∈ [λ1, λ2]. Since mb(µ;λ) is constant in µ for each fixed λ, and
constant in λ for each fixed µ, it must be constant for all (µ, λ) ∈ (C\R)× [λ1, λ2].
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