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Abstract

We give conditions on a continuous function f: (0, 00) — (0, 00) which guarantee that every
C? positive solution u(x) of the differential inequalities

0<—-Au< f(u)

in a punctured neighborhood of the origin in R™ (n > 2) is asymptotically radial (or asymptot-
ically harmonic) as |z| — 0F.

1 Introduction

It is well-known that if u is positive and harmonic in a punctured neighborhood of the origin in R"
(n > 2) then either the origin is a removable singularity of u or for some finite positive number m,

. u(z)
lim =m, (1.1)
ol =0+ (|])
where ® is the fundamental solution of —A. In particular, u is asymptotically radial as |z| — 07,
ie.
@)y (1.2)
|0+ u(|z])
where @(r) is the average of u on the sphere |z| = r.
In this paper we study when similar results hold for C? positive solutions u of the differential
inequalities
0 < —Au < f(u) in a punctured neighborhood of the origin (1.3)

where f: (0,00) — (0,00) is a continuous function.

Specifically, we give essentially optimal conditions on f so that every C? positive solution u of
(1.3) satisfies (1.2), and in this case we describe the possible behavior of (|x|), and hence of u(x),
as |z| — 0.

We also give essentially optimal conditions on f so that every C? positive solution u of (1.3)
satisfies ()

u(z
im —<=1 14
|z|—0+ h(x) (14)
for some function h which is positive and harmonic in a punctured neighborhood of origin. We say
a positive function u satisfying (1.4) is asymptotically harmonic as |z| — 07.



Since (1.4) implies (1.2), the conditions on f for (1.4) to hold will have to be at least as strong
as the conditions on f for (1.2) to hold.
As an example of the essential optimality of our results, it follows from Section 2 that every C?
positive solution u(zx) of
0< —Au<e

in a punctured neighborhood of the origin in R? is asymptotically harmonic as |z| — 07; however,
if £: (0,00) — (0,00) is a continuous function satisfying lim; . (log f(t))/t = oo then (1.3) has C?
positive solutions u in a punctured neighborhood of the origin in R? which are not asymptotically
radial (and hence not asymptotically harmonic) as |z| — 07.

This paper is a continuation of our paper [11] in which we give essentially optimal conditions
on f so that every C? positive solution u of (1.3) satisfies

u(z) = O(®(|z])) as |z| — 07.

The question as to when such solutions u satisfy (1.2) or (1.4) was left open in that paper (see [11,
open question at the bottom of p. 1887 and conjecture on p. 1889)]).

Many authors (see for example [1], [2], [3], [4], [5], [6], [7]) have studied the asymptotic behav-
ior at an isolated singularity of solutions of the differential equation —Aw = f(u) under various
conditions on the positive function f. Of particular relevance to our results is a result of Lions
[8] which states that every C? positive solution of —Au = uP in a punctured neighborhood of the
origin in R"™ is asymptotically harmonic as |z| — 0T provided p < n/(n —2) (if n = 2, p < 00).
Note however that in this paper we study differential inequalities rather than differential equations.

2 Two dimensional results

Our result for positive solutions of (1.3) in two dimensions is the following.

Theorem 2.1. Let u(z) be a C? positive solution of
0<—-Au< f(u) (2.1)

in a punctured neighborhood of the origin in R?, where f: (0,00) — (0,00) is a continuous function
satisfying
log f(t) =0O(t) as t— oo. (2.2)

Then either u has a C' extension to the origin or

_ (2.3
2| -0+ log ﬁ )

for some finite positive number m.

In particular the function uw in Theorem 2.1 satisfies (1.4) and hence also (1.2). In [10], we

showed that if f: (0,00) — (0,00) is a continuous function satisfying tlim (log f(t))/t = oo then
—00

(2.1) has a C? positive solution u in a punctured neighborhood of the origin in R? which satisfies

neither (1.4) nor (1.2). Thus the condition (2.2) on f is not only essentially optimal for (1.4) to

hold, but also essentially optimal for (1.2) to hold. There is no analogous condition on f in three
and higher dimensions, as we discuss in the next section.



Since 1 1
u(x) = mlog — + loglog —, m > 2,
|z |z
is a C? positive solution of 0 < —Awu < €* in a punctured neighborhood of the origin in R?, we see
that the conclusion (2.3) of Theorem 2.1 cannot be strengthened to

1
u(z) = mlogm +0(1) as |z| — 07" (2.4)

for some m € (0,00). However, (2.4) does hold if the condition on u in Theorem 2.1 is slightly
strengthened. More precisely, as shown in [9] and [10], if u is a C? positive solution in a punctured
neighborhood of the origin in R? of either

ae' < —Au<e® or 0<—-Au< f(u)

where a € (0,1) is a constant and f: (0,00) — (0,00) is a continuous function satisfying log f(t) =
o(t) as t — oo then either u satisfies (2.4) for some m € (0,00) or u has a C! extension to the
origin.

Proof of Theorem 2.1. Since u is positive and superharmonic in a punctured neighborhood of the
origin, u is bounded below by some positive constant in some smaller punctured neighborhood
of the origin. Therefore, using (2.1) and (2.2) and scaling u and x appropriately, we find that it
suffices to prove Theorem 2.1 under the assumption that u is a C? positive solution of

0<—-Au<e" in By,(0)— {0} (2.5)

for some 7 € (0,1/4).
Let 2 = B,,(0). As shown in [9], the fact that u is positive and superharmonic in By, (0) — {0}
implies that
u, —Au € L*(Q) (2.6)

and that there exists a nonnegative constant m and a continuous function h: Q — R, which is
harmonic in €2, such that

u(z) = mlog % 4 N@) +h(z) for @e— {0}, (2.7)

where

V) = 5 [ (1w ) (~Autw) dy (25)

T o

is the Newtonian potential of —Awu in €.
It was proved in [11, Theorem 2.3] that

1
u(y) =0 (log %> as |yl — 0T.

It therefore follows from (2.5) that there exists a positive constant C' such that

1
2y

To complete the proof of Theorem 2.1 we need the following lemma.

0 < —-Au(y) < for yeQ—{0}. (2.9)



Lemma 2.1. N(z) = o(log ﬁ) as |x| — 0%,

Proof. Let e >0 and M = % Jo —Au(y) dy + 1. For |z| small and positive we have
1

N(@) = 5 (1) + J(x)
where
1
I(z) = / (10 > —Au d
(@) 8 ) (~Bu) dy
ly—a|> 12l
yeQ
- [ (et ) caumas [ () A
|z — gy [z —y|
B < ly—a|<fat/M ly—a|>|z| /M
yeQ
<<10g2> / A()d-l-l(logl)/A()d
< |log— —Au(y)dy + — (log — | [ —Au(y)dy
|| M ||
|ly—z| <|ax|L/M Q
2 1 1
< — log—) / —Au(y) dy < elog —
v (e ) [ -2 2]
and where .
saym [ (et ) Caum)y
ly—a|<lg!
By (2.9),
0 < —Au(y) < % for z,y€e Q—{0} and |y—2z|< % (2.10)
x
Let )
2 _ — C
(@)’ = ~E()lal
where
E(x) := / ~Au(y)dy — 0 as |z| — 07T
ly—z| <12l
by (2.6). Since
dy 7T’I”(.’E)2
LT “A
| we=The= | s
ly=sl<rie) [y—al<l3!

it follows from (2.10) that

1 1 1 1
1@ < g / (b%—m)dy—w / (bgm)“

ly—z|<r(z) I¢|<r(z)

2 (r(m)2 log 1 +r(:c)2)

" zC 2 r(z) 4

~0 (E(w) log W>

1
zo(logm> as |z| — 0%,




This proves Lemma 2.1. O

By Lemma 2.1, Theorem 2.1 is true when the nonnegative constant m in (2.7) is positive. Hence
we can assume m = 0 and it follows from (2.7), (2.5), and Lemma 2.1 that

~Au(y) =0(y|""%) as |y| — 0.

Thus N, and hence u, is bounded in Q. It follows therefore from (2.5) that —Aw is bounded in
Q). Therefore N, and hence u, has a C! extension to origin. This completes the proof of Theorem
2.1. O

3 Asymptotically radial solutions in three and higher dimensions

The following theorem gives conditions on f such that each C? positive solution of (1.3) in three
and higher dimensions is asymptotically radial as |x| — 0T.

Theorem 3.1. Let u(z) be a C? positive solution of
0 < —-Au< f(u) (3.1)

in a punctured neighborhood of the origin in R™ (n > 3), where f: (0,00) — (0,00) is a continuous
function satisfying

lim sup f(f) </ (3.2)

t—o0 ‘[/‘n72

for some finite positive number £. Then

)
s alla) .

where u(r) is the average of u on the sphere |x| = r. Moreover, either
(i) u has a C! extension to the origin,

(ii) ‘ l‘im+ |z|"~2u(x) = m for some finite positive number m, or
z|—0

(iii) w satisfies the following two conditions:

lim |z["2u(z) =0 (3.4)

|| —0F

and

n

1 %2 2 n—2
liminf [ log — 2" 2u(x) > (n— ) . 3.5
x~o+( g|:c|> D =\ 3

In [10], we showed that if f: (0,00) — (0, 00) is a continuous function satisfying tlim f(t) /e (n=2)

= 0o then (3.1) has a C? positive solution u in R" — {0}, n > 3, which does not satisfy (3.3). Thus
the condition (3.2) on f in Theorem 3.1 is essentially optimal for (3.3) to hold, but too weak to
imply (1.4) because for 0 < o < (n — 2)/2 the function

n—2\""? 1
o= ("7) ety 0




is a C? positive solution of 0 < —Awu < u™? in a punctured neighborhood of the origin and u, ()
does not satisfy (1.4). This is in contrast to the situation in two dimensions as discussed in the
paragraph following Theorem 2.1.

Proof of Theorem 8.1. Choose rg > 0 such that u is a C? positive solution of (3.1) in Ba,,(0) — {0}
and let Q = B,,(0). Since u is positive and superharmonic in Bs,,(0) — {0}, it is well-known (see
Li [6]) that

u, —Au € LY(Q) (3.7)

and that there exists a nonnegative constant m and a continuous function h: Q — R, which is
harmonic in €2, such that
m

u(x):w—l—]\/'(x)—i—h(x) for z€ Q- {0}, (3.8)
x
where Au(y)
Nx:an/id, z€R",
(@) ) o —y2 "

is the Newtonian potential of —Aw in Q. Here o, = 1/(n(n — 2)w, ), where wy, is the volume of the
unit ball in R™.

Another consequence of the positivity and superharmonicity of u in Ba,,(0) — {0} is that u is
bounded below by a positive constant in 2 — {0}, and thus by (3.1) and (3.2), there exists a positive
constant K such that u is a C? positive solution of

0<—-Au<Kun>? in Q-{0}. (3.9)
It was proved in [11, Theorem 2.1] that
u(z) = O(|z|*™™) as |z| — 0. (3.10)
It therefore follows from (3.9) that
~Au(z) = O(|z|™™) as |z| —07. (3.11)

A portion of our proof of Theorem 3.1 will consist of two lemmas, the first of which is
Lemma 3.1. N(z) = o(|z|>™") as |z| — 07.
Proof. For |z| small and positive we have

N(@) = an(I(z) + J(x))

where
—Au(y)
ly—z|> 12l
yeQ
—-A —-A
= / 7u(3_)2 dy + / 7u(ny_)2 dy
ly — | [z —yl
Bl <ly—zl</la] ly—z|>/Tel

2 \"? 1
fg(ﬁﬂ) /‘ _Au@)ﬁf+||%2 —Au(y) dy
X
Q

ly—a|<y/lz|

= o(|:c|2_”) as x| — 0t




by (3.7), and where
J(z) = / Lu(y) dy

ly — "2 "7
|z

ly—az|<5
By (3.11), there exists C' > 0 such that
—Au(y) < Clz|™™ for |x| small and positive and |y — z| < ‘;—’ (3.12)
Let

Since

ly—z|<r(z) ly—z|< 12l

it follows from (3.12) that

C oy c dc
e [ e |
(=) A e N R

ly—z|<r|z| I¢l<r(z)

~ C nw,
R

r(z)? =o(|z|*™™) as |z| —0T.

This proves Lemma 3.1. U

By Lemma 3.1, Theorem 3.1 is true when the nonnegative constant m in (3.8) is positive. Hence
we can assume m = 0, which implies

u(xr) = N(z) + h(z) for z€Q—{0}. (3.13)
Thus, by Lemma 3.1,
u(z) = o(|z[*™) as |z| —0T. (3.14)
We will now prove (3.3). Let € € (0,1/2) be fixed. For z € Q — {0} let

Qp = {y € R": ela| < y| < |af/e},

M= [ 2w M@ =a, [ R

Lemma 3.2. For some positive constant C = C(n,Q, &) we have

sup u(y) < C inf u(y) for |z| small and positive.
yEQy yeQy



Proof. Choose zg € 2 such that Q,, CC Q2 — {0}. For 0 < § < 1, define vs: Q;, — R by

U5(§) = u(y), y =06 € Q&vO'

Then for £ € Qy,,

2 2
< 0" Ku(y)n—2

‘—Ava(é)‘ _ —Au(y)

vs(§) u(y)
_ K n—2 P K n—2 ni2
Hence Avs(€)
—Avg 9 2 ot
lefllyo ’115(5) ‘ = (E|CC0|)2 yesgfzo(km u(y)) 0 as 1) 0

by (3.14). Thus by Harnack’s inequality, there exists a constant C = C'(n,Q,,,) > 0 such that

for § small and positive we have

sup u(y) = sup vs(§) < C inf v5(§)
IS £€Qy, £€a
=C inf wu(y).
yanl (y)

This proves Lemma 3.2.

O

By (3.14), we find for z € Q — {0} that g(x) := |z|? sup uTE 0 as |z| — 0F. It follows
Q

T

therefore from (3.9) and Lemma 3.2 that for |z| small and positive we have

2
K 3
M) <a, [ ZOT7ul)
|z —y|"
QN
Kg(x _n
< an%cw) R
lyl< 12l
= an%KCg(x)u(x)

2e2
=o(u(r)) as |z|]— 0T,

(3.15)

By (3.13), (3.15), and the fact that u is bounded below by a positive constant in 2 — {0}, there

exists a positive constant ¢ such that

No(z) + h(x) = u(z) — N1(xz) > ¢ for |z| small and positive.

For z,£ € R" — {0} and |z| = |{] it is easy to check that

ly—¢&l
ly — |

1‘§ <4e for yeR"—Q,
—€

by considering separately the two cases |y| < ¢|z| and |y| > |z|/e. Thus

[Na(a) = No(€)] < [(1+4e)" 72 =1]No(€) for 2,6 €Q—{0} and [a] =[¢].

(3.16)

(3.17)



Also, for x,& € Q — {0} we have

Na(a) +h(e) | _ (Na(x) = Na(€)) + (hlz) = h(€)) 5.15)
Na(€) + h(¢) Na(€) + h(g) '
Na(z)=Na(§) | h(z)—h()
1+ N2 (€)

where the last equation holds if and only if No(§) # 0. Using (3.16), (3.17), (3.18), and (3.19)
it is easy to check by considering separately the three cases h(0) = 0, Na(§) > 2|h(0)] > 0, and
No(€) < 2|h(0)] > 0 that

No(z) + h(x)

limsup |——F——= — 1‘ <6
|=[¢|—0+ | N2(§) + h(€)
where h
§ = 2[(1 +4¢)"? — 1] max <1, | (0)‘> . (3.20)
c
Thus, since
u(z) — Na(z) + h(z)
= B(x,¢§),
w© = M@ 1 he) "
where
1 _ Nl(é)
Blu,€) = —el 1 as | = ¢ — 0%,
1— 1(x)
u(z)
we have (@)
u(x
limsup |—= — 1‘ <é.
2| =] -0t | w(§)

Hence, since ¢ is an arbitrary number in the interval (0,1/2), it follows from the definition (3.20)
of § that (3.3) holds.

Averaging (3.9), increasing the constant K if necessary, and using (3.3) and the positivity of u
in B, (0) — {0} we see that

0<-Au<Kun? in Q-{0}.

Furthermore, it follows from (3.14) that r"~2a(r) — 0 as » — 07. Thus, applying Lemma 6.1 to
@, and using (3.3), (3.9), (3.13), and the fact that N has a C'! extension to the origin when —Au
is bounded in 2, we see that either (i) of Theorem 3.1 holds or (iii) of Theorem 3.1 holds with ¢
replaced with K. However, if € is any positive number and (3.5) holds with ¢ replaced with K then
by sufficiently decreasing the radius ro of 2 and using (3.3) and (3.2) we see that u is a C? positive
solution of

0<-Au<({+eun? in Q- {0}

and thus u satisfies (3.5) with ¢ replaced with ¢ + . Since € > 0 is arbitrary, (3.5) holds as stated.
This completes the proof of Theorem 3.1. U



4 Asymptotically harmonic solutions in three and higher dimen-
sions

As discussed in the paragraph following Theorem 3.1, the condition (3.2) on f in Theorem 3.1 is too
weak to imply (1.4). In the following theorem, we strengthen the condition (3.2) on f in Theorem
3.1 in order to strengthen the conclusion (3.3) of Theorem 3.1 to (1.4), or equivalently, to rule out
possibility (iii) of Theorem 3.1.

We use the following notation:

log, :=log log, :=logolog log; :=logologolog etc.

Theorem 4.1. Let u be a C? positive solution of

n

un=z
0< —Au< 41
(logy u)(logy u) . . . (log,_1 u)(log, u)’ (4.1)

in a punctured neighborhood of the origin in R™ (n > 3) where § € (1,00) and q is a positive
integer. Then either (i) or (ii) of Theorem 3.1 hold.

Theorem 4.1 is essentially optimal because a solution of (4.1) when 8 =1 is

1
u(|z]) =
(21 |$|"7210gq+2ﬁ

which satisfies neither (i) nor (ii) of Theorem 3.1.

Proof of Theorem 4.1. By Theorem 3.1, u satisfies (3.3). Thus, by averaging (4.1), we see that it
suffices to prove Theorem 4.1 when u is radial.
Under the change of variables (6.3) and (6.8) used in the proof of Lemma 6.1, we have

tyn2
0< —(W't)+0 (1) < ol 42
WO+ ) < g ooty (log, ; e'o(D) o8, (D)7 (4.2)
for ¢ large and positive.
Suppose for contradiction that u satisfies (iii) of Theorem 3.1 with ¢ = 1. Then
1 2\ 7
— 2
v(t) > 3 <n2t ) for t large and positive (4.3)
and
tlim v(t) = 0. (4.4)
Hence, for j =1,2,...,q,
1ogj(etv(t)) = (log;_1t)(1+o0(1)) as t— oo.
It follows therefore from (4.2) that
0.< —("(t) +2'(1) < g(t)o(t) = (4.5)

for ¢ large and positive, where
2
logy t) ... (log, ot)(log, 1 t)%

g(t) = i

10



Multiplying (4.5) by e' and integrating the resulting inequalities from ¢y to t, where tq is positive
and large, we obtain
0< —'(t)<e'I(t)+Ce™t for t>tg (4.6)

where C' is a positive constant and

Integrating I(t) by parts we get

1) = (" g(r)o() )|+ (17)
where
J(t) = — t e (g(r)v(r)"2) dr
=— teT Tg/(T)’UTﬁ T — teT T’UTﬁvl(T) T
= [ oD ar - 2 [ g (48)
But ¢'(7)/g(7) = O(1/7) as 7 — oo and by Remark 6.1 and equation (4.4) we have
i) _ v(r)2) = o as T — 00
L = 0((n ™) = ol .
Hence, by increasing t,
J(t) < %I(t) for &> to. (4.9)

It follows from (4.3) that eTg(T)v(T)% — 00 as 7 — o0o. Thus, by (4.9) and (4.7), there exists
t1 > tg such that

1 n
§I(t) <2efg(tyw(t)n—=2 for t>t
and it follows therefore from (4.6) and (4.3) that

0 < —v'(t) < 4g(t)v(t)"2 + Ce*
< 8g(t)v(t)"—2 (4.10)

for t > t1, by increasing t; if necessary. Multiplying (4.10) by v(t)fﬁ and integrating from ¢; to

t we get
-2 1 1 e
00 e — — 5 §8/ g(t)dt < oo.
2 \w@®)m2 o(t)n b

This contradiction shows that u does not satisfy (iii) of Theorem 3.1 with ¢ = 1 and thus by
Theorem 3.1, u satisfies either (i) or (ii) of Theorem 3.1. O

11



5 Oscillating solutions in three and higher dimensions

Possibilities (i) and (ii) in Theorem 3.1 give a more precise description of the behavior of u near
the origin than possibility (iii) does and it is natural to ask whether (iii) in Theorem 3.1 can be
replaced with a more precise statement. The answer, by the following theorem, is essentially no.

Theorem 5.1. Let ¢: (0,1) — (0,00) be a continuous function such that o(r) tends to zero
(perhaps very slowly) as r — 0. Then there exists a C? positive radial solution u of

0< —Au< uns (5.1)
in a punctured neighborhood of the origin in R™ (n > 3) which satisfies (3.4),

n—2
lim sup 2" "u(z)

> 1
wl—0t @)

and

1\ n—2\""2
liminf ( log — z["2u(z) = ( ) .
migt (ou ) * et = (5
Less precisely, but perhaps more clearly, Theorem 5.1 says there exists a C? positive solution of

(5.1) in a punctured neighborhood of the origin in R™ (n > 3) which oscillates between the upper
and lower bounds (3.4) and (3.5) of possibility (iii) of Theorem 3.1 as |z| — 0.

Proof of Theorem 5.1. Under the change of variables (6.3) and (6.8) used in the proof of Lemma
6.1, proving Theorem 5.1 is equivalent to proving the existence of a positive C! solution w(v) of
(6.14), (6.15) such that some positive solution of

d
—d—;} =w(v), t large and positive,
satisfies lim v(t) =0,
t—o0
t
lim sup i >1, (5.2)
t—oo 9(t)
and
9 n—2
n— — 2
lim inftTZU(t) = (n > (5.3)
t—o0 2

where g: [1,00) — (0,00) is any prescribed continuous function which tends to zero (perhaps very
slowly) as t — co.
We can assume g is C2, g(1) > 1, and

0<g'(t) < —g'(t) < 2g(t)ﬁ —0 as t— (5.4)

because there exist functions g satisfying these conditions which are larger at oo than any given
positive continuous function which tends to 0 as ¢t — oo.

Let € € (0,1). We inductively define a strictly decreasing sequence {Uj}fio of positive real
numbers which converges to zero and a continuous piecewise smooth function w: (0,1] — (0,1] as
follows:

12



Let vg = 1 and w(1) = 1. Then w(vg) = vy 2. Assume inductively that vy > vy > -+ > vg; > 0

have been defined, w(v) has been defined for vy; < v <1, and w(vy;) = vy ?. We now proceed to

-
define vy 11, V4512, V4513, Va(j41), and w(v) for vyr) < v < vy
Let w(v) = v7n=2 for vgj41 < v < vy, where vgj11 € (0,v45) will be specified momentarily.

The inverse ¢(v) of the unique solution v(t) of the initial value problem

d
—Z =w@),  vl)=w=1 (5.5)
is w g
t(v)—l—l-/v WD)’ V441 < v < g

and hence
Yi do
t(vgj+1) = t(vag) +/ —— (5.6)

V4541 VN2

n—2 1 1

2 - 2
2 n—2 n—2
Vg1 Vg

= t(v4j) +

Thus by choosing vs;4+1 € (0,v4;/2) sufficiently small and letting t4j41 = t(v4j41) we have tg41 >
45 +1 and
m—=2)(1+¢) 1

tajy1 < 2 —5
n—2
Ugj41
Hence s
n—2)(14+¢)\ 2 1
V(tgjq1) < <( )2( ) 7 (5.7)
t4j2+1
Let .
b(v) = = 5.8
’U)(’U) QGI(U) ( )
where t = G(v) is the inverse of v = g(¢). Thanks to (5.4) we have for 0 < v <1 that
n 1
0<w)<wvr? and 0<d'(v) <= (5.9)

2
which imply @w(v) is a solution of (6.14), (6.15).
Let vgj42 € (0,v4541) be the v-coordinate of a point of intersection of the graph of w(v) with

the line in the vw-plane of slope one passing through (v4j+1,vﬁl). By (5.9) there exists such a
point of intersection. For vgj12 < v < vyj41, define

_n_
w(v) = v + v — vt

Thus the graph of w(v), vgj42 < v < w41, in the vw-plane is a line segment of slope one and
w(vajt2) = W(vajt2)-

Let w(v) = w(v) for vgj43 < v < vy549 where vyj13 will be specified momentarily. Analogous
to (5.6), the inverse ¢(v) of the unique solution v(t) of the initial value problem (5.5) satisfies

vt dp
t(vajy3) = t(vajr2) + / @)
V4j+3

= t(vj12) + 2G(va5+3) — 2G(vaj42)
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because of (5.8). By choosing v4j43 € (0, v4542/2) sufficiently small and letting t4;43 = t(vaj13) we
have t443 > 47 + 3 and t4543 > G(v4;43). Hence

9(taj43) < vajys = v(tajes)- (5.10)
For vgj44 < v < vg543 let the graph of w(v) be the line segment of the slope zero joining the

point (v4j43,W(v4j+3)) on the graph of w(v) to a point (v4j+4,vﬁ4).

Since w(v) is a solution of (6.14), (6.15), so is w(v), and it follows from (5.10) that (5.2) holds.
Furthermore, by (5.7) equation (5.3) holds with the equal sign replaced with <. But by Theorem
3.1, equation (5.3) holds with the equal sign replaced with >. Thus (5.3) holds as stated.

The function w(v), 0 < v < 1, is continuous and w’(v) is piecewise continuous. But we need w
to be C'! and this can be achieved by rounding off the corners of the graph of w(v) in any one of
several standard ways. This completes the proof of Theorem 5.1. ]

6 Radial solutions in three and higher dimensions

In Sections 3, 4, and 5 we will need the following lemma concerning positive radial solutions of
(1.3) when f(t) is a positive multiple of £»-2.

Lemma 6.1. Let u(|x|) be a C? positive radial solution of
0< —Au< buns (6.1)
in a punctured neighborhood of the origin in R™ (n > 3) where { is a positive number. Then either
(i) u(r) tends to some finite positive number as r — 07,
(ii) r"~2u(r) tends to some finite positive number as r — 0T, or
(iii) w satisfies the following two conditions:

lim " 2u(r) =0
r—0t

and

17 2\ "2
liminf ( log = n=240r) > [ L2 . 6.2
i (1) 0= (53) .

Proof. By scaling u we see that it suffices to prove Lemma 6.1 when ¢ = 1.
Making the change of independent variable

5= (n;2>n_2 (6.3)

in inequalities (6.1) we find that u(s) is a positive solution of

d? 1 P
0< _au < - (ﬁ) > for large s > 0. (6.4)
ds? — s \s

Thus, for some mg € [0,00), u/(s) \, my as s — oco. In particular v'(s) > 0 for large s > 0. Hence,
for some ugp € (0,00], lim u(s) = up. If up € (0,00) then (i) holds. Consequently we can assume
S—0O0

lim u(s) = oo. (6.5)

S§—00
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Thus, by L’Hospital’s rule,

s—00 S §—00
If mg € (0,00) then (ii) holds. So we can assume
lim uls) = lim 4/(s) = 0. (6.6)
s—oo0 8§ 5—00

Hence, to complete the proof of Lemma 6.1, it suffices to show u satisfies (6.2), which written in
terms of s is

n—2
- —o\T
hminf(logs)%@ > (”—) " (6.7)

§—00 2

Making the change of variables
u(s) = sv(t), t=logs (6.8)

in (6.4), (6.5), and (6.6) we find that v(t) is a positive solution of

0 < —("(t)+'(t)) <wv(t)™2 for large t > 0 (6.9)
tlirn ev(t) = oo (6.10)

and
tlirn v(t)=0= tlirn V' (t) (6.11)

and to complete the proof of Lemma 6.1 it suffices to prove

n—2

liminf "2 v(t) > ("_2) i (6.12)

t—o0 2

which is equivalent to (6.7) under the change of variables (6.8).
It follows from the first equation of (6.11) and the positivity of v that v'(tg) < 0 for some ¢y > 0
and it follows from the first inequality of (6.9) that

V' (t) < eV (tg)et <0 for t >t

Thus d
)
E— 1
w o (6.13)

can be viewed as a function of v instead of ¢ and it follows from (6.9) and (6.11) that w is a positive
solution of

n

=2 d
1- 2 <% <1 forsmallo>0 (6.14)
w U
lim w = 0. (6.15)
v—0F

To complete the proof of Lemma 6.1, we need the following lemma.

Lemma 6.2. Let A and q be fixed positive constants. Suppose, for some strictly decreasing sequence
vj of real numbers tending to zero we have w(vj) = Av?. Ifg=1then A=1. Ifg=n/(n—2)
then A < 1.
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Proof. For some subsequences 9; and v; of v; we have

w'(d;) > Agi?™! (6.16)
and n n
e _n—3 4
At > w/(o) 21— 3 —1- U (6.17)
i =N =T @) A
by (6.14).

If ¢ =1 then by (6.14), (6.16), and (6.17),

and thus A = 1.
If ¢ = -5 then by (6.17), 1 — % < 0 and thus A < 1. O

n—2

Continuing with the proof of Lemma 6.1, let £ € (0,1/2). By Lemma 6.2, one and only one of
the following three possibilities holds:

I—-ev<ww) <wv for small v > 0, (6.18)

fi <w(v) < (1 —¢)v for small v > 0, (6.19)
or

0 < w(v) < f"_i for small v > 0. (6.20)

We now show neither (6.18) nor (6.19) can hold. Suppose for contradiction (6.18) holds. Then
by (6.14)
d—w>1—£>1—2v% for small v > 0.
dv (I —¢)v

Integrating from 0 to v and using (6.15) we get

d 2n—2) _n_

- =w>v— Mvn*2 for large t > 0

dt n
which together with (6.11) implies v(t) = O(e™!) as t — oo which in turn contradicts (6.10). Hence
(6.18) is impossible.

Suppose for contradiction (6.19) holds. Then by (6.14), fl—qg > ¢ for small v > 0 and thus by

(6.15), w > ev for small v > 0 and hence again by (6.14)

—1 as v—0F

which contradicts the second inequality of (6.19). Thus (6.20) holds. Replacing w(v) with —% in
(6.20) we obtain

_n_
dv Y2

<
dt 1—c¢

for large t > 0 (6.21)
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from which we easily deduce that

t n—
lim inf o )n_2 >(1- 5)72
t—o0 (TL—2 1 5
2 1
Since ¢ € (0,1/2) is arbitrary we obtain (6.12) and the proof of Lemma 6.1 is complete. O

Remark 6.1. The proof of Lemma 6.1 shows that if u(|x|) is a C? positive radial solution of (6.1)
with £ =1 in a punctured neighborhood of the origin in R™ (n > 3) which satisfies neither (i) nor
(ii), and v(t) is defined in terms of u by (6.3) and (6.8) then v(t) satisfies (6.21). This fact is used
in the proof of Theorem 4.1.
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