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We study the semilinear elliptic inequality —Au > p(6x (x))f(u) in RN \ K, where
o, f are positive and nonincreasing continuous functions. Here K C RN (N>3)isa
compact set with finitely many components each of which is either the closure of a C?
domain or an isolated point and dx (x) = dist(z, 9K). We obtain optimal conditions
in terms of ¢ and f for the existence of C? positive solutions. Under these conditions
we prove the existence of a minimal solution and we investigate its behavior around
OK as well as the removability of the (possible) isolated singularities.
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1. Introduction

In this paper we study the existence and non-existence of C? positive solutions u(z)
of the following semilinear elliptic inequality

—Au> p(6x (@) f(w) inRV\K, (L1)

where K is a compact set in RY (N > 3) and §x(z) :=dist(z,0K). We assume
that K has finitely many connected components each of which is either the closure
of a C? domain or a singleton. We shall write K = K; U K5 where K; is the union
of all components of K which are the closure of a C? domain and K is the set of
all isolated points of K.

We also assume that

(A1) f € CY(0,0) is a positive and decreasing function;
(A2) © € CY7(0,00) (0 <~y < 1) is a positive and nonincreasing.

Elliptic equations or inequalities in unbounded domains have been subject to
extensive study recently (see, e.g., [6, 7, 11, 13, 14, 16, 18, 19] and the references
therein). In [6, 7] the authors are concerned with elliptic problems with superlinear
nonlinearities f in exterior domains. Large classes of elliptic inequalities in exterior
or cone-like domains involving various types of differential operators are considered
in [13, 14, 16, 18, 19]. In [20, 21, 22, 23, 24] elliptic inequalities are studied in a
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punctured neighborhood of the origin and asymptotic radial symmetry of solutions
is investigated.

The main novelty of the present paper is the presence of the distance function
0k (x) to the boundary of the compact set K which, as we shall see, will play a
significant role in the qualitative study of (1.1). Whenever (1.1) has solutions we
show that it has a minimal solution @ and we are interested in further properties
of 4 such as removability of possible singularities at isolated points of K5 as well as
boundary behavior around K;.

In our approach to (1.1) we shall distinguish between the case where K is non-
degenerate, that is, K1 # (), and the case where K is degenerate, that is K1 = (),
which means K reduces to a finite set of points.

We start first with the non-degenerate case K; # (). Our first result in this sense
is the following:

Theorem 1.1. Assume (A1), (A2) and Ky # 0. Then, inequality (1.1) has C*
positive solutions if and only if

/OO ro(r)dr < oo. (1.2)
0

If (1.2) holds, then we prove that (1.1) has a minimal C? positive solution @ (in
the sense of the usual order relation) which achieves the equality in (1.1) and @ is
a ground-state of (1.1) in the sense that u(x) — 0 as |z| — oo. Furthermore, we
prove that all (possible) singularities of @ at isolated points in Ko are removable
and that @ can be continuously extended by zero at 0K;. We also determine the
rate at which @ vanishes around the boundary of K;. All these results are precisely
described in the following theorem.

Theorem 1.2. Assume (Al), (A2), K1 # 0 and condition (1.2) is satisfied. Then
there exists a minimal solution @ of (1.1) that satisfies

@€ C*RY\ K)NCRN \ int(K))

and
—AG = p(6x(2))f(@), @ >0 in RV \ K,
=0 oK
B onen (1.3)
u>0 on Ko,
a(z) =0 as |x| — oo.
In addition, there exist positive constants cy,ce, and ro such that @ satisfies
(=) <cy in{reRN\K:0< gk (z)<ro}, (1.4)

cp < ————
T H (K (@)
where H : [0,1] — [0,00) is the unique solution of

—H'(H) = o) f(Ht), H) >0  0<t<l,
H(0) = H(1) = 0.
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The existence of a solution to (1.5) follows from [1, Theorem 2.1]. By Theorem

1.1 we have that condition (1.2) is both necessary and sufficient for the existence of

a solution to (1.1). If that is the case, the minimal solution @ of (1.1) can be contin-

uously extended to 0K, so that all isolated singularities of @ at Ky are removable.

If o(r) =r* and f(u) = u™P, p > 0, the behavior of H in (1.5) was studied in [8,
Theorem 3.5]. In this case we have:

Corollary 1.3. Assume (A2), K1 # 0, f(u) =u"P,p >0, and
o(r)y ~7 asr—0 and @(r)~71" asr— oo,

for some a, B < 0. Then (1.1) has solutions if and only if 0 > a > —2 > B. In this
case (1.1) has a minimal solution 4 which satisfies (1.3) and there exist positive
constants ¢y, ca, and o such that 4 satisfies (1.4) where

t ifp—a<l,

1N
H(t) = t(logt> fp—a=1,
T ifp—a>1.

We are next concerned with the degenerate case K; = (). In this setting the
existence of a solution to (1.1) depends on both ¢ and f. Our result in this case is:

Theorem 1.4. Assume (A1), K1 = 0 and that o € C%7(0,00) (0 <y < 1) isa
positive function which is nonincreasing in a neighborhood of zero and of infinity.
Then, (1.1) has solutions if and only if

/100 ro(r)dr < co (1.6)

and there exists a > 0 such that

/01 N lo() flar? ™ N)dr < cc. (1.7)

Furthermore, if (1.6)-(1.7) hold, then (1.1) has a minimal solution @ which satisfies

{ —Aa = p(0x(2)f(@), a>0  inRY\K, (1.8)

a(z) =0 as |z| — oo.
In addition, @ has removable singularities at K if and only if fol ro(r)dr < co.

From Theorem 1.1 and Theorem 1.4 we have the following result regarding the
inequality
—Au >0 (z)u™ mRY\K, a<0<p. (1.9)

Corollary 1.5. Let K = K1 U K5 be as in the statement of Theorem 1.1.

i) If Ky is nonempty, then (1.9) has no positive C? solutions;
(i) pty, j2 ;



4 Marius Ghergu and Steven D. Taliaferro
(i1) If K1 =0 then (1.9) has solutions if and only if

N4+a+p(N—-2)>0 and o<-2, (1.10)
and all solutions of (1.9) are singular at points of K.
Finally, we consider the special case K = {0} and describe the solution set of
—Au=op(|z))f(u) in RV )\ {0}. (1.11)

For a large class of functions ¢, we show that any C? positive solution of (1.11)
(if exists) is radially symmetric. Furthermore, the solution set of (1.11) consists of
a two-parameter family of radially symmetric functions.

Theorem 1.6. Suppose that f and ¢ are as in Theorem 1.4 and that ¢ satisfies
(1.6)-(1.7) for all a > 0. Then :

(i) for any a,b > 0 there exists a radially symmetric positive solution uqp of
(1.11) such that

lim 2|V 2ugp(r) =a and lm wugp(z) = 0. (1.12)

(i1) the set of positive solutions of equation (1.11) consists only of {uq = a,b > 0}.
In particular, any C? positive solution of (1.11) is radially symmetric.

We point out that if N = 2 then (1.11) has no C? positive solutions. More
precisely, if u € C?(R? \ {0}) satisfies —Au > 0, u > 0 in R?\ {0}, then u is
constant (see [17, Theorem 29, page 130]). A direct consequence of Theorem 1.6 is
the following;:

Corollary 1.7. Let a € R, p > 0. Then, the equation
—Au=|z[*v"? in RN\ {0}, N >3, (1.13)

has positive solutions if and only if (1.10) holds. In this case, we have the same
conclusion as in Theorem 1.6 and the function

. —(1+p)? V) (2+a)/(1+p) N
€)= | mrsow g v Ta] . 2 eRY\ {0},
(1.14)
is the minimal solution of (1.13).
Using Theorem 1.6 we also obtain:
Corollary 1.8. Let o € R, 8,p > 0. Then, the equation
—Au = |z|*log” (1 + |z))u™ n RV \ {0}, N >3, (1.15)
has solutions if and only if
N+a+B8+p(N—-2)>0 and «a<-2. (1.16)

Furthermore, if (1.16) holds, then:
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(i) the set of positive solutions of (1.15) consists of a two-parameter family of
radially symmetric functions as described in Theorem 1.6;

(ii) the minimal solution of (1.15) has a removable singularity at the origin if and
only if a + 5 > —2.

The outline of the paper is as follows. In the next section we collect some pre-
liminary results concerning elliptic boundary value problems in bounded domains
involving the distance function up to the boundary. The last four sections of the
paper are devoted to the proofs of Theorems 1.1, 1.2, 1.4 and 1.6 respectively.

2. Preliminary results

In this part we obtain some results for related elliptic problems in bounded domains
that will be further used in the sequel. We start with the following comparison
result.

Lemma 2.1. Let Q C RY (N > 2) be a nonempty open set and g : Q x (0,00) —
(0,00) be a continuous function such that g(x,-) is decreasing for all x € Q. Assume
that u,v are C? positive functions that satisfy

Au+g(z,u) <0< Av+g(z,v)  in Q,

lim  (v(z) —u(x)) <0  for ally € 0°°0N.
T€EQ, x>y

Then u > v in Q. (Here 98 stands for the Euclidean boundary 0 if Q is bounded
and for 0Q U {oo} if Q is unbounded)

Proof. Assume by contradiction that the set w:= {z € Q : u(z) < v(z)} is not
empty and let w := v — u. Since limgcq, z—y w(z) < 0 for all y € 9°°Q, it follows
that w is bounded from above and it achieves its maximum on 2 at a point that
belongs to w. At that point, say xg, we have

0 < —Aw(zg) < g(zo,v(x0)) — g(z0, u(xg)) < 0,
which is a contradiction. Therefore, w = ), that is, u > v in Q. O

Lemma 2.2. Let Q C RY (N > 2) be a bounded domain with C? boundary and let
g:Qx(0,00) = (0,00) be a Hélder continuous function such that for all x €  we
have g(z,-) € C1(0,00) and g(x,-) is decreasing. Then, for any ¢ € C(99), ¢ > 0,
the problem

{ —Au=g(z,u), u>0 in €, 2.1)

u=¢(x) on 09,
has a unique solution u € C*(Q) N C(Q).

Proof. For all n > 1 consider the following perturbed problem

fAu:g(x,u+l),u>0 in Q,
n
u=¢(x) on 0§).
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It is easy to see that u = 0 is a sub-solution. To construct a super-solution, let w
be the solution of
“Aw=1,w>0 in Q,
w=20 on 0f).

Then @ = Mw + ||¢|| + 1 is a super-solution of (2.2) provided M > 1 is large
enough. Thus, by sub and super-solution method and Lemma 2.1, there exists a
unique solution u,, € C?(2)NC(Q) of (2.2). Furthermore, since g(z, -) is decreasing,
by Lemma 2.1 we deduce

U <up <+ <wu, <---<uw inQ, (2.3)

1 1
i u+—— Q. 2.4
Un + o Z gy oy in (2.4)

Hence {u,(z)} is increasing and bounded for all z € Q. Letting u(z) := lim, o0 un (),
a standard bootstrap argument (see [5], [12]) implies u, — u in C? () so that
passing to the limit in (2.2) we deduce —Au = g(z, ) in Q. From (2.3) and (2.4) we
obtain u, + 1/n > u > u,, in €, for all n > 1. This yields u € C(Q) and u = ¢(x)
on ). Therefore u € C?(Q) N C(Q) is a solution of (2.1). The uniqueness follows
from Lemma 2.1. O

Lemma 2.3 and Lemma 2.4 below extend the existence results obtained in [4, 8, 9].

Lemma 2.3. Let Q C RN (N > 2) be a bounded domain with C? boundary. Also
let o € C%7(0,00) (0 <~y < 1) and f € C*(0,00) be positive functions such that:

(i) f is decreasing;
1) @ is nonincreasing and L ro(r)dr < .
0

Then, the problem

(2.5)

—Au = (0 (x))f(u), u>0 in Q,
u=20 on 0,

has a unique solution u € C?(2) N C(Q). Furthermore, there exist c1,ca > 0 and
0 < ro <1 such that the unique solution u of (2.5) satisfies

<co in{reQ:0<dglz) <re}, (2.6)

where H : [0,1] — (0,00) is the unique solution of (1.5).

Proof. Let (A1, e1) be the first eigenvalue and the first eigenfunction of —A in
subject to Dirichlet boundary condition. It is well known that e; has constant sign
in  so that normalizing, we may assume that e; > 0 in Q. Also, since 2 has a C?
boundary, we have de; /0v < 0 on 92 and

Cia(z) <er(xz) < Cydq(x) in Q, (2.7)
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where v is the outward unit normal at 92 and C4, C5 are two positive constants. We
claim that there exist M > 1 and ¢ > 0 such that w = M H(ce;) is a super-solution
of (2.5). First, since the solution H of (1.5) is positive and concave, we can find
0 < a < 1 such that H > 0 on (0, a]. Let ¢ > 0 be such that

cei(z) < min{a,dq(x)} in Q.
Then
—AT = —Mc*H"(ce1)|Ver|* + McAie H (cey)
= Mc®p(cer) f(H(ce1))|Ver|* + Mchyer H' (cer) (2.8)
> Mc2p(5q(x)) f(@)|Ver|* + MchierH (ce;)  in Q.

Since e; > 0 in 2 and de; /v < 0 on 02, we can find d > 0 and a subdomain
w CC £ such that

[Ver| >d in Q\w.

Therefore, from (2.8) we obtain
—AT > MAd%o(6a(x)) f(@)  in Q\w, —Au > MchietH' (cer)  inw. (2.9)
Now, we choose M > 0 large enough such that
Mc*d* >1 and McheiH' (cer) > o(6a(z))f(@) in w. (2.10)

Note that the last relation in (2.10) is possible since in w the right side of the
inequality is bounded and the left side is bounded away from zero. Thus, from (2.9)
and (2.10), @ is a super-solution for (2.5). Similarly, we can choose m > 0 small
enough such that u = mH(ce;) is a sub-solution of (2.5). Therefore, by the sub and
super-solution method we find a solution v € C?(Q) N C(Q) such that u < u <7
in Q. The uniqueness follows from Lemma 2.1. In order to prove the boundary
estimate (2.6), note first that ce; < do(x) in Q so

u(z) <u(z) < MH(0q(z)) in{zreQ:0<dq(zr) <a}.

On the other hand, since H is concave and H(0) = 0, we easily derive that ¢ —
H(t)/t is decreasing on (0, 1). Also we can assume cCy < 1. Thus,

u(x) > mH(cer) > mH(cC1dq(x)) > meCrH (6g(x)),

for all x € Q with 0 < dq(z) < 1. The proof of Lemma 2.3 is now complete. O

Lemma 2.4. Let K C RN (N > 2) be a compact set, @ C RY be a bounded domain
such that K C Q and Q\ K is connected and has C? boundary. Let ¢ and f be as
in Lemma 2.3. Then, there exists a unique solution u € C*(Q\ K)NC(Q\ int(K))
of the problem

(2.11)

—Au = @0k (z))f(u), u>0 in Q\ K,
u=0 on I(Q\ K).
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Furthermore, there exist c1,co > 0 and 0 < rg < 1 such that the unique solution u
of (2.11) satisfies

clgmgq in{r e Q\K:0<0g(z) <ro}, (2.12)

where H 1is the unique solution of (1.5).

Proof. According to Lemma 2.3 there exists v € C2(Q\ K)NC(Q\ K) such that

—Av = p(do\g () f(v), v >0 in 0\ K,
v=0 on 0(2\ K),

which further satisfies

v(z) : ,
01§m§02 mn {xGQ\KO<§Q\K(x)<p0}, (213)

for some 0 < pgp < 1 and c¢1,c2 > 0. Since 0k (x) > do\ () for all 2 € 2\ K and
 is nonincreasing, it is easy to see that © = v is a super-solution of (2.11). Also it
is not difficult to see that u = mw is a sub-solution to (2.11) for m > 0 sufficiently
small, where w satisfies

“Aw=1,w>0 in 0\ K,
w =70 on 0(N\ K).

Using Lemma 2.1 we have u < @ in Q \ K. Therefore, there exists a solution
ue€ CHQ\K)NnC(Q\ int(K)) of (2.11). As before, the uniqueness follows from
Lemma 2.1. In order to prove (2.12), let 0 < ro < pg be small such that

wi={r e NK:0<dg(x)<ro} CCQ and Jo\k(x)=0k(x) forallzcw.
Then, from (2.13) we have
u<u < eaH(0k(z)) inw.
For the remaining part of (2.12), let M > 1 be such that Mu > v on dw \ IK. Also
—A(Mu) = M (@) f(u) > p(0rc () (M) n .

By Lemma 2.1 we have Mu > v in w and from (2.13) we obtain the first inequality
in (2.12). This concludes the proof. 0

The following result is a direct consequence of Lemma 2.4.

Lemma 2.5. Let K1, Ko, L C RN (N > 2) be three compact sets (see Figure 1)
such that

KiNL=0, KycCint(L), Kji,L are the closure of C% domains.
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Figure 1. The compact sets K1, K2 and L.

Also let Q@ € RY be a bounded domain with C? boundary such that K1 UL C Q)
and Q\ (K1 U L) is connected. Let o, f be as in Lemma 2.3. Then, there exists a
unique solution

ue C*Q\ (K UL)NC(Q\ int(K, UL))
of the problem

—Au = (0K, UK, () f(u), u>0 in Q\ (K1 UL),
{ u=0 on I(Q\ (K, UL)). (2.14)

Furthermore, there exist c1,co > 0 and 0 < rq < 1 such that the unique solution u
of problem (2.14) satisfies

u(z) , .
clgmgq in{xe Q\(K1UL):0< kg, (z) <70}, (2.15)

where H 1is the unique solution of (1.5).

Proof. By Lemma 2.4 there exists a unique v € C2(Q\ (K;UL))NC(Q\int(K; U
L)) such that

—Av = p(0k,ur(x))f(v), v>0 in Q\ (K UL),
v=20 on 9(Q\ (KL UL)).

Since 0x,urL(z) < 0k, uk, (z) in Q\ (K7 UL) and ¢ is nonincreasing, we derive that
u = v is a super-solution of (2.14). As a sub-solution we use v = mw where m is
sufficiently small and w satisfies

“Aw=1, w>0 inQ\ (K;UL),
w=0 on O(\ (K1 UL)).
Therefore, problem (2.14) has a solution w. The uniqueness follows from Lemma

2.1 while the asymptotic behavior of v around K is obtained in the same manner
as in Lemma 2.4. This ends the proof. 0

Several times in this paper we shall use the following elementary results that
provide an equivalent integral condition to (1.2).
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Lemma 2.6. Let N > 3 and ¢ : (0,00) — [0,00) be a continuous function.

(z)/ dr<oozfand0nlyzf/ - N/ N=1p(s)dsdt < oo;
(zz)/ dr<oozfandonlyzf/ - N/ N=1p(s)dsdt < oo;

(m)/ dr<oozfcmdonlyzf/ - N/ N=1o(s)dsdt < oo;

Proof. We prove only (i). The proof of (ii) is similar, while (iii) follows from
(1)-(i).

Assume first that fol ro(r)dr < co. Integrating by parts we have

L 1 1 N[y
1- —1 _ 2— —1
/Ot /08 o(s)dsdt = N_32), (t )/08 o(s)dsdt
L ! b ono
1
(t)

1
to(t)dt < .
N—2/O ¥ o

IN

Conversely, for 0 < & < 1/2 we have

/th/Nl s)dsdt = <— 2(
(

v

/1 to(t)dt — /01 tN=Lp(t)dt + 27N /0 tle(t)dt>
/

1 to(t)dt — /: tN1<p(t)dt>

(1 —tN"Dtp(t)dt

> (1 ) / P oty

Passing to the limit with & N\, 0 we deduce fo to(t)dt < oo. This concludes the
proof of Lemma 2.6. O

Il
ZH
[\

E—

3. Proof of Theorem 1.1

We start first with two nonexistence results that will help us to prove the necessity
part in Theorem 1.1.

Proposition 3.1. Let ¢ : (0,00) — [0,00) and f : (0,00) — (0,00) be continuous
functions such that:

(i) @(r) is monotone for r large;



Singular elliptic inequalities in the exterior of a compact set 11
(i) [ ro(r)dr = oo;

Then, for any compact set K C RN (N > 3) there does not exist a C? positive
solution u(x) of (1.1).

Proof. 1Tt is easy to construct a C' function g : [0,00) — (0,00) such that
g < fin (0,00) and ¢’ is negative and nondecreasing. Therefore, we may assume
f:10,00) — (0,00) is of class C* and f’ is negative and nondecreasing.

Suppose for contradiction that u(x) is a C? positive solution of (1.1). By trans-
lation, we may assume that 0 € K. Choose ry > 0 such that

K C B,,/2(0), ©(ro/2) >0, and ¢ is monotone on [ry/2,00).
Define ) : [rg/2,00) — (0,00) by

. 50(7") if ¢ is nonincreasing for r > 7“0/2>
Y(r)= min  ¢(p) = o i
ro/2<psr #(ro/2)  if ¢ is nondecreasing for r > ro/2.

Then f:)o ri(r)dr = co. Also, since r9/2 < i (x) < |z for all z € RV \ B, (0), we
have

(k@) = vlal) for all z € RY \ By, (0).
Thus, the solution u of (1.1) satisfies
—Au > () f (@) i RN\ By (0). (3.1)
Averaging (3.1) and using Jensen’s inequality, we get

n —

(@) + "R () 2 e (@) for all 7> 1. (3.2)

,
Here @ is the spherical average of u, that is

1
onrN-1

a(r) = /aBr(o) u(z) do(x), (3.3)

where o denotes the surface area measure in RY and on = ¢(9B1(0)).
Making in (3.2) the change of variables (r) = v(p), p = r>~V we get

1 _ _ _
“(0) 2 g O ) F(p) for al 0<p <

where py = rng . Since v is concave down and positive, v is bounded for 0 < p < pg.

Hence f(v(p)) > (N —2)2C for some positive constant C. Consequently

—v"(p) = Cp*N=D/C=Np(pt/ =Ny for all 0 < p < p.
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Integrating this inequality twice we get

PO
00 > / v'(p) dp — pov’(po)
0

Po PO
> C/ / [72(]\,71)/(271\[)7/1([71/(271\’))dﬁdp
= o ;

PO
_ /O ﬁ1+2(N )/(27N)1/}(ﬁ1/(27N)) dﬁ

-1
— (N72)C’/Oom/)(r)dr:oo.

0

This contradiction completes the proof. O

Proposition 3.2. Let ¢ : (0,00) — [0,00) and f : (0,00) — (0,00) be continuous
functions such that

(i) liminfy o f(t) > 0;
(ii) fol ro(r) dr = co.
Then there does not exist a C? positive solution u(x) of
—Au > p(0a(x)f(u) in{reRV\Q:0<dq(x) <2ro}, N>2,  (34)
where Q is a C? bounded domain in RN and ro > 0.

For the proof of Proposition 3.2 we shall use the following lemma concerning the
geometry of a C? bounded domain. One can prove it using the methods from [13,
page 96].

Lemma 3.3. Let Q be a C? bounded domain in RN, N > 2, such that RN \ Q is
connected. Then, there exists ro > 0 such that
(i) Q.:={z € RN : dist(x,Q) < 7} is a C' domain for each 0 < r < ry;

(i3) for 0 <1 < rq the function T(-,7) : 0Q — RN defined by T(&,1) = & + i,
where ne is the outward unit normal to OQ at &, is a C' diffeomorphism
from 02 onto 09, (onto O if r = 0) whose volume magnification factor
(i.e., the absolute value of its Jacobian determinant) J(-,r): 0Q — (0,00) is
continuous on 92 and C°° with respect to r;

(iii) if nr(e,r) is the unit outward normal to 0Q, at T'(&,r) then np .y and ne are
equal (but have different base points) for € € 9Q and 0 < r < rg.

Proof. | Proof of Proposition 3.2] Without loss of generality we can assume RY \ Q)
is connected. Suppose for contradiction that u(z) is a C? positive solution of (3.4).
By decreasing rq if necessary, the conclusion of Lemma 3.3 holds.

Lemma 3.4. The function

o(r) = /8 ul)do(e). 0<r<mm,
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1s continuously differentiable and there exists a positive constant C such that

gr—/ —da
o,

where 1 is the outward unit normal to 082,..

< Cg(r) forall0<r<rg,

Proof. [Proof of Lemma 3.4] By Lemma 3.3 we have

g(r) = /8Q w(+rne)J (€, r)do(§)  forall 0 <r <rg,

g = / o (st + )| S6r) o)+ [t rne)nier aote)
- [ Gr@as)+ [ ) HED doto)

for all 0 < r < rg, where in the last integral £ = z — rn¢ € 9. Since, by Lemma
3.3, J(&,r) is positive and continuous for £ € 9Q and 0 < r < ro and J.(&,r) is
continuous there, we see that Lemma 3.4 follows from (3.5). O

(3.5)

We now come back to the proof of Proposition 3.2. For 0 < r < ry we have

ou Ju
0= /Q,.O\Q,. ~hule) dv = /ag % do(z) - /asz % do(@) (3.6)

g (r)+Cg(r)+C
for some positive constant C' by Lemma 3.4. Hence
(ecr(g(r) + 1)>/ >0 forall 0<r <rg,
and integrating this inequality over [r, 9] we obtain
g(r) < e (g(rg) +1) =1 <0y forall 0 <r <rg (3.7)

and for some C; > 0. Thus

1 _ g(r)
901 Joo, u(z)do(x) =

U(r):=

is bounded for 0 < r < rg. Consequently, by the assumption (i) of f, it follows that
10Q,|f(U(p)) >e>0 forall 0<p<mg. (3.8)

As in the proof of Proposition 3.1, we may assume that f : [0,00) — (0,00) is of
class C1 and f’ is negative and nondecreaslng. From (3.4), (3.6)-(3.8) and Jensen’s
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inequality we now obtain

g(r)+Cy > / —Audx

Qo \ 2

> / o) [ S o)
> / " o(0)|O9, £ (U (p)) dp
Zs/rogo(p)dp for all 0 < r < rg.

Integrating over [r,ro] in the above estimate we find
7o 7o
g(ro) — g(r) + Carg > 5/ / w(p)dpds
TTO ° To
:5/ (p—r)w(p)dp%a/o pp(p)dp =00 asr 0,

T

which contradicts g > 0 and completes the proof. O

Proof of Theorem 1.1 The necessity of (1.2) follows from Propositions 3.1 and
3.2. To prove the sufficiency part we shall separately analyse the cases Ko = () and

Koy # 0.

3.1. Case K, =0
Assume first that RV \ K is connected and let 0 < p < R be such that K C B,(0).
By Lemma 2.4 there exists
we CX(B,(0)\ K) N C(B,(0) \ int(K))
such that
—Au= @0k (x))f(u), u>0 in B,(0) \ K,

u=0 on 9(B,(0) \ K). (39)

We next construct a solution v of (1.1) in a neighborhood of infinity. To this aim,
let

e8] t
A(r) = / tl_N/ sN"ro(s — p)dsdt  for all ¥ > R.
T R

Since f;o ro(r — p)dr < oo, by Lemma 2.6 we have that A is well defined for all
r > R. Also, it is easy to check that

—AA(jz]) = ¢(lz[ —p) i R\ Bg(0).
Since the mapping

[0, 00) Btn—>/0 ﬁdse [0, 0)
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is bijective, we can define v : RV \ Bg(0) — (0, 00) implicitly as the unique solution
of

v(x) 1 B N
/0 Tt = Alal) for all z € RY \ Br(0). (3.10)

Then, using the properties of A we deduce that v € C?(RN \ B(0)), v > 0 and
v(x) = 0 as |z| — oco. Further from (3.10) we obtain

VA(z|) = Lo RN\ Br(0),

f(v)
and
e Al = O o - L AL i RN

Since f is decreasing, we have f/ < 0 which implies

—Av > (2] = p)f(v) i RN\ Br(0),

Therefore, v € C*(RN \ Br(0)) satisfies

{AU > o0k (@)f(v), v>0  inRY\ Bg(0), (3.11)

v(z) =0 as |z| — oc.

Let now 0 < py < p be such that K C B,,(0) and let u, v be the solutions of (3.9)
and (3.11) respectively. Consider

w : (Bp, (0) \ int(K)) U (RY \ Br(0)) = [0, 00),
defined by
w(z) = u(z) if € B, (0) \ int(K), w(z)=v(z)if z € R\ Bgr(0).

Let W be a positive C? extension of w to RV \ K. We claim that there exists M > 0
large enough such that

Ulz) =W(z)+ M1+ |22 2 eRY\ int(K) (3.12)

satisfies (1.1). Indeed, since (1 4 |z|?)2~N)/2 is superharmonic, this condition is
already satisfied in B,,(0) \ K and RY \ Bg(0). In Bg(0) \ B,,(0) we use the fact
that —A(1 4 |2|?)2=N)/2 is positive and bounded away from zero. Therefore we
have constructed a solution U € C?(RN \ K) N C(RY \ int(K)) of (1.1) that tends
to zero at infinity.

Assume now that RY \ K is not connected. We shall construct a solution to (1.1)
by considering each component of R \ K. Note that since K is compact, RV \ K
has only one unbounded component on which we proceed as above. Since ¢ satisfies
(1.2), by Lemma 2.3, on each bounded component of RV \ K we construct a solution
of —Au = p(dx(z))f(u) that vanishes continuously on the boundary and has the
behavior described by (1.4).
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3.2. Case Ky # 0

Proceeding in the same manner as above (see (3.12)) we can find a function

UeC*RY\ K1) nCRY \ int(K1))

such that
—AU > (6, (2))f(U), U >0 in RV \ K, (3.13)
U(z) =0 as |z| — oo. )
We next construct a function V € C?(RN \ K5) N C(RY) such that
—AV > @(6K2(x))f(v)v V>0 in RY \ K,
(3.14)
V(z) =0 as |z| — oo.

Using (1.2) and Lemma 2.6(iii), the function

oo t
D(r) = / tlfN/ sN"lo(s)dsdt  for all r > 0,
r 0
is well defined and —AD(|z|) = ¢(]z|) in RV \ {0}. We next define v : RN — (0, 00)
by

v(z) 1
——dt=D(|z|) for all z € RY.
[ = o

Using the same arguments as in the previous case we have v € C2(RV\{0})NC(RY)
and

{ ~Av> () fv), v>0  inRY\ {0}, (3.15)

v(z) =0 as |z| — oo.

Let now V : RY — (0, 00) defined by

V(z) = Z v(x — a).

ac Ko

By (3.15) we have V € C?(RY \ K3) N C(RY), V(z) — 0 as || — oo and

AV(@) == Y Avw—a) > Y elle - a) fo(e - a))

acKy ac Ky
> (3 elle —a) ) f(V(@) > e(min [o— a) f(V (@)
a€Ko

= 00k, (x))f(V(x)) forall z € RN\ Ky.
Therefore, V fulfills (3.14). Now

W:=U+V:RV\K >R (3.16)
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satisfies W(z) — 0 as |z| — oo and

#(616, (@)F (V) + (01, (1) £ (V)
(261, (2)) + (s (@) F(W)
o (min{o, (@), 31 (2)}) SOV
o0 (2))f(W) forall z € RV \ K.

—AW (z)

(AVARIYS

I \%

Thus, W is a solution of (1.1) and the proof of Theorem 1.1 is now complete. [

Remark. The approach in Theorem 1.1 can be used to study the inequality (1.1)
in some cases where the compact set K consists of infinitely many components all
of them with C? boundary. For instance, it is easy to see that the same arguments
apply for compact sets K of the form

1
1<|a;<1+}

2n

_ N .
K_Bl(O)UU{xeR o

n>1

or
K =0B1(0)U | ] 9B141/4(0).

n>1

4. Proof of Theorem 1.2
4.1. Case Ko =0

We shall assume that RY \ K is connected as using the arguments in the proof
of Theorem 1.1 on any bounded component of RV \ K we can construct a solution
of —Au = p(dx(x))f(u) that vanishes continuously on its boundary and has the
behavior described by (1.4).

According to Lemma 2.4, for any n > 1 there exists a unique

un € C*(Br4n(0) \ K) N C(Bren(0) \ int(K))

such that

(4.1)

—Au, = (0 (z)) f(un), up >0 in Bryn(0)\ K,
U, =0 on O(Br4+n(0)\ K).

We extend u,, = 0 on R \ Br;,(0) and by Lemma 2.1 we have that {u,} is a
nondecreasing sequence of functions and u, < U in RV \ K. Let

a(z) = lim u,(z) for all z € RN \ int(K).

n— oo

By standard elliptic arguments, we have % € C?(RY \ K) and
A= (@) () BV K

We next prove that @ vanishes continuously on 0K.
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Let u; be the unique solution of (4.1) withn =1 and w :={z e RN\ K : 0 <
dx(x) < 1}. Since both u; and @ are continuous and positive on dw \ K, one can
find M > 1 such that Mu; > @ on dw \ K. Now, using the fact that the sequence
{u,} is nondecreasing, this also yields Mu; > u, on dw \ K, for all n > 1. The
above inequality also holds true on 0K (since uy and u, are zero there). Therefore
Muy > u, on Qw for all n > 1 which by the comparison result in Lemma 2.1 (note
that the function Mu, satisfies (1.1) in w) gives

Muy > u, inw,

for all n > 1. Passing to the limit with n — oo in the above estimate, we obtain
Muy > 4 in w and since u; vanishes continuously on 0K, so does .

The boundary behavior of % near K follows from the fact that u; < 4 < Mwu; in
w and wu; satisfies (2.12). From Lemma 2.1 we obtain that any solution u of (1.1)
satisfies u > u,, in RV \ K which implies v > @. Hence, @ is the minimal solution
of (1.1).

4.2. Case Ky # 0

Using, if necessary, a dilation argument, we can assume that dist(K7, K3) > 2
and the distance between any two distinct points of K» is greater than 2. We fix
R > 0 large enough such that

K1 U | Bila) € Br(0).
ac Ko

We now apply Lemma 2.5 for L = {J,cf, By /n(a) and Q = Brin(a). Thus, there
exists a unique solution u,, of

~ Aty = Ok (@) f (), un >0 in Bria(0)\ (K10 | Buml@)),

ac Ko
Up =0 on OBryn(0) UOKL U | ] 9By /n(a).
ac Ko
(4.2)

Extending u,, = 0 outside of Bry,(0) \ U,cx, B1/n(a), by Lemma 2.1 we obtain
0<u; <up <<y Stupgpy < inIRN\K-

By Lemma 2.1 we obtain u, < W in RY \ K, where W is defined by (3.16).
Thus, passing to the limit in (4.2) and by elliptic arguments, we obtain that @ :=
lim,, o u,, satisfies

~Au = p(dx(2))f(@) nRY\K.

The fact that @ is minimal, vanishes continuously on dK; and has the behavior
near 0K as described by (1.4) follows exactly in the same way as in the proof of
Theorem 1.1.

It remains to prove that @ can be continuously extended at any point of K5 and
@ > 0 on Ks. To this aim, we state and prove the following auxiliary results.
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Lemma 4.1. Let r > 0 and v € RV \ dB,.(0), N > 3. Then

1

1 / 1 || N =2
_ oy =
ontNt Jop, (o) |z —yIN 2 1

FN-2

if |x| >,

if x| <

Proof. [Proof of Lemma 4.1] Suppose first |z| > 7. Then u(y) = |y — x>~V is
harmonic in B,1.(0), for € > 0 small. By the mean value theorem we have

1 / 1 1
- - ———do(y) =u(0) = ——.
TNt Jop o o=y 2 oW =40 = o=

Assume now |z| < r. Since

1 1
S .
o) = oy | )

is harmonic and radially symmetric, it follows that v is constant in B,(0). Thus
v(z) = v(0) = r2=N for x € B,(0). O
Lemma 4.2. Let u be a C? positive solution of
—Au >0 in By, (0)\ {0}, N >2.
Then -
u(z) >m = lrr‘lin u(y) for all x € B,,(0)\ {0}.
Y|=ri
Proof. [Proof of Lemma 4.2] For 0 < rg < r; define v,, : RV \ {0} — R by
m(®(ro) — ®(|z[))
Uy (T) = )
(@) D(ro) — ®(r1)

where
log — if N =2
O(r) = 1 "
N3 if N > 3.

Then v, is harmonic in R \ {0} and v,, < u on dB,, (0) UdB,,(0). Thus, by the

maximum principle, v, < u in B, (0) \ By, (0). Fix € B,,(0) \ {0}. Then, for
0 < 7 < |z| we have u(x) > v (x) = m as ro N\, 0. This concludes the proof. O

Lemma 4.3. Let g, f : (0,00) — [0,00) be continuous functions such that fol ro(r)dr <
o0. Suppose that u is a C? positive bounded solution of —Au = ¢(|z|)f(u) in a
punctured neighborhood of the origin in RN, N > 3. Then, for some L > 0 we have
u(z) = L as ¢ — 0.

Proof. [Proof of Lemma 4.3] By Lemma 4.2 we can find 79 > 0 small such that u
is bounded away from zero in B, (0) \ {0}. Hence, for some M > 0 we have

flu(z)) <M in B, (0)\ {0}. (4.3)
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For z € RN let (0)f (uw)
1 e(y)f(uly
ON JB,,(0) |z -y

I(x) = /0’“0 F(z,r)dr, where F(x,r)= #(r) /(7\ Mda(y).

ON JoB,(0) |z —y[N—2
Since, by (4.3) and Lemma 4.1 we have
(i) F(z,7) < Mro(r) for x € RY and 0 < r < rg;
(ii) fy° re(r)dr < oo;
(iii) F(z,r) — F(0,r) as x — 0 pointwise for 0 < r < 7o,
it follows that I is bounded in RY and by the dominated convergence theorem,
I(x) - I1(0) asz —0. (4.4)

Since v := u— 5151 is harmonic and bounded in By, (0)\ {0}, it is well known that
lim, o v(z) exists. Thus, by (4.4), lim,_,o u(x) exists and is finite. O

Now, the fact that the minimal solution @ can be continuously extended on Ko
and @ > 0 on K> follows by applying Lemma 4.3 for each point of K. This finishes
the proof of Theorem 1.1. O

Remark. The existence of a positive ground state solution in the exterior of a
compact set is a particular feature of the case NV > 3. Such solutions do not exist
in dimension N = 2. Indeed, suppose that u is a C? positive solution of

~Au>0 inR*\K, u(z)—=0 asl|z|— oo,

where K C R? is a compact set, not necessarily with smooth boundary. Choose
7o > 0 such that K C B,,(0) and let m = minj,—,, u(x) > 0. For each r; > 7o
define

1 —1
b (R0} S R, v, (o) = TN 08 1T])

logry — logrg
Then

vy, is harmonic in R?\ {0}, v,, =m on 8B,,(0), v, =0 on dB,,(0).
Let w,, () = u(x) — v, (z), z € RV \ B,,(0). Thus,
—Aw,, = —=Au>0 in B, (0)\ B, (0), w, >0 on dB,,(0)UdB,,(0).

By maximum principle it follows that w,, > 0 in B, (0) \ By,(0), that is u(z) >
vp, (%) in By, (0) \ Br, (0).

Let now z € R?\ B,,(0) be fixed. Then, for r; > |z| we have
u(z) > vp (r) > m  asr — oo,

so u(x) > m in R?\ B, (0), which contradicts u(z) — 0 as |z| — oc.
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5. Proof of Theorem 1.4

Assume first that (1.1) has a C? positive solution u. From Proposition 3.1 it follows
that floo ro(r)dr < oco. By translation one may assume that 0 € K and fix rq > 0
such that dx () = |z| for 0 < |z| < ro. Let now u, be the image of u through the
Kelvin transform, that is,

u (@) = |22 Nu (IafIQ) . w€RY\ By, (0). (5.1)

Then wu, satisfies

e ()1 (3)
a2y (ﬂ) P& 2un(@)) i RN\ By (0).

By taking the spherical average of u and then using the change of variable p = r2=

as in the proof of Proposition 3.1 (note that here we do not need () to be monotone
for small values of r > 0) we deduce

/OO 1 Ny (1) flatN=2)dt < 0.
1

Now with the change of variable r = ¢t~1, 0 < 7 < 1 we derive the condition (1.7).

Conversely, assume now that (1.6)-(1.7) hold and let us construct a solution to
(1.1) in the case K = {0}. This will follow from lemma below.

Lemma 5.1. Let a > 0 be such that (1.6) and (1.7) hold. Then for all b > 0 there
exists a radially symmetric function v, € C2(RN \ {0}) such that

—Avap > ¢(|2]) f(vap) in RV \ {0},
and
lim |z|¥ v, 4(2) =a, lim w,p(z) =b.
|z|—0 |z]—o00
Proof. Let ug(r) = ar®>~N + b, 7 > 0 and for all n > 1 define inductively the

sequence

r) =wug+ /00 tl_N/O sV o(s) f(un_1(s))dsdt, 1> 0. (5.2)

Remark first that w, is well defined since u,_1 > ug and by Lemma 2.6 we have

/ - N/ N=Lo(8) fln -1 ( dsdt</ - N/ N=1, uo(s))dsdt

< [T retsta <>>dr</r1f o(r) far )dr+f()/ S < o

0 0 1
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A straightforward induction argument yields

Ul 2 Ugp—1 = U2pt] = U2p = U2p—2 = Ug, (5.3)

for alln > 1. Thus, there exists u(r) := lim,,— o0 U2, (r) and v(r) 1= lim,— o0 Uzp—1(7),
r > 0. Passing to the limit in (5.2) and (5.3) we find

u(r) = up + /00 tl_N/O sN_lgo(s)f(v(s))dsdt, r >0,

- ; (5.4)
v(r) = ug —|—/ tlfN/ sV o(s) f(u(s))dsdt, >0,
r 0
and v > u. Thus V(z) = v(|z|) satisfies
—AV(z) = o(|)) f(ull2]) > ¢(|z) f(V(z))  in RV {0}.
Since the integrals in (5.4) are finite, it is easy to check that
lim |z 2V(z)=a, lim V(z)=>0.
|z]—0 || =00
Therefore, v, = V satisfies the requirements in Lemma 5.1. 0

If K is a finite set of points and V is any solution of —AV > o(|z])f(V) in
RN \ {0} then U(z) = > yex V(z —y) is a solution of (1.1). This concludes our
proof.

Under the conditions (1.6)-(1.7), the existence of the minimal solution @ of (1.1)
is obtained with the same proof as in Theorem 1.1. Note that u is obtained as a
pointwise limit of the sequence {u,} where u,, satisfies (4.2) in which K; = () and
K; = K. It remains to prove that u can be continuously extended to a positive
continuous function in RY if and only if fol ro(r)dr < oo.

Assume first that the minimal solution @ of (1.1) is bounded. Using a translation
argument, one can also assume that 0 € K. Fix ro > 0 such that dx(z) = |z| for
all x € B,,(0). Then averaging (1.1) we obtain

—(TN_lfLI(T))I Z CTN_lgO(T‘) for all 0 <r S To, (55>

where ¢ > 0. Hence rV =1/ (r) is decreasing and its limit as r N\, 0 must be zero for
otherwise t—and hence u—would be unbounded for small » > 0. Thus integrating
(5.5) twice we obtain

70 t
oo > (limsupﬂ(r)) —a(rg) > c/ tl_N/ sVl (s)dsdt,
N0 0 0

which by Lemma 2.6(ii) yields fol ro(r)dr < co.

Assume now that fol ro(r)dr < co. The conclusion will follow by Lemma 4.3 once
we prove that @ is bounded around each point of K. Again by translation and a
scaling argument we may assume that 0 € K and dx (z) = |z| for all z € B1(0). Set

2 ¢
v(z) =M tlfN/ sN7lo(s)dsdt,  for all x € By(0).
|z 0



Singular elliptic inequalities in the exterior of a compact set 23
By Lemma 2.6(i), v is bounded and positive in By(0) and

—Av(z) = Mo(|z[) = Mp(dx () in B1(0)\{0}. (5.6)
Therefore, we can take M > 1 large enough such that
—Av(z) > o0k (z))f(v(x)) in B1(0)\{0} and wv>a ondB1(0). (5.7)

Let u,, be the solution of (4.2) with K; = () and K> = K. Recall that {u,,} converges
pointwise to @. Since @ > u, in RY \ K, from (5.7) we have v > u, on B;(0).
According to the definition of u,,, this inequality also holds true on 9B /,,(0). Now,
by (5.7) and Lemma 2.1 it follows that v > wu,, in B1(0) \ By, (0). Passing to the
limit with n — oo it follows that v > @ in B1(0) \ {0} and so, @ is bounded around
zero. Proceeding similarly we derive that @ is bounded around every point of K. By
Lemma 4.3 we now obtain that @ can be continuously extended on K. This finishes
the proof of Theorem 1.4.

O

6. Proof of Theorem 1.6

We shall divide our arguments into three steps.

Step 1: There exists a minimal solution ¢ : RY \ {0} — (0, 00) which in addition
satisfies
lim |2[V"2¢(z) =0 and lim &(z)=0. (6.1)
T

|z|—0 || =00

Indeed, by Lemma 2.2 there exists a unique function &, such that
A& = (2D f(&), € >0 in Ba(0)\ Byya(0), 62)
£, =0 on 9B, (0) UBy,,(0). '

By uniqueness, it also follows that &, is radially symmetric. We next extend &, = 0
outside By, (0) \ Bi/,,(0). Now, by Lemma 2.1 we have that {¢,} is nondecreasing.
For any € > 0, let v, be the function constructed in Lemma 5.1 for ¢ = ¢ and b = €.
Then, again by Lemma 2.1 we have &, < v. in B,,(0) \ By, (0).

Hence, there exists £(z) 1= lim, o0 & (), © € RY \ {0} and € < v.. Also ¢ is
radially symmetric and by standard elliptic arguments it follows that £ is a solution
of (1.11). From & < v, it follows that lim; o |z|V—2¢(x) < e and lim| )00 §(7) <
€. Now, since € > 0 was arbitrarily chosen, we deduce that & satisfies (6.1).

Finally, if v is an arbitrary solution of (1.11), by Lemma 2.1 we deduce &, < u in
B, (0)\ B /,(0) which next produces £ < uin R \ {0}. Therefore £ is the minimal
solution of (1.11).

Step 2: Proof of (i).

Fix a,b > 0. We shall construct a radially symmetric solution of (1.11) that
satisfies (1.12) with the aid of the minimal solution & constructed at Step 1. By
virtue of Lemma 2.2, for any n > 2 there exists a unique function

tun € C*(Bn(0) \ B1/,,(0)) N C(Bn(0) \ Bi/,(0))
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such that
—Aup = 2%, un >0 in B,,(0)\ B1/n(0), (6.3)
Un = alz|>™N + b+ &(x) on B,,(0) U B ,(0). '
Since ¢ is radially symmetric, so is u,. Furthermore, a|z|>~" + b is a sub-solution
while a|z|>~" + b+ £(z) is a super-solution of (6.3). Thus, in view of Lemma 2.1,
we obtain

alz> N + b <un(2) <alz N +b+€(x)  in B,(0)\ By (0). (6.4)

As usual we extend u,, = 0 outside B, (0)\ B; /n(0). By standard elliptic regularity
and a diagonal process, up to a subsequence there exists

Ugp(T) == nh_>rr;o un(z), xRN\ {0}

and ugp is a solution of problem (1.11). Furthermore, from (6.4) we deduce that
Uq,p Satisfies

a|33|2_N +b < ugp(z) < a|x\2_N +b+&(x) in RY \ {0}. (6.5)

Now, (6.1) and (6.5) imply (1.12).
Step 3: Proof of (ii).

Let u be a solution of (1.11). By Lemma 2.4 in [10] (see also Brezis and Lions
[2]) we have u € L}, (RY) so there exists a > 0 such that

loc
Au + o(|z))u™? 4+ ad(0) =0 in D'(RY),

where 6(0) denotes the Dirac mass concentrated at zero. Now, by the representation
formula in [3, Theorem 2.4] we have

u(z) = alz>N +b+ C’(N)/ 74,0(|y|)f(u(_y))dy in R™\ {0}.
Ry | —y[NT2
Since ¢ is also a solution of (1.11) that satisfies (6.1) we have
eo)=cov [ G0y gy o),
Using now the monotonicity of f we deduce
alz> N +b<u<az N +b+¢  in RV {0}.

This implies lim,_o |2|Y ?u(z) = a and limp,_ o u(z) = b.
Let now ug p be the solution of (1.11) that satisfies (1.12). We claim that u = ug,p.
To this aim, for € > 0 define

ue(z) = u(z) +e(jz> "V +1), zeRV\{0}.
Then, we can find R = R(e) > 0 such that u. > uq if || > Ror 0 < |z| < 1/R. By

means of Lemma 2.1 the same inequality is true in Br(0)\ B1/r(0), 50 e > uqp in
RN \ {0}. Passing now to the limit with e — 0 it follows that u > u,p in RV \ {0}.
In the same way we obtain the reverse inequality so © = ugqy. This finishes the

proof of our Theorem 1.6. O
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