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Abstract

We investigate pointwise upper bounds for nonnegative solutions wu(z,t) of the nonlinear
initial value problem
0< (9 —A)u<wu inR"xR,n>1, (0.1)

u=0 inR" X (—00,0) (0.2)

where A and « are positive constants. To do this we first give a definition—tailored for our
study of (0.1), (0.2)—of fractional powers of the heat operator (9 — A)* : Y — X where X
and Y are linear spaces whose elements are real valued functions on R x R and 0 < a < a for
some g which depends on n, X and Y.

We then obtain, when they exist, optimal pointwise upper bounds on R™ x (0, c0) for non-
negative solutions u € Y of the initial value problem (0.1), (0.2) with particular emphasis on
those bounds as t — 0% and as t — oo.
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1 Introduction

In this paper we study pointwise upper bounds for nonnegative solutions u(z,t) of the nonlinear
inequalities
0< (0 —A)u<u* inR"xR,n>1, (1.1)

satisfying the initial condition
u=0 inR" x (—00,0) (1.2)

where A and « are positive constants.
To do this, we first give in Section 2 a definition—appropriate for our analysis of the initial
value problem (1.1), (1.2)—of fractional powers of the heat operator

B — A :Y = X (1.3)

where A is the Laplacian with respect to x € R™, X and Y are linear spaces whose elements are

real valued functions on R"® x R, and 0 < a < aq for some agy > 0 which depends on n, X and Y.
With the definition of (1.3) in hand, we obtain, when they exist, optimal pointwise upper

bounds on R™ x (0, c0) for nonnegative solutions u € Y of the initial value problem (1.1), (1.2) with



particular emphasis on these bounds as t — 0™ and as ¢t — co. These results are stated in Section
3 and proved in Section 8.

Since the operator (1.3) is nonlocal, we must require the initial condition (1.2) to hold in
R™ x (—00,0) (not just in R™ x {0}) and nonnegative solutions of (1.1), (1.2) may not tend pointwise
to zero as t — 07 (see Theorem 3.5) even though they satisfy the initial condition (1.2).

Of course any estimates we obtain for nonnegative solutions of (1.1), (1.2) also hold for non-
negative solutions of the initial value problem consisting of (1.2) and the equation

(0 — A)*u=wu" inR"xR.

According to our results in Section 3 there are essentially only three possibilities for the solutions
of (1.1), (1.2) depending on X, Y, A, and a:

(i) The only solution is u = 0 in R” x R;
(ii) There exist sharp nonzero pointwise bounds for solutions as t — 0" and as t — oo;

(iii) There do not exist pointwise bounds for solutions as ¢ — 0" and as t — occ.

All possiblities can occur. For the precise statements of possibilities (i), (ii), and (iii) see Theorem
3.1, Theorems 3.2-3.4, and Theorems 3.5 and 3.6, respectively.

The operator (1.3) is a fully fractional heat operator as opposed to time fractional heat operators
in which the fractional derivatives are only with respect to ¢, and space fractional heat operators,
in which the fractional derivatives are only with respect to x.

Some recent results for nonlinear PDEs containing time (resp. space) fractional heat operators
can be found in [2, 4, 5, 10, 15, 16, 17, 21, 28, 32, 33] (resp. [1, 3,7, 8,9, 11, 12, 14, 18, 22, 29, 30, 31]).
We know of no results for nonlinear PDEs containing the fully fractional heat operator (1.3).
However results for linear PDEs containing (1.3), including in particular

(O — A)%u=f,

where f is a given function, can be found in [6, 20, 24, 27].

2 Definition and properties of fully fractional heat operators

In this section we give a well-motivated definition of the fully fractional heat operator (1.3), suitable
for our study of the initial value problem (1.1), (1.2), and then give some of its properties.
Some of the material in this section is inspired by—and can be viewed as the parabolic analog
of—the material in [26, Sec. 5.1] concerning the fractional Laplacian.
Since for functions v : R™ x R — R, n > 1, which are sufficiently smooth and small at infinity
we have
(0 = D))~ (g, ) = (iyl? — is)ily, s),

where ~ is the Fourier transform operator on R™ x R given by

u(y,s) = // W @y (2. 1) da dt,
R” xR
the fractional heat operator (0; — A)%, a > 0, is formally defined in [25, Chapter 2] by

(0 = Aw)*u)~(y, 5) = (ly|* — is)*u(y, 5)- (2.1)



If f = (0 — A)*u then from (2.1) and the fact (see [25, Theorem 2.2] and Theorem 2.1(i) below)
that

D, (y,s) = (jy|* —is)™® for0<a<(n+2)/2

in the sense of tempered distributions where

o1 1

al™:1) = Ty amy2

22
il /(4t)X(O,oo) (t), (2.2)
we formally get L
u=2>a,f.
Hence by the convolution theorem we formally find that

where * is the convolution operation in R™ x R. Since ®,(x,t) =0 for ¢ < 0 we have

J f(:r,t)://n  Bula— = nf(er) dedr (2.4)

By part (ii) of the following theorem, equations (2.1) and (2.3) are equivalent in the sense that
(Jof)™ = (ly)? —is)™*F for f € LY(R" xR) and 0 < o < (n + 2)/2
in the sense of tempered distributions.
Theorem 2.1. Suppose 0 < o < (n+2)/2.

(i) The Fourier transform of ®(x,t) is the function (|y|?> —is)™® in the sense that

//RnXR(I)a(:U,t)@(:L‘,t) dx dt = //RnXR(|y|2 i) (y. ) dy ds

for all o € S where S is the Schwarz class of rapidly decreasing functions.

(i) The identity (Jof) " (y,t) = (|y|* — is)_o‘f(y, s) holds in the sense that

//Ran f(@,)g(z, t) dwdt = //Ran (lyI> —is) = F(y. 5)g(y. s) dy ds (2.5)

for all f € LY(R" xR) and all g € S.

Motivated by these formal calculations, we will now define the operator (0; — A)® as the inverse
of a linear operator

Jo: X Y (2.6)

where J, is defined by (2.4) and (2.2) and X and Y are linear spaces whose elements are functions
f :R™ x R — R such that the operator (2.6) has the following properties:

(P1) it makes sense because the integral in (2.4) defines a real valued measurable function on R” xR
for all f € X,

(P2) it is one-to-one and onto, and

(P3) if u = Jof then f =0in R"™ x (—00,0) if and only if u =0 in R” x (—00,0).



Property (P3) will be needed to handle the initial condition (1.2). The domain of J, is usually
taken to be LP(R" xR), 1 < p < 2 (see [24, Section 9.2]). However since the region of integration
for the integral (2.4) is not R™ x R but rather R™ x (—o0,t), we see that more natural and less
restrictive choices for the domain and range of J, are

X?:= (| L’(R" x Ry) (2.7)
TeR
YP = Jo(XP) (2.8)

respectively, where Ry = (—o0,T'). By (2.7) we mean XP? is the set of all measurable functions
f:R™ xR — R such that
£l Lo (R xRy) < 00 for all T €R.

The notation in (2.7) should be interpreted similarly elsewhere in this paper.
According to the following two theorems the formal operator

Jo: XP = YP (2.9)
where X? and YZ are defined in (2.7) and (2.8), satisfies properties (P1)—(P3) provided either
2 2
p>1and0<a<i or pzland()<oz§i . (2.10)
2p 2p

When p and « satisfy (2.10), part (i) of the following theorem shows that the operator (2.9)
satisfies (P1) and parts (ii) and (iii) give some of its properties.

Theorem 2.2. Suppose p and « are real numbers satisfying (2.10) and f € XP. Then
(i) Jof, Julf] € L¥ (R™ x R) and

loc
(i) Jg(Jyf) = Jof in LY, (R™ x R) whenever > 0,~ >0, and +v = a.
If in addition o > 1 then
(i1i)) HJof = Ja—1f in D'(R™ x R) where H = 0, — A is the heat operator.
Remark 2.1. Theorem 2.2(i) can be improved to J, f € L (R" x R) when

loc

1< <n—|—2 q 1 1 2ce
—— an -—=—-— .
b 2« q p n+2

This can be seen by applying Gopala Rao [13, Theorem 3.1] to the function fr defined in the proof
of Theorem 2.2 in Section 6.

According to the following theorem, if p and « satisfy (2.10) then the operator (2.9) satisfies
properties (P2) and (P3) where X? and Y} are defined by (2.7) and (2.8).

Theorem 2.3. Suppose p and « are real numbers satisfying (2.10). Then
(i) the operator (2.9) is one-to-one and onto, and
(ii) if
feXPandT eR (2.11)

then
flrrxry =0 if and only if (Jof)|rRnxry = 0.



By the results in this section, the following definition is natural and makes sense.

Definition 2.1. Suppose p and « are real numbers satisfying (2.10) and X? and Y2 are defined
by (2.7) and (2.8). Then the operator

(O —A)*:YP — XP (2.12)
is defined to be the inverse of the operator (2.9).

Remark 2.2. The functions pur : X — R, T' € R, defined by ur(f) = [|fllzr(rrxRry), form a
separating family of seminorms on XP? which turns X? into a locally convex topological vector
space (see for example [23, Theorem 1.37]). Thus assuming (2.10) and defining a subset O’ of Y
to be open if O’ = J,(O) for some open set O € XP, we see by Theorem 2.3(i) that Y2 is also a
locally convex topological vector space and the operator (2.12) is a homeomorphism.

We conclude this section by investigating

lim (0; —a?A)® and  lim (b9 — A)®

a—0t b—0t

where a > 0.
To do this we first repeat the above procedure with d; — A replaced with bd; — a?A where a
and b are positive constants. The end result after defining

Jaap s XV = Y7oy = Joap(XP) (2.13)

by
Ja,a,bf = (I)a,a,b * f7

where a, b, a, p are positive constants satisfying (2.10) and

1 T t
D ap(x,t) = %‘I)a <a7 b) ;

is the following modified version of Definition 2.1.

Definition 2.2. Suppose a, b, p and « are positive constants satsfying (2.10) and X? and Y , are
defined in (2.7) and (2.13). Then the operator

(b — a*A)* Yo};,a,b — XP
is defined to be the inverse of the operator (2.13).
The following theorem states in what sense
(0 — a*A)* = 0¥ asa— 0"
where we formally define the equation
ofu=f

to mean

u=Jao1f
where

t T a—1
(Ja,0,1f)(z,t) == / uf(a:, T)dr

oo ()
is the Riemann-Liouville integral of f with respect to ¢ of order o with base point —oo.



Theorem 2.4. Suppose a > 0 and f : R x R — R is a continuous function with compact support.
Then
Ja,a,lf — Ja,O,lf as a — 0+

uniformly on compact subsets of R™ x R.

The following theorem states in what sense
(b0 — A)* = (=A)* asb— 0T

where we formally define the equation

(~A)u=
to mean

U = Ja,l,Of

where

(oo (@, 1) = —— ﬁ; f(y,t) dy

A(n,0) Jae T — g2
is the Riesz potential of f with respect to x of order a.. Here

B 497727 ()

~ Ta—a) (2.14)

v(n, @)

Theorem 2.5. Suppose 0 < 2a < n and f : R" x R = R is a continuous function with compact
support. Then
Ja717bf — Ja,l,Of as b — 0+

uniformly on compact subsets of R™ x R.

3 Results for fully fractional initial value problems

In this section we state our results concerning pointwise bounds for nonnegative solutions

ueYp (3.1)

of the fully fractional initial value problem
0< (9 —A)*u<uv inR"xR,n>1, (3.2)
u=0 inR" x (—00,0) (3.3)

where A > 0 and, as in the Definition 2.1 of the operator (2.12), a and p satisfy (2.10).
Remark 3.1. If o and p satisfy (2.10) and u satisfies (3.1) and the first inequality in (3.2) then
f=0—A) >0 inR"xR

and hence u = J,f > 0in R” X R by (2.4). Thus the assumption that u be nonnegative can be
omitted when studying (3.1)—(3.3).



n—+ 2

Figure 1: Graphs of the regions A, B, and C.

In order to state our results we first note that for each fixed p > 1 the open first quadrant of
the Aa-plane is the union of the following pairwise disjoint sets.

A:{()\,a):)\zlanda>n2—;2 <1—§)}

B={(\a):0<A<1and a>0}

2 1
C:{()\,a):)\>1and0<a<n2—; (1_X)}

2 1
D={()\,a):/\>1anda=n2; (1_X>}

Note that A, B, and C are two dimensional regions in the Aa-plane whereas D is the curve
separating A and C. (See Figure 1.) Our results in this section deal with solutions of (3.1)—(3.3)
when (A, «) is in A, B, or C. We have no results when (A, a) € D.

The following theorem deals with the case that (A, a) € A.

Theorem 3.1. Suppose o and p satisfy (2.10), (A, ) € A, and u satisfies (3.1)~(3.3). Then
u= (0 —A)*u=0 almost everywhere in R" x R.
The following three theorems deal with the case (A, «) € B.

Theorem 3.2. Suppose o and p satisfy (2.10), (A, a) € B, and u satisfies (3.1)~(3.3). Then for
all T > 0 we have

ull e (Rex 0.7y < (MT®) T (3.4)
and N
(0 — A)%ul| Lo (Rnx(0,7)) < (MT)T=3 (3.5)
where o
M = M(a,\) = FGE+ D (3.6)

where T' is the Gamma function.



By the following theorem the bounds (3.4) and (3.5) in Theorem 3.2 are optimal.
Theorem 3.3. Suppose a and p satisfy (2.10), (\,a) € B, T >0, and N < M where M is given
by (3.6). Then there exists a solution
ueYPNCR" xR)

of (3.2), (3.3) such that
(0 — A)%u € LP(R" x R)N C(R™ x R),
w(0,t) > (Nt for0<t<T
and N
(0 — A)%u(0,t) = (Nt*)T-x  for0<t<T.

Although the estimates (3.4) and (3.5) are optimal there still remains the question as to whether
there is a single solution which has the same size as these estimates as t — co. By the following
theorem there is such a solution.

Theorem 3.4. Suppose a and p satisfy (2.10) and (N\,«) € B. Then there exists N > 0 and
u € Y& satisfying (3.2), (3.3) such that
u(z, t) > (Nt“)ﬁ for (z,t) €
and N
(0 — A)Yu(z,t) > (Nt*)T-x  for (x,t) € Q
where Q = {(z,t) € R" x R : |z|? < t}.

According to the following theorem, if (A, &) € C' then there exist bounds as ¢t — 0T for solutions
of (3.1)—(3.3) in neither the pointwise (i.e. L) sense nor in the L? sense when g > p.
Moreover by Theorem 3.6 the same is true as ¢ — oo provided g € [go, 0] for some gy =

qo(n,a, \) > p.
Theorem 3.5. Suppose a and p satisfy (2.10)
(A\a)eC  and g€ (p,).
Then there exists a solution u € YL of (3.2), (3.3) and a sequence {t;} C (0,1) such that

lim ¢; =0
J]—00
and
[uM|Lagry) = 110 — A)*ullpa(ry) = 00 for j=1,2,...,
where

Rj={(z,t) ER" xR : |z| < \/t; and t; <t < 2t;}. (3.7)
Theorem 3.6. Suppose a and p satisfy (2.10),

n—4+2 1
(NMa)eC  and qe[Qa (1—)\>,oo}.

Then there exists a solution u € YL of (3.2), (3.3) and a sequence {t;} C (1,00) such that

lim tj =
Jj—o0

and
M Lagry) = 110 — A)*ullar;) =00 for j =1,2,...,

where R; is given in (3.7).



4 J, version of fully fractional initial value problems

In order to prove our results stated in Section 3, we will first reformulate them in terms of the
inverse J,, of the fractional heat operator (2.12) as follows.

Suppose that A > 0 and, as assumed in Definition 2.1 and Theorems 3.1-3.6, that p and «
satisfy (2.10). Then, by Theorem 2.3, u satisfies (3.1)—(3.3) if and only if f := (0; — A)%u satisfies

feXP (4.1)

0<f<(Jof) inR"xR (4.2)

f=0 inR" x (—00,0). (4.3)

Thus the two problems (3.1)—(3.3) and (4.1)—(4.3) are equivalent under the transformation

u = Jof when p and « satisfy (2.10). This restriction on p and a was imposed so that J, f would
be defined pointwise in R™ x R for all f € XP. If p > 1 and o > 0 do not satisfy (2.10), that is, if

2 2
<p>1andoz>n2—;> or (p:landa>n;1;> (4.4)

then J,f is generally not defined pointwise as an extended real valued function for f € XP.
(However it can be defined for all f in the subspace LP(R™ x R) of X? as a distribution on a certain
subspace of the Schwarz space S (see [24, Sec 9.2.5]).

Even though J,f is generally not defined pointwise as and extended real valued function for
f € XP when p and « satisfy (4.4), it is defined pointwise as a nonnegative extended real value
function for all nonnegative functions f € XP for all p > 1 and o > 0 because then the integrand
of Jof is a nonnegative function. Hence, since f is nonnegative in the problem (4.1)—-(4.3), we
see that the problem (4.1)-(4.3) makes sense for all p > 1 and o > 0 when J,, is defined in the
pointwise sense, which is the sense in which we will define it in this section. However J,, when
restricted to the set X i of all nonnegative functions f € XP, is not one-to-one when p and « satisfy
(4.4). Thus our results in this section for the problem (4.1)—(4.3) when p > 1 and « > 0 will yield
corresponding results for the problem (3.1)—(3.3) only when p and « satisfy (2.10).

In view of these remarks, we will consider in this section solutions

fexr (4.5)

of the following J, version of the fully fractional initial value problem (3.2), (3.3):

0<f<K(Jof) nR" xR, n>1 (4.6)
f=0 inR" x (—00,0) (4.7)

where
pe[l,0) and K,\ac€(0,00) (4.8)

are constants, X? is defined by (2.7), and J, is given by (2.4).

Under the equivalence of problems (3.1)-(3.3) and (4.1)—(4.3) discussed above, the following
Theorems 4.1-4.6, when restricted to the case that p and « satisfy (2.10) and K = 1, clearly imply
Theorems 3.1-3.6 in Section 3. We will prove Theorems 4.1-4.6 in Section 8.

Theorem 4.1. Suppose (A, a) € A and f,p, and K satisfy (4.5)-(4.8). Then

f=Jdaf =0 almost everywhere in R™ x R. (4.9)



Theorem 4.2. Suppose (\,«) € B and f,p, and K satisfy (4.5)—(4.8). Then for all b > 0 we have

1 o A
[ £l oo (Rrx(0,p)) < B T3 (MBY) T3 (4.10)
and . .
[ Jaf | oo (Rrxc(0,p)) < K T=> (Mb*)T=% (4.11)
where \
T QA + 1
M = M(a, \) = G+ D) (4.12)

Fla+# +1)

Theorem 4.3. Suppose p and K satisfy (4.8), (\,a) € B, T >0, and 0 < N < M where M is
given by (4.12). Then there ezists a solution

feP(R" xR)NC(R" x R) (4.13)
of (4.6), (4.7) such that
Jof € C(R" X R) (4.14)
£(0,8) = K3 (Nt T3 for0<t<T (4.15)
and . .
Jof(0,t) > KT-X(Nt*)T=x  for0<t<T. (4.16)

Theorem 4.4. Suppose p and K satisfy (4.8) and (\,«) € B. Then there exists N > 0 and

feXP
satisfying (4.6), (4.7) such that
fla,t) > KTx(Nt9) % for [z < ¢ (4.17)
and . )
Jof(x,t) > K13 (Nt*) T3 for |z|® < t. (4.18)

Theorem 4.5. Suppose p and K satisfy (4.8),
Na)el and q € (p,o<]. (4.19)

Then there exists a solution
feLP(R" xR) (4.20)

of (4.6), (4.7) and a sequence {t;} C (0,1) such that

Jimts =0
and
[fllzary) =00 forj=1,2,.., (4.21)
where
R;={(z,t) ER" xRt |z| < \/t; and t; < t < 2t;}. (4.22)

10



Theorem 4.6. Suppose p and K satisfy (4.8),

2 1
(\a)eC and ”QZ (1-5)<a< oo (4.23)
Then there exists a solution
feX? (4.24)

of (4.6), (4.7) and a sequence {t;} C (1,00) such that

'lim tj = 0
J—o0
and
Hf”Lq(Rj) =00 fO?"j = 17 27 ey (425)

where R; is given in (4.22).

5 Preliminary results for fully fractional heat operators

In this section we provide some lemmas needed for the proofs of our results in Section 2 concerning
the fully fractional heat operator (2.12).
The following lemma is needed for the proof of Theorem 2.2.

Lemma 5.1. Suppose o, 3 > 0. Then
<I>a+g = (I)a * (bﬁ in R" x R (5.1)
where @, is defined in (2.2).

Proof. Since

Do+ Dy(2,1) :/_ /&Rn Dol — &t — T)Dp(€, 7) dE dr

_Jo for (z,t) € R™ x (—o0, 0] (5.2)
o Jeern Pala — &t = T)®p(¢,7) dEdr for (z,1) € R™ x (0,00), '
we have (5.1) holds in R" x (—o0, 0].
Using the well-known facts that
Dol t)(y) = ﬁe*“y‘2 fort >0 and y € R" (5.3)
[C AN F(a) *
and to( ya—lr6-1 +8-1
t— 7)Y P tTP
dr = for t,a, 8 > 0, 5.4
|, T e o)

11



and assuming we can interchange the order of integration in the following calculation (we will justify
this after the calculation) we obtain for ¢ > 0 and y € R™ that

~

(®ox Pg) (- 1)(y)

_ /meRn STy /Ot (/geRn Oy (x— &t —T)Pg(E, 7T) dg) dr da (5.5)
N /ot (/xem e (/&Rn Doz — &t —7)Pp(E7) d§> dx) dr

t o \a— £—1
t
:/ geflyp(t”ﬂ——e*'y'%dr (by the convolution theorem)
0

I(a) )
_ e—|y|2t t (t o T)aflT,Bfl )
/0 Mot
L NI (56)
T  Tlatp) ettt '

This calculation is justified by Fubini’s theorem and the fact that the integral (5.5) with ¥
replaced with 1 is, by Fubini’s theorem for nonnegative functions and (5.4), equal to

/ot /@n (Lem Dalw =&t - T>dx> Op(¢, ) dé dr

t - T a—1
_ /O /&Rn (t r(i) (¢, 7) de dr

toz-i—ﬁ—l
=——- fort d R™.
NCEY) ort>0andye
It follows now from (5.6) that (5.1) holds in R™ x (0, c0). O

The following lemma is needed for the proof of Lemma 5.3 which in turn is needed for the proof
of Theorem 2.3.

Lemma 5.2. Suppose f € L'(—00,0) and 0 < a < 1. Then

g(t) :== /t (t — 7)Y f(7)|dr < 00 for almost all t € (—00,0).

oo

Proof. The lemma is clearly true if & = 1. Hence we can assume 0 < o < 1. Since

/0 (—t)_ag(t)dt:/O (—t)—a/t (t — )oY £(7)| dr dt

0 0
- [ wen(/ <—t><1—“>—1<t—7>“—1dt>d7
0
=I(1- a)F(a)/ |f(7)] dT < o0,
where we have used (5.4), we see that ¢(t) < oo for almost all ¢ € (—o0,0). O

12



Lemma 5.3. Suppose f € L'(R" x (—00,0)), a € (0,1], and y € R™. Then for almost all t €
(—00,0) we have

o t — )1 2 R
Tt = [ e M ) ar

Proof. By Fubini’s theorem for nonnegative functions and Lemma 5.2 we find for almost all ¢t €
(—00,0) that

o0

— T a—1
N /_ (tF@z) </§€Rn ‘f(§>7_)|d§> dr < o0.

Hence by Fubini’s theorem, the convolution theorem for Fourier transforms, and (5.3), we see for
almost all ¢t € (—00,0) that

ix- ! (t_T)a_l - —r T -
L Sy [ et nldearde
t

—

t
Taenw= [ [ e [ euw gt nse ) dededr

=D e R ) de
- Y5 Fm)w) dr.

6 Fully fractional heat operator proofs

In this section we prove our fully fractional heat operator results which we stated in Section 2.

Proof of Theorem 2.1. Part (i) was proved by Sampson [25, Theorem 2.2]. We prove part (ii) in
two steps.

Step 1. Suppose f,g € S. Let (z,t) € R" x R be momentarily fixed and define ¢ € S by

Qp(yas) :f(x—i—y,t—i—s).

Then R

Py, s) = (2m)"op(—y, —s) = 2m)" " f(z —y,t — s)
and

Bly,s) = eV [y, s).

Thus by part (i) with ¢ replaced with ¢ we get

) = oyt [ @ut) @ =t = s) dyds

= // Do (y, )P (y, 5) dy ds
R” xR

- / / (Iyl? — i)y, s) dy ds
R7" xR

- //R (P i) g e dyas. (6.1)
%
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Multiplying (6.1) by g(z,t)/(27)""!, integrating the resulting equation with respect to (z,t), and
interchanging the order of integration in the resulting integral on the RHS, which is allowed by
Fubini’s theorem and the fact that

// ly|? —is| “dyds < oo for 0 < a < (n+2)/2, (6.2)
Ilyl?—is|<1
we get (2.5).

Step 2. Suppose f € L*(R" x R) and g € S. Then § € S and f € C(R™ x R) N L>(R" x R). Since
S is dense in L'(R™ x R) there exists {f;} C S such that f; — f in L'(R” x R) and by Step 1

//RRXRJafj(x,t)?(x,t) du dt = //Ran(‘yF —is) = iy, $)g(y, s) dy ds. 6.3

1fj = fllzeerexr) < N1f5 — fllirexry = 0 as j — o0

Since

we have

‘ //R" R(f](yv S) - f(ya 5))(|y\2 — ’L'S)_ag(yvs) dyds
<1 = Tl [P = s lg(w.)] s

—0 asj— o

by (6.2). Thus the RHS of (6.3) tends to the RHS of (2.5) as j — oc.
Also, defining h(z,t) = |g(—z, —t)| we have

’//RR 1 O3, t) da dt|
: //Ran//RnXRq)a(x_y’t_5)|(fj_f)(y’5)|dyd8 G(z, t)| dz dt
=[] 1 D@ ) dys

—-0 asj— >

because noting that h € L*(R" x R) N L°(R™ x R),

1 ja—1

t
o Xpn N :/ / 1y (x,t)dxdt
1PaXrrx(0,1) L1 (RmxR) o I'(a) Jaern e

to 1
— f i
/0 F(a)dt<oo or a > 0, (6.4)

and @ Xgny(1,00) € LP(R™ X R) for oo < (n +2)/2 we find that
(I)a xh = (I)OéXR"X(O,l) x h+ q)OcXR"X(l,oo) xh € Loo(Rn X R)

by Young’s inequality. Thus the LHS of (6.3) tends to the LHS of (2.5) as j — oc. O
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Proof of Theorem 2.2. Since

() b (R" x Ry) = L}

loc loc(Rn X R)
TeR

and since (Jof7)|RnxRy = (Jaf)|Rn xRy, Where fr = fXrnxr, to prove (i), (ii) and (iii) it suffices

to prove for all T' € R that
()" Jafr, Jalfr| € L}, (R™ x Ry)
(i) JgJyfr = Jofr in LY (R™ x Ry) whenever 8 >0,y >0, and 8+ = «
and
(iit) HJofr = Ja_1fr in D'(R" x Ry) when o > 1.
To do this, let T' € R be fixed. Since f € XP C LP(R™ x Ry) we have

fr € LP(R" x R).

Proof of (i)’. Since |Jo fr| < Jao|fr|, to prove (i)’ it suffices to prove only that

Jolfr| € L _(R™ x Ry).

loc

By (2.3) we have
Jalfr| = u1 + ug,
where
ur = (PaXpny(0,1)) * |fr]  and  ug = (PaXrrx(1,00)) * | f1-
It follows from (6.4), (6.5), and Young’s inequality that

u; € LP(R™ x R).
Thus to complete the proof of (6.6) and hence of (i) it suffices to show
us € L®(R" x R).

To do this we consider two cases.

n+2
2

Case 1. Suppose 1 < p < . Let ¢ be the conjugate Holder exponent for p. Then

1 1 200 n+2— 2«
-—=1—-=-<1- =
q P n+2 n+2

and thus making the change of variables w/fsy = 2z we obtain

> a—1—-n — 2 |q|2
|PaXRr(1,00) 10 (e ) :C’(n,a,q)/ / Satn/2a S gy g
1 yeR'n
= C(na «, q)/ S(Oc—l—n/?)q—}—n/Q/ €_|Z|2dZ ds < 00.
1 z€R™

Hence (6.8) follows from (6.5) and Young’s inequality.
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Case II. Suppose 1 = p < ”2—22 Then

(I)QXR”X(LOO) <y7 3) < C(”? a)sailin/2XR"X(l,oo) (y7 S)
< C(n,a) for (y,s) € R" xR.

Thus (6.8) follows from (6.5) and so the proof of (i)’ is complete.

Proof of (ii)’. Using Fubini’s theorem for nonnegative functions and Lemma 5.1 we have

o= [[ - asa-gt-n [[ @€ —nr=0Olrno)ldndcdcar
- s la =t = Ol Ol dndC
= (Jolfr|)(z,t) <00 a.e. in R" xR

by part (i)’. Hence by Fubini’s theorem the above calculation can be repeated with |fr| replaced
with fp which gives (ii)’.

Proof of (iii)’. By (i)’ we have
Tl frl, Jaalfr| € IV (R™ x Ry) € D'(R™ x Ry). (6.9)

Let ¢ € C§°(R™ x Rr). Then noting that

/ / 1 =t — QO H*(w, ) dudt = p(n,¢) for (n,Q) €R" xRy (6.10)

R™ xR

where H* = —0; — A and assuming we can interchange the order of integration in the following

calculation (we will justify this after the calculation) it follows from Lemma 5.1 that
H(Jafr))(p) = (Jafr)(H"¢) (6.11)

B //R”xRT //RanT <//R"><RT Pi(@ =t = OPar(n —§,C—7) dndC>

X fr(&,1)d§drH  p(x,t) dx dt

= //RanT (//RanT <//R"><RT P1(x —n,t — QO H p(,1) dxdt) Po-1(n—&(—17) dndC>

X fr(&,7)dEdr (6.12)

_ //RR (//RR Bo1(n — &,C— 1) fr(€,7) de dT) (0, C) dnd¢

= (JaflfT)(SO)'
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To justify this calculation, it suffices by Fubini’s theorem to show the integral (6.12), with fr
and H*¢ replaced with | fr| and |H*y|, is finite. However in the same way that (6.12) was obtained
from (6.11), we see that this modified integral equals

//Rn o (Jalfr))(z, t)|[H*p|(x, t) dx dt < oo

by (6.9). O

Proof of Theorem 2.3. Clearly (ii) implies (i). We now prove (ii). Suppose (2.11). It follows from
(2.4) that

flrr xRy = 0 implies (Jof)|rr xRy = 0.

Conversely suppose
(Jaf)|rRr xRy = 0. (6.13)

The complete the proof of (ii) it suffices to prove
flrnxry = 0. (6.14)

By Theorem 2.2(iii) and mathematical induction, we can, without loss of generality, assume for the
proof (6.14) that
O<a<l. (6.15)

Moreover, by translating we can assume
T=0. (6.16)

We divide the proof of (6.14) into two cases.

Case 1. Suppose (2.10)3 holds. Then

n+1
1= 1
PS5 (6.17)
Let R
Fly,t) = F(-1)(y) for (5,£) € R x (~00,0). (6.18)
By (2.11) and (6.17) we have
feLY(R" x (—00,0)) (6.19)
and thus
f(-,t) € L*(R™) for almost all t € (—o0,0)
which implies
F(-,t) € C(R™) for almost all t € (—00,0).
Also, by (6.19)
0 .
1 Mercon = [ | [ e b(at)da] a
< ||f||L1(R"><(foo,0) < oo forall y e R™ (6.20)
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Case I(a). Suppose o = 1. Then by (6.19), (6.13), and Lemma 5.3 we have for each y € R™ that

t t
/ TRy ) dr = eym/ WD Py 7Y dr = 0

for almost all ¢ € (—o00,0). Hence, by (6.20) and the measure theoretic fundamental theorem of
calculus, we get F' =0 in L'(R™ x (—00,0)) which together with (6.18) implies (6.14).

Case I(b). Suppose 0 < o < 1. To handle this case we hold y € R"\{0} fixed and define
Fo(t) == F(y,t). (6.21)

Then by (6.20)
Fy € L'(—o0,0). (6.22)

From (6.19), (6.13), and Lemma 5.3 we have

g(t) := / t (t — 1) LV Fy(r)dr = 0 (6.23)

—0o0

for almost all ¢ € (—o0,0). On the other hand, assuming we can interchange the order of integration
in the following calculation (we will justify this after the calculation), we find for b € R that

/_Ooo (/tO(< — 1) % cosbC dC) g(t) dt
- /—Ooo T Fy(m) (/TO cos b (/Tc(f —7)* ¢ - t)‘“dt) dg) dr

=Cl(a) /_0 €\y|27F0(7-) (/0 cos b¢ d() dr (6.24)

because making the change of variables t = ( — (( — 7)s we see that

¢ 1
— e e g = —5)* ls7%s = C(a).
/T(t JLC — 1)t /Ou Jo s ds = O(a)

The calculation (6.24) is justified by Fubini’s theorem and the fact that if we replace cosb( and
g(t) with |cosb(| and

ao(t) = / (t — )1l By () dr

— 00

respectively in the above calculation we get by Fubini’s theorem for nonnegative functions that

0 0
/_ /t<c—t>‘“|cost|d<go(t>dt

0 0
SC’(a)/_ elyIQT|F0(T)|</ ycosqug)m

0
< C’(a)/ (=)l By ()| dr < oo
by (6.22)
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It follows now from (6.23), (6.24) and (6.21) that

0
O:/ e‘y|27F(y,T) sin br dr

for all y € R™\{0} and all b € R. Thus since the Fourier sine transform is one to one on L'(—oc,0)
we have F(y,-) = 0 in L'(—o0,0) for all y € R®\{0}. Hence by Fubini’s theorem, F = 0 in

LY(R™ x (—00,0)), which together with (6.18) and (6.16) implies (6.14).

Case II. Suppose (2.10); holds. Let fr = fXrnxr, and u = J, fr. Then by (2.11) we have

fr € LP(R" x R),

and by (2.4) and (6.13) we have
u=0 1in R" x Rp.

(6.25)

Let JZ%u be as defined in Theorem A.1. By (6.25) we have for | > « that (Aému)(:c,t) = 0 for

(z,t) € R" x Ry and (y,7) € R™ x (0,00). Thus for € > 0 we have
J-% =0 inR" xRp.
Hence (6.14) follows from Theorem A.1.

Proof of Theorem 2.4. For a,7 > 0 and § > 0 we have

] Faar(er)de N
a,a ) = e 4a’r
s T g5 L(a) (4mar)n/?
Ta—l 1 )
= =% g
= e 7.
L(a) m/2 Jygp>
4a27
In particular, taking 6 = 0 we find that
Tafl
| ®anr(erde =T forar>o

Let 2 be a compact subset of R™ x R. Choose T > 0 such that
f=0 onR"xR_p

and
Q CR" x Ry.

Let € > 0. Since f is uniformly continuous on R™ x R there exists § > 0 such that

[z —=¢&0) = flz, Q)] <e

whenever z,£ € R",( € R, and [¢] < 4.
Let (x,t) € Q. Then t < T and thus for 7 > 2T we have

t—7<T-2T=-T.
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Hence for a > 0 we have by (6.28) and (6.27) that

|(Jaarf = Ja01f)(@,1)]

2T o1
S/O /n ¢a,a,1(£,7)f($—§7t—7)d§—;(a)f(Lt—T) dr
2T
:/0 /n q)O"a’l(g’T)(f(x_g?t_T)_f(iﬁ,t—’r))dg dr
< Ki(z,t) + Ka(x,t) (6.31)
where o
Kalet) = [ [ Bl = &7~ St 7l dsdr
and

2T
K2($7t) = /0 \/|§|>5 q)a,aJ(EvT)‘f(x - f,t - T) - f(xvt - T)‘ dfd’l'

From (6.30) and (6.27) we conclude that

oT 2T _a—1
Ki(z,t) < 5/0 (/n%,a,l(f,f) d£> dr = 5/0 ;(a)dT

and letting M = 2| f| oo (rnxr) and using (6.26) we obtain

2T 2T Ta—l
K(z,1) < M/O </|§>5 Boai(E,7) df) dr < M (/0 ) d7> C(n,a,8,T)

where )
C(n,a,0,T) = —= e_"7|2dn%0 asa — 0T,
w2 Jygj> 2
8a2T
The theorem therefore follows from (6.31). O

Proof of Theorem 2.5. For b > 0,6 > 0, and £ € R"\{0} we have

e’} _ o0 (T/b)a—l 1 _%
/5 Qo1& T)dT —/5 I'(a) (47r7'/b)"/2€ dr/b

o0 1 Tye—1-n/2  _pe? 1
/5 T(a)(4m)"/2 <B> ¢ Tyl

ble|2

e 2\ e
_/0 (o) (4m) /2 <4g> VTR

ble|?

_ (’§|2/4)0c—n/2 = n/2—a—1_—¢
= T(a)dn)? /0 e

ble|?

|€’2a—n = n/2—a—1_—(C
- 4a77n/2r(a)/0 ¢ e >d¢ (6.32)

‘5‘2a7n 1 5‘5’2 n/2—a B b n/2—a
= <4a7rn/2r(a)> n/2—a ( 45 ) =Cn, ) <5> - (633)
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Moreover, letting 6 — 07 in (6.32) we obtain

’5‘2&—1@
v(n, a)

/ Py 1p(E,T)dT = for b > 0 and £ # 0,
0

where 7 is given in (2.14).
Let Q be a compact subset of R™ x R. Choose R > 0 such that

F=0 on (R"\Br(0)) x R

and
QcC BR(()) x R.

Let € > 0. Since f is uniformly continuous on R™ x R there exists § > 0 such that
[fnt=7) = fn,t)| <e

whenever n € R", t,7 € R, and |7] < 4.
Let (z,t) € Q. Then |z| < R and thus for |{| > 2R we have

w—€ > |6~ 2| > 2R—R=R.
Hence for b > 0 we find by (6.35) and (6.34) that

‘(Ja,l,bf - Ja,l,Of)(xv t)‘

& f(x_fat)
— — R G T A I
< fennldy Besle ety = S
_ / / Bon €TV (F(& — €t —7) — flo— E,1)) dr)| de
|€|<2R 1J0

< Kl(‘rvt) +K2($,t)

where

)
Ki(r,t) = / / Bor (€S (2 — 6,8 —7) — fla — &,0)| dr de
|€|<2R JO

and

Kg(x,t):/ / Qo158 T)f(x =&t —7)— flx =&, t)|dr dE.
[€]<2R J§

From (6.37) and (6.34) we conclude

d, ,T)dT | d§ = —— 5=
Ki(z,t) < €/|§|<2R (/0 ,1,b(§ ) T) § €/|§<2R ~(n, a)‘ﬂn—?a

and letting M = 2| f| oo (rnxr) and using (6.33) we obtain

Kay(z,t) < M/|£<2R (/5 Pa16(8:7) dT) dg

b n/2—a
< MC(n,«) (5> |Bor(0)] =0 asb— 0.
The theorem therefore follows from (6.38).
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7 Preliminary results for J, problems

In this section we provide some lemmas needed for the proofs of our results in Section 4 dealing
with solutions of the J, problem (4.5)—(4.8).

Let Q@ = R" x (a,b) where n > 1 and a < b. Lemmas 7.1 and 7.2 give estimates for the
convolution

Vos§)t) = [[ Bale—.t=nfe.rdear (7.1
where o > 0 and ®,, is defined in (2.2).

Remark 7.1. Note that if f : R® x R — R is a nonnegative measurable function such that

[ £l oo (RnxR,) = O then
Voof =Jof inQ:=R"x (a,b).

Lemma 7.1. For a >0, Q =R" x (a,b) and f € L>®() we have

(b —a)"
Voo fllze(@) < m”f”mo(g)-

Proof. The lemma is obvious if || f| e = 0. Hence we can assume ||f||z ) > 0. Then for
(z,t) € Q

=1

|(Va,of) (2, 1)] bt —7)a-l ) B i
£l oo 02) = /a I'(a) </£eRn Oy (z—&,t )d§> d

T=t
_(t=7)°  (t—a)®
Fla+1)|  T(a+1)
< (b=a)®
~Ia+1)
O
Lemma 7.2. Let p,q € [1,00], o, and § satisfy
1 1 2
0<di=-—=-< a < 1. (7.2)
p q n+2
Then Voo maps LP(QQ) continuously into L4(Q) and for f € LP(Q2) we have
[Va.oflla) < M| fllzro)
where
2a—(n+2)6
M=Cb-a) = for some constant C = C(n,a,9).
Proof. Define r € [1,00) by
1
1—=-=5§ 7.3
- (73)

and define P,, f : R” x R = R by



and
Ft) = {f(x,t) if (z,t) € Q

0 elsewhere.

Since for t € (a,b) and 7 € (a,t) we have t — 7 € (0,b — a) we see for (z,t) € Q that

t
Veod @)= [ [ P gt =g ) dedr

// (x— &t —7)f (6, 7) dE dr

(P f)(z,t) (7.4)

where * is the convolution operation in R” x R.

Also since /2
/ o—lal/(40) g _ (4“>
n r
we have by (7.2) and (7.3) that

1/r
1 b—a 2
P, rn = grla=1-n/2) </ e e/ g | at
| Pall (R xR) F(Oz)(47T)n/2 </0 zERM
ba § 1/r
=C(n,a,r) / grle=1=n/2+3 gy
0

=C(n,a,7)(b—a) P
Thus by (7.4), (7.2), (7.3), and Young’s inequality we have

HVa,QfHLq(Q) = || P * fHLq(Q) < || Pa * f”Lq(Ran)

< [ Pallzrrexry 1 1l o(re xRy

<Cb-0" T | flluo
O
Lemma 7.3. Suppose f, p, and K satisfy (4.5)-(4.8) and (\,a) € AU B. Then
fexee.
Proof. Let T > 0 be fixed. Then f € LP(R™ x Ry) and to complete the proof it suffices to show
feL>®R"x(0,T)). (7.5)

We consider two cases.

Case 1. Suppose 0 < a < ”T‘;f. Then

n+2

O<A< ——i—
n+2—2ap
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and thus there exists € = (n, A\, o, p) > 0 such that

n+2
n+2—2ap+ 2’

e < 2ap, 2¢e<n+2—2ap, and A<

Suppose

2
f e LR x(0,T)) for some py € [p, n;(; > . (7.6)

Then letting
(n + 2)po
n+2—2apy+¢€

we have

1 1 2 € ( 2a >
———= - €l0,—= ).
po q¢ n+2 (n+2)po n+2
Hence by (4.7), Remark 7.1, and Lemma 7.2 we see that

Jof € LI(R™ x (0,T)).
Thus by (4.6) we find that
0< f<K(Jf) e LY R" x (0,T)). (7.7)

Since

q/i)\_ n+2 >n—|—2—2ap+25
po AMn+2—-2apy+e) T n+2—2apy+e

n+2—2ap+ 2
> =C(n, A\ a,p)>1
T n+2-—-2ap+e¢ (n, 4, ;p)

we see that starting with pg = p and iterating a finite number of times the process of going from
(7.6) to (7.7) yields
n+ 2

fe LR x (0,T)) for some py > 5
a

Hence (7.5) follows from (4.6) and Lemma 7.2.

Case II. Suppose a > ”2—;2. Clearly there exists a € (0, ”2—;2) such that (\,a) € AU B. Then for

(z,t),(§,7) € R" x (0,T) we have
Dp(x—&t—1)
Oy(x— &t —1)

= (t—7)*"T(@)/I(a)

< T°7°T(@)/T(e)
= C(T, o, Q).

Thus for (z,t) € R" x (0,7) we have
Jof(z,t) < C(T, 0, @) J5 f(x,t)
and hence by (4.6) we see that
0< f<KC(T,a,a)MJaf)" almost everywhere in R x (0,7T).

It follows therefore from Case I that f satisfies (7.5). O
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Lemma 7.4. Suppose x € R" and t,7 € (0,00) satisfy

t 3t
2 p— —
lz|* <t and 1ST< T (7.8)

Then
/ By(z— &t —7)de > C(n) > 0
[€]2<T

where @, is defined by (2.2).

Proof. Making the change of variables z =
(2.2) we find that

jf(_tf % letting e; = (1,0, ...,0), and using (7.8) and

1 2
Bio - t-r)de= s | el g
/|§2<7- /2 | < T

VAa(t—1) VAa(t—1)
1 2
> n/2/ S e FFdz
> |z2— T

NG
<
\/4<tff>61| Va(i-7)

1
> ez
™ |z—e1|< 2o

2v/3
=C(n) >0

where in this calculation we used the fact that the integral of e~1#1” over a ball is decreased if the
absolute value of the center of the ball is increased or the radius of the ball is decreased. O

Lemma 7.5. For 7 <t <T and |x| < T —t we have

/ Oy(z—&t—T1)dE>C
l¢l<vT—7

where C'= C(n) is a positive constant.

Proof. Making the change of variables z = % and letting e; = (1,0, ...,0) we get

1 1 _la—g?
y(x—&t—7)dE = / e a1 d¢
/§|<«/TT (4m)™/2 (t = )2 Ji¢) < yT==
1 2
e FI7/4q 7.9
-, = : (79)
i <=

! / e 1P /g, (7.10)
47r)” 2= T

! 1o’ /4dz, (7.11)
(47‘—) |z—e1|<1

where the last two inequalities need some explanation. Since |z| < /T —t < /T — 7, the center of
the ball of integration in (7.9) is closer to the origin than the center of the ball of integration in (7.10).
Thus, since the integrand is a decreasing function of |z|, we obtain (7.10). Since T — 1 > \/t — T,
the ball of integration in (7.10) contains the ball of integration in (7.11) and hence (7.11) holds. [
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Lemma 7.6. Suppose aa >0, v>0,p>1, and

n+2
1\ 2
fo(z,t) = <t> ’ Xo,(z,t)  where Qo = {(z,t) € R" x R: |z|* < t}.

Then fo € XP and

n+2

n+2
1\ % 7@ 1\ % e
Cq <t> < Jafo(z,t) < Cy (t) for (z,t) € Qo

where C1 and Cy are positive constants depending only on n, a,y, and p.

Proof. For T > 0 we have

22 _p
HfOHLP (R"xR7) / /|x<\[< ) dx dt

= / P14t < 00

because yp > 0. Hence fy € XP.
Also for (x,t) € R™ x (0,00) we have

t
Jaf0<x7t) - / /£€Rn q)oc(x - évt - T)f()(f,T) dde

:F(la)/ot(t_T)al <i)n;f’2 </|£|2<T<I>1(x—§,t—r)d§>d7-. (7.12)

Hence by Lemma 7.4 we see for (z,t) € Qy that

/ nt2_

t/4 T
_nt2 3/4 1 By
= C(n,a)t™ 2 JW/ (1—s)>! () " ds where T = ts
1/4 s
a_LH_A'_»Y

=C(n,o,,p)t" 2

Moreover for (z,t) € R™ x (0,00) and 0 < 7 < t/2 we have

1 —
/ Qi(x— &t —7)dE = n/2/ e Pdz  where z = il
lg[2<r R e = At —7)

<\Bl<>\< VT >
- qn/2 4(t — )

and for (z,t) € R® x (0,00) and t/2 < 7 < t we have

/ @ﬂx—f,t—r)dfﬁ/ Oy (z—&t—T1)dE = 1.
€2 < "
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Thus by (7.12) for (x,t) € R™ x (0,00) we have

n+2

t/2 NS /o \ /2
Jafo(z,t) < C(n, ) / (t— 7)ot <> < > dr
0 T t—1T
t na2
+/ (t =)t <1> B dT]
t/2 T
1/2 ni2_ n/2
= a2 4y _oaa—1 } 2p s
=C(n,a)t™ 2 [/0 (1—23s) <s> <1—5> ds
1 ne2_
Lo
1/2 s

_nt2
« op +

=C(n,o,7,p)t
because o and ~ are positive. O

Lemma 7.7. Suppose a >0, 7y €R,0<ty < T, pe€[l,00), and

n+2
1\ 7
fa=(50) " et
where
Q= {(z,t) e R" x (to,T) : |z| < VT —t}.
Then

n+2

Jof(z, )>C<T1_t> o

for (z,t) € QT == {(z,t) € Q: % <t < T} where C = C(n,a,v,p) > 0. Moreover,

f € LP(R" xR) if and only if v > 0 (7.13)

and in this case
T—to .

T C(n)/o S, (7.14)

Proof. Since
n+2
[naliomee / / W da dt
LP(R"xR) |Jf\<\/7

T—to
= / PLdt = C(n )/ s7P71ds
0

we see that (7.13) and (7.14) hold.
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Let r = ”2—‘;2 — v — a. Then for (z,t) € Q we have

t
LJ@JyzlkT—ﬂ léKﬂ_f%@—gJ—ﬂdah

t
=C | (T—-7)"t—-7)>"
to
t
>C [ (T—7)""%t—7)*"'dr, by Lemma 7.5,
to

=C(T - t)‘?"g<tT__t(t)>

where g(z) = [;(¢+1)7""*¢* 'd¢ and where we made the change of variables t — 7 = (T' — t)¢.
Thus

/ <I>1(:L‘—£,t—7)d£>d7'
lel<vT-7

Jof(x,t) > C(T —t)™" for (z,t) € QF

because % >1in Q7. O

8 Proofs of results for J, problems

In this section we prove our results stated in Section 4 concerning pointwise bounds for nonnegative
solutions f of (4.5)—(4.8). As explained in Section 4, these results immediately imply Theorems
3.1-3.6 in Section 3.

Remark 8.1. The function g : R" X R — [0, 00) defined by

A
1—

(Mt*)T=> fort >0
0 for t <0,

gla,t) = g(t) = {

where @ > 0, 0 < A < 1, and M = M («, \) is defined in (4.12), satisfies
g=(Jag)) ImR"xR (8.1)

which can be verified using (5.4). Even though g ¢ XP? for all p > 1, it will be useful in our analysis
of solutions of (4.6), (4.7) which are in XP? for some p > 1.

Remark 8.2. It will be convenient to scale (4.6) as follows. Suppose K, A\, o, T € (0,00), A # 1,
and f, f : R® x R — R are nonnegative measurable functions such that f = f = 0 in R” x (—o0,0)
and Lo

f(l‘,t) = KﬂTﬁf(jvf)
where

r=T"2% and t="TLI

Then f satisfies
0<f<K(Jof) inR"xR

if and only if f satisfies - -
0< f<(Jof)* inR"xR.

Moreover

for (z,t) € R™ x (0, 00)
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and

for (z,t) € R" x (0, 00).

Jaf(.’ll‘,t) _ Jaf('fai)
I(T%th%j’ Fiox

Proof of Theorem 4.1. Suppose for contradiction that (4.9) is false. Then there exists 7' > 0 such
that

11| oo (Rn xRz > O
Hence by (4.7) there exists ¢ty € [0,7) such that

=0 fort<tg
>0 fort > t.

[ £l oo (R xRy {

Thus by Remark 7.1, we have for all b > ¢y that
Jof = Va,Qbf in

where €, = R™ X (to,b) and V,, q is defined by (7.1). Also, by Lemma 7.3,

[fllzee ) < I fllze(ay) < oo fortg <b<T.

It follows therefore from (4.6) and Lemma 7.1 that for ¢ < b < T we have

A
0 K_1 < Hva’Qbe%’OO(Qb) (b — to)a A—1 0 b t+
S ey = Tl ) Wl 70 asb =i
because A > 1. This contradiction proves Theorem 4.1. O

Proof of Theorem 4.2. By Remark 8.2 with T' = 1 we can assume K = 1. For b > 0 we have by
Lemma 7.3 that
fe LR xRy)

and by (4.6), (4.7), Remark 7.1 with a = 0, and Lemma 7.1 that

A
ba
A
1z ) < 1 af oo (q,) < (W”f”Lm(Qb)>

where Q, = R™ x (0,b). Thus, since 0 < A < 1, we see that

A

b™ A
1f 1 Lo () < (F(a+1)) for all b > 0. (8.2)
Define {v;} C (0,00) by 71 =1 and
Yit1 = (M~;)*, j=1,2,..., where M =T'(a+ 1) M. (8.3)
Then, since 0 < A < 1, we see that
yj%Mﬁ as j — oo. (8.4)
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Suppose for some positive integer j that

ba 1—X
11l oo ) < i (F(a—i—l)) for all b > 0. (8.5)

Then for b > 0 and (z,t) €  we find from (4.6) and (5.4) that

f@,t) < (Jaf(z,t)

Lt —r)ot )\
< </O F(@)(/&Rn Oy(x—&t—7) dg)”f”Loo(Qr)dT)
Pt —r)! RN
- </ ) ”'(F(a“)) dT)
A
1 ! =
= [ (t—T)alTHdT>
( T(a)D (o + 1) 7 /
)
( ) a+1 )\+1)
A
_ Mtl A
( Ia+1)T=x ) ( O‘+1) >

S (MH)) | (56)

Thus
ba 1—X
Il oo () < i1 <I‘(a+1)> for all b > 0.

Hence (4.10) follows inductively from (8.2)—(8.5).
A
Finally, repeating the calculation (8.6) with v; = ;11 = MTX we get

o FEy
P Ve LA f Q
(Jaf(xat)) = ! (F(Oé + 1)) or (:L'vt) € i
which proves (4.11). O

Proof of Theorem 4.3. By Remark 8.2 we can assume K =T = 1. For (z,t) € R*xRand § € (0,1)
let

9s(w,t) = gs(t) = ¥s(t)g(t) (8.7)

where ¢ is as in Remark 8.1 and 95 € C*°(R — [0, 1]) satisfies
1
0

ift<1

£ =
Va(t) ift>1+406.
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Then for 1 <t<1+6

t — T a—1
Taglt) ~ o) = | E=D™ )1 — () dr

I'(«)
t (t _ T)a—l t (t _ T)a—l .
S/l ) 9(7) dT§9(1+5)/1 () d
:g(1—|—5)(t_1) < i

) ) P
Tatr D S9T0 70
and thus by (8.1) we have for 1 <¢ <1+ ¢ that

Jags(t) _ Jag(t) = (Jag(t) — Jags(t))
Jag(t) g(t)L/A
o g(2)”
- (o +1)g(1)Y/A

N
= — Oé> _
1—C(a,\)é* > ”M

provided we choose 6 = d(a, A, N) € (0,1) sufficiently small. Hence for 1 <t <1+ § we see from
(8.1) that

A2
5(0) < 9(0) = () < () Gass(0)’ (5.5

which by (8.7) and (8.1) holds for all other ¢ as well.
Next let p(z) = e ¥(®) where ¢(z) = \/1 + |#|2—1. Then fore € (0,1), v > 1, and |6 —z| < vv/2
we have
PEE) | —(w(e)—t(en) 5 p—elé—a] > g—enV2.
p(e) - -
Thus defining f. : R” x R — [0, 00) by

N\ 1%
€ at = ar t
ey = plen) (3) st
we find for | — 2| < yv/2 and 7 € R that

e 2 e (1) 0t

Thus for (z,t) € R™ x (0,2) we have

= t T a—1
Ttz o () [0 [ m-gr-nacar @)

But for z,£ € R and 0 < 7 < t < 2 we find making the change of variables z = 28 that

\4({t—T1)
1 _le—g?
Oy (x— &, —7)dE > / S ——
/|§—a:|<7\/§ |E—z|<yV/t—T (477(t - T))n/Q
1
=7 e 1 dz = I(v) —1
T

|z|<v/2
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as v — 0o. Thus by (8.9) and (8.8) we have for (z,t) € R" x (0,14 ¢) that

Uabel@ ) _ plea) e Vo) 5 I3 (Jags (1))}
felwt)  ~ plex) (20) 7% gs(t)
/
> (%)A 2[(’)/))‘675’”\\/5. (8.10)

So first choosing v so large that (%)>‘/2.T(7)A > 1 and then choosing ¢ > 0 so small that (8.10)
is greater than 1 we see that f := f. satisfies(4.6) in R x (0,1 + §). Thus, since gs(t) and hence
f(z,t) is identically zero in R™ x ((—o00,0] U [1 + J,00)) see that f satisfies (4.6), (4.7).

From the exponential decay of ¢(x) as |z| — oo, we see that f satisfies (4.13). Also since f is
uniformly continuous and bounded on R™ x R and

b
1
/a /n O, (z,t)dadt = m(bo‘ —a®) fora<b,
we easily check that (4.14) holds.
Finally, since
N\ %
f(0,t) = <M> g(t) for0<t<1
we find that (4.15) holds and thus (4.16) follows from (4.6). O

Proof of Theorem 4.4. By Remark 8.2 with T = 1 we can assume K = 1. Define f : R" xR — [0, 00)
by

f(@,t) = g()X{jzp<iy (2, 1) (8.11)
where ¢ is defined in Remark 8.1. Then for (z,t) € R™ x (0,00) we have

f = tm xr — - T T)dT
Jaf(x7t)_/0 F(Oé) </|;|2<T(I)l( €7t )d£>g( )d :

Thus by Lemma 7.4 we see for |x|* < ¢ that

3t/4 .
(t — T)a_lTﬁdT

JaF () > C(n, o \) /

t/4
=C(n,a, )\)75ﬁ
= C(n, o, N)g(z, )Y/
= C(n,a,\) f(z,t)'/* (8.12)
which also holds in (R™ x R)\{|z|?> < t} because f = 0 there. Thus letting f = Lf where
L=Ctx

where C'= C(n, a, \) is as in (8.12) we find that f satisfies (4.5)—(4.7).
It follows from (8.11) and the definitions of g and f that there exists NV > 0 such that (4.17)
holds. Thus, since f solves (4.6) we obtain (4.18). O
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Proof of Theorem 4.5. Since |R;| < oo, to prove Theorem 4.5 it suffices to show for each ¢ € (0, 1)

that the conclusion of Theorem 4.5 holds for some

g€ (p,p+e).

So let € € (0,1). By (4.19);, there exists ¢ satisfying (8.13) such that
< n+2 1 1
! -—].
2q A

foGet) = (7) (o0

Define fo : R x R — R by

where
Qo= {(z,t) ER" xR: |z]* <t <1}
and
_ n—+ 2 < n—+ 2
2 2p

by (8.13). Then by (8.16) and Lemma 7.6 we have
fo € LP(R™ x R)

and
1 r—«
Jofolz,t) > C (t) for (z,t) € Qo

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)

where, throughout this entire proof, C' = C(n, A, «, p,q) is a positive constant whose value may

change from line to line.
Let {T;} C (0,1/2) be a sequence such that

Tj <Tj5/4 i=1,2,..
and define
tj=T;/2.

Then
Q:={(y,8) eR"xR: |yl </Tj—sand t; <s<T;} CR; C

and thus defining f; : R® x R = R by
fj(xvt) = (T] - t)irxﬁj (‘T7t)
we obtain from (8.16) and Lemma 7.7 that

Titi (2 _pyp1
HfjHip(Ran) = C(n)/o st PTds =0 as j — oo,
| fillLacr;) = Il fillLarnxry =00 for j=1,2,...,
and

Jofi(z,t) > C (1_t)>r_a for (x,t) € QF

(7;
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(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)



where

3T
Qj:{(a:,t)er:Tj<t<Tj}.

It follows from (8.15) and (8.18) that

__Jolwt)
(Jaf0($> t)))\

and from (8.14) and (8.16) that the exponent

< Ctr=A= for (z,t) € Qo

(r—a)d—r=Ar(l—1/X) —a] > 0.

Thus F
0
su <C
Qf (JaSo)* ~
and by (8.20)
Jo (r—a)A—
su <CT: <1
ij (Jafo)* = 7

by taking a subsequence.
By (8.21), (8.24), and (8.25) we have

by taking a subsequence.
It follows from (8.15), (8.21), (8.20), and (8.19) that

T, —t)" (T —t;)"
sup 0 = sup L= @)

o fi (@pnea, U t;

and letting ;" = QJ\Q]+ we see from (8.21), (8.18), (8.20), and (8.25) that

r—a (r—a)X
tr—a)A T;

sup 1 <C sup
j

_ CTj(r—a)/\—r <

DN | =

by taking a subsequence.
Taking an appropriate subsequence of f; and letting

F=f+> f
j=1
we find from (8.17) and (8.22) that f satsfies (4.20).
In Q" we have by (8.27) and (8.28) that
f=fo+ i < Jafo) + (Jafi)
< (Jalfo + [i))* < (Jaf)

34

<C
o (Jafo)* ()€ (T =0 = (T3/4)"

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)

(8.30)



In Q; we have by (8.29) and (8.30) that

F=Jfo+ fi <2f; < (Jafo)* < (JaP)™
In 00\ U2, ©; we have by (8.26) that

f=fo <CUafo)* < C(Jaf).

In (R x R)\Qo, f =0 < (Jof)*. Thus, after scaling f, we see that f is a solution of (4.6), (4.7).
Also (4.21) holds by (8.23). O

Proof of Theorem 4.6. By (4.23)1, there exists a unique number v € (0, ”2—';2 — «) such that
nt2 _
A=—22 (8.31)
2p 7
Let fo and Qg be as in Lemma 7.6. Then by (8.31) and Lemma 7.6 we have
foe XP (8.32)

and
fo < C(Jafo)* inR"™ xR (8.33)

where in this proof C = C(n, A, a, p) is a positive constant whose value may change from line to
line. Let {7}}, {t;} C (2,00) satisfy

Tjp1>4T; and T; =2t

and define f; : R® x R = R by

nt2

1 o
fi(z,t) = (Tj — t) Xq,(w,t) (8.34)
where
Qj :={(z,t) € R" x (T3/2,T}) : |z| < \/Tj — t}.
Then
Q CR; CQo, QN = (0 for j #k, (8.35)
inf {t: (z,t) € Q;} =T;/2 =00 asj— oo, (8.36)

and by (8.34), (8.31), and Lemma 7.7 we have
fi € LP(R" x R) (8.37)

and
fi <CJafy) inQF
where

3T
Qj:{(x,t)eﬁj:f<t<Tj}.
It follows therefore from (8.33) that

fo+ fi < C(Jafo)* + (Jafi)) < Clalfo+ £;)) in Q. (8.38)
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In O := QJ\Q;F we have

n+2 o\ B2y
B NFT ()T
fo (T; — 1) 1T

and thus we obtain from (8.33) that

fo+ 15 < Cfo < C(Jafo) < C(Jo(fo+ f3)) in Q. (8.39)

Let f = fo+ 2272 fj.- Then clearly f satisfies (4.7) and by (8.32), (8.37), and (8.36) we see that
f satisfies (4. 24)
In Q; we have by (8.35)2, (8.38), and (8.39) that

f=fo+fi <CWUalfo+ £) < CJaf)
and in (R x R)\ U32, €; we have by (8.33) that
f=fo<Clufo)* <O

Thus after scaling f, we find that f satisfies (4.6).
Since |R;| < oo, we can for the proof of (4.25) assume instead of (4.23), that

n+2 1

and hence by (8.31) we get

n-+ 2 o« _n+2
2p 7_1—%_ 2q

Consequently from (8.35)1, (8.34), and Lemma 7.7 we find that
1fllLacry) = 1fillLao;) =00 for j=1,2,...
which proves (4.25) ]

A Appendix

For the proof of Theorem 2.3(ii) we will need the following result due to Nogin and Rubin [19]
concerning the inversion of the operator J, in the framework of the spaces LP(R™ x R). See also
[24, Theorem 9.24].

Theorem A.1. Suppose 0 < o < %t2 1 < p < o0, and u = Jof with f € LP(R™ x R). Then

2p
lim J %= f in LP(R" xR)
e—0t
where ) )
T,t)
Jo %z, C(n,a,l) // 1+a i dydr (A.1)
R™ % (g,00)
and l
( act:z () (x —yVkr,t —k7r), 1> (A.2)
=0
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