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Abstract

We study the behavior near the origin of C? positive solutions u(x) and v(x) of the system

0<-Au< f(v
O; Aw ; ;((U; in B1(0)\ {0} CR",n > 2,
where f, g : (0,00) — (0,00) are continuous functions. We provide optimal conditions on f and
g at oo such that solutions of this system satisfy pointwise bounds near the origin. In dimension
n = 2 we show that this property holds if log* f or log™ g grow at most linearly at infinity. In
dimension n > 3 and under the assumption f(t) = O(t), g(t) = O(t?) as t — oo, (A, > 0),
we obtain a new critical curve that optimally describes the existence of such pointwise bounds.
Our approach relies in part on sharp estimates of nonlinear potentials which appear naturally
in this context.

2010 Mathematics Subject Classification. 35B09, 35B33, 35B40, 35J47, 35J60, 35J91, 35R45.

Keywords: Pointwise bound; Semilinear elliptic system; Isolated singularity; Nonlinear potential

estimate.
Contents
1 Introduction
2 Statement of two dimensional results
3 Statement of three and higher dimensional results
4 Nonlinear potentials
5 Preliminary lemmas
6 Proofs of two dimensional results
7 Proofs of three and higher dimensional results

A Brezis-Lions result

13

17

27

33

40

*School of Mathematical Sciences, University College Dublin, Belfield, Dublin 4, Ireland; marius.ghergu@ucd.ie

fSupported in part by the IRC Ulysses Grant 41942

fMathematics Department, Texas A&M University, College Station, TX 77843-3368; stalia®math.tamu.edu

§Corresponding author, Phone 001-979-845-3261, Fax 001-979-845-6028
YDepartment of Mathematics, University of Missouri, Columbia, MO 65211; verbitskyi@missouri.edu
ISupported in part by NSF grant DMS-1161622



1 Introduction

In this paper we study the behaviour near the origin of C? positive solutions u(z) and v(x) of the

system

0<—-Au< f(v) ) .
OS_AUSQ(U) lnBl(O)\{O}CR ,n =2, (11)

where f,g : (0,00) — (0,00) are continuous functions. More precisely, we consider the following
question.

Question 1. For which continuous functions f,g : (0,00) — (0,00) do there exist continuous
functions hq, ke : (0,1) — (0,00) such that all C? positive solutions u(z) and v(x) of the system
(1.1) satisfy

u(z) = O(hi(Jz])) asxz—0 (1.2)

v(x) = O(ha(|z])) asz—0 (1.3)
and what are the optimal such h; and ho when they exist?

We call a function hy (resp. hs) with the above properties a pointwise bound for u (resp. v) as
z — 0.
Question 1 is motivated by the results on the single semilinear inequality

0<—-Au< f(u) in B1(0)\ {0} CR",n>2, (1.4)
and its higher order version
0<—-A"u< f(u) in Bi(0)\ {0} CR",m>1,n>2,

which are discussed in [16, 17, 18].
Although the literature on semilinear elliptic systems is quite extensive, very little of it deals
with semilinear inequalities. We mention the work of Bidaut-Véron and Grillot [2] in which the

following coupled inequalities are studied:
O Bus el B0\ (0} CR" n >3 1 (1.5)

mn C , .= 9, <1, .

0 < Av < |z|ul ! P

and

Au > |z|*"P ) .
Av > [afPu in B1(0)\ {0} CR", n>3, pg> 1. (1.6)

Another related system of semilinear elliptic inequalities appears in [3] (see also [12]) and contains

as a particular case the model
—Au > |z|%P .
CAu s apus in R"\ {0},n > 2. (1.7)

Our system (1.1) is different in nature from (1.5), (1.6) and (1.7) and its investigation completes
the general picture of semilinear elliptic systems of inequalities. In particular (see Theorem 3.7),

we will obtain pointwise bounds for positive solutions of the system
O —dus kbl B\ 0hn >3

in By ,n >

0< —Av < |x|buq

which complement the studies of systems (1.5), (1.6) or (1.7).



Remark 1. Let

—(n—2) . >
() = r . ) Tfn_?) (18)
log %, if n=2.

Since I'(|x]) is positive and harmonic in By (0)\{0}, the functions ug(x) = vo(x) = I'(|z|) are always
positive solutions of (1.1). Hence, any pointwise bound for positive solutions of (1.1) must be at
least as large as I" and whenever I is such a bound for u (resp. v) it is necessarily optimal. In this
case we say that u (resp. v) is harmonically bounded at 0.

We shall see that whenever a pointwise bound for positive solutions of (1.1) exists, then u or v
(or both) are harmonically bounded at 0.

Our results reveal the fact that the optimal conditions for the existence of pointwise bounds
for positive solutions of (1.1) are related to the growth at infinity of the nonlinearities f and g. In
dimension n = 2 we prove that pointwise bounds exist if log™ f or log™ g grow at most linearly at
infinity (see Theorems 2.1, 2.2 and 2.3). In dimensions n > 3 we will assume that f and g have a
power type growth at infinity, namely

ft)=0@1") ast— oo

g(t) =0(t?) ast— o0

with A\,o > 0. In this setting, we will find (see Theorem 3.4) that no pointwise bounds exist if the

pair (A, o) lies above the curve
2 n 1

n—2 * n—2X
On the other hand, if (), o) lies below the curve (1.9) then pointwise bounds for positive solutions
of (1.1) always exist and their optimal estimates depend on new subregions in the Ao plane (see
Theorems 3.1, 3.2, 3.3 and 3.4).

We note that the curve (1.9) lies below the Sobolev hyperbola

(1.9)

g =

1 + 1 1 2 that i 2A+n+2
—— =1——, thatis,c = ————
c+1 X+1 n (n—2)A—2

which separates the regions of existence and nonexistence for Lane-Emden systems:

— Ay =" )
in B1(0) C R",n > 3,
—Av =u’

(see [10, 11, 13, 15]).

As is the case for the single inequality (1.4), our analysis of the system (1.1) in all dimensions
n > 2 relies heavily on the Brezis-Lions representation formula for superharmonic functions (see
Appendix A). In two dimensions, an extension of the methods used in [16] to study (1.4) yields
an essentially complete answer to Question 1. On the other hand, in three and higher dimensions
(this is the most important and interesting possibility for us in this paper) this is not the case. We
require additional nontrivial methods and tools to study Question 1 when n > 3, the most crucial
of which are a Moser type iteration (see Lemma 5.5) and certain pointwise estimates (see Corollary
4.1) for the nonlinear potential N((Ng)?), o > -2, where N is the Newtonian potential operator
over a ball in R™, n > 3, and g is a nonnegative bounded function.

Section 4 in this work is concerned with various pointwise and integral estimates of nonlinear
potentials of Havin-Maz’ya type and their connections with Wolff potentials. Since the results in



this section may be of independent interest, we state them in greater generality than is needed for
our study of the system (1.1).

In any dimension n > 2, we prove that our pointwise bounds for positive solutions of (1.1) are
optimal. When these bounds are not given by I', their optimality follows by constructing (with the
help of Lemma 5.1) solutions v and v of (1.1) satisfying suitable coupled conditions on the union of
a countable number of balls which cluster at the origin and are harmonic outside these balls. In this
case, it is interesting to point out that although our optimal pointwise bounds are radially symmetric
functions, these bounds are not achieved by radial solutions of (1.1), because nonnegative radial
superharmonic functions in a punctured neighborhood of the origin are harmonically bounded as
z—0.

We also consider the following analog of Question 1 when the singularity is at co instead of at
the origin.

Question 2. For which continuous functions f,g : (0,00) — (0,00) do there exist continuous
functions hy, ho : (1,00) — (0, 00) such that all C? positive solutions u(x) and v(z) of the system

0<-Au< fv) . _.
0< —Av < g(u) in R"\B1(0), n > 2, (1.10)
satisfy
u(z) = O(hi(|z])) as |z| = o0 (1.11)
v(z) = O(ha(|z|)) as |z| = oo (1.12)

and what are the optimal such hy and he when they exist?

This paper is organized as follows. In Sections 2 and 3 we state our main results in dimensions
n = 2 and n > 3 respectively. In Section 4 we obtain, using Hedberg inequalities and Wolff potential
estimates, some new pointwise and integral bounds for nonlinear potentials of Havin-Maz’ya type.
Using these estimates, we collect in Section 5 some preliminary lemmas while Sections 6 and 7
contain the proofs of our main results.

2 Statement of two dimensional results

In this section we state our results for Questions 1 and 2 when n = 2.
We say a continuous function f : (0,00) — (0,00) is ezponentially bounded at oo if

log™ f(t) = O(t) ast— oo

where

loo™ 5 logs, ifs>1
g 5=
0, if s <1.

If f,g:(0,00) — (0,00) are continuous functions then either
(i) f and g are both exponentially bounded at co;
(ii) neither f nor g is exponentially bounded at oco; or

(iii) one and only one of the functions f and g is exponentially bounded at oc.



Our result for Question 1 when n = 2 and f and g satisfy (i) (resp. (ii), (iii)) is Theorem 2.1 (resp.
2.2, 2.3) below.

By the following theorem, if the functions f and g are both exponentially bounded at oo then
all positive solutions u and v of the system (1.1) are harmonically bounded at 0.

Theorem 2.1. Suppose u(z) and v(x) are C? positive solutions of the system
0< —Au< f(v) (2.1)

0< —Av < g(u) (2.2)

in a punctured neighborhood of the origin in R?, where f, g : (0,00) — (0,00) are continuous and
exponentially bounded at oo. Then both u and v are harmonically bounded, that is

M@:OO%éO 05 7 — 0 (2.3)
" u@:0<b%%> as & — 0. (2.4)

By Remark 1, the bounds (2.3) and (2.4) are optimal.

By the following theorem, it is essentially the case that if neither of the functions f and g is
exponentially bounded at oo then neither of the positive solutions v and v of the system (1.1)
satisfies an apriori pointwise bound at 0.

Theorem 2.2. Suppose f,g: (0,00) — (0,00) are continuous functions satisfying

lim log f(t) =00 and lim log 9(t)

t—00 t t—00 t

= 00. (2.5)

Let h: (0,1) = (0,00) be a continuous function satisfying lim,_,o+ h(r) = co. Then there exist C?
positive solutions u(x) and v(x) of the system (2.1, 2.2) in B1(0)\{0} C R? such that

u(z) # O(h(lz])) asx—0 (2.6)

and
v(z) # O(h(|z])) asx — 0. (2.7)

By the following theorem, if at least one of the functions f and ¢ is exponentially bounded at
oo then at least one of the positive solutions u and v of the system (1.1) is harmonically bounded
at 0.

Theorem 2.3. Suppose u(z) and v(x) are C? positive solutions of the system

0< —-Au
0<—Av <g(u)

in a punctured neighborhood of the origin in R?, where g : (0,00) — (0,00) is continuous and
exponentially bounded at co. Then v is harmonically bounded, that is

u@:oo%éo e (2.8)



If, in addition,
—Au < f(v)

in a punctured neighborhood of the origin, where f : (0,00) — (0,00) is a continuous function
satisfying
logt f(t) =O(") ast— oo

(@) = o0 <<1og %>A> as 7= 0. (2.9)

Note that in Theorems 2.1-2.3 we impose no conditions on the growth of f(t) (or g¢(¢)) as
t— 0%,
By the following theorem, the bounds (2.9) and (2.8) for u and v in Theorem 2.3 are optimal.

for some A > 1 then

Theorem 2.4. Suppose X > 1 is a constant and ¢ : (0,1) — (0,1) is a continuous function
satisfying lim, g+ ¥ (r) = 0. Then there exist C™ positive solutions u(x) and v(z) of the system

0< -Au<e? . 9
0< —Av< et in B2(0)\{0} C R (2.10)
such that \
u(z) # O <¢(\x]) <log é—,) > as x — 0 (2.11)
and

v(@)

— —1 asz—0. (2.12)
log
& o]

The following theorem generalizes Theorems 2.1 and 2.3 by allowing v and v to be negative and
allowing the right sides of (2.1, 2.2) to depend on z.

Theorem 2.5. Let U(x) and V (x) be C? solutions of the system

1
0<-AU < ]a:\_“eMA, U(z) > —alogm (2.13)

1
0<—AV < |z|7%Y, V(z) > —alog Tl (2.14)

in a punctured neighborhood of the origin in R? where a and X\ are positive constants. Then

Ulz) = O <log é) +o <<log ﬁ)) as = 0 (2.15)

V(z) =0 <1og %) as 7 0. (2.16)

The analog of Theorem 2.5 when the singularity is at co instead of at the origin is the following
result.



Theorem 2.6. Let u(y) and v(y) be C? solutions of the system
0< —Au<fyle",  uly)> —alogly]

0 < Av < |y|%e, v(y) > —alog |y|

in the complement of a compact subset of R? where a and \ are positive constants. Then

u(y) = O(log Jy|) + o((log y])*)

as |y| — oo. (2.17)
v(y) = O(log |y|)
Proof. Apply the Kelvin transform
x
Ulz) =uly), V(z)=vly), y= I
and then use Theorem 2.5. U

3 Statement of three and higher dimensional results

In this section we state our results for Questions 1 and 2 when n > 3. We will mainly be concerned

with the case that the continuous functions f, ¢ : (0,00) — (0,00) in Questions 1 and 2 satisfy
ft)=0@1") ast— oo (3.1)
g(t) =0(t?) ast— oo (3.2)

for some nonnegative constants A and o. We can assume without loss of generality that o < A.
If XA and o are nonnegative constants satisfying o < A then (A, o) belongs to one of the following
four pairwise disjoint subsets of the Ao-plane:

A:{upyogagxg z }

n—2
B::{(AU):)\>n72 and O<a<f2 niZ%}
C’::{(/\,J):)\> n and 2 + - l<0'</\}
n—2 n—2 n—2X\ -
D::{(/\J):)\> o and o= 2 n l}
n—2 n—2 n—2X\



n—2

n-2

n—2
Figure 1: Graph of regions A, B and C.

Note that A, B and C are two dimensional regions in the Ao-plane whereas D is the curve
separating B and C. (See Figure 1.)

In this section we give a complete answer to Question 1 when n > 3 and the functions f and
g satisfy (3.1, 3.2) where (\,0) € AU B UC. The following theorem deals with the case that
(A o) € A

Theorem 3.1. Let f,g: (0,00) — (0,00) be continuous functions satisfying (3.1, 3.2) where

n

0<o<A< . (3.3)

Suppose u(z) and v(z) are C? positive solutions of the system
0<—Au< f(v) (3.4)
0< —Av < g(u) (3.5)

in a punctured neighborhood of the origin in R™, n > 3. Then both uw and v are harmonically
bounded, that is
w(z) = O0(jz|~™2)  asz—0 (3.6)

v(z) = O0(|z|" ") asz — 0. (3.7)

By Remark 1, the bounds (3.6) and (3.7) are optimal.
The following two theorems deal with the case (\,0) € B.

Theorem 3.2. Let f,g: (0,00) — (0,00) be continuous functions satisfying (3.1, 3.2) where

n 2 n 1
and o< —— + .

A -
>n—2 n—2 n—2X\

(3.8)



Suppose u(z) and v(x) are C? positive solutions of the system (3.4, 3.5) in a punctured neighborhood
of the origin in R™, n > 3. Then

_(n=2)%
w(z)=ol|z|” = as x — 0 (3.9)

and
v(z) =0 (\m]_("_2)) as x — 0. (3.10)
By the following theorem the bounds (3.9) and (3.10) for u and v in Theorem 3.2 are optimal.

Theorem 3.3. Suppose A\ and o satisfy (3.8) and ¢ : (0,1) — (0,1) is a continuous function
satisfying lim, g+ 1 (r) = 0. Then there exist C™ positive solutions u(x) and v(z) of the system

0<—Au<o?
B B m R™\{0 >3 3.11
0<-Av<uw M \{0}, n = (3.11)
such that ,
u(x) # 0 <¢(|x|)|;p|—("f) A) asx — 0 (3.12)
and
v(z)|z["? -1 asz — 0. (3.13)

The following theorem deals with the case that (A\,0) € C. In this case there exist pointwise
bounds for neither u nor v.

Theorem 3.4. Suppose A and o are positive constants satisfying

2 n 1
- <\ .14
n—2+n—2)\<0_)\ (3.14)

Let h: (0,1) — (0,00) be a continuous function satisfying

lim h(r) = oo.
g ) = o

Then there exist C* solutions u(x) and v(x) of the system

0< —Au <o

0<—-Av<u® in R"\ {0}, n >3 (3.15)
u>1,v>1
such that
u(x) # O(h(|z])) asx—0 (3.16)
and
v(z) # O(h(|z])) asx — 0. (3.17)

The following theorem can be viewed as the limiting case of Theorem 3.2 as A — co.



Theorem 3.5. Let g : (0,00) — (0,00) be a continuous function satisfying (3.2) where

2

o< .
n—2

Suppose u(z) and v(z) are C? positive solutions of the system

in a punctured neighborhood of the origin in R™, n > 3. Then v is harmonically bounded, that is
v(z) =0 <|x|_("_2)> as x — 0. (3.18)

By Remark 1, the bound (3.18) is optimal.
In Theorem 3.7 we will extend some of our results to the more general system

0< —Au < |:E|_°‘v)‘
0 < —Av < |z|Pue.

Using these extended results and the Kelvin transform, we obtain the following theorem concerning
pointwise bounds for positive solutions U(y) and V (y) of the system

0<-AU < (V+ 1)

3.19
0< AV < (U+1)° ( )
in the complement of a compact subset of R, n > 3, where
2 n 1
A>0>0 d — —. 3.20
>0 2> an J<n—2+n—2)\ ( )

Note that A and o satisfy (3.20) if and only if (\,0) € (A\ {( no I )}) U B where A and B

n—2’ n—2

are defined at the beginning of this section and graphed in Figure 1.

Theorem 3.6. Let U(y) and V(y) be C? nonnegative solutions of the system (3.19) in the com-
plement of a compact subset of R™, n > 3, where X\ and o satisfy (3.20).

Case A. Ifo =0 then as |y| — o0

n—2 2(n—2) A2
U(y)=0<\y! = )>
2(n—2)
V(y) = O(Iy\ " ) :
Case B. If0 < 0 < 25 then as |y| — oo

2(n—2)(A+1)
Uly)=o(lyl ™)

V(y) = O(lyl).



Case C. If o = -%5 then as |y| — oo

2(n—2)(A+1) n—2
Uly)=o Iyl (oglyl) ™)

V(y) = o(ly|* log yl).

Case D. Suppose 0 > —25. Lete > 0 and D = (n — 2)A (%4—%%—0). Then D > 0 and as
lyl = oo

2(n—2)(A+1)
Uy) =o(lyl= =7 +)

2(n—2)(c+1)
Viy)=o(ly ™57 ).
Theorem 3.7. Let u(z) and v(x) be C? nonnegative solutions of the system
o\
0< —Au< |z (v |z~ >) (3.21)

0< —Av < |z (u + |3:|_("_2)>J (3.22)
in a punctured neighborhood of the origin in R™, n > 3, where o, B € R and X and o satisfy (3.20).
Case A. Suppose o = 0.
(A1) If B <n then as v — 0

u(z) =0 <<%>"‘2 Y <<E1‘>",12(",L26A+a))

Case B. Suppose 0 < 0 < % Let
d=max{(n —2)A+a, [(n —2)o — 2+ B]A + a} (3.23)

(B1) If 6 <n then as z — 0

(@) = 0 <<%>H> (3.24)

v(z) = o <(% n_2> 7 ¥hzn-ln=2o (3.25)



(B2) If 6 > n then as x — 0

Case C. Suppose g = %

(C1) If either
(i) B<n—2and (n—2)A+a <n; or
(i) B>n—2and PA+a <n
then, as © — 0, u and v satisfy (3.24) and (3.25), that is

(C2) If neither (i) nor (ii) holds then as x — 0

0 ((L) %2[("_2““}) , ifB<n—2
u(z) = ; =2 (53t a) n=2,
()7 () ). g

=0 <<ﬁ>> <<r \)Bk’g\lr)

Case D. Suppose o0 > —=5. Let

a::%[(n—2)0—2] md b= 2{(n 20 -2+ 5.

Then 0 < a < 1.
(D1) If either

(i) & <n—2and (n—2)A<n—a; or

(ii) 1% >n—2 and— <n—ao

then, as © — 0, u and v satisfy (3.24) and (3.25).
(D2) If neither (i) nor (ii) holds then as x — 0

. << 1 )”Tz[(n—?)M-a])
i m ’

if 25
u(z) = n—2,_ b
=2 (2 4ate)
1 n 1—a . b
0 ((m) ) Fb>no

12

<n-—2

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)



and

(3.32)

for all € > 0.

4 Nonlinear potentials

In this section we are concerned with pointwise and integral estimates of certain nonlinear potentials
using inequalities of Hedberg type and Wolff potential estimates (see [1], [9]). As a consequence,
we will prove the following theorem:.

Theorem 4.1. Let B = B1(0) be the unit ball in R™, n > 3, and let

Nf(z) = /B %dy, x € B. (4.1)

Then, for all nonnegative functions f € L*°(B),

2s(oc+1) (n—2s)c—2s

INUN )l < NIty W llimdy - (4.2)

ifa>%and0<s<%, and

o o Cll s
IV 1)l < CIAIFogy o (=2, (13)
L#(B)
if o > % and s = #, where C' is a positive constant which does not depend on f.

More precise pointwise estimates of N((N f)?) in terms of Wolff potentials

3 7 dr
W f(z) = /0 </B7a(x) f(y)dy) Ty L€ B1(0),

along with their analogues for functions f defined on the entire space R™, and Riesz or Bessel
potentials in place of N f, will be discussed below (see Theorems 4.2-4.4).
We remark that if —25 < o < - then for all nonnegative f € L*(B;(0)),

n—2 —

CT'Wo f(z) < N((Nf)7)(2) < CWof(z), € Bi(0),

where C' is a positive constant which depends only on ¢ and n. There are similar pointwise estimates
in the range -5 < o < oo under the additional assumption that N((Nf)?)(x) is uniformly
bounded, for instance, if f € L®°(B;(0)). These relations between nonlinear potentials N((NV f)7)

and W, f are due to Havin and Maz’ya, D. Adams and Meyers (see [1], [9]).

Let u be a nonnegative Borel measure on R”. For 0 < a < n, the Riesz potential I,u of order
« is defined by

Iwm:AMM&m@gzl / A0) N— m

rn—a g n—a Jgn |z —yln’

13



For 1 <p <ocand 0 <a < 7, the Wolff potential W, is defined by (see [1], [9]):

W () = /OOO <M> w1 ar o ern (4.5)

rn—op T

There is also a nonhomogeneous version applicable for 0 < a < %,

W€, pp(z) = /000 <M> w e‘”%, x € R", (4.6)

rn—oap

where ¢ > 0. Wolff potentials have numerous applications in analysis and PDE (see, for instance,
(7], [8], [14], [19]).
We will also use the Havin-Maz’ya potential U, ,u, where 1 < p < oo and 0 < o < %, defined
by:
1
Uapit() = La(Tap)7 (2), @ € RY, (4.7)

along with its nonhomogeneous analogue V 51, where 1 < p < oo and 0 < a < %, defined by:

Vo) = Jo(Jap) = (z), @ € R, (4.8)

Here Bessel potentials

Jap(z) = [ Ga(z — t)dp(t)

with Bessel kernels G,, a > 0, are used in place of Riesz potentials Iou. Clearly, Jou(z) <
1

Canlap(z), and hence V, ,u(x) < cﬁ Ugpp(z) for all z € R™.
Note that the Newtonian potential coincides with

Lypu(r) = Wigp(z) = e, Uipp(z), n > 3.

If du = f(x)dz, where f > 0 and f € LL _(R"), we will denote the corresponding potentials by I, f,
Ug,pf, ete.
We will need the Hardy-Littlewood maximal function
1
Mf(z) = sup ——— f(y)ldy, = eR"
r>0 |Br ()| B (z)

Throughout this section ¢, ¢1, ¢2, etc., will stand for constants which depend only on «, p, and
n. The following pointwise estimates of nonlinear potentials are due to Havin and Maz’ya, and D.
R. Adams. (See, for instance, [9, Sec. 10.4.2] and the references therein.)

Theorem 4.2. Let p be a locally finite nonnegative Borel measure on R™.
(a) Ifl<p<ooand0<a< %, then, for some c,c1 > 0,

o B, =1 _ _d
Va,p,u(x) > c Wca7pﬂ($) = Cl/o <M> ! (& CTTT, r e R™ (49)

rn—ap

(b) If2 -2 <p< oo and0<a§%, then, for some c,c1 > 0,

[ u(Br(@)\ 7T _d
Vapi(z) < et W pu(x) = ¢ / <M> e CT’TT, r e R™ (4.10)
0

pn—ap
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() Ifl<p<2-5,0<a<y, and §(r) = sup,epn 1(Br(2)), then

1
o —1
memx>301/ﬁ <¢90>p T aeR, (4.11)
0 rn—ap r

(d) The above estimates with ¢ =0 hold for the potential Ug ppi in place of Vo pp if 0 < a < %.

Theorem 4.2 yields that the Wolff potential W, it is pointwise equivalent to the Havin-Maz’ya
potential Uy pp (and WS, pu is equivalent to Vg ,pp if ¢ > 0, up to a choice of ¢), provided
2- 2 <p<oo.

In the range 1 < p <2 — & (which excludes the critical case a = %), the sharp upper estimate
(4.10) for U, pp fails, along with its counterpart for V,, ,u. However, there are natural substitutes
under the additional assumption that the corresponding nonlinear potential is uniformly bounded.
The following theorem is due to Adams and Meyer (see [9, Sec. 10.4.2]).

Theorem 4.3. Suppose Vo pu(x) < K for all z € R™.
(a) If1<p<2—-S"and0<a< %, then, for some c,c1 > 0,

n—1

(2—p)n—a o0 B n—ap d

Vopi(r) < e K neap / (%) ’ e_”?T, z e R"™ (4.12)
0

(b) Ifp=2—-5and 0 < a < %, then, for some c,c1,co > 0,

1

 u(Br(x)) co KP—1yn—ap =1 dr n
V. < 1 —, R". 4.1

(c) The above estimates with ¢ = 0 hold for the potential Uy pp in place of Vo pp.

We now deduce some pointwise bounds for nonlinear potentials.

Theorem 4.4. Let p > 1 and 0 < a < n. Then the following estimates hold.
(a) If2—% <p<oo,0<a< %, and f € L*(R™), where 1 < s < aﬂp, then, for all x € R™,

aps

Uapf(x) < e (Mf(2) &0 ||£]|% B)- (4.14)
(b)) Ifl<p<oo,0<a< %, and f € L¥(R™) N L>®(R™), where 0 < s < a—p, then, for all x € R™,

(c) If2—2 <p<oo,0<a< %, and f € LS(R”), where s = aip, then, for all x € R",

Va ) < llf | MIDNTE gt (MG ) g
(MF @)+ 1 oy L@

(d) Ifl<p<oo,0<a< %, and f € L5(R™) N L*°(R™), where s = aﬂp, then, for all x € R™,

IIfIILoo R 1f1| Lo (m
Va,pf( ) < CHfHLS(R” 1 + log+ (W) . (417)
1T gy + 11 ey (&)
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Proof. Suppose first that 2 — & < p < co. Fix R > 0, and let du = f(x)dx, where f > 0 and
fe L (R"),s>1. Then by (4.10), Vo pu(x) is bounded above by a constant multiple of

1

Capf(x) = /OOO <%> -1 e‘”%

R L oo 1
:/ <M(Bi(‘r))>p ! e—cr@ _|_/ (M(Bi(x))>p ! e—crﬁ — Il _‘_12‘
0 rn—ap r R rn—ap r

WB@) oo ().

pn—ap  —

Note that

Hence,
1 R e d',"
L SC’Mf(x)P_l/ ritemer Sl
0 T
To estimate Iy, notice that by Holder’s inequality with s > 1,

1
w(B,(2)) < ||fllzs@mycar™ ™), x € R, r> 0.

Hence,
o __ n—aps dr
L <C . P s-D e
2 < U [, "
Letting a = %, and combining the preceding inequalities, we obtain
1 R @ d S __ n—aps d
Vap (@) < Ol Ty <— [ ety [T _) TS

Minimizing the right-hand side over R gives, with R = a_%,

1 a7% ap_ d 0 __ n—aps d
Vapf(@) < CIIfIILs(Rn (apl / rmremer 2 / e e—”‘—r> . (4.19)
0 af% r
As noted above, the preceding inequality holds for U, , f in place of V,, , f if we set ¢ = 0:

[T g % _naps g
Uamf( ) < C||f||LS(Rn <ap1 / TP*pl—T —I—/ r S(Pf{) _7‘)
0 r a~ r

S
n

_aps

n—aps -
= CleHD gy @070 = Ch (MLF () &0 || £ 3 ()’
provided p >2 -2 0 <a <= m and 1 < s < Z=. This proves statement (a) of Theorem 4.4.
If f € L3(R") N L>(R"), then noticing that M f(z) < [|f]|fe(rn) for every x € R", we deduce
from this a cruder estimate:

n—aps

Unp () < O |11 115 iy (4.20)

In the case 1 <p <2 — %, we have o < (2 — p)n < . Using (4.11) instead of (4.10), we see
that (4.20) still holds. Therefore (4.20) holds for all 1 <p < Z and 1 < s < ap

16



If 0 < s < 1, then obviously ||f|[z1@n) < HfHLoo Rn) HfHSLS(Rn). Consequently, (4.20) for
0 < s < 1 follows from the corresponding estimate w1th s = 1, which proves statement (b) of
Theorem 4.4.

To prove statement (c), notice that in the case s = aip > 1and p>2— 7, we clearly have, by
looking at the cases 0 < a <1 and a > 1,

S 1
1 %" ap d 0 d —1
ar—1 'r'pfl e_cT_T +/ e—CT’_T é C (( a >p + 10g+ CL) .
0 r o= r a+1

Hence (4.19) yields

Vo (@) < el | —— gt (I
(M) + 171 e

for s = aﬂp > 1 and p > 2 — 2, which proves statement (c).

In the case s = > > 1 and 1 < p <2 — 2, as in the estimates of U, f above, we again use

(4.11) in place of (4.10), together with Mf(x) < [|f|[ze®n), to complete the proof of statement
(d). O

Remark 1. Inequality (4.15) can be deduced directly applying Hedberg’s inequality (see [1], Propo-
1
sition 3.1.2(a)) to I,g where g = (I, f)?—1, followed by Sobolev’s inequality.

Remark 2. Theorem 4.1 is immediate from statements (b) and (d) of Theorem 4.4 with o = 2
and p=1+ %

We will need the following corollary of Theorem 4.1 in the next section.

Corollary 4.1. Let g € L>®(B) be a nonnegative function where B = Bpr(xg) is a ball in R™,
n >3, and let

gy

2
Then for o > =5 we have

c 20+2 (n—2)o—2 ' ,
IN((Ng)7 )L (5) < HgHLl(B ||9||Looc(i”;”mw) Z_fa ] ?
CHgHLl(B) log <W> , ifo= —=
where C' = C(n,0) is a positive constant.
Proof. Apply Theorem 4.1 with s = 1 to the function f(z) = g(z¢ + Rx). 0

5 Preliminary lemmas

In this section we provide some lemmas needed for the proofs of our results in Sections 2 and 3.

Lemma 5.1. Let ¢ : (0,1) — (0,1) be a continuous function such that lim,_,q+ ¢(r) = 0. Let
{z;}32, be a sequence in R™, where n >3 (resp. n =2), such that

1
0 <dlzjn| <lz;] <3 (5.1)

17



and

> layl) < oe. (5.2

Jj=1

Let {rj}jo-’;l C R be a sequence satisfying
0<rj<|z;/2 (5.3)

Then there exist a positive constant A = A(n) and a positive function v € C°(Q\{0}) where
Q =R" (resp. Q = By(0) C R?) such that

0< —Au< "”(ij D B, (x;) (5.4)
~Au=0 in Q\ ({0} ulJ B, (a;j)) (5.5)
j=1
u > % <resp. u > Ap(|z;|) log %) in By (v;) (5.6)
u>1 in Q\{0}. (5.7)

Proof. Let ¢ : R™ — [0,1] be a C* function whose support is B1(0). Define ¢; : R" — [0, 1] by
Y;(y) =1(n) where y = x; + rjn. Then

| wstwran= [ v an =1 5.9
where I =[5, 1(n)dn > 0. Let &; := ¢(|z;|) and

€5
—, 5.9
(5.9)

(e e]
f= ZMjQ/)j where M; =
j=1 J

Since the functions 1; have disjoint supports, f € C*°(R™\{0}) and by (5.9), (5.8), and (5.2) we
have

[ =3 [ it = DI

j=1

Case I. Suppose n > 3. Then for z = z; + ;€ and |[{] < 1 we have

f(y) du > M;ap;(y) dy — Mjp(n)ry J
|l‘ _ |n—2 y= |$ _ |n—2 y= n—21¢ . |n—2 n
Rn Yy ly—z;|<r; Yy In|<1 T'j 1€ —nl

£j / v,
= - n—z &
r; 2 In|<1 € — |2

> Jej where J = min/ M > 0.

TR €1<1 <1 € — "2

J

18



Thus letting
B n
u(zx) == / mf(y) dy+1 for x € R"\{0}
Rn Y

where Irl% is a fundamental solution of —A we have u satisfies (5.6) with A = B.J and

—Au(z) = f(z) = Mjyj(x) < % for x € B, ().
J

Also u € C*°(R™\{0}) and u clearly satisfies (5.5) and (5.7).

Case II. Suppose n = 2. Then for x = x; + ;€ and [£| < 1 we have

4 4
/|y<2 <Og |z — y|> fy)dy = /|y—IEj|<7‘j (Og |z — y|> ﬂpj(y) 4

1 4
= log — + log > Mjab(n)r? dn
/|n<1 < Ty € =l ’ !

1 1
> € llog — ¥(n) dn] = Iejlog —.
J

Thus letting

we have u satisfies (5.6) with A = % and
c.
—Au(z) = f(x) = Mj(x) < r—; for x € B, (7).
j

Also u € C*(B3(0)\{0}) and u clearly satisfies (5.5) and (5.7).
U

Lemma 5.2. Let u be a C? nonnegative superharmonic function in Bo:(0)\{0} C R? satisfying

log"(—Au(x)) = O (H <log é)) asx — 0 (5.11)

where € € (0,1/2) and H : (0,00) — (0,00) is a continuous nondecreasing function satisfying
limy_,o, H(t) = c0. Then

(@) = 0 <log %) +o (H <log %)) S (5.12)

Proof. Let z; € Bg(0)\{0} be a sequence which converges to the origin. It suffices to prove (5.12)

with x replaced with ;.
By (5.11) there exists A > 0 such that

2 Z;
log™ (—Au(y)) < AH <log m) for |y — z;| < ‘2—]’
j
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Thus 5
0 < —Au(y) <exp <AH <log z ‘>> for |y — z;| < |2 ;’ (5.13)
Zj

Define r; > 0 by

AH(log %) ,
/ e g dy:/ ‘ v‘—Au(y)dy—>0 as j — 0o
ly—z;5]<r; ly—z;|<=5-

ri=o0 <exp (—;H <log %))) as j — 00 (5.14)
and by (5.13)

1 1 2
/ <log 7> (—Au(y))dy < / <10g 7> exp <AH <log >> dy.
ly— gcj\<‘ il |y_$j| ly—zj|<r; |y_$j| |l’]|
Hence by Lemma A.1 we get
1 1
log — + / o <log ) (—Au(y)) dy
|l’]| ly—z;]|>—- 2L yl<e |y_$j|
1 2
+C <log 7> exp <AH (log )) dy
ly—zj|<r; ly — l’j| | ]|
1, 1 2
<C |log— +7;|log— |exp | AH | log —
] rj |z,

1 2
<Clog’x‘+0<H<log‘ ‘>> as j — oo
j Zj

by (5.14). O

by Lemma A.1. Thus

u(z;) < C

Lemma 5.3. Let u be a C? nonnegative function in B3:(0)\{0} C R", n > 3, satisfying

0 < —Au(z) = O ((ﬁ)w <log é')q> 45— 0 (5.15)

where € € (0,1/8), v € R, and g > 0 are constants.

u(z) = O <<E1‘>H> +o ((%)V) 05 7 — 0, (5.16)
u(z) = o0 <<|?1|>7_ <log %>q7> e (5.17)

(i) If ¢ =0 then
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(iii) If g=0, v > n, and v(z) is a C? nonnegative solution of
0< —Av < |z| P (u + \xy—<"—2>)" in Bs-(0)\{0} (5.18)

where f € R and 0 > 2/(n — 2) then as x — 0 we have

@AY e
0<<|x|> >+o<<|1|>ﬁlog%> ifo=-25. (5.20)

Proof. Let {z;} C B.(0)\{0} be a sequence which converges to the origin. It suffices to prove
(5.16), (5.17), (5.19), and (5.20) with x replaced with z;.

For the proof of part (i) we can assume v > n because increasing v to n weakens condition
(5.15) and does not change the estimate (5.16).

By (5.15) there exists A > 0 such that

—Au(y) <

1 q
<log 2—|> for 0 < |y| < 2e.

(2lyl)7 ly

Thus | |
5

q
> for |y — a;| < —== (5.21)

Define r; > 0 by

A 1 \¢
/ e (log—) dy = / o —Au(y)dy -0 asj— oo (5.22)
ly—x;|<r; ‘xjh "TJ’ ly—z;|<—- =5

by Lemma A.1. Then

q
1\ »
rj:o<|:nj|z (log’ ’> ><<|3:j| as j — 0o (5.23)
Zj

because v > n and ¢ > 0. Hence by Lemma A.1 and (5.21) we have

1 —Au(y) dy —Au(y) dy

u($J) < C | ,|n—2 +/ W +/ | W
| 15 ly— m]|> \y|<2e Y ly—a;]< 2l [y — 5

col tovf | A

> _|517j|”_2 |y—mj|<@ |y—3:j|”‘2

o q
) A() <1°g \i\)
<C / L dy
ly xJ|<TJ

|5 |"—2 ly — a2

i n—2 v q
o) 2 e
|\ ;] ;] ;]

- n—2
<C <—> +o<<—> <log—> ) as j — 0o
|\ J5] ;] ;]
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by (5.23), which proves parts (i) and (ii).
We now prove part (iii). For |z — z;| < % we have by (5.18) and Lemma A.1 that

_@f’_(; L < (u(w) 4172

1 —Au(y)d —Au(y)dy |’
<C n—2 +/ s | U(yr)z—g +/ s | U(yr)z—g
‘xj’ ly—zj| < ‘y_x’ ly—z; >4, lyl<2e ‘y_x’

<l ((mgesse)

where (Nqf)(z fQ = :c|”*
Thus by Lemma Al

1 A —-A
vlz;) <C ﬁJr/ x-vi(yzﬂd?ﬁr/ B %dy
|51 ly—a< 22! |y — @5 ly—a;1> 2L |y|<2e [Y — 5]

SC[ jl_ + ‘x]’_ — + Jaj]” P(H(— Au))(xj)] (5.24)

where Hf - NB\:EJ'\ (z;) <NBz]‘ (wj)f> :
4 2
Case I. Suppose (n —2)o > 2. Then using (5.21) and (5.22) with ¢ = 0 in Corollary 4.1 we get
1 .

Thus (5.19) follows from (5.24).
Case II. Suppose (n —2)o = 2. Then using (5.21), (5.22), and (5.23) with ¢ = 0 in Corollary 4.1

we get
A \° Clx;|™ (A |z4|7
(H(—Au))(z ><0(y| m> k’g( |5;-|LA(/|x/j||“7| )>

o s no T n
o () (e (2

1
_ |no—yo |, |(y—n)o
S Gy

1
<10g‘ ‘> as j — oo.
Lj

Thus (5.20) follows from (5.24).

O

Lemma 5.4. Suppose u(x) and v(z) are C? nonnegative solutions of the system
0 < -Au (5.25)
0< —Av< |z# (u + \xy—<"—2>)° (5.26)

in a punctured neighborhood of the origin in R™, n > 3, where § € R.
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(i) If0< o < =25 then
v(z) =0 (\x]_("_Q) + \x!2_("_2)°'_5) as x — 0.
(i) If o and X\ satisfy (3.20) and

—Au < |z|7¢ <v + |x|_("_2)>A

in a punctured neighborhood of the origin, where o € R, then for some v > n we have

—Au(z) =0 (|z|77) asxz—0.

(5.27)

(5.28)

(5.29)

Proof. Choose ¢ € (0,1) such that u(z) and v(z) are C? nonnegative solutions of the system (5.25,

5.26) in Ba:(0)\{0}. Let {z;}32; be a sequence in R" such that
0< 4’3,’]‘4_1’ < \x]\ < 6/2.

It suffices to prove (5.27) and (5.29) with « replaced with z;.
By Lemma A.1 we have

/ —Au(x)dr < oo and / —Av(z)dr < oo
|x|<e

|x|<e
and, for |z —z;| < %,
u(z) < C 1 +/ ! (—Au(y))dy_
T ey e =y |
wso| +f N
vTr) = T n—2 LT e\ Rvy))ay
|zl Sy |2~y ]

where C' > 0 does not depend on j or z.
By (5.30), we have as j — oo that

/ e —Au(y)dy — 0 and o
Y—x;|<—5- -

5 |y_mj|< D)

Define f;,g; : B2(0) — [0,00) by

fi(§) = —rjAu(z; +7r;€) and g;(§) = —riAv(z; + 7€)

—Av(y)dy — 0.

(5.30)

(5.31)

(5.32)

(5.33)

where r; = |z;|/4. Making the change of variables y = x; 4+ ;¢ in (5.33), (5.32), and (5.31) we get

() d¢ 0 and / g;(C)d¢ 0,
[¢]<2 [¢]<2

and .
2 [1+ (Nagj)(&)] for [¢] <1

J

v(x; +1ri€) <

23
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(5.35)



(e +756) S g L+ (Naf)€)] for [el <1, (5.36)

J

where (Naf)(€) i= [ l€ — (172 £(C) d.
We now prove part (i). If ¢ = 0 then part (i) follows from Lemma 5.3(i). Hence we can assume
0 <o <2/(n—2). Define € € (0,1) and v > 0 by

2 9 _on
n_2(1—5) and v—m(l—s).

g =

It follows from (5.34) and Riesz potential estimates (see [6, Lemma 7.12]) that Naf; — 0 in
L7(B3(0)) and hence

(Nof;)” =0 in LT0-9 (By(0)).
Thus by Holder’s inequality

/ P(Nof;)7 d < ||| o [|(Na ;)| o — 0 (5.37)
B1(0)

n+2e—2 2(1—¢)

where I is given by (1.8). By (5.35) and (5.34) we have

X
<% |14 / Ty, de (5.38)
|5 B1(0)

and for [£] < 1 it follows from (5.26) and (5.36) that
g;(§) = i (—=Av(z; +15§))
< Orffa;| ™7 (U(ﬂfj +158) + \fcj\_("_m)(j
< Cla|" 7770727 (1+ (V2 £7)(9))°) (5.39)

Substituting (5.39) in (5.38) and using (5.37), we get
v(z;) <C (\xj\_("_z) + !%’!2_("_2)”_5)

which completes the proof of part (i).
Next we prove part (ii). Since increasing A and/or o weakens the conditions (5.26, 5.28) on u
and v we can assume instead of (3.20) that

2 1
and o< i .

A>o> _Z -
_J_n—2 n—2+n—2)\

(5.40)

Since, for R € (0, 1],

g9;(¢) d¢ 1 |
/2R<|¢|<2 |€ — (|2 < Rn—2 /|C|<2 g;(Q)d¢ for || < R

and

fi(n)dn 1 ' ¢
/ o < G [ i for(d] <28

Refnl<2 [C =7
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it follows from (5.34), (5.35) and (5.36) that for R € (0, 3] we have

A |
v(xj +1;€) < CTJZ- [W + Ngjo(f)} for £ < R
and

Rn—2

where C' is independent of &, ¢, j, and R. It therefore follows from (5.26, 5.28) that for R € (0, %]
we have

u(z; +riC) < OrF [L B N4Rfj<c>} for |¢] < 2R

" fi(€) = —Au(z; +r;8)

< o0 [l (g O torlel < R, (5.41)

and

< er‘ﬁ <7"]2-_" [Ri_z + (N4Rfj)(o]>
< 1 | s + (O | or ] <2

where b = 8+ (n — 2)o. Thus for £ € R™ we have

where Mpf; := Nr((Nrf;)?). Hence by (5.41) there exists a positive constant a which depends
only on n, a, 8, A, and o such that

1
. . A pa—
5 < Oy (14 (i) ©))  for el < R < 5. (5.42)
By (5.40) there exists € = £(n, A, 0) € (0,1) such that
n 2—¢ n 1
_ —. A4
0<n—2—|—5 and J<n—2+e+n—2+€/\ (5:43)

To prove for some v > n that (5.29) holds with « = z;, it suffices by the definition of ; and f;
to show for some v > 0 that the sequence

{T;»ij(())} is bounded. (5.44)

To prove (5.44) and thereby complete the proof of Lemma 5.4(ii), we need the following result.
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Lemma 5.5. Suppose the sequence
{ri fi} is bounded in LP(B4gr(0)) (5.45)

for some constants a > 0, p € [1,00), and R € (0,3]. Let 8 = alo + a where a is as in (5.42).

Then there exists a constant Cy = Cy(n, A\, 0) > 0 such that the sequence
{rlf;} is bounded in LU(Bg(0)) (5.46)

provided q € [1,00] and

< Cy. (5.47)

[ | =
Q|

Proof. 1t follows from (5.42) that

121 < o (1 (Mar(§5)©)P)  or fe] < R (5.48)

We can assume
p<n/2 (5.49)

for otherwise it follows from Riesz potential estimates (see [6, Lemma 7.12]) and (5.45) that the
sequence {Nyg(r§ f;)} is bounded in L>°(B4r(0)) and hence by (5.48) we see that (5.46) holds for
all ¢ € [1, 00].
Define po by
2—¢

1
— = . 5.50
b2 n ( )

1

p
where € = e(n,\,0) is as in (5.43). By (5.49), p2 € (p,00) and by Riesz potential estimates we
have

[(Narfi)7 lpsjo = INarfillp, < ClIf5l5 (5.51)
where || - |l := || - [|Lr(B4r(0))- Since, by (5.43),
i:1_2—a<1_2—€:n—2+€ l
p2 P no n n o
we have
p2/o > 1. (5.52)
We can assume
p2/o < n/2 (5.53)

for otherwise by Riesz potential estimates and (5.51) we have

[1Mar(r§ fi)lloo < ClI(Nar(r§ £5))° llpaje < ClIr§ fillp

which is bounded by (5.45). Hence (5.48) implies (5.46) holds for all ¢ € [1, co].
Define p3 and ¢ by
o 1 2—¢ P3
= and == 0.54
P2 p3 n 7N (5:54)

By (5.52) and (5.53), p3 € (1,00) and by Riesz potential estimates

1 (Marfi)* llg = 1Marfslp,
< Cl(NarS) Nipyse < ClEIRT

p2/o =
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by (5.51). It follows therefore from (5.48) that

C (0% g
W%ﬂm@m»§§30+Wﬂﬂ$)
which is a bounded sequence by (5.45). To complete the proof of Lemma 5.5, it suffices to show

1 1
-2 >0 (5.55)
p q
for some Cy = Cy(n, A\,0) > 0 because if (5.46) holds for some ¢ > 1 satisfying (5.55) then it clearly
holds for all ¢ > 1 satisfying (5.47).
By (5.50) and (5.54) we have

= — . 5.56
— + - (5.56)

Case I. Suppose Ao < 1. Then by (5.56) and (5.40)

2—e)da+(2—¢)A

—éz > Cy(n) > 0.

| =

Case II. Suppose Ao > 1. Then, by (5.56),
2—e)da+(2—¢)A

1 1

——=>1—-0)X+

p q n

1
= ;[n +(2—-e)d—Ao(n—(2—¢))]
C(n=(2=9)A 2—¢ n 1
B n n—(2—a)+n—(2—€))\ 7
= Co(n,\,0) >0
by (5.43).
Thus (5.55) holds with Cp = min(C4, C). This completes the proof of Lemma 5.5. O

We return now to the proof of Lemma 5.4(ii). By (5.34), the sequence {f;} is bounded in
L'(B3(0)). Starting with this fact and iterating Lemma 5.5 a finite number of times (m times is
enough if m > 1/Cy) we see that there exists Ry € (0,%) and v > n such that sequence {r] fj} is
bounded in L>°(Bpg,(0)). In particular (5.44) holds. This completes the proof of Lemma 5.4(ii). O

6 Proofs of two dimensional results

In this section we prove Theorems 2.1-2.5. The following theorem with h(t) = t* immediately
implies Theorems 2.1 and 2.3. We stated Theorems 2.1 and 2.3 separately in order to clearly
highlight the differences between possibilities (i) and (iii) which are stated at the beginning of
Section 2.
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Theorem 6.1. Suppose u(z) and v(x) are C? positive solutions of the system
0< -Au (6.1)

0 < —Av < g(u) (6.2)

in a punctured neighborhood of the origin in R?, where g : (0,00) — (0,00) is a continuous function
satisfying
logT g(t) = O(t) ast— oo. (6.3)

Then v is harmonically bounded, that is

lim sup v(xz <A (6.4)
z—0 og Tz]

for some constant A > 0.
If, in addition,
—Au < f(v) (6.5)

in a punctured neighborhood of the origin, where f : (0,00) — (0,00) is a continuous function
satisfying
logt f(t) = O(h(t)) ast— oo (6.6)

for some continuous nondecreasing function h : (0,00) — (0,00) satisfying lim;_,o h(t) = oo then

u(z) = O <log %) +o (h <Alog %)) N (6.7)

For simplicity and to motivate Theorem 2.5, we stated Theorem 2.3 for the special case h(t) = tA
rather than for more general h as in Theorem 6.1. Also, the bound (2.9) in Theorem 2.3 is optimal
by Theorem 2.4, whereas in general we can only show the bound (6.7) in Theorem 6.1 is essentially
optimal (see Theorem 6.2).

Proof of Theorem 6.1. Since u is positive and superharmonic in a punctured neighborhood of the
origin, there exists a constant ¢ € (0,1/4) such that v > ¢ in B (0)\{0}. Choose a positive
constant K such that g(t) < eX* for t > ¢. Then v is a C? positive solution of

0< —Av<ef"  in By (0)\{0}. (6.8)
Since u and v are positive and superharmonic in By.(0)\{0}, we have by Lemma A.1 that
—Au, —Av € L' (B.(0)) (6.9)

and

1 1 1
u(z) = ma log  + = /| (108 2 ) (-t dy + 1o

|| 27
for 0 < |z| <€ (6.10)

1 1 1
v(x) = malog — + — /|y<€ <log P y|> (—Av(y)) dy + ha(z)

|| 27

where mq, mg > 0 are constants and hq,hs : B-(0) — R are harmonic functions.
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Suppose for contradiction there exists a sequence {z;}32; C Bz(0)\{0} such that z; — 0 as
7 — oo and

- — 00 as j — oo. (6.11)

Since, for |z — z;| < ‘x"

1 4
[ (s ) Caumdy < (oe ) [ ~dutd,
ly—z;|>—-, lyl<e |$ _y| |$J| ly|<e

and similarly for v, it follows from (6.9) and (6.10) that

1 1 1
<Clog— + —/ (log 7> —Au(y)) dy
w(e) 23] 2 fyayteg BTy ) AW

L ) ) for |z — x;] < % (6.12)
v(z) < Clog — + —/ o <log ) (—Av(y)) dy
|l‘]| ly—aj|<—- =4 |l‘ - y|
where C' does not depend on j or x.
Substituting = x; in (6.12) and using (6.11) we get
1 1 .
T / o <10g 7> (—Av(y))dy — 00 as j — oo. (6.13)
log oy Jly—ajl<f |5 =yl
Also, (6.9) implies
/ o —Au(y)dy — 0 and / o —Av(y)dy =+ 0 asj — 0. (6.14)
ly—z;|<=3 =5 ly—zj|<— =5

Let r; = l%\ and define f;,g; B5(0) — [0,00) by
fi(¢) = —rjz-Au(xj +r;j¢) and g;(¢) = —r]zAv(a:j +1;Q).

Making the change of variables y = z; 4+ ;¢ in (6.14), (6.13), and (6.12) and using (6.8) we get

fi(¢)d¢ -0 and / g;(Q)d¢ =0 as j — oo, (6.15)
<l<2 I¢l<2
/ ( > j(C)dC — 00 as j — oo (6.16)
M; Jigea VP K€ J ; '
and
g](g) é —A’U(:EJ —|—7=J£) S eK“(mj'H“jﬁ)
< eMitui(©)  for €l <1 .
where

W“*:§?<Q< 8= a) s(6)de

and M; =C log = = for some constant C' independent of j and &.
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Let Q; = {& € B1(0) : uj(§) > M;}. Then letting p; = 7/(K f|<|<2 fj(¢) d¢) and using Jensen’s

inequaltiy, it follows from (6.17) that

/gj(ﬁ)pjdfé/ 2033 (6) e

Q; l§l<2

4 HO )y
= /§<2 </|¢|<2 1€ = Cl fiej<a fi <> :
-/ (/ 4d§> 50 4

<2 \Jigl<2 1€ =<l ) fiej<a £i

4dg
< —_— .
N /5<4 |f| =

(The idea of using Jensen’s inequality as above is due to Brezis and Merle [5].) Thus by (6.15) and

Hoélder’s inequality

lim sup/ <log > 5 (€) d¢ < oo.
Hence, defining g; : B1(0) — [0,00) by

o ) gi(€),  for £ € B1(0)\Q;
9:(8) = {0, for £ € €);

it follows from (6.15) and (6.16) that
1

By (6.15) and (6.17) we have

and

Define p; > 0 by

/ &M ¢ = / 3;(0) dC.
I¢1<p; [¢|<1

Then by (6.20) and (6.18) we find for large j that p; € (0,1] and

4 4
2M; _ A 1 = d (1 _> 2M; A d
/M_(e 35O o 7 > (o /|¢|<pj(e 55(0)) dc
4
= l — g d
(ng]>/,)]<|¢|<1gj(o ¢
1 dc.
= /pj<c<1 <Og ‘C‘) (C) C
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(6.18)

(6.19)

(6.20)

(6.21)



Thus

1 d e2Mi |
/C|<1 (og ’C’) ( ) <= /|C|<pj %1 \C\

It follows therefore from (6.18) that

4
M] 2M3p] log — o — 00 as j — oo. (6.22)

Also, by (6.21) and (6.19), p;e’i — 0 as j — oo. Hence, for large j, we see that

4
o2M; 2

pjlog— < —e
M; T pj j

2Mje=2Mj1og 4eMi = O(1) as j — oo,

which contradicts (6.22) and thereby proves (6.4).
Since v(z) is positive and superharmonic, v is bounded below in some punctured neighborhood
of the origin by some constant ¢ € (0,1). Hence by (6.4) we have

1
d<w(x) < Alogm

Also by (6.6) there exists a positive constant C' such that

for |z| small and positive.

log® f(t) < Ch(t) fort>4.
Hence for |z| small and positive we have by (6.5) that

log™ (—Au(z)) <log™ f(v(x)) < Ch(v(x))

< Ch <Alog’ ‘> =CH <log%>

where H(t) = h(At). Thus (6.7) follows from Lemma 5.2. O

Proof of Theorem 2.2. Define F, M : (0,00) — (0,00) by

log F’
F(t) =min{f(t),g(t)} and M((t)= m>1? L(T).
T2 T
Then M is nondecreasing. By (2.5), M(t) — oo as t — oo and there exists K > 0 such that
F(t) > 1 for t > K. Thus
tM(t) < m>1? log F(t) fort> K. (6.23)

Define ¢ : (0,1) — (0,1) by ¢(r) = r and let {z;}32,, {r;}32;, and A be as in Lemma 5.1. By
holding x; fixed and decreasing r; we can assume

A«p<|xj|>logrij > K, (6:24)
Apllay ) (Aglla; o ) > 2 (6.25)

and ]
(hja;))? < Ag(la; ) log (6.26)

J
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Let 2 = B(0). By Lemma 5.1 there exists a positive function u € C*°(Q2\{0}) which satisfies
(5.4)—(5.7). By (5.6) and (6.26) we have

u(zj) # O(h(lz;]))  asj — o0

which implies (2.6). Also for z € B, (v;) and —Au(x) > 0 it follows from (5.6), (6.24), (6.23),
(6.25) and (5.4) that

log F(utz) > (A og i) A ((Ap(la; o i)

1
> 2log —
Ty
> log(—Au(z)).

Thus u satisfies

0 < —-Au< F(u) (6.27)
in By, (z;). By (5.5), u satisfies (6.27) in Q\({0} UU5Z, By, (25)). Thus u satisfies (6.27) in Q\{0}.
Taking v = u completes to proof of Theorem 2.2. O

The following theorem with h(t) = t*, A > 1, immediately implies Theorem 2.4.

Theorem 6.2. Suppose h : (0,00) — (0,00) and v : (0,1) — (0,1) are continuous nondecreasing
functions satisfying

lim h(t) =00 and lim ¥(r)=0. (6.28)

t—oo ¢ r—0+

Then there exist C* positive solutions u(x) and v(x) of the system

< : 2
0< A< et in B2(0)\{0} C R (6.29)
such that
u(z) £ 0 <¢(|:1:|)h <log %)) a5 7 — 0 (6.30)
and
v(xz =1 asxz—0. (6.31)
log T2

Proof. Let v(x) = log . Then v satisfies (6.29)2 and (6.31). Define ¢ : (0,1) — (0,1) by ¢ = /4.
|z

2
Let {z; }]Oil C R? be as in Lemma 5.1 and ri=e Qh( o ‘xj‘). By taking a subsequence if necessary,
it follows from (6.28); that r; satisfies (5.3).
Therefore, by Lemma 5.1, there exists a positive function v € C*°(Bz(0)\{0}) and a positive
constant A such that u satisfies (5.4)(5.7). Thus u satisfies (6.29)1 in B2(0)\({0} UUSZ, By, (;)).
Also for = € B, (x;) we have

o(|z4])
2
Ty

0< —Au(z) < <t eho"gﬁj\) _ e y) _ hoia))

1
2
Hence u satisfies (6.29)1 in By(0)\{0}.
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Finally

u(e;)  Avlll)los 7
w(las ) (log 127) (Db (log 12)
A)2 ,
= —F— 00 asj) —> 0
P(lz;1)

which proves (6.30). O

Proof of Theorem 2.5. Define functions u and v by

u(z) = U(x) + alog %, v(x) =V (z)+alog %

Then u and v are C? positive solutions of

0< —-Au
0< —-Av<e”

in a punctured neighborhood of the origin. Thus (2.16) follows from Theorem 2.3. Hence by (2.13)
logt (—Au(z)) = logt (—AU(2)) < log™(Jz| V")

1 1 1\*
=alog — + |V} <alog— +C (log— ) .
|| || ||

Thus (2.15) follows from Lemma 5.2. O

7 Proofs of three and higher dimensional results

In this section we prove Theorems 3.1-3.7.

Proof of Theorem 3.1. Since increasing o and/or A weakens the conditions (3.1, 3.2), we can assume

_ _ n
o=A= 5.

As in the first paragraph of the proof of Theorem 6.1, there exist positive constants K and &
such that u and v are positive solutions of the system

0< —Au< Kvis

- - n_in B(0)\{0}.
0< —Av< Kuits ® =(0)\{0}
Let w = u + v. Then in B.(0)\{0} we have

0< -Aw=—-Au— Av SK(uﬁ —H;ﬁ)
< Kwn,
Thus by [16, Theorem 2.1]
u(@) + o) = w(x) = O (ol =) asz 0

which proves (3.6) and (3.7). O
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Proof of Theorem 8.5. As in the first paragraph of the proof of Theorem 6.1, we can assume the
function ¢ is given by ¢(t) = t° and then Theorem 3.5 follows immediately from Lemma 5.4(i) with
B =0. O

Proof of Theorem 3.7. We prove Theorem 3.7 one case at a time.

Case A. Suppose o = 0. Then by (3.22) and Lemma 5.3(i) applied to v we have

U@):O((ﬁ)ﬂ) ((ﬂy) @)

It follows therefore from (3.21) that

1 (n—2) A+« 1 ";26)\-‘,-&
s-o{(2) ()
|z ]

and hence by Lemma 5.3(i)

n—2

=0 () ) +o(()"

Case A of Theorem 3.7 follows immediately from (7.1) and (7.2).

((n—2)2+a) 1 o2 (n2 BAta)
+< ) . (7.2)

]

The reasoning used to prove Cases B, C, and D of Theorem 3.7 is as follows. Either u satisfies

_Au(z) =0 << L >n> as & — 0 (7.3)

Jz]
or it doesn’t.
Step I. If u satisfies (7.3) then we prove below that u and v satisfy (3.24) and (3.25).

Step II. If u does not satisfy (7.3) then, for example, to prove Theorem 3.7 in Case B, we prove
below that the condition 6 < n in (B1) does not hold and w and v satisfy (3.26) and (3.27).

These two steps complete the proof of Case B as follows: If the condition § < n in (B1) holds then

by Step II, u satisfies (7.3) and hence by Step I, v and v satisfy (3.24, 3.25). On the other hand,

if the condition § > n in (B2) holds then by Steps I and II, u and v satisfy either (3.24, 3.25) or

(3.26, 3.27). But since (3.24, 3.25) implies (3.26, 3.27), we have u and v satisfy (3.26, 3.27).
Similar reasoning will be used in Cases C and D.

Step I. Suppose u satisfies (7.3). Then by Lemma 5.3(i) with v = n we see that u satisfies (3.24)
as ¢ — 0. Hence by (3.22),

1\ (n=2)o+5
0<-Av=0 <m> as ¢ — 0.

Thus by Lemma 5.3(i) applied to v we have as x — 0 that

oo ) () )

which implies v satisfies (3.25) as  — 0. This completes the proof of Step I.
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Step II. Suppose

“Au(z) £ 0 <<%>n> as = 0. (7.4)
By Lemma 5.4(ii)
_Au(z) =0 ((%)» as 7 — 0 (7.5)

for some v; > n.

We now complete the proof Theorem 3.7 by completing the proof of Step II one case at a time.
Case B. Suppose 0 < 0 < —25. Then by Lemma 5.4(i) we have v(z) satisfies (3.27). Hence by

(321 L\ -3 [(1-2)0-248A 4
_Au(a) = 0 <<m> i <H> ) | (7.6)

By (7.4) the maximum ¢ of the two exponents on ‘—glc‘ in (7.6) is greater than n. Thus by
Lemma 5.3(i), u satisfies (3.26). This completes the proof of Step II in Case B.

Case C. Suppose 0 = —2%5. Then by (7.5) and Lemma 5.3(iii) we have v(z) satisfies (3.29). Hence

by (3.21) -
n— +a>n
C)<1) >, if B <n—2

fal

—Au(z) = N
o((#)"" (e ) ") t5zn-2

Thus by (7.4) neither (i) nor (ii) in the statement of Case C holds. Hence by Lemma 5.3(i),(ii),
u satisfies (3.28). This completes the proof of Step II in Case C.

Case D. Suppose 0 > —= and a and b are defined by (3.30). Then by (3.20)

n—2

1>1—a=

n—2 n 1 2
>\|:7”L—2X+’I’L—2_O-:|>O' (77)

n

By (7.5) and Lemma 5.3(iii) we have

o(z) = O <<%>p> as 7 — 0

for some pg > max{n — 2, %} Hence by (3.21)

1\ 0=a+por
—Au(x) =0 <ﬂ> as x — 0
x

and v9 > n by (7.4). Thus by Lemma 5.3(iii) v satisfies (5.19) with v = 79 = a + poA > n,

that is Y
v(m):O<<%> >+0<<%>p> as 7 = 0 (7.8)
where
pri= 20020 2+ 5= T 2)g -9+ 5
— poa + b.
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By (7.7) the sequence defined by pj;+1 = ap; + b decreases to %. Thus after iterating a finite
number of times the process of obtaining p; from py and using (7.8) we obtain as z — 0 that
v satisfies (3.32) for all € > 0. Hence by (3.21)

o (¢ >(n—2)x+a>’ if b <n—2

Tl

—Au(z) = [N (7.9)
1 1—a . b
O((?> >, 1fE2n—2

for all e > 0. By (7.4) the exponents on ‘—glc‘ in (6.9) are greater than n. (That is neither (i)

nor (ii) in the statement of Case D hold.) Thus, by Lemma 5.3(i), u satisfies (3.31) for all
¢ > 0. This completes the proof of Step II in Case D.

O

Proof of Theorem 3.2. Since increasing o weakens the condition (3.2) on g and since the bounds
(3.9), (3.10) do not depend on o, we can assume without loss of generality that

n 2 2 n 1
and <o< ——+

)\>n—2 n—2 n—2 "' n—2\

As in the first paragraph of the proof of Theorem 6.1, there exists a constant K > 0 such that
w and v are C? positive solutions of

in a punctured neighborhood of the origin in R™. By scaling we can assume K = 1.

We now apply Theorem 3.7, Case D with a = 8 = 0. Let a and b be defined by (3.30). Then
b=0,0= 1Tba <n—2and (n—2)XA >n =n— a. Thus neither (i) nor (ii) in Theorem 3.7, Case
D, hold. Hence Theorem 3.2 follows from (3.31) and (3.32). O

Proof of Theorem 3.3. Let v(z) = |z|~ (=2 then v satisfies (3.11)2 and (3.13). Define ¢ : (0,1) —
(0,1) by ¢ = ¥. Let {z;} be as in Lemma 5.1 and r; = (2|:Ej|)n772)‘. By taking a subse-
quence if necessary, r; satisfies (5.3). Therefore by Lemma 5.1 there exists a positive function
u € C®°(R™\{0}) and a positive constant A = A(n) such that u satisfies (5.4)—(5.7). Thus u

satisfies (3.11)1 in R"\({0} U U2, B, (x5)). Also for x € B, () we have

, (n—=2)A
0 < —Au(z) < ellz;]) < < ! > : < v(z).

- - 7"]’-‘ 2|:Ej|

Hence u satisfies (3.11)7 in R™\{0}.

Finally,
u() _ Ap(a)
=22y = o _(n=2)%
GICNIE A i (g Dl | m
A
iy —+00 asj— o0
w2 O(ag])
which proves (3.12). O
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Proof of Theorem 3.4. It follows from (3.14) that A > —“5. Denote the problem (3.15) by P(\,0).
If A\ > X and 6 > o are constants and (u,v) solves P(\, o) then clearly (u,v) solves P(\,6). We

can therefore assume

<"
o< —
Since the first inequality in (3.14) holds
— 9\ —
if and only if (n—2)a>2+ﬁzn—(n_2)+ﬁzn_w
A A A
—92))\ —

if and only if n—(n—2o0< W

we see by (7.10) that
1 S A

n—(n-2c (n—2)A—n’
or, in other words,
1 1

Fredz0 whee Sy 0 o

(7.10)

(7.11)

Let o(r) = r and let {z;}32,, {r;}32;, and A = A(n) be as in Lemma 5.1. Define ¢); > 0 as a

function of r; by

o= ()

A%_(ijw(rwj\)am—”:( e )
( n

PR (Agy)ren=) A=) =

Then

By decreasing r; (and thereby decreasing v;) we can assume

A‘P(’%’D 2 Z
——— > h(|z; s i < 00,
r;L—Q (’ ]’) . 11/}]

PN B s p(|jz;))*—? N Ay
J — AoB+a rr_L—2
J

> h(|z;])?

by (7.13). It follows from (7.12) and (7.15) that

(Sep) =2 (o)

which implies

and
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Let ¢ : (0,1) — (0,1) be a continuous function such that ¥(|z;|) = ¢;. By Lemma 5.1 there exist
positive functions u,v € C°°(R™\{0}) such that u satisfies (5.4)—(5.7) and v satisfies

0< —Av< w(ﬁj‘) in By, (z;) (7.18)
J
—Av=0 inR"\ ({0} ulJ B, (a;j)) (7.19)
j=1
v > w in B, () (7.20)
"j

and
v>1 in R™\{0}. (7.21)
Theorem 3.4 follows from (5.4)—(5.7), (7.18)—(7.21), (7.16), (7.17), (7.14)1, and (7.15),. O

Proof of Theorem 3.6. Let u(x) and v(z) be the Kelvin transforms of U(y) and V (y) respectively.

Then

Uy) = lz["Pu(z),  V(y)=lz[" (@), o= ﬁ (7.22)

AU = |z|" "2 Aw, AV = |z|" 2 Av
U+1= |z 2(u+ |z|""2), V+1=|z["%(v+ x|~ ™)

and thus u(z) and v(z) are C? nonnegative solutions of the system (3.21, 3.22) in a punctured
neighborhood of the origin where

a=n+2—(n—-2)A and B=n+2-—(n—2)o. (7.23)
Using Theorem 3.7 we get the following results.

Case A. Suppose 0 = 0. Then § =n+ 2,
n—2ﬁ (n—2)(n+2)

)
n n

() i (B )

: _n-2 [(”:2—1> (n—2)A+n+2}

-2 [2(71—2)

and

2
)\+n+2] 2(n—2)i>n—2.
n

Thus by Theorem 3.7(A2) we have

u(r) =o ((i) - [2%2)“%2]) as x — 0
v(z) =0 <<%>(n_2)(1+3)) as x — 0.

Hence Case A of Theorem 3.6 follows from (7.22).
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Case B. Suppose 0 < 0 < % Then

m=—2)A+a=n+2, (n—2)c+F=n+2
AM(n—=2)c-2+8]+a=In+n+2—-(n—2)A=n+2+2)\

and
d=max{n+2,n+2+2\} =n+2+ 2\ > n.

Thus by Theorem 3.7(B2) we have

(@) = o <<|?1|>(H)%> as = 0
o(z) = O ((%)3 as 7 — 0.

Hence Case B of Theorem 3.6 follows from (7.22).

Case C. Suppose 0 = % Then

B=n+2—-(n—-2)c=n>n—2
a=n+2—(n—2)A

and
PA+a=nA+n+2—-—(n—-2)A=n+2A+1)>n+2.

Thus by Theorem 3.7(C2) we have

1 (n_2)<1+2(/\:1)) 1 n;Z)‘
u(x) =o0 <m> <10g m) asz — 0

o(@) = o <<E1‘>nlog %) as 7 — 0.

Hence Case C of Theorem 3.6 follows from (7.22).

Case D. Suppose o > —25. Let a and b be defined by (3.30). Then by (7.23) and direct calculation
(Maple is helpful), we find

b 20 +2
1_a—(n—2)[1+ ]>n—2
and bA A+ 1)
n(A +
—— —(n—a) = T >0 (7.24)
by (3.20). Thus neither (i) nor (ii) in Theorem 3.7(D1) hold. Also (7.24) implies
bA B 2(A+1)
1_a+a—n[1+ D }
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Hence by Theorem 3.7(D2) we have

1 (n—2)<1+2(>\—g1)+€)
u(x) =o0 <m> asz — 0

1\ (=2 (1251 ) +e
v(x) =o0 <m> as z — 0.

Thus Case D of Theorem 3.6 follows from (7.22).

A Brezis-Lions result

We use repeatedly the following special case of a result of Brezis and Lions [4].

Lemma A.1. Suppose u is a C? nonnegative superharmonic function in Bo.(0)\{0} C R, n > 2,
for some € > 0. Then

/ —Au(z)dr < oo
|x|<e

and for 0 < |x| < e we have

u(z) = mT(Jz]) + /| Ty =Buw) dy + )
y|<e

where T is given by (1.8), w = w(n) > 0 and m > 0 are constants, w(2) = 5=, and h : B:(0) — R
s harmonic.
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