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Abstract

These are some additional notes and references for my brief survey “An Introduction
to Algorithmic Fewnomial Theorem over R,” which should be appearing in the AMS
Notices by July 2025.

We now go over some finer points and proof sketches that needed to be skipped in
[Roj25] due to the length restrictions of the AMS Notices: In what follows, all sections refer

to [Roj25]. We also point out that [Mun00], [Pra04], and [SWO035] are excellent references

respectively on basic topology, linear algebra, and numerical polynomial system solving.

Notes on Section 1.1

The notion of “simplicity” for equations, or algebraic varieties, is primordial and can nat-
urally be approached from many points of view. Another exposition, focussing more on
geometry (and rational connectedness) than computational complexity, can be found in the

beautiful paper [KolO1].

Notes on Section 1.2

The exposition here mentions roots in (R, U {0})" while the rest of the paper focusses
entirely on roots in R’ . This is for technical simplicity and, in some applications, it is
perfectly reasonable to assume that only a fixed subset of coordinates of the roots will be
set to 0. However, algorithmically, counting affine roots (without prior knowledge of which
coordinates might vanish) is significantly harder than counting roots with all coordinates
NONZzero.

A concrete example comes from counting complex roots for binomial ideals:

Theorem 5.1 Let fi,..., fm € Zlxy,...,x,] be binomials. Let v; denote the difference of
the exponent vectors of f; (the order of subtraction will not matter in what follows), and A
the n x m matriz whose ith column is v;. Finally, let N be |det A| or 0, according as m=n
or not. Then the number of roots of F:=(fi,..., fm) in (C*)" is either N or oo, and we

can decide which (and compute the value of N ) in polynomial-time. However, computing the
number of roots of F' in C" is #P-hard. B

The first part of Theorem [5.1] follows easily from framework of Section 1.5. The second part
is due to Cattani and Dickenstein [CDO7]. A real analogue of this theorem should hold and
follow straightforwardly from these methods.
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Notes on Section 1.3

Theorem 1.6 is an amalgam of earlier results. One key geometric idea underlying Theorem
1.6 is the path connectivity of GL}(R) (the group of real n x n matrices with positive
determinant). This fact is standard in differential geometry courses and can be proved, say,
via the QR-decomposition algorithm from linear algebra.

To prove Theorem 1.6, let

9(y)=cre™Y 4 -+ + ¢yt
It is a simple exercise to show that the real zero set of ¢ is ambiently isotopic in R™ to the
positive zero set of f(z)=ci2™ + -+ + ¢, 12% " when the q; all lie in Z".

By working with g instead of f, and then allowing the a; to lie in R", we will in fact have
enough flexibility to enable a short proof of Theorem 1.6. In particular, dividing by e,
we may assume a; = Q. The path connectivity of GL(R) then easily implies an isotopy
between Zg(g) and

Zr(c1 4 co€¥' + -+ - + cppie¥).
If one then translates the variables y; then one can clearly rescale all the ¢; to absolute value
1, i.e., one then obtains an isotopy to Zg(41 4+ e¥' £ .- £ e¥*) for some suitable choice
of signs. Clearly then, the only way this real zero set is empty is when all the signs are
the same. This proves Assertion (1). Assertion (0) then follows easily since our preceding
isotopy also induces an isotopy of {x €R’} | f(x) >0} to one of the pieces of the complement
of a hyperplane in R’

Assertion (2) is immediate after taking coordinatewise logarithms of the equation ¢z = coz®.

As for Assertion (3), the first part is just a special case of [AKNRIS, Assertion (1)(a)].
The second part is [AKNRIS, Lemma 3.2, Assertion (2)].

Notes on Section 1.4

[BCS97] is an outstanding reference on algebraic complexity, as well as the subtleties of
arithmetic complexity and computational models for algebraic computation.

Lemma 1.11 is due to Yinyu Ye [Ye94] and his methods extend to a broader class of
analytic functions satisfying certain convexity conditions. The fast approximation of radicals
goes back centuries and even the computation of square roots (for power series rings) still
admits further improvements: See, e.g., [Har11].

A detailed account on efficiently numerically approximating complex (and real) roots of
arbitrary univariate polynomials is [Sagl(], and an important older reference on complexity
lower bounds for approximating roots is [Ren87]. Also, an outstanding reference with a
wealth of classical results on the distribution of the roots of univariate polynomials is [RS02].

Notes on Section 1.5

A recent paper on the bound mentioned for the matrix multiplication exponent is [ADVWXXZ724].
The complexity estimates on Smith Factorization were derived from [Sto00]. [Sch86] also
provides a nice account of Hermite Factorization.



Notes on Section 1.6

That the positive solutions of a degenerate binomial system are ambiently isotopic to a
subspace follows routinely from our framework: Again, one can simplify matters via an
exponential change of variables (which can also be turned into an isotopy to the original
positive zero set) to instead work with a system of the following form:
(em¥ ... e™Y) = (c1,...,¢p).

One can then simply apply the change of variables y — A~y to reduce to a system of the
form (e¥,...,e¥ €% ....e%) = (c1,...,¢r,Cry1, ..., Cpn). Where 7 is the rank of the matrix A.
This last system clearly has a real solution if and only if ¢,y = --- =¢, =1, in which case,
taking logs, we clearly obtain an isotopy to a real subspace.

The notion of approximate root goes back to [SmaS&1].

A randomized version of Theorem 1.23, counting arithmetic complexity instead, appears

in [PPRI9].

Notes on Section 2.2

The key new ingredient to the proof of Corollary 2.11 is the use of anti-concentration of
certain random variables: The main probabilistic tools used in [DEPR24] come from [RV15].

Notes on Section 2.3

That an n X n circuit system never has more than n+ 1 isolated roots in R} was first proved
in [BBS03).
Some relevant references on condition numbers for random sparse polynomial systems

are [EPRI9, [EPR2T], [T-CT20].

Notes on Section 3

The cryptic final sentence on there being p-adic analogues of the main results can be elabo-
rated as follows. (See [AIRRI2, RZ22] for further background.)

First, while some of the natural questions on solving ((S1), (S2), and (S5) — on detecting,
counting, and approximating roots) still make sense over Q,, Questions (S3) and (S4) (on
connected components and isotopy type) no longer make sense over Q, since Q, is totally
disconnected! Nevertheless, the notion of p-adic analytic manifold goes back to 1964 work
of Serre [Ser64]. So it would be valuable to explore whether one could still prove that n-
variate (n + k)-nomial hypersurfaces over Q, (or their restriction to (1 + pZ,)") can always
be partitioned into a “small” number (depending only on n and k) of p-adic manifolds of
suitably restricted type. An analogous statement for isolated roots of systems of equations
over Q, was proved in [DvdDS88| but with no explicit upper bounds for n > 2. Explicit
bounds for the special case n=1 can be found in [Len99, and, under the assumption
of tropical genericity, explicit bounds in the cases n>2 were derived in [Roj04].

Another important detail is the notion of (generalized) phase: Just as a positive real num-
ber z can be thought of as a complex number with phase (;—‘ =1 (or argument Imag(Logx)=0),



the analogous notion over Q, is most significant digit. In particular, any x € Q, can be writ-
ten in the form Y77 app* with x; € {0,...,p — 1} for all k > v, v = ord,z, and z, # 0
(where ord, denotes the standard p-adic valuation on Q, [Rob00]). We then call x,, the most
significant digit of z. The natural p-adic analogue of Ry is then the union (J,, p*(1+pZ,),
i.e, the set of all p-adic rational numbers with most significant digit 1.
Finally, it is important to note that the notion of p-adic tropical variety
Trop,(f) := {ordyz | f(x)=0, 2€(C;)"},

where ord,(z1, ..., x,):=(ord,zy, ..., ord,z,), has been known at least since work of Kapra-
nov around 2000 [Kap00], and the case n=1 dates back to early 20th century work of Hensel
(see, e.g., [Wei63, Ch. 3] and [RZ22, Thm. 2.3]). In fact, the use of a polytope (or rather, the
slopes of its edges, or coordinates of its inner face normals) to exactly determine the norms
of roots goes back to 17th century work of Newton on Puiseux series solutions to polynomial

equations [New76l pp. 126-127].

Let Z,.(f) denote the zero set of f in (U, p"(1 + pZ,))": This will be our p-adic

rational analogue of Z,(f), assuming f € Z[aslﬂ, o ,aﬁl]. Similary, the coordinate-wise
valuation map ord,(-) will be the p-adic analogue of Log. We can then state the following

analogues, over Q,,, of our main results over R:

Definition 1.2 While Trop, (f) and Z,(f) are always ambiently isotopic to each other in R™ in the
simplex case, Z,.(f) can be uncountable and totally disconnected in the simplex
case when n > 2. The more natural correspondence is then to consider ord,Z, ;(f)
instead, just as we considered LogZ,(f) to get a nice metric guarantee. However,
while Trop,(f) is still a polyhedral complex, ord,Z, (f) winds up instead being a
subset of the integral points in Trop,(f).

Theorem 1.6 As noted above, there is not yet a natural analogue of isotopy type for Z, ,(f). How-
ever, there is an interesting complexity wrinkle: While deciding the emptiness of Z, (f)
can be done in linear time (simply by checking coefficient signs), deciding the emptiness
of Z, . (f) is NP-complete! This is contained in [AIRR12, Prop. 3 and Thm. 4, Ass.
3(a)] and, as observed by B. Poonen around 2005, NP-hardness persists even for fized
p (if n is allowed to vary). If n=1 then we can in fact count the roots of binomials
over Q, in polynomial-time: A precise statement is in [RZ22], Cor. 2.8].

Lemma 1.11 &

Corollary 1.14 A p-adic analogue is [RZ22 Thm. 2.21]. In particular, the notion of approximate root

extends naturally to Q,, and polynomial bit-complexity persists... provided p is fixed.
The technical reason for why the complexity is (unfortunately) linear in p is that
computing dth roots in prime fields IF), is still not known to be doable in time polynomial
in log p for d> 3, even if randomization is allowed. That square roots can be computed
in randomized polynomial-time goes all the way back to work of A. Tonelli in the 19th

century: See, e.g., [BS96, Ch. 7].

Theorem 1.13 The RBSP has a p-adic analogue: One instead asks for the most significant digit of
H£1(@fi> — 1. In particular, this can be accomplished once an explicit upper bound on
ordp(HzZl(afi) — 1) is known, and such a bound is given by Yu’s Theorem on Linear

Forms in p-adic Logarithms [Yu94, Yu(O7]. The resulting bounds are sufficiently good



that the resulting p-adic analogue of RBSP can actually be solved within time similar
to that stated in Theorem 1.13. This is pursued further in the Texas A&M Ph.D.
thesis of Joshua Goldstein [Gol25)].

Corollary 1.19 Using the notion of most significant digit, the corollary remains true if we simply
replace R, R*, and C* respectively by |J,c;, p"(1 + pZ,), @}, and C; [Gol25].

Theorem 1.23 Using the notion of most significant digit, there is a natural analogue on quickly finding
approximate roots (in the sense of Smale) for n x n binomial systems over Q, [Gol25].

Theorem 2.5 As stated above, classification up to isotopy breaks down. However, there is still the
possibility of proving that Z, . (f) can be partitioned into “few” p-adic manifolds of a
restricted type.

Lemma 2.6 A p-adic analogue for this particular case is unknown.

Theorem 2.8 Here, one can at least assert that ord,Z, ; (f) is always a subset of the integral points
of Trop,(f).

Corollary 2.9 The p-adic analogue of the special case n =1 was only recently proved: See [RZ22|

Thm. 1.1]. As for n>2, even the complexity of deciding Z, . (f) ~ ) remains unknown.

Theorem 2.10 &

Corollary 2.11 p-adic analogues for these results are unknown.

Theorem 2.12 A p-adic analogue, giving a new upper bound on the number of isolated roots for circuit

systems over @, is developed in [GRSV25| [Gol25].

Problem 3.1 A p-adic analogue of Smale’s 17th Problem appears in a 2011 NSF proposal by Rojas
[Roj11]. Another p-adic analogue was stated independently by Tonelli-Cueto [T-C22].
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