MATH 662 SPRING 2025
BRIEF COURSE NOTES

SARAH J. WITHERSPOON

Version of 7 March 2025

These notes include some, but not all, of the material from class. Proofs of
theorems and examples are more likely to appear in class than in these notes. The
appendix includes some supplementary topics that may not be covered in class.

Throughout, R will be a ring with 1 # 0. Each R-module M is assumed to be
unital, i.e. the multiplicative identity 1 of R acts as the identity map on M. We
will work with both left and right modules, and where this distinction is essential,
it will be specified which one.

1. COMPLEXES

A complex C. (or (C.,d.) or (C,d)) of R-modules is a sequence of R-modules and
R-module homomorphisms (called differentials),

do d71
C_ C_s

da di

C.: Cs

Ci Co

for which d,,_1d,, = 0 for all n € Z. The degree |z| of an element x of C,, is n.
Under this terminology, each of the differentials d,, has degree —1 as a map.
For each degree n, we define R-submodules and a subquotient of C), as follows.

Z,(C.) = Ker(dy,) (the n-cycles)
B,(C.) = Im(dn41) (the n-boundaries)
H,(C) = Z,(C.)/B,(C.) (the nth homology)

We say that two n-cycles x and y are homologous if x — y is an n-boundary, that
is, x —y € By,. We collect all the homology modules together and write

H.(C.) = PH.(C),

nez

the homology of C. (or of C', omitting the subscript for simplicity of notation). It is
common to identify C' with the R-module ®,c7C,,, and d with the endomorphism
of this direct sum that is just d,, on each C),, as identified canonically with an
R-submodule of this direct sum.

Some further terminology (that is not used universally or consistently in the
literature): A chain complex is a complex for which C,, = 0 for n < 0. A cochain
complez is a complex for which C,, = 0 for n > 0. These two terms are also used
more generally in the literature to refer to complexes as we have defined them here.

We may wish to index complexes differently, replacing n by —n in C. above,
with the maps still oriented as shown. Then the indexing in the above diagram is
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visually the same as the ordering of integers on a number line. A cochain complex
then has differential of degree +1; the index is often then written as a superscript:

do d1 d2

C: 0 c° ct C?
With this indexing, elements in the kernel of d,, are called the n-cocycles, and
elements in the image of d,,_, are called the n-coboundaries. Two n-cocycles are
called cohomologous if their difference is an n-coboundary. Similar to the above,
we set

H"(C") = Ker(d,)/Im(d,,—1)
and H*(C*) = ®,>0 H"(C"), the cohomology of the cochain complex C*.
A complex C, is called acyclic, or ezact, if H,(C.) = 0 for all n. A short exact
sequence is an exact complex of the form 0 - U -V — W — 0.
Let (C,d) and (C’,d’) be complexes. A chain map f.: C. — C! is a collection of
R-module homomorphisms f,, : C,, — C/, for which f,_1d,, = d}, f, for each n € Z.
That is, the following diagram commutes:

dy do

Gy Co C-1

Jfl J{fo lfl
d’ d!

Cp oy s

It can be checked that a chain map induces a map on homology. A chain map is
called a quasi-isomorphism if this induced map is an isomorphism on homology.

We say that two chain maps f., g. : C. = C! are chain homotopic if there exist
R-module homomorphisms s,, : C;, = C,; such that

(1.1) fr =90 = sn-1dn +dpyisn

for all n. The collection s. of homomorphisms is called a homotopy for f. — g.. It
can be checked that chain homotopy is an equivalence relation, and that two chain
homotopic maps induce the same maps on homology. As a special case, when g.
is the zero map, we call s. a chain contraction of f.. A chain contraction of the
identity map on Ci, if it exists, is sometimes called a contracting homotopy, and in
this case, it can be checked that C. is acyclic. (In fact, for this last consequence, it is
not needed that the functions s,, are R-module homomorphisms, only that there are
such functions (of sets, or of abelian groups, for example) satisfying equation (1.1).)

2. PROJECTIVE AND INJECTIVE RESOLUTIONS

We call an R-module P projective if for every surjective R-module homomor-
phism f : U — V and R-module homomorphism g : P — V, there exists an
R-module homomorphism h : P — U such that fh = g:

h /
(2.1) X Jg
X f
U——V—0
There are other equivalent definitions of projective module. For example, an R-
module is projective if, and only if, it is a direct summand of a free module (i.e. R®!
for some indexing set I).
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Let M be an R-module. A projective resolution of M is a chain complex P,
consisting of projective R-modules P,, (n > 0) for which Ho(P.) 2 M and H,(P.) =
0 for all n # 0. As a consequence, P. is quasi-isomorphic to the complex that is M
concentrated in degree 0 and O elsewhere:

Py Py Py 0
0 0 M 0

Another consequence of the definition is that the following sequence is exact:

(2:2) I LN LN V) 0.

(In some texts, (2.2) is called a projective resolution of M.) The complex (2.2) is
sometimes called the augmented complex of P.. This augmented complex may be
abbreviated P. —— M. The complex P. (without the M) is sometimes called the
truncated complex of (2.2).

Projective resolutions of R-modules always exist: Every R-module M is a ho-
momorphic image of a projective R-module, for example, the free module on a set
of generators of M. One may use this fact to build a projective resolution as fol-
lows. Let Py be a projective R-module mapping surjectively to M via an R-module
homomorphism e. Let K7 = Ker(e). In turn, K is a homomorphic image of some
projective R-module P; via some R-module homomorphism €; : P; — K7. Denote
by 41 the inclusion map 4 : K1 — Py and set dy = i161. Let Ko = Ker(d;) and
continue. Visually, we have:

e P, - P L R
(2.3) \ / \ /
€2 19 €1 i1
K, K,

The R-module K; is called an ith syzygy module of M. This module depends on
some choices. However, it is unique up to an equivalence relation, as stated in
Lemma 2.5 below. We will first need Schanuel’s Lemma:

E s M 0

Lemma 2.4 (Schanuel’s Lemma). Let

’
€

05K —>P-35M—=>0 and 0K =P =5 M0

be two short exact sequences of R-modules with P, P’ projective. Then K @ P’ =
K o P.

A proof is given in class, using the pullback of € and €’. For definition of pullback,
see the appendix.

The next lemma is a consequence of Schanuel’s Lemma via a mathematical
induction argument.

Lemma 2.5. Let K; and K| be two ith syzygy modules of the R-module M. There
are projective R-modules P, P' such that K; ® P = K! @& P’.

A proof is given In class.
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Remark 2.6. There is another way to state Lemma 2.5: Call two R-modules U and
V' equivalent if there exist projective R-modules P, P’ for which U@ P =V @ P’
as R-modules. This can be shown to be an equivalence relation. The conclusion of
Lemma 2.5 is that K; and K are equivalent under this equivalence relation.

The next theorem implies a relation among projective resolutions themselves.

Theorem 2.7 (Comparison Theorem). Let (P.,d.) and (Q.,d.) be chain complezes
of R-modules with M = Hy(P.), N =Hy(Q.), and lete: Py — M ande’: Qo = N
be corresponding augmentation maps. Assume that P; is projective for each i and
that the augmented compler --- — Q1 — Qo — N — 0 is exact. If f : M — N
is an R-module homomorphism, then there is a chain map f.: P. — Q. for which
fe =¢€'fo, that is, the following diagram commutes:

P2 p P M 0
| | |
| f2 I f1 I fo Jf

N2 d/2 NA d/l N2 E/

Q- Q1 Qo N 0

The chain map f. is unique up to chain homotopy.

Proof. A proof of existence of chain map f. was given in class in the special case
that both P. and Q). are projective resolutions. It can be checked that the “same”
proof applies under these slightly more general hypotheses.

Proof of uniqueness up to chain homotopy: Let g. : P. — Q. be another chain
map lifting f: M — N, so that fe = &'gp and d), 9, = gn—1d, for all n > 1. First
note that as ¢’(fo — go) = fe — fe =0, we have

Im(fo — go) C Ker(e') = Im(d}).
Since P, is projective, there exists a map sq : Py — @1:

Py
(2.8) el lfo—go

’

K dl

Setting s_1 = 0, we now have fo — go = djso = djso + s_1¢.
Next we claim that Im(f; — g1 — sod1) C Im(dj). To see this, first compute the
composition:

dy(fi—g1—s0d1) = fodi—god1—dsody = (fo—go)d1—dsody = djsodi—d)sod1 = 0.

It follows that Im(f; — g1 — sod1) C Ker(d}) = Im(d}). Since Pj is projective, there
is consequently a map s1 : P — Q2
Py

7
s1

(2.9) L7 lf19180d1
Ve
©d !
Qg —_— Im(d2> —0
So f1 — g1 — sod1 = dysy, that is fi — g1 = sody + djs;.
Continuing in this manner, we see that for each n, there exists a map s,, : P, —
n With f, — g, = sp_1d, + d, . {s,. That is, the two chain maps f. and g. are
g n+1 g.
chain homotopic. [
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As a consequence of the Comparison Theorem, if P,, Q. are projective resolutions
of M, N, respectively, then there is a chain map f. : P. — Q. lifting the R-module
homomorphism f: M — N.

We will also work with injective resolutions. An R-module [ is called injective
if for every injective R-module homomorphism f : V' — U and R-module homo-
morphism g : V — I, there is an R-module homomorphism h : U — I for which

hf=g:

A
(2.10) s Tq
7 f
Us———V<+—0
An injective resolution of an R-module M is a cochain complex (I., d.) consisting
of injective R-modules I, (n < 0) for which Ho(l.) & M and H,(L.) = 0 for all
n # 0. That is, M = Ker(dp), and the following sequence is exact:

do dy

(2.11) 0 M—t1, I e

where ¢ is an isomorphism from M to Ker(dy) followed by inclusion into Iy. The
complex (2.11) is sometimes called the augmented complex of I.. It may also itself
be called an injective resolution of M. The complex I. is sometimes called the
truncated complez of (2.11).

Injective resolutions of R-modules always exist: Baer’s Theorem states that
every R-module can be embedded into an injective R-module. (See e.g. [5] or
Hungerford for a proof of Baer’s Theorem.) An injective resolution can thus be
built similarly (and in reverse order) to the construction of a projective resolution
above. Specifically, let L; = Coker(¢) = In/Im(¢). Let mg : Iy — L1 be the quotient
map. Embed L; into an injective module I; via an R-module homomorphism
t1: Ly — I. Let 69 = t1mg. Continue by letting Ly = Coker(:1) = Coker(dp), then
embed L5 into an injective module I, and so on.

0 M—— I, %0 I il I
(2.12) \ / \ /
) L1 T L2
14 Lo

The module L; will be unique up to injective direct summands, due to a dual
version of Schanuel’s Lemma that may be checked: If 0 - N — I — L — 0 and
0—+ N —I' - L' — 0 are exact sequences with I, I’ injective, then there is an
isomorphism L@ I' 2 L' @ I.

There is a version of Theorem 2.7 for injective resolutions. See for example [7,
Comparison Theorem 2.7].

Other types of resolutions may be defined similarly, for example, flat resolutions.
(See Remark 3.3 below for a definition of flat.)
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3. EXT AND TOR

In this section we will define Ext and Tor.

Ext. Let M and N be R-modules. Let P. — M be a projective resolution of M.
Apply Hompg(—, N) to the (truncated) complex - - - LN Py LN Py — 0 to obtain a

sequence of abelian groups (in reverse order for visual appeal):

d: d;
(3.1) 0 —— Homp(Py, N) —— Homp(Py, N) —— - --

Here the abelian group homomorphism df is that induced by d;, i.e. df(f) = fd;
for all f € Hompg(P;—1, N) and all ¢ > 0. For convenience, we define df = 0.

Note that d},,d; = 0 since d;d;+1 = 0, so the above sequence (3.1) is in fact a
(cochain) complex of abelian groups (that is, Z-modules). If R is commutative, it
is a complex of R-modules. If R is an algebra over a field k (that is, a ring that is
also a vector space with multiplication bilinear), it is a complex of k-vector spaces.
Define Ext'z (M, N) to be the cohomology of this cochain complex:

Extk(M,N) = H"(Homg(P.,N)) = Ker(d;, , )/ Im(d},)
for n > 0, and

Exty(M,N) = @ Exth(M, N).
n>0
It can be checked that, by the Comparison Theorem (Theorem 2.7), up to iso-

morphism of abelian groups, Ext} (M, N) does not depend on choice of projective
resolution of M. In degree 0, we have

Ext% (M, N) = Hompg(M, N).

Note that by construction, if M is itself projective, then Exts (M, N) = 0 for all
n > 0.

We may alternatively define Ext'y (M, N) by first taking an injective resolution
of N, instead of a projective resolution of M: Take N —— I, to be an injective
resolution of N. Apply Hompg(M,—) to the (truncated) sequence 0 — Iy o,
I 4, .. to obtain:

3.9 (do)« (d1)«

(32) 0 —— Homp (M, I) —= Homp (M, I;) —— - - -
with (d;)«(f) = d;f for all ¢ and f € Hompr(M,I;). Set (d—1). = 0. It can be
checked that (d;+1)«(d;)« = 0 for all i > —1. Thus the sequence (3.2) is a (cochain)
complex of abelian groups. It can be shown that

Exts(M,N) =2 H"(Hompg(M, L)) = Ker((dy)«)/ Im((dn—1)+)-

(A proof of the above isomorphism will at least be outlined in class at some point.)
If N is an injective R-module, it now follows that Ext’ (M, N) = 0 for all n > 0.
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Tor. Let M be a right R-module and let N be a left R-module. Let P. - M be
a (right R-module) projective resolution of M. Apply — ®z N to the (truncated)
complex P. to obtain a sequence of abelian groups (i.e. Z-modules):

Py @p N—22Y P e N—2EY Py N——0.
Here 1y denotes the identity map on N. (In order to reduce notational clutter,
we suppress the subscript R on the tensor symbol ®, just for maps and elements,
when it is clear from context that the subscript on the tensor symbol ® should be
R.) Set dy = 0. The above is a chain complex. We define Torff(M, N) to be its
homology:

Tor®(M,N) = H,(P. @ N) = Ker(d, ® 1)/ Im(d, 11 ® 1)
for n > 0, and
Torf (M, N) = € Tor}(M, N).
n>0

It can be checked that, by the Comparison Theorem (Theorem 2.7), TorZ(M, N)
does not depend on choice of projective resolution of M. It may be checked that

Torf(M,N) =~ M ®g N.

We may alternatively define Tor(M, N) via a (left R-module) projective reso-
lution of N: Let Q. — N be a projective resolution of N. Apply M ®r — to Q. to
obtain a sequence

1 ®d 1 ®d
M ORQy —2 S M Rr Q1 —————5 M @ Qo — 0.

It can be proven that Tor’(M,N) = H, (M ®r Q.). (Details to be discussed in
class at some point.)

Remark 3.3. We call a left R-module F flat if for every short exact sequence of
right R-modules 0 - U — V — W — 0, the induced sequence of abelian groups
0 >URrRF —>VRpF = Wa®gF — 0is exact. (There is a similar definition
of flatness for right R-modules.) It may be checked that every projective module
is flat. As a direct consequence of this definition, combined with the definition and
balancing of Tor, if either M or N is flat as an R-module, then Tor®(M,N) = 0
for all n > 0.

4. LONG EXACT SEQUENCES FOR EXT AND TOR

We first state the Snake Lemma, which has many uses. Here, we will use it to
construct long exact sequences for Ext and Tor.

Lemma 4.1 (Snake Lemma). Suppose there is a commuting diagram of R-modules
and R-module homomorphisms with exact rows:

U’ v L W 0

Pk

0 U——5V W




8 SARAH J. WITHERSPOON
Then there is an exact sequence

Ker(f) — Ker(g) — Ker(h) 2, Coker(f) — Coker(g) — Coker(h)
where A(w') = i~ Lgp~L(w') for all w' € Ker(h)." If the map U' — V' is injective,
then the map Ker(f) — Ker(g) is injective, and if V. — W s surjective, then
Coker(g) — Coker(h) is surjective.

This lemma is often illustrated as follows, hence the name.

Ker(f) ------- » Ker(g) ------- » Ker(h) _ y
| | L
U’ %4 //Z,)— = W 0
L I
0 O v w

AU

> Coker(f) ----- » Coker(g) ----- > Coker(h)

One consequence of the Snake Lemma (Lemma 4.1) is the following theorem
that will be used to obtain long exact sequences for Tor and Ext. We define a short
ezact sequence of complexes to be a sequence

0= U L5V, 2w, =0

where f., g. are chain maps and f; is injective, g; is surjective, and Im(f;) = Ker(g;)
for each 1.

Theorem 4.2. Let 0 — U. LN Vo 25 W. — 0 be a short exact sequence of
complexes. There are abelian group homomorphisms 0y, : H,(W.) — H,,_1(U.) for
each n such that

) On+1 fn

o —— H, (W) —— H,,(U)

is an exact sequence. (Here, f,,q, denote the maps induced by fr,gn.)

We call the homomorphisms 0,, in the theorem connecting homomorphisms.
The next lemma will also be used in constructing long exact sequences for Ext
and Tor. It is called the Horseshoe Lemma due to the shape of the given diagram.

Lemma 4.3 (Horseshoe Lemma). Supppose there is a short exact sequence of R-
modules and R-module homomorphisms 0 — U’ — U — U” — 0. Let P! — U’,

LCaution: This is abuse of notation. The R-module homomorphisms p, ¢ are not assumed to
be isomorphisms. Instead, by p~!(w’) we mean any element in the inverse image of w’ under
p, and similarly for =1, which is then followed by canonical projection to Coker(f). It can be
checked that this element in Coker(f) does not depend on these choices.
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P!" — U" be projective resolutions of U' and U" as in the diagram:

0

P P U’ 0
U

Pl Py U 0
0

For each n, let P, = P, & P)/. Then there are differentials d; for which

s PP U0

is a projective resolution of U. Furthermore, the right column lifts to an ezxact

Le

sequence of complexes 0 — P! = P, =5 P! — 0 for which v., 7. are the canonical
inclusion and projection maps.

Now we may use Theorem 4.2 and the Horseshoe Lemma (Lemma 4.3) to obtain
the following four long exact sequences. We provide proofs of two of these; the
others are similar.

Theorem 4.4 (First long exact sequence for Ext). Suppose U is an R-module and
00—V =V = V" =0 is a short exact sequence of R-modules. Then there is an
exact sequence

0 — Homg (U, V') —— Hompg (U, V) —— Homp (U, V") ——M—

Exth(U, V') ——— Ext (U, V) —— ExtR(U, V") —— Ext3(U, V') - --

Proof. Let P. be a projective resolution of U. By left exactness of Homg (P, —),
for each n, there are exact sequences

0 — Hompg(P,, V') — Homg(P,,V) — Homg(P,,V").

We claim that projectivity of P, also implies surjectivity of the rightmost map
above. To see this, consider the diagram
|
Ve
Ve
%4

0 v’ v 144 0

For any R-module homomorphism from P, to V' as indicated above, projectivity
of P,, implies existence of an R-module homomorphism as indicated by the dashed
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arrow. Thus the map Hompg(P,,V) — Homg(P,, V") is surjective and we indeed
have a short exact sequence

0 — Homg(P,,V') = Homg(P,,V) — Homg(P,, V") = 0

for each n. Now it can be checked that the maps in these short exact sequences
commute with maps induced by differentials (since these are composing with dif-
ferentials on the right, while the above maps are given by composing on the left).
Therefore, there is a short exact sequence of complexes

0 — Hompg(P., V') — Homp(P., V) — Hompg (P, V") — 0.

Applying Theorem 4.2 to this short exact sequence of complexes, there is a long
exact sequence as claimed. O

Theorem 4.5 (Second long exact sequence for Ext). Suppose V is an R-module
and 0 — U' — U — U"” — 0 is a short exact sequence of R-modules. Then there is
an eract sequence

0 — Homp(U", V) —— Homp (U, V') —— Homp(U", V) ——

Extp(U", V) ——— Extk(U, V) — Ext R (U', V) —— Ext%(U", V) - - -

Theorem 4.6 (First long exact sequence for Tor). Suppose V is a left R-module
and 0 = U" — U — U"” — 0 is an exact sequence of right R-modules. Then there
is an exact sequence

i Tor¥ (U, V) —— Tor} (U, V) —— Torf (U, V) ——

T (U" V) —— U Qg V ——— U @r V ——— U" @ V —— 0.
Proof. Apply the Horseshoe Lemma (Lemma 4.3) to 0 - U’ — U — U"” — 0 to
obtain an exact sequence of projective resolutions

0—+P —P =P’ =0,

noting that we may take P, = P, @ P/ for each n. Tensor this sequence on the
right with B. Since P,, = P} @ P/ for each n, and tensor product distributes over
direct sum, we have an exact sequence of complexes,

0P ®rB—P.®rB—P’'®rB —0.

By Theorem 4.2, this induces the claimed long exact sequence of homology. (]

Theorem 4.7 (Second long exact sequence for Tor). Suppose U is a right R-module
and 0 - V' =V — V" — 0 is an exact sequence of left R-modules. Then there is
an exact sequence

oo Torf (U, V") —— Torf (U, V') —— Tori(U, V) ——

Torf (U, V") ——— U@ V' ———URrV ——— U@ V"' —— 0.
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Remark 4.8. Recall Remark 3.3 on flat modules. As a consequence of the above
Theorem 4.6 (respectively, Theorem 4.7), if V is a left R-module and Tory (M, V) =
0 for all right R-modules M, then V is flat (respectively, if U is a right R-module
and Torf (U, M) = 0 for all left R-modules M, then U is flat).

5. HOMOLOGICAL DIMENSIONS AND HILBERT’S SYZYGY THEOREM

In this section, we will define the homological dimensions termed projective di-
mension and global dimension, focusing first on the special cases of rings and mod-
ules for which these are either 0 or 1. We will then develop some preliminary results
leading to a proof of Hilbert’s Syzygy Theorem that gives the global dimension of
a polynomial ring.

We will begin with semisimple rings and modules. An R-module M is semisimple
if it is isomorphic to a direct sum of (possibly infinitely many) simple R-modules.
(Recall a simple R-module is one having no proper nonzero R-submodules.) The
ring R is called semisimple if the R-module R itself (under either left or right
multiplication) is a semisimple R-module.

A classification of semsimple rings is given by the following theorem.

Theorem 5.1 (Wedderburn-Artin Theorem). Every semisimple ring is isomorphic
to a finite direct product of matrix rings over division rings.

The following proposition gives several equivalent conditions for a ring to be
semisimple.

Proposition 5.2. The following are equivalent for a ring R.
(i) R is semisimple.
(ii) Every R-module is semisimple.
(iii) Every R-module is projective.
(iv) Ewvery R-module is injective.

We will turn to nonsemisimple rings next, and start by proving a theorem that
is sometimes termed dimension shifting. It gives an isomorphism between Ext
groups in different homological degrees by replacing a module with one of its syzygy
modules (thus shifting degree, or dimension, of the Ext group).

For each R-module M and i > 1, denote by QM an ith syzygy module of M.
(The statements of theorems to follow will not depend on the choice of Q¢M.)

Theorem 5.3 (Dimension shifting). Let M and N be R-modules. There is an
isomorphism of abelian groups for all n > 2,

Ext%(M,N) = Extp(Q" 'M,N).

Proof. This is by construction of diagram (2.3) and definition of Ext. Alter-
natively, one may apply the second long exact sequence for Ext to the short
exact sequence 0 = Q'M — Py, — M — 0 and N to obtain isomorphisms
Ext}(M,N) = Extly '(Q'M,N). Then note Q¢ (Q'M) is isomorphic to Q"M
up to projective direct summands, and use induction. O

Let V' be a left R-module. The projective dimension pdp(V) is the smallest
integer n for which there exists a projective resolution of V' of the form

0—=PFP,—= =P =>F—=>V-=0
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If no such n exists, we write pdp(V) = oo. By its definition, we see that the
projective dimension pdg (M) of M is also the smallest integer n for which some
nth syzygy module Q™M of M is projective. (Note this does not depend on choice
of syzygy module since any two are isomorphic up to projective direct summands
as seen earlier.)

The left global dimension of R is

gldim(R) = sup{pdz(V) | V is a left R-module}.

(This is also sometimes denoted lgldim(R) to distinguish it from the similarly de-
fined right global dimension, which can be different.) Note that R is semisimple if,
and only if, gldim(R) = 0.

A ring R is called (left) hereditary if every left R-submodule of every free left
R-module is projective.

Proposition 5.4. gldim(R) = 1 if, and only if, R is hereditary and not semisimple.

By dimension shifting and the definition of projective dimension, we find the
following.

Lemma 5.5. Let A be a left R-module and d be a nonnegative integer. The fol-
lowing are equivalent:
(i) pdp(4) <d.
(ii) Extk(A,B) =0 for alln > d and all left R-modules B.
(iti) ExtL™ (A, B) =0 for all left R-modules B.

As a consequence,
(5.6) pdg(M) = sup{yj | Ext{z(M, N) # 0 for some R-module N}.

The next lemma gives a comparison of projective dimensions among modules in
a short exact sequence.

Lemma 5.7. Let 0 - A - B — C — 0 be a short exact sequence of left R-
modules. Then

pdg(B) < max{pdgr(4),pdg(C)}.
If the inequality is strict, then pdg(C) = pdr(A) + 1.

The next two theorems and corollary compare projective dimensions of modules
for two rings related to each other in the specified ways.

Theorem 5.8 (First Change of Rings Theorem). Let x be a central nonzerodivisor
in R and let R = R/(z). If A is a nonzero left R-module with pdz(A) finite, then

pdg(A4) = pdz(A) + 1.

Proof. Note that as an R-module, A is not projective, since A = 0. In particular,
R, considered as an R-module, is not projective.

We will prove the statement by induction on pdz(A).

Suppose first that pdz(A) = 0, that is, A is projective as an R-module. Then A
is a direct summand of a free R-module, which is itself a direct sum of copies of R.
We consider the simplest case A = R, and recall that it has projective resolution
as an R-module:

0—-R>R-5SR—0
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where 7 is the quotient map. Thus R is a first syzygy module of R, considered as an
R-module, and it follows that pd(R) = 1. The same is true of any direct sum of
copies of R by (5.6) and properties of Ext.? Again, by similar reasoning, the same
will be true of any direct summand A of a free R-module, that is, pdz(A) = 1.
Now assume that pdz(A) > 0 and that for all R-modules B with pdz(B) <

pdz(A), we have pdr(B) = pdgz(B) + 1. Let
(5.9) 0-K—>P—-A—-0

be a short exact sequence of R-modules for which P is projective as an R-module.
Since we have assumed that pdi(A) > 0, A is not projective as an R-module, and
it follows that

pdg(A4) = pdp(K) + L.
By the induction hypothesis, pdz(K) = pdz(K) + 1. From the above equation, it
also now follows that pdz(K) = pdg(A).

We wish to prove that pdz(A) = pdz(A) + 1, which by the above equations is
equivalent to proving that pdz(A) = pdi(K) + 1. Suppose this is not the case.
Consider the sequence (5.9) as a short exact sequence of R-modules. Since we have
assumed that pdp(A) # pdr(K) + 1, by Lemma 5.7,

(5.10) pdg(P) = max{pd(K),pdp(4)}.

By the first part of the proof, we know that pdz(P) = 1. Also, since A and K
are R-modules, neither can be projective as an R-module, and so this now forces
pdp(A) =1 = pdg(K). Since pdg(A) = pdg(K), it also follows that pdx(A) = 1.
We will show that this is not possible, that is, it is not possible that both pdz(A) =1
and pdg(4) = 1.
Let F be a free R-module mapping onto A, with kernel L:
0—->L—F—A—D0.

Since pdg(A) = 1, we have pdg(L) = 0, that is, L is projective as an R-module.
Now apply Theorem 4.7 (second long exact sequence for Tor) to this sequence and

to R considered as a right R-module to obtain an exact sequence of abelian groups
(note the 0 term on the left is due to F' being a free R-module):

0— Torf(R,A) > R®rL - RQpF - RRr A —0

Note that the abelian groups RQr L, RQrF, and R®g A in the above sequence are
all in fact R-modules (with action by multiplication on the leftmost tensor factor)
and the maps between them are in fact R-module homomorphisms. Therefore the
term Tor{% (R, A) is also an R-module (being a homology group for a complex of
R-modules) and the above is an exact sequence of R-modules. Now, since zA = 0,
we have R®@r A= A/zA = A and by Homework Assignment 1, #3, Torf(ﬁ, A) =
{a € A|za =0} = A. So the above exact sequence is equivalent to:

0A—>RQpL—>RrF—-A—0

2See e.g. [6, Proposition 7.21] for the isomorphism

Ext} (EB Aw) = [ Pxte(4i, B).

i€l i€l
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Note that since L and F' are projective as R-modules (i.e. direct summmands of free
R-modules), R ®r L and R @g F are projective as R-modules. Since pdg(A) = 1,
the kernel K’ of the map R ®g F — A is projective as an R-module. Therefore it
is a direct summand of R®g L, with the leftmost copy of A as its complement (due
to the exactness of the sequence and the projectivity of K’). We have shown that
A is projective as an R-module, contradicting our assumption. Therefore it is not
true that both pdz(A) = 1 and pdg(A) = 1. Consequently, pdp(A) = pdgz(A) +1,
as desired. O

Theorem 5.11 (Second Change of Rings Theorem). Let = be a central nonzerodi-
visor in a ring R, and let R = R/(x). If A is a left R-module and Torf(R, A) =0,
then
pdp(A) > pdg(A/zA).
Corollary 5.12. Let S be a ring, R = S[z], and M a left S-module. Then
pdr(R®s M) =pdg(M).
Theorem 5.13. Let S be a ring. Then
gldim (S[z1, ..., 2,]) = gldim(S) + n.

Remark 5.14. There are right module versions of Theorem 5.8, Theorem 5.11,
Corollary 5.12, and Theorem 5.13, proved similarly.

Hilbert’s Syzygy Theorem is now an immediate consequence of Theorem 5.13.

Theorem 5.15 (Hilbert’s Syzygy Theorem). Let k be a field. Then
gldim (k[z1,...,2,]) = n.
Thus the nth syzygy module of every k[z1,...,xy])-module is projective.

Remark 5.16. For another class of examples, it can be shown that gldim(k[[z1,...,z,]]) =
n, as a consequence of a more general statement [1]. There are also analogs for non-
commutative versions of polynomial rings (see e.g. [3, Section 7.5]).

6. CATEGORIES, FUNCTORS, DERIVED FUNCTORS

Everything we have done so far in the course, other than results for specific types
of rings and modules, can be done more generally for categories having some good
properties (specifically, additive or abelian categories). We will start by summariz-
ing the needed ideas from category theory. Then we will define derived functors,
showing that Ext and Tor are specific instances of derived functors.

Categories and functors. Recall that a category C consists of a collection of
objects Obj(C) and sets of morphisms Home (A, B) for all objects A, B of C, sat-
isfying the following: For each object A in C, there is an identity morphism 14 €
Home (A, A). There is a binary operation, called composition, o : Homg (A, B) x
Home (B, C) — Home (A, C) for all objects A, B, C of C, for which

(hg)f =nh(gf) and 1pf=fla

for all f € Hom¢(A,B), g € Home(B,C), h € Home(C, D) and all objects
A, B,C,D of C. (In the above, for simplicity, we have written gf in place of go f
to denote composition of morphisms.)
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A morphism f € Home (A, B) is called an isomorphism if there exists a morphism
g € Home (B, A) for which gf =14 and fg = 15.

Examples of categories include those of modules for a ring R: Let R-Mod
(respectively, R-mod) denote the category of all left R-modules (respectively, all
finitely generated left R-modules). The objects are the modules, the morphisms
are module homomorphisms (including the identity homomorphism for each mod-
ule), and composition is function composition. Similarly, let Mod-R (respectively,
mod-R) denote the category of right R-modules (respectively, all finitely generated
right R-modules). It is common to simplify the notation Hompg _poq (respectively,
Hompg mod, Homyiod-r, Homy,ed ) and write just Homp in all these cases; it should
always be clear from context which is meant.

Let C and D be categories. A functor F' : C — D is an assignment of an object
F(A) of D to each object A of C, and a morphism F(f) € Homp(F(A), F(B))
to each morphism f € Home(A, B) for each pair of objects A, B of C such that
the following holds: F(14) = 1p(a) for all A and F(go f) = F(g) o F(f) for all
morphisms f, g that it is possible to compose. One example of a functor is the
identity functor 1¢ : C — C given by 1¢(A) = A and 1¢(f) = f for all objects A
and morphisms f of C.

To be more precise, the above in fact defines a covariant functor. Similarly,
a contravariant functor F' : C — D is an assignment to each object A of C an
object F(A) of D and to each morphism f € Home (A, B) a morphism F(f) €
Homp (F(B), F(A)) for which F(14) = 1p4) and F(go f) = F(f) o F(g) for all
morphisms f, g that can be composed.

Natural transformations. Let C and D be categories, and let F' : C — D and
G : C — D be functors. A natural transformation n : F — G is an assignment of a
morphism 74 : F(A) — G(A) to each object A of C for which the following holds:
G(f)ona =np o F(f) for all objects A, B of C and morphisms f € Home (A, B).
That is, the following diagram commutes:

F(a) 29 ()

na nB

G(f)
—

G(A) G(B)

We say that n is a natural isomorphism if n4 is an isomorphism for each object A.
In this case, we write F = G.

Remark 6.1. Often in the literature, the term “natural” is used in this technical
sense.

We say that two categories C and D are equivalent if there are functors F' : C — D,
G : D — C and natural isomorphisms F'G = 1p and GF = 1.

Example 6.2. Let k be a field and Ms(k) be the ring of 2 x 2-matrices over k. Each
of these two rings is semisimple, with a unique simple module up to isomorphism.
This leads to a category equivalence between their module categories (sending the
unique simple object of one to the unique simple object of the other). When two
rings have equivalent categories of modules via additive functors (see definition of
additive functor below) as in this example, the rings are called Morita equivalent.
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Adjoint functors. Next we define adjoint functors. Let C, D be categories and
let F':C — D and G : D — C be functors. We say that F is left adjoint to G, and
that G is right adjoint to F if there exist natural isomorphisms

Homyp(F(X),Y) — Home(X,G(Y))

for each object X of C and Y of D.

Standard examples of adjoint functors are given by induction and coinduction
of modules: Let R be a ring with a subring S C R. Let N be an S-module.
The corresponding induced (also called tensor induced) R-module is R ®s N as an
abelian group, with R-module structure given by multiplication on the left tensor
factor R. The corresponding coinduced R-module is Homg(R, N) as an abelian
group with R-module structure given by

(r- f)(x) = far)
for all r,z € R and f € Homg(R, N). The following lemma states that these are
left and right adjoint functors of restriction of modules from R to S:

Lemma 6.3 (Nakayama relations). Let R be a ring with a subring S C R. Let M
be an R-module and N an S-module. There are isomorphisms of abelian groups:

Homg(N,M) = Hompg(R®sN,M),
Homg(M,N) = Hompg(M,Homg(R,N)).

That is, induction is left adjoint to restriction from R to S, and coinduction is right
adjoint to restriction from R to S.

The above Lemma 6.3 may be used to prove:

Lemma 6.4 (Eckmann-Shapiro Lemma). Let R be a ring with a subring S C R
for which R is projective as a right S-module under multiplication. Let M be an
R-module and N an S-module. Then there are isomorphisms of abelian groups:

Extg(N,M) = Exth(R®sN,M),
Ext§(M.N) = Extf(M, Homs(R, N)).

Additive and abelian categories. We define additive and abelian categories
next; these are categories that have enough structure for homological algebra. Cat-
egories of modules for rings will be examples. There are some other definitions we
need to make first.

A zero object of a category C is an object Z for which |Home(Z, X)| = 1 and
| Home (X, Z)| = 1 for all objects X of C (we also say that Z is both an initial and
a terminal object). Such a zero object Z is often denoted 0.

We recall next the notions of product and coproduct: Let {A;};cr be a set of
objects A; of C indexed by some set I. A product [],.; A; is an object A and a
collection of morphisms 7; € Home (A, A;) for all i € I for which the following
universal property holds: If B is an object of C and v¢; € Home (B, A;) for all
i € I, then there exists a unique morphism 6 € Hom¢ (B, A) such that the following

diagram commutes for all ¢ € I:
A
Sl

BT>Az
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A coproduct [ ];.; A; is an object A and a collection of morphisms ¢; € Home (A4;, A)
for which the following universal property holds: If B is an object of C and ¢; €
Home(A;, B) for all ¢ € I, then there is a unique 7 € Home (A, B) such that the
following diagram commutes for all ¢ € I:

A
As examples, in categories of modules, product is direct product and coproduct is
direct sum.

A category C is called additive if Home (A, B) is an abelian group (i.e. Z-module)
for each pair of objects A, B in C, composition of morphisms is Z-bilinear, and C
has a zero object, finite products and coproducts. Let C and D be two additive
categories. A functor F' : C — D is additive if F induces homomorphisms of
abelian groups Home (A4, B) — Homp (F(A), F(B)) for all objects A, B of C. By [2,
Proposition 11.9.5], this is equivalent to preserving products of two objects.

We next define kernels and cokernels for morphisms in additive categories, by way
of universal properties. A slight difference in comparison with modules for a ring
is that these are defined not just as objects but as pairs of objects and morphisms:
Let C be an additive category and consider a morphism f € Hom¢ (A, B) for objects
A,B of C. A kernelof fis an object K in C and a morphism j € Hom¢ (K, A) such
that fj = 0, and whenever C' is an object and g € Home(C, A) satisfies fg = 0,
there is a unique § € Hom¢ (C, K) such that jg = ¢g. That is, the following diagram
commutes:

K- a7t .p

N

A cokernel of f is an object D in C and a morphism p € Hom¢(B, D) such that
pf = 0, and whenever C is an object and g € Home (B, C) satisfies gf = 0, there
is a unique § € Home (D, C) such that gp = g. That is, the following diagram
commutes:

A'—f>Bi>D

[/

C

It may be checked that kernels and cokernels are unique up to isomorphism (of the
objects), and also that they can be realized as pullbacks and pushouts, respectively.
When all is clear from context, sometimes by kernel or cokernel, it is common to
refer to just the object, and other times to just the morphism.

We define monomorphism and epimorphism next. Let C be a category. Let A, B
be objects of C and f € Home(A, B). We call f a monomorphism if whenever C
is an object of C and g,h € Hom¢(C, A), if fg = fh then g = h. We call f an
epimorphism if whenever C is an object of C and g,h € Home(B,C), if gf = hg
then g = h.
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A category C is called abelian if it is additive, every morphism has both a ker-
nel and a cokernel, every monomorphism is a kernel, and every epimorphism is a
cokernel. Examples include categories of R-modules for a ring R.

Remark 6.5. As a consequence of the Freyd-Mitchell Embedding Theorem, your
every day abelian category will in fact be equivalent to a subcategory of a category
of modules for some ring.

Exact sequences and homology. Next we define exact sequences and homology
for an abelian category C: A sequence

(6.6) ALp % ¢

of objects A, B,C and morphisms f, ¢ in C is called ezxact if f is a kernel of g and
g is a cokernel of f. If it is a complex (not necessarily exact), that is, gf = 0, we
define the homology of the complex (6.6) at B: Let j : K — B be a kernel for g,
and 7 : B — D a cokernel for f. Since gf = 0, there exist morphisms f : A — K
and g : D — C for which each triangle in the diagram below commutes.

A / B g c
7 j m 7
K D

Let H = Coker(f). It turns out that H = Ker(g); for a detailed proof, see [4,
Theorem 7.45]. We define to be the homology of (6.6) at B to be H.

We may define projective and injective objects of C via diagrams (2.1) and (2.10)
just as in the case of a category of modules over a ring. We may similarly define
projective and injective resolutions, however they do not always exist. When they
do exist, homological constructions can be carried out in C just as for modules in
the previous sections.

Let C and D be abelian categories. A covariant functor F' : C — D is called
left exact (respectively, right exact) if for every exact sequence 0 -+ A — B — C
(respectively, A — B — C' — 0), the sequence

0 — F(A) — F(B) — F(C)

is exact (respectively, F(A) — F(B) — F(C) — 0 is exact). For example, letting
C be the category of modules for a ring R, D the category of abelian groups, and
M an R-module, the functor Homp(M, —) is left exact. A contravariant functor
F :C — D is called left exact (respectively, right exzact) if for every exact sequence
A — B — C — 0 (respectively, 0 - A — B — (), the sequence

0— F(C)— F(B)— F(A)

is exact (respectively, F(C) — F(B) — F(A) — 0 is exact). For example,
Homp(—, M) is left exact. In either case, we say that F is ezact if it is both
left and right exact.

Derived functors. Let C and D be abelian categories and F' : C — D an additive
(covariant) functor. Assume C has enough projectives, that is, assume that for each
object A of C, there is an epimorphism from a projective object in C to A. For each
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object A in C, choose a projective resolution (P.,d.) of A, which exists since C has
enough projectives. Apply the functor F' to obtain the complex F(P.):

F(P): s P(Py) 2, ppyy T

F(Py) 0.

The left derived functor of F is defined to be L.F where L, F(A) = H,(F(F.)). In
the case that F' is right exact, it follows from the definition that LoF(A) = F(A).
(The adjective “left” here indicates the objects are on the left with 0 at the end.)

We now show that Tor is an example of left derived functor: Let R be a ring,
C = Mod-R, D = Z-Mod, B an object of R-Mod, and F' the functor —®pg B. Then

L,F(A) = Tor(A, B).

Next assume D has enough injectives, that is, assume that for each object A of
C, there is a monomorphism from A to an injective object. For each object B in
C, choose an injective resolution (I.,d.) of B. Apply the functor F' to obtain the
complex F(L.):

The right derived functor of F is defined to be R'F where R"F(B) = H"(F(1.)). If
F is left exact, it follows from the definition that ROF(B) = F(B). (The adjective
“right” here indicates the objects are on the right with 0 at the beginning.)

As an example, let R be a ring, C = R-Mod, D = Z-Mod, A an object of C, and
F(B) = Hompg(A, B). Then

R"F(B) =2 ExtR(A, B).
Similarly we may define derived functors of contravariant functors, using a pro-

jective resolution for a right derived functor, and an injective resolution for a left
derived functor.

7. DOUBLE COMPLEXES

A double complex (or bicomplex) in an abelian category A (e.g. a category of
modules for a ring R) is a set B = {B; ; }; jez of objects B; ; of A with maps

dﬁj : Bi,j — Bi—Lj and d;)d : Bi,j — Bi,j—l
(the horizontal and vertical differentials) satisfying
d"d" =0, d’d’=0, and d’d"+d"d" =0.

The double complex B is bounded if for each n, only finitely many B; ; with i4+j =n
are nonzero. The total complex of the double complex B is the complex Tot(B)
with
TOt(B)n = @ Bi,j
i+j=n

for each n, and differential d = d" + d”. (More precisely, we set Tot®(B), =
@itj=nB; ; and Totl1 (B)n = HiH:n B;;. When the double complex B is bounded,
there is no difference between these two.) The homology of the double complex B is
by definition the homology of Tot(B), and is often written simply as H.(B) rather
than H.(Tot(B)).
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Some important double complexes arise as tensor product complexes and Hom
complexes of R-modules. We turn to these next.

Tensor product complexes. We will fix a standard sign convention in these
notes, sometimes called the Koszul sign convention: Let V, V' be right R-modules
and let W, W’ be left R-modules, and suppose that each is graded by N or Z, that
is, each is a direct sum of submodules indexed by N or Z:

V=V,

nez

and similarly for V', W, W’. An element of V,, for some n is called homogeneous
of degree n. Let f:V — V' and g : W — W’ be R-module homomorphisms that
are graded in the sense that there is an integer m for which

f(Vn) g Vn+m

for all n, and similarly for g. In this case, write |f| = m, and call it the degree of
f. The function f ®g g on V ®g W is defined by

(7.1) (f ®r g)(v @R w) = (=1 f(v) ©R g(w)
for all homogeneous elements v € V., w € W.

Let (C.,d®) be a complex of right R-modules, and let (D.,d”) be a complex
of left R-modules, respectively. Consider the right R-module C = ®,czC), and
R-module endomorphism d : C — C given by d(¢y,) = dy(cy,) for all n € Z. In this
way, we may view the differential on C. as a graded homomorphism of degree —1.
This is used in combination with the sign convention (7.1) next.

Let B; ; = C; ®r Dj, a Z-module for each i, j, and consider the following maps
on Bi,ji

d}j(®ry) =df (z)©ry and di;(z@ry) = (~1)'z©rd](y)
for all z € C;, y € D;. That is, by using the sign convention (7.1), we may write
dl,=df @rlp and dY;=1c®pd}.

It may be checked that B.. is a double complex of Z-modules. (If R is commutative,
then B is a double complex of R-modules.) The double complex B.. is often denoted
by C. ®r D. or C ®p D.

Kiinneth Theorem and proof. The following theorem relates the homologies of
two complexes of R-modules to the homology of their tensor product complex.

Theorem 7.2 (Kiinneth Theorem). Let (C.,d") and (D.,d>”) be complexes of right
and left R-modules, respectively, such that for each n € 7Z, the right R-modules C,,
and dS(C,,) are flat. Then for each n € Z, there is a short ezact sequence of abelian
groups:

0— €P Hi(C)®rH;(D) —H,(C@r D) —

B Torf(H;(C).H;(D)) — 0.
itj=n—1
Remark 7.3. A careful check of the proof of the theorem shows that the flatness
hypothesis on C,, and d$(C,) can be replaced by the hypothesis that D, and
d2(D,,) are flat as left R-modules for each n.
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For the proof, we will use some exact sequences built from cycles and boundaries
of C and D as follows. Let Z¢ = {Z;(C) | i € Z} and BE = {B;(C) | i € Z}
be the sets of cycles and boundaries of C' (and similarly Z”, BP of D). Consider
Z¢ and BE to be complexes in which all differentials are the zero maps. Just to
maintain notational clarity in the proof here, we define notation for a degree shift
in the complex B: Let

Bz/' = Bz'(i1

for all 4, and again consider B! to be a complex in which all differentials are the
zero maps. Note that the differentials on C give a chain map d¢ : C. — B!. This
is then part of an exact sequence of chain complexes in which ¢ denotes inclusion:

c ¢ d® /
(7.4) 0—~24 —C.— B.—0.
Before getting to the proof of the Kiinneth Theorem, we state and prove a lemma.
Lemma 7.5. Under the hypotheses of Theorem 7.2, Ker(dS) is also flat for all n.

Proof. We will work with the above exact sequence (7.4) of chain complexes of right
R-modules. Consider for each n the corresponding short exact sequence of right
R-modules,

025 —=C,— B, =0
Apply the first long exact sequence for Tor, for any left R-module M:

- = Torf(B., M) — Torf (2S¢, M) — Torf(C,, M) — Torf (B!, M) — -

n

Now, by the flatness hypothesis of the theorem, C,, and BJ, are flat, and so all terms
above are 0 (see Remark 3.3) except possibly Torfi (Z,,, M). However, by exactness
of the sequence, that term is also now forced to be 0. It follows that ZS is flat
(recall Remark 4.8). O

Proof of Theorem 7.2. First, it can be checked that inclusion of cycles induces a
well-defined homomorphism of abelian groups,

¢: @ Hi(C)®@rH;(D) - H,(C®gr D).
1+j=n
This will be the leftmost nonzero map in the sequence of the theorem. We will
show that this map ( is injective, and determine its cokernel.

For each 4, j, consider the first long exact sequence for Tor as applied to D; and
0—Z¢— C; — B, —0:

-+ — Torf(B},D;) = Z° ®r Dj — C; @ D; — B, ®p Dj — 0.
By hypothesis, B is flat, and so Tor¥ (B}, D;) = 0 (see Remark 3.3). Therefore as
part of the above long exact Tor sequence, there is a short exact sequence for each
1,7
0—>ZiC®RDj —)Ci®RDj —)B;@RDJ*%O.

Now for each n, sum over i, with ¢ + 7 = n to obtain a short exact sequence of
chain complexes (i.e. total complexes) of abelian groups:

0— (Z2°@r D). = (C ®r D). = (B' ®g D). — 0.
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Apply Theorem 4.2 to this short exact sequence of chain complexes to obtain a long
exact sequence of homology:
(7.6)
/ o C (t®1) .

o+ = Hpp1(B'®@rD) — H, (25 @rD) — H,,(C®RrD)

We will analyze some parts of the above sequence (7.6). First note that since the
differential on B’ is the zero map, the differential on B’ @z D (i.e. the sum of the
corresponding horizontal and vertical differentials for the double complex) is simply
1®dP. Next note that since B! is flat for each i by hypothesis, the functor B! ®g —
takes injective R-module homomorphisms to injective R-module homomorphisms.

Consequently, it takes kernels to kernels, and so (note the degree shift at the end,
since B! = BY ,):

Ker(1® d”), = (B’ ®r Ker(d®)),, = (B’ ®@r Z°), = (B ®r Z")n_1.
Also note that
Im((1®d")p41) = (B' @p Im(d")), = (B' @g BY)n = (B¢ @ BY)s-1.
As a consequence,
H,(B'®r D) = (B ®@r H(D)),, = (B® @ H(D))p-1.
Now make the same argument for Z¢: By Lemma 7.5, ZE is also flat for each i,
and so we have similarly
H,(Z¢ @r D) = (Z° @5 H(D)),.
Rewrite sequence (7.6) above, using these two replacements (recall the degree shift):
(7.7)
o (BS@pH(D)), -2 (2 pH(D)), “225 0, (CorD)

Now we will analyze some parts of the sequence (7.7). Consider the connecting
homomorphism 9. A careful check back to the general construction of connecting
homomorphisms shows that 0 is in fact induced by the inclusion map, in each
degree, of B into Z¢. A further check shows that, as a consequence, the map ¢
mentioned at the start of the proof, when composed with the quotient map

Z¢ @ H(D) — H(C) @ H(D),

is precisely the map (¢ ® 1), in (7.7). It follows that ¢ is injective. We will next
determine the cokernel of (.

For each i, j, pair the short exact sequence 0 — B; — Z& — H;(C) — 0 with
H;(D) in the first long exact sequence for Tor to obtain (since ZC is flat)
(7.8)
0 — Torl(H;(C), H;(D)) = BC@xH,;(D) -2 ZC@xrH,; (D) — H;(C)®H;(D) — 0.

Comparing with (7.7), note that by construction the maps 9 in these two sequences
indeed agree (upon summing over all i + j = n in (7.8)), even though in (7.8), 0 is
not the connecting homomorphism.

We will combine the two sequences (7.7) and (7.8) to finish the proof. Note that
in view of (7.7), the quotient

H,(C ®r D)/Im((t®1),)

embeds into (B @ g H(D)),,_1. By the above discussion, we may identify that quo-
tient with H,,(C ®g D)/ Im(¢). Considering (7.7), the image of H,(C®r D)/ Im(()

C
N BonD) L

d°®1).
e (BCoRH(D))ny L -
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in (B¢ ®g H(D)),,—1 under (d° ® 1), is precisely the kernel of 9. In turn, consid-
ering (7.8), the kernel of 9 is Tor{*(H,(C), H;(D)) for each i, j, and summing over
i+ j = n completes the proof. O

Koszul complexes. As an application of Theorem 7.2, we prove Theorem 7.10
(below) that gives conditions under which certain complexes, called Koszul com-
plexes, are in fact projective resolutions. We define these complexes next, and then
state the theorem.

Let = be a central element of a ring R. The corresponding Koszul complex is

K(z): 0 R—"%R 0.
Now let x1,...,x, be central elements in R. Write x = (z1,...,2,). The corre-
sponding Koszul complez is the total complex (defined recursively when n > 2)
(7.9) K(x): Tot(K(x1) ®p -+ - @r K(x4,)).

Note that if z is not a zero divisor of R, then H; (K (x)) = 0 and Ho(K (z)) =
R/(x). Tt follows that K(x) is a (free) resolution of the R-module R/(z). We will
make a more general statement about the Koszul complex K (x) corresponding to
the sequence x, where the hypothesis that = not be a zero divisor is generalized to
the hypothesis that x is a regular sequence, defined next.

Let M be a left R-module. A nonzero element z € R is a zero divisor of M if
am = 0 for some m # 0. A sequence (x1,...,2,) of central elements in R is called
a reqular sequence if x1 is not a zero divisor of R and for each 4, x; is not a zero
divisor of the R-module R/(z1,...,x;_1).2

Theorem 7.10. If x = (x1,...,x,) is a regular sequence in R, then (7.9) is a free
resolution of the R-module R/(x1,...,Ty).

A yet more general version of Theorem 7.10 is given in [7, Corollary 4.5.4].

By viewing a module itself as a complex concentrated in degree 0, with differen-
tials all 0, we have the following corollary of Theorem 7.2.

Theorem 7.11 (Universal Coefficients Theorem). Let C' be a complex of right R-
modules for which C,, and d(C,,) are flat for each n, and let M be a left R-module.
There is a short exact sequence of abelian groups:

0—— H,(C)®r M —— H,(C @ M) —— Torf(H,,_1(C), M) —— 0.

Hom complexes. Let (C.,d) and (D.,dP) be complexes of left (or right) R-
modules. Let B;; = Hompg(C;, D;), a Z-module for each i,j, and consider the
following maps on B; ;:
dpy(f) = (=171 fdE,  and  di(f) =d}f
for all f € Homg(C;, D;). Then B.. is a double complex of Z-modules.
Caution: There are other choices of sign conventions on Hom complexes in the
literature! Instead of our indexing choice here, it is common to reindex either C' or

D so that it becomes a cocomplex, before indexing the Hom complex. The double
complex B.. is often denoted by Hompg(C., D.) or Homg(C, D).

3Tn this last part, the notation (z1,...,z;—1) refers to the ideal generated by these elements.
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8. SPECTRAL SEQUENCES

In this section, we will define cohomology spectral sequences. For homology
spectral sequences, see e.g. [7] or other standard sources; these are similar but have
differentials in reverse order from ours here.

Let C be an abelian category. A cohomology spectral sequence in C is a set
{EP? | p,q,7 € Z, v > 0} consisting of objects of C, together with morphisms

Pq . Pq p+r,q—r+1
dPl: EP1 — EP

satisfying d> = 0 (more precisely, d2t"4="+1dre4 = 0 for all p,q,r) and E, 4, =
H*(E,) for all r. In more detail this means that for all p, g, r,

B2, 2 Ker(d29)/ Tm(d? "+ 1).

For each r, the rth page of the spectral sequence is the set E, of objects E?? together
with the morphisms d??. For example, the pages Ey, E1, E2 can be given pictorially
as follows.

Eo By
ER B BEP B — B2 B2
E(())l E&l E(Z)l E?l Elll E121
E(())O EéO EgO E?O E110 E120
By
ES? EY E3? E3 E4?
B B} Cep e e

00 10 20 30 40
E2 E2 E2 E2 E2
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A spectral sequence (E,d) is called bounded if for each integer n there are only
finitely many nonzero Ef? with p + ¢ = n. If (E,d) is bounded, we claim that
for each fixed pair p, g, there is some integer ¢ (depending on p and ¢) for which
EP? = EPY whenever r > ro. To see this, note that the differentials d2? take EP?
to EPtm ="+l with fixed sum of superscripts (p +7) + (¢ —r+1) =p+q+ 1.
Note that since E is bounded, for a fixed pair p,q, there is some r’ for which
Ef/#»r’, qfr'Jrl Ef,qL'r’, qfr'Jrl (

= 0. This forces the differential with codomain and

domain EP'?) to be 0. Similarly, there is some " for which Ef,TT”’ gtr’ =1 _ 0,

which forces the differential with domain Ef,fr//’ @+ 1 (and codomain EP9) to be
0. Now set 7o = max{r’/,r”}. Due to the 0 differentials, the homology on page 7
does not change (up to isomorphism) at this position p, g, that is,

qu

v o H(ER) & B

Continuing, it also follows that EP? = EPY whenever r > rg, as claimed. In this
case, as a notational convention, we write

rq — P4
E?? = B

Convergence. Let (E,d) be a bounded spectral sequence. We say that (E,d)
converges if there exist objects H™ (n € Z) of C, each having a finite filtration

0=F'H" < ... FPHE" <y PPH" <y FP7IH" <y ... s PSH" = H",

and isomorphisms EP4 = FPHP+4/FPHLHPH for all p,q (by the notation — we
mean monomorphisms, and by the quotient notation we mean the appropriate
cokernels). We will see next how such filtrations appear naturally in some common
types of spectral sequences arising from double complexes.

We will use some standard notation for a double complex: Write B = (BP?,d’, d")
where d’ and d” are the horizontal and vertical differentials. For each n, set
B™ = Tot(B),, = ®ptq=nBP?, which is a complex with d = d’ + d”, as we have
seen. To refer to this complex, we will sometimes simply use the notation B.

Given a double complex B, let

(81) FPB™ — @ Bp/,n*p’

p'>p

for each p and n. This can be visualized as truncating the double complex B™ at
the pth column, with all objects to the left of this column replaced by 0, and then
taking the direct sum of objects in the diagonal lines whose indices sum to a fixed
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value.

Br2____yprtl2_____ ppt22 ...

Bpil s ppt1.1 s Bpt2,1 ...

Bp:0 s pp+1,0 s Bp+2,0 N

If the double complex B is bounded, then this will be a finite filtration of B™ for
each n. If B is a first quadrant double complex (that is, BP? = 0 whenever p < 0
or ¢ < 0), then FYB™ = B"™ and FPB™ = 0 for all p > n.
Now let
qu — {x c FPRprta | d(x) c Fp+er+q+1}
for each p,q,r. Consequently, C§? = FPBP*4. Note that if x € CPI, by the
definitions, d(z) is in FP*"BPT4T1l and so will have 0 component whenever p <
p <p+r. Set Ef? = BY? and
CP4 4 Frtlppta

(52) Bp =

d(Cf_{"r At ) + Fp+1Br+a
for each r > 0 and p, ¢ € Z. We see that there are induced morphisms

dPl . Ep1 — ppira-rl
for which d? = 0. Again it can be checked that by the definitions,

H'(E,) = B4

Remark 8.3. Often ET"? is written H”(B)P%, that is the cohomology of B with
vertical differentials only. Then EL? is written H'H”(B)P4, the cohomology of
H”(B)P? with respect to differentials induced by the horizontal differentials on B.

We assume B is bounded. So for each p, ¢, there is an rg for which the differentials
dP? are zero maps, as are dﬁ’(fmqﬂo*l, Thus EL? = EPI.

We will next state a theorem on convergence. To that end, let p,q € Z, let
n=p+q, and let € BP? be a cocycle for which x ¢ FPT1B". It follows that for
all 7 > 1, x determines an element of E?9, and that d, is zero on the corresponding
element of EP9. We have thus described a map from FP HPT9(B) (the image of
HPT(FPB) in HP*(B)) to E?4. This map is an epimorphism since EPI = EP? for
some 7. By the definitions, its kernel is FPT! H?*9(B). Tt follows that H'(B) is
filtered, with filtration given by FP H'(B) and

FPH"(B)/F"+ H"(B) = E(B)

for fixed p+ ¢ = n. We have shown that E,. converges to H'(B), as stated in the
theorem below.
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Theorem 8.4. Let B be a bounded double complex, filtered as in (8.1). Let E be
the corresponding spectral sequence, given by (8.2). Then E converges to H*(B).

Notation: We often write
E, — H*(B)
to indicate that F converges to H*(B).

Remark 8.5. We could have chosen to filter the complex by truncating rows instead
of columns. This results in another spectral sequence. With this choice, the Ey
page is often denoted H'(B), and the Fy page H” H'(B). It can be useful to compare
these two spectral sequences associated to a double complex.

APPENDIX A. SUPPLEMENTARY DEFINITIONS AND CONSTRUCTIONS
Items in this appendix may not be presented in class, but may still be useful.

Pushout and pullback. Let A, B,Y be (left or right) R-modules. Let o : Y — A,
B :Y — B be R-module homomorphisms. A pushout of «, 3 is an R-module X
together with R-module homomorphisms ¢ : A — X, ¢ : B — X for which the
following holds: ¢a = ¥ and for any R-module Z and R-homomorphisms ¢~> A —
Z, 1[) : B — Z for which ¢~)a = 1/~JB, there is a unique R-module homomorphism
n:X—)Zsuchthath;:n(;SJ/;:m/J:

y — <

A
|
(4

B—X

b7
This is unique up to isomorphism (by applying the definition two ways to a pair of

pushouts X, X'). In fact we may take

(A.1) X =AsB/H{(-aly),By) lyeY}

and ¢, 1 the maps induced by inclusion into A @ B followed by the quotient map.
Let A, B, X be R-modules. Let ¢ : A — X, ¢ : B — X be R-module homo-

morphisms. A pullback of ¢, is an R-module Y together with R-module homo-

morphisms « : Y — A, §: Y — B for which the following holds: ¢a = 98 and

for any R-module W and R-module homomorphisms & : W — A, B: W — B for

which ¢a = w& there is a unique R-module homomorphism n: W — Y such that

a=an, f=pFn.

W.
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This is unique up to isomorphism (by applying the definition two ways to a pair
Y, Y’ of pullbacks). In fact we may take

Y ={(a,b) € A® B | ¢(a) = ¥(b)}

and «, 8 the maps induced by projection from A & B.

Extension interpretation of Ext. The abelian groups Ext’z(M, N) have an in-
terpretation in terms of exact sequences, or extensions, as follows. An n-extension
of M by N is an exact sequence of R-modules and R-module homomorphisms:

f: 0 N Un,1 U1 Uo M 0.

Suppose g is another n-extension of M by N. A morphism of extensions from f to
g is a chain map that is the identity map on each of M and N:

0 N Un_1 e U, Uy M 0
JlN lgﬁn—l J{qﬁl ldm JlM
0 N Vi1 e Vi Vo M 0

Morphisms of n-extensions generate an equivalence relation. The set of equivalence
classes of n-extensions becomes an abelian group under a binary operation termed
the Baer sum. The n-extension f above has additive inverse represented by the
sequence with the same modules, the map Uy — M replaced by its additive inverse,
and all other maps the same. As an abelian group, Ext’s (M, N) is isomorphic to
this group of equivalence classes of n-extensions of M by N. We give the one-to-one
correspondence on elements of these two groups below. We leave the proof that it
is an isomorphism of abelian groups as a very lengthy exercise.

Let f be the n-extension of M by N given above. We wish to associate an
element of Ext (M, N) to f. With this goal, let P. — M be a projective resolution
of M. By the Comparison Theorem (Theorem 2.7), there is a chain map f

d"’ mn 1
P P, 25 P, P2 P — M ——0
TR
0 N U,_1 Ui Uy M 0

Note that by construction, fn € Hompg(P,,N) and fndn+1 = 0. That is, fn is
a cocycle. Write f = fn By the Comparison Theorem again, f is unique up to
chain homotopy. It follows that the corresponding element of Ext’, (M, N) does not
depend on the choice of f We have thus given a map from equivalence classes of
n-extensions of M by N to Extk (M, N).

Now let f € Hompg(P,,, N) represent an element in Ext, (M, N), that is, fd,+1 =
0. We will construct an n-extension f of M by N from f. Let X be a pushout of

P, L, P,_1 and P, i> N. As described above, we may take

X = (Put @ N)/{(=dn (@), f(2)) | = € P.}.
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It may be checked that the following diagram commutes:

dn B dn_
P P, P NP, Py——M 0
0
0 N % (s Qp” 2 Py—= s M 0

(Equivalently, P,, may be replaced by the syzygy module K,, = Ker(d,,—1) in the
pushout diagram.) It may be checked that the lower sequence is an n-extension of
M by N, and that any other map in Hompg(P,, N) representing the same element
of Exty (M, N) yields an n-extension equivalent to this one. We have thus given a
map from Ext% (M, N) to the set of equivalence classes of n-extensions of M by N.
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