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Abstract

We study C%! nonnegative solutions u(z,t) of the nonlinear parabolic inequalities
0<u—Au<ud

in a punctured neighborhood of the origin in R"™ x [0, 00), when n > 1 and A > 0.
We show that a necessary and sufficient condition on A for such solutions u to satisfy an a
priori bound near the origin is A < "—:22, and in this case, the a priori bound on u is

u(z,t) =0(t™™?) as (z,t) — (0,0), t>0.
This a priori bound for u can be improved by imposing an upper bound on the initial

condition of u.

1 Introduction
In this paper, we study C*! nonnegative solutions u(z,t) of the nonlinear parabolic inequalities
0<u—Au < f(u)

in a punctured neighborhood of the origin in R™ x [0,00), where f: [0,00) — [0,00) is a given
continuous function. In particular, we give nearly optimal conditions on f such that all such
solutions satisfy an a priori bound near the origin.

For the sake of clarity, we discuss in this section weaker, but simpler, versions of our main
results in Sections 3, 4, and 5.

Our first result is the following theorem, which is an immediate consequence of Theorem 3.1 in
Section 3.

Theorem 1.1. Let u(x,t) be a C*' nonnegative solution of the differential inequalities
n+2
0<wu—Au<un» +1 (1.1)
in a punctured neighborhood of the origin in R™ x [0,00), n > 1. Then
w(x,t) = O(1/tY?) as (x,t) — (0,0), > 0. (1.2)

Remark 1. Note that there are no initial or boundary conditions imposed on u in Theorem 1.1.



Remark 2. One of the main accomplishments of this paper is the proof of Theorem 1.1 when the
n+2

nonlinear term on the right side of (1.1) is u™+°. When the nonlinear term is ut, N < "TH, the

proof of Theorem 1.1 is much easier.

Remark 3. Theorem 1.1 is optimal in two ways. First, the exponent n/2 on ¢ in (1.2) cannot be
decreased because the heat kernel

1 |22
LI ST
Oz, 1) = { (Art)"? (1.3)

0, if <0
is a C%! nonnegative solution of (1.1) in (R™ x R) —{(0,0)} and ®(0,t)t"/? — (47)~"/? ast — 0%,

And second, the exponent ”T“ on u in (1.1) cannot be increased by the following theorem, which
is an immediate consequence of Theorem 4.1 in Section 4.

Theorem 1.2. Let A € (22 00) and let : (0,1) — (0,00) be a continuous function. Then there

n b
exists a C*1 nonnegative solution u(w,t) of

0<u—Au<u in (R"xR)-{(0,0)} (1.4)
satisfying uw = 0 in R™ x (—00,0) and
u(0,t) # O(p(t)) as t—0T.

Remark 4. In Theorem 1.1, u(x,0) is required to be finite for each x in some punctured neigh-
borhood of the origin in R", but the upper bound ¢t~™/2 for u(z,t) is infinite at each point of the
hyperplane ¢ = 0. It would be desirable to obtain an a priori upper bound for the function u(z,t)
in Theorem 1.1 of the form

u(z,t) = O(p(z,t)) as (z,t) — (0,0), t>0, (1.5)

for some function ¢ which, like u, is continuous in some punctured neighborhood of the origin in
R" x [0,00), and in particular, finite when ¢ = 0 and x # 0. However, this is not possible because
given such a ¢, no matter how large, we can choose a smooth L! function v: (R™ — {0}) — (0, c0)

such that
L ()
im sup
z—0 g0($, O)

and then take u to be the C%! positive solution of
w—Au=0 in R"x][0,00) —{(0,0)}

satisfying u(z,0) = ¢(z) for x € R™ — {0} given by

u(et) = [ @y t)0ly) dy.

Clearly this solution u does not satisfy (1.5).

In the following theorem, which is an immediate consequence of Theorem 5.1 in Section 5, we
obtain an a priori upper bound for the function v in Theorem 1.1 of the form (1.5) for some function
 as above by imposing an upper bound on the initial condition of w.



Theorem 1.3. Let u be as in Theorem 1.1 and suppose

u(x,O)zO( ! > as x>0 (1.6)

Jzf?

for some constant p € [0,n]. Then for each positive constant q,

u(z,t) = O(p(z,t;p,q)) as (x,t) — (0,0), >0, (1.7)
where
11 o a2
W + W’ > |CC|
— 4 (—) —, o<t<|z2>0.
lzlP - \|z?) |z

Remark 5. The condition in Theorem 1.3 that u satisfy (1.6) for some p < n is not a big restriction
on u because if p > n then there are no functions u satisfying the conditions of Theorem 1.1 and
also satisfying

for |z| small and positive

because u(x,0) is necessarily summable in some neighborhood of the orgin in R™ by Theorem 2.1
in the next section.

Remark 6. The term ¢t?/2 in the definition of ¢ in the region t > |z|? is not really necessary because
t7P/2 < t7"/2 for 0 < t < 1. We only insert this term so that @ is continuous on the punctured
hypersurface t = |z|? > 0 and therefore continuous on R™ x [0, 00) — {(0,0)}.

Remark 7. The estimate Theorem 1.3 gives for u in the region ¢ > |z|? cannot be improved because
u(z,t) = ®(x, t) satisfies the hypotheses of Theorem 1.3 and ¢"/2®(z, ) is bounded between positive
constants in the region ¢ > |z|?.

Remark 8. The larger we take ¢ in Theorem 1.3, the better our estimate (1.7) for u becomes in the
region 0 < t < |z|%.

Remark 9. The graph in the region 0 < ¢ < |2|? of the term (#)q # in the definition of ¢ has
the same basic shape as the graph of ®(x,t) in that region. In particular, each term is zero on the
punctured hyperplane t = 0 < |z| and each term is a positive constant multiple of |z|~™ on the
punctured hypersurface t = |z|? > 0.

Remark 10. Let ¢(z,t;p) be the function obtained from the function ¢(x,¢;p,q) in Theorem 1.3
by replacing the term (#)q # in the definition of ¢ in the region 0 < t < |z|? with ®(z,t). We
conjecture that Theorem 1.3 is true when ¢ is replaced with . If this conjecture is true, it would
be optimal when p € [0,n) because

1
u(z, t;p) = ®(x,t) —i—/ O(x — y,t)w dy
satisfies the hypotheses of Theorem 1.3 when p € [0,n) and u(x,t;p)/@(z,t;p) is bounded between
positive constants in a punctured neighborhood of the origin in R" x [0, co).

Remark 11. Theorems 1.1 and 1.3 can be strengthened by relaxing somewhat the regularity con-
ditions on u. Also, Theorem 1.2 can be strengthened by replacing the nonlinear term u* in (1.4)
with a smaller nonlinear term. The statements and proofs of these stronger versions of Theorems
1.1, 1.2, and 1.3 are given in Sections 3, 4, and 5 respectively.



The proofs of Theorems 1.1 and 1.3 rely heavily on the fact that the function u in Theorem 1.1
satisfies equation (2.8) in Theorem 2.1 below. A crucial step in the proofs of Theorems 1.1 and 1.3
is an adaptation and extension to parabolic inequalities of a method of Brezis [4] concerning elliptic
equations and based on Moser’s iteration. This method is used to obtain an estimate of the form

sl 252, 0, < Cltlogen
where p > 1, ' C Q, C is a constant which does not depend on j, and uj, j = 1,2,..., is obtained
from the function u in Theorem 1.1 by appropriately scaling u about (z;,t;) where (z;,t;) is a
sequence tending to the origin for which (1.2) is violated. Our proofs also require certain estimates
for the heat potential which can be found in Appendix A.

For results related to those in this paper, see [1, 2, 3, 5, 7, 9, 12, 14, 15, 16, 19]. An elliptic
analog of the results in this paper can be found in [17, 18].

2 Nonnegative solutions of u; — Au >0

For the proof of Theorem 3.1 in Section 3, we will need the following theorem, which gives a
description of nonnegative solutions of u; — Au > 0 in a punctured neighborhood of the origin in
R" x [0,00). Brezis and Lions [6] proved a similar result for nonnegative solutions of —Awu > 0 in
a punctured neighborhood of the origin in R™. Their result is also a consequence of Doob’s results
[8] on superharmonic functions.

Theorem 2.1. Suppose

u e C((B3(0) x [0,3)) —{(0,0)}) (2.1)
is a nonnegative function such that
Hu € Li,.(Bs(0) x (0,3)) (2.2)
and
Hu>0 in Bs3(0)x(0,3)CR"xR, n>1, (2.3)
where Hu = u; — Au is the heat operator. Then
u(-,0) € L'(By(0)) (2.4)
and
u, Hu € L' (B2(0) x (0,2)). (2.5)

Moreover, for some finite nonnegative number m and some h € C%1(B1(0) x (—1,1)) satisfying

Hh=0 in B;i(0)x(-1,1) (2.6)
h=0 in B1(0)x (—1,0] (2.7)

we have
u=m®+N+v+h in Bi(0)x(0,1), (2.8)

where ® is given by (1.3),

2
N(z,#) :_/O /@(m—y,t—s)(Hu(y,s))dyds, (2.9)

ly|<2



and
v(z,t) = / O(z —y,t)u(y,0) dy. (2.10)
ly|<2

Moutoussamy and Véron [13, Theorem 1.1] prove (2.5) under slightly different conditions on
the function u. Our proof below of (2.4) and (2.5) is a modification of their proof. However the
main part of Theorem 2.1 is the representation formula (2.8).

Proof of Theorem 2.1. Let ¢ € C§°(B3(0)) be a nonnegative function satisfying ¢ = 1 in B(0).
Let tog € (0,2) be fixed, and let ¢.: R — [0, 1], £ small and positive, be a one parameter family of
smooth functions such that

1, tg+e<t<2—c¢
¢€(t):
0, t<tg—eort>2+¢

and YL # 0 on (to —e,tp +¢€)U (2 —¢,2+¢€). Then by (2.2),

[ = - [uto -~ [wia

and letting e — 0% we obtain

/t2 / Hu(z, t)p(z) doe = /u(x,2)<ﬁ(x)dx— / u(x,to)(p(x)dx—/2 / w(a, ) Ap(x) da dt.
*Jaf<3 |z|<3 |z]<3 " fa<3

Hence, for tg € (0,2), we have

/ w(z, to) dz + /: / Hu(z, t) de dt < / (@, to) () do + /: / Hu(z, t)o(z) do dt

|z|<2 |z|<2 |z|<3 |z|<3
2
< / u(z,2)e(x) dr —l—/ / u(z,t)|Ap(x)| drdt < oo (2.11)
|z|<3 0 2<|z|<3

by (2.1). Thus, letting ¢ty — 07 and using Fatou’s lemma, the monotone convergence theorem, and
(2.3), we obtain (2.4) and (2.5). Consequently, letting

Hu in B5(0 0,2
0 elsewhere in R" x R
we have
feL'(R"xR). (2.13)

For (z,t) € R" x (0,00), let v be defined by (2.10) and define
v(x,0) = u(z,0) for =z € By(0)—{0}.
Since (2.1) and (2.4) hold, it is well-known that

v e CPHR" x (0,00)) N C(Bz(0) x [0,00) — {(0,0)})



and Hv =0 in R" x (0,00). Also

/v(:c,t) dx = / u(y,0)dy < oo for t>0 (2.14)
Rn ly|<2

and thus v € L'(R"™ x (0,2)). Define

oo JUT in By(0) x [0,2) —{(0,0)} (2.15)
0, elsewhere in R™ x R. '
Then
w € C((B2(0) x [0,2)) — {(0,0)}) N L' (R" x R) (2.16)
and
Hw=f in  D'(B2(0) x (0,2))
w(z,0) =0 for =z € By(0)— {0}.
Also, by (2.11) and (2.14),
/ |w(zx,t)|dz is bounded for 0 < ¢ < 2. (2.17)

|x|<2

Let Q = B1(0) x (—=1,1) and define A € D'(Q) by A = —Hw + f, that is

Asoz/wH*so+/fso for ¢ € C5° (),
where H*y := ¢ + Ap. By (2.13) and (2.16), A is a distribution of order two in 2. We now show
the support of A is contained in {(0,0)}. Let ¢ € C§°(£2) and suppose (0,0) ¢ supp ¢. Then for

some small 7 > 0, p(z,t) =0 for |z| < r and |t| < r. Let tg € (0,7) be fixed, and let ¢).: R — [0, 1],
¢ small and positive, be a one parameter family of smooth nondecreasing functions such that

blt) = {1, t>to+e

0, t<tyg—e.

Then
- [ tov.= - [Hwpv. = [ (o
= /w(wﬁs + o + 1 Ap)

Jusirgs fus
and letting e — 0% we get

1 1
—/ / fgod:cdt:/ /wH*gpdxdt—i— / w(z,to)p(x,to) dr.
to to

lz|<1 lz|<1 r<|z|<l

- [ 1o [uwre.

6

Next, letting tg — 0T, we obtain



where we have used the fact that liI(r)l+ w(z,t) = w(x,0) = 0 uniformly for r» < |z| < 1, which follows
t—

from (2.16). So Ay = 0 and thus A is a distribution of order two whose support is contained in
{(0,0)}. Hence
A=-mé+ Y  aaD? (2.18)
1<[a|<2

is a linear combination of the delta function and its derivatives of order at most two.

We now use a method of Brezis and Lions [6] to show a, = 0 for 1 < |a| < 2. Choose ¢ € C3°(R2)
such that

(=)D (0,0) = ay for 1<|al <2.

For € € (0,1), define . € C$°(B(0) x (—&2,€2)) by p.(z,t) = p(z/e,t/e?). Then for 1 < |a| < 2,
D%p.(0,0) = D%p(0,0)/eP~  for some positive integer p,

and so

™ | =

Z ag D% | e = Z EGT%Z Z aZ. (2.19)

1<|of<2 1<|al<2 1<|al<2

On the other hand, since supgnyg |H*¢:| = O(¢72) as ¢ — 0T, we have

1 [
(A_f)ﬁpe—/WH*SOe—O —2/ / lw(z,t)|drdt | =O(1) as & — 0"
e Jo
|z|<e
by (2.17). Therefore, applying (2.18) to . and using (2.19) we find that a, = 0 for 1 < |a] < 2

and so A = —mé.
By (2.9) and (2.12), we can extend N to a function on R"™ x R by the formula

Nt = [[ @@=yt —5)1(0.5) dyds.
R"xR
Then
N=0 in R"x (—00,0). (2.20)
By (2.13), we have N € L}(Q) and HN = f in D'(Q). Also 6§ = H® in D’'(Q2). Consequently
Hw—N-m®) =—-A+f—f—-méd=0 in D(Q),

which implies

w=m®+N+h in D(Q) (2.21)

for some C*! solution h of (2.6). It follows therefore from (2.15) that (2.8) holds. By (2.15), (1.3),
(2.20), and (2.21), we have (2.7) holds.
Finally, we now show m > 0. It follows from Fatou’s Lemma and (2.1) that

lim inf / u(z,t)dr > / u(z,0)dr = lim v(x,t)dx.
t—0t t—0t
|z|<1/2 lz|<1/2 lz|<1/2

Also,
t
N(x,t)dx:// fly,s)dyds -0 as t— 0
R 0 Jlyl<2

by (2.13). So integrating both sides of (2.8) with respect to 2 on B /5(0) and then letting t — 07,
we see that m > 0. |



3 An a priori bound for solutions at the origin

The main result of this section in the following theorem.

Theorem 3.1. Let Q be a bounded open subset of R™, n > 1, containing the origin and let a > 0
be a constant. Suppose

ue C*LHQ % (0,a)) N C(Q@ % (0,a) — {(0,0)}) (3.1)

is a nonnegative solution of

n+2

0<wu—Au<C s +t7 ") in Qx(0,a), (3.2)
where C is a positive constant. Then
max u(z,t) = O(t™™?) as t— 07T, (3.3)

z€Q

Theorem 3.1 is stronger than Theorem 1.1 in two ways. First, the set in Theorem 3.1 where u
n+2
is C%1 is not required to include the set (€2 — {0}) x {0}. And second, the term "2 in (3.2) is
larger than the corresponding term 1 in (1.1).

Proof of Theorem 3.1. By scaling we can assume that
Bs(0) x (0,3) € 2 x (0,a) (3.4)

"

and that the right side of the second inequality in (3.2) is '+ Ot However the constant

C cannot be completely removed by scaling.)
By Theorem 2.1,

u, Hu € L'(B2(0) x (0,2)), u(-,0) € LY(By(0)), (3.5)
and

u=m®+N+v+h in Bi(0) x(0,1), (3.6)

where m, ®, N, v, and h are as in Theorem 2.1.
_ Suppose for contradiction that (3.3) does not hold. Then there exists a sequence {(z;,?;)} C
2 x (0,a) such that t; — 0 as j — oo and

. n/2
jEIgotj/ u(xj,tj) = oo. (3.7)
By (3.1), z; — 0 as j — oo. Clearly
1 n
v(z,t) < WHU(‘,O)”D(BQ(O)) for (z,t) € R" x (0,00).

For (z,t) €e R" x R and r > 0, let

E(z,t) ={(y,s) e R"xR:|ly—xz|<yrandt—r<s<t}



Then for (x,1) € By, j4(;,t;) and (y,s) € R" x (0,00) — Ey,(z;,t;) we have

\/t' VT \aZ} t 2n n/2
_ —5) < — (==
Oz =yt =s) oglrfgéo(b ( 2 2 " 8n met; ’

which implies for (z,t) € Ey; j4(2;,t;) that

// Bz — y,t — s)(Huly, s)) dy ds < (%)m / Huly, s) dy ds.

B2(0) —E; (2,t) B2(0)x(0,2)

It follows therefore from (3.5) and (3.6) that for (z,t) € Ey, j4(x;,t;) we have

u(x,t) // (x —y,t —s)(Hu(y, s)) dyds, (3.8)

Et (xj 7t]

where C' is a positive constant which does not depend on j or (z,t).
Substituting (z,t) = (z;,t;) in (3.8) and using (3.7) we obtain

/2 // L — 5)(Huly, s)) dyds — 0o as j — oc. (3.9)

(@5t5)
Also, by (3.5) we have
/ Hu(y,s)dyds — 0 as j— oo. (3.10)
By (zj,t5)

For each positive integer j, define f;: E1(0,0) — [0,00) by

fig, ) = t Huxj—i-\/_ft + 7).

Making the change of variables y = z; + \/T;n, s = t; + t;¢ in (3.10), (3.9), and (3.8) and using
(3.2) we obtain

// i, Q) dndC —0 as §— oo, (3.11)
E1 00
// Ofi(m ) dndC — 0o as §— oo, (3.12)
E1 OO
and
fEnTE <c // (€ —n,7 — O f;(n,C) dnd (3.13)
E1(0,0)

for (§,7) € Ey/4(0,0), where C is a positive constant which does not depend on j or (§, 7).
Define u;(&, 1) for (£, 7) € R™ x (—1,00) to be the right side of (3.13). It follows from (3.1) and
(3.6) that N € C21(B;(0) x (0,1)) and HN = Hu in B(0) x (0,1). Hence

uj € C%H(E1(0,0)) NC(R™ x (—1,00))

9



and

H’LL]' = fj in El(0,0) (314)
Thus, by (3.13),
n+2
Huj <wu;™ in Ey;(0,0). (3.15)

The rest of this proof is an adaptation and extension to parabolic inequalities of some methods
of Brezis [4] concerning elliptic equations. Let 0 < R < % and A > 1 be constants, and let

¢ € C§°(B, 55(0) x (—2R, 00)) satisfy ¢ =1 on Eg(0,0) and ¢ > 0 on R" x R. Since

M2 2 AT 20 4 2 4(A-1)
iRt e VY Vet

V- V(w1 ¢?) = M|V(u

A 2
J A2 ui Vel

we have for —2R < t < 0 that

/ (—Auj)u; uw ot de = / Vuj-V(ui‘A@Q)dx

\x\<\/27R |x|<\/ﬁ
4N—-1
z% / IV (1} )Pz — Co / ) dz, (3.16)
lz|<V2R lz|<V2R

where Cy = Cy(n, R, \) is a positive constant whose value may change from line to line. Thus by
the parabolic Sobolev inequality (see [11, Theorem 6.9]),

n+2

JI (w5 dudt
// — Ayl da dt > € —2200) T // o) de dt,
E>r(0,0) max f U;‘QOQ dr E>r(0,0)
RS0\ ) Cvan

where C1 = C1(n, R, \) is a positive constant whose value may change from line to line. (Here, C4
only depends on n and A, but later it will also depend on R.)
Also, for |z| < V2R we have

A
/Oau])\12dt 1/03@6@(%
_1 ui(x,0) oz 0)2—/0 u)-‘a—SOth > —C. /0 u? dt (3.17)
AL ’ —op 7 Ot D AP '
and thus
I uj\pQ)nTJr2 dx dt
Fan(0,0)
// (Huj)u ;‘ Y2 dedt > C = 2/n—02 // u?‘dxdt. (3.18)
Ear(0,0) X 2 Ear(0,0)
_aRZi<0 S ujetdu

10



On the other hand,

H .
/ (Huj)u >‘ Yo? de dt = // u—%uﬁ\de:ﬁdt
J

E2r(0,0) E3r(0,0)
%4»2 ni2
H ER n
< // < “J> dz dt // (wp?) "% da dt
2R (0,0) 2r(0,0)
n+2 nL-&-Q
n+2
< / fjdxdt // w drdt (3.19)
2R (0,0) 21 (0,0)
because .
Hu;\ > Hu |
uj uj
(—]> = (Huj) | /=% | </
u; un
j
by (3.14) and (3.15). Since by (3.14),
9\ 2 A—194; 9,29
= 2
A
dp
= \u j‘ Lo?[(Auy) + fi] + 2u) P50
it follows from (3.16) that for —2R <t < 0 we have
0
e / utp? de < Cy / u?‘dx—i—)\ / ;‘ ! 2f]d.’E,
lz|<V2R lz|<V2R |z|<V2R
and thus
max / ordr < Cy //udxdt—i—)\ // w1 2f]dacdt
—2R<t<0 j
|z|<v2R E3r(0,0) E2r(0,0)
s IE=
<0y // ) dx dt + / f; da dt // 257 da dt
E>r(0,0) 2R(00 2r(0,0)
w2
// u;‘ dx dt + // 22 n:zrgdxdt (3.20)
2r(0,0) 2R (0,0)
by (3.14), (3.19) and (3.11).
If
n+2
(W) ?) " da dt // ) da dt (3.21)
2R(0:0) EQR(O 0)

11



then by (3.20),

2/m iz
A2
72%12%0 / uj” dx < // " de dt

$|<\/ﬁ 2r(0,0)

and hence by (3.18) we have
n+2
/ (Huj)u} ™ dwdt > C / " da dt — Oy // ) da dt.
E2r(0,0) 2r(0,0) E>R(0,0)
Thus by (3.19) and (3.11),
n+2
n+2
// ) dxdt < (9 //udmdt
2r(0,0) E51(0,0)

which clearly holds even when (3.21) does not hold. Consequently,

n+2

n

AnE2 A
// u; "o drdt < Cy // uj dz dl . (3.22)

Er(0,0) 2r(0,0)

It follows from the definition of u;, (3.11), and Theorem A.1 in Appendix A that

n+l
lim sup // " dxdt < oo. (3.23)

J—00
E1(0,0)
Starting with (3.23) and using (3.22) a finite number of times we find that for each p > 1 there

exists € > 0 such that the sequence u; is bounded in LP(E.(0,0)) and thus the same is true for the
sequence f; by (3.14) and (3.15). Hence by Theorem A.1 in Appendix A,

lim sup // ¢)fi(n,¢)dnd¢ < oo (3.24)

J—00

E.(0,0)

for some € > 0. Also, by (3.11),

i [ eCn-0nm.0dd =0 (3.25)
E1(0,0)—E-(0,0)
Adding (3.24) and (3.25) we contradict (3.12). O

4 Arbitrarily large solutions at the origin

The main result of this section is the following theorem which gives conditions on a nonnegative
function f such that there exists a smooth nonnegative solution u(z,t) of

0<u—Au< f(u) in (R"xR)-—{(0,0)} (4.1)

which is arbitrarily large at the origin.

12



Theorem 4.1. Suppose f: [0,00) — [0,00) is a nondecreasing continuous function such that for
some sop > 0 we have f(s) > 0 for s > sy and

/OO </m fﬁ;)m ds < oo (1.2)

1) — (0,00) be a continuous function. Then there exists a C°° nonnegative solution
(4.1) satisfying uw =0 in R™ x (—00,0) and

Let ¢ ( ,
u(z, ) 0
u(0,t) # O(p(t)) as t—0T. (4.3)
Theorem 4.1 implies Theorem 1.2 in the introduction because the functions f(s) = s*, A > %2,
satisfy the conditions on f in Theorem 4.1.
Actually the smaller (at oo) functions

f(s) = 5" (0g(1 +5))°, B> 2,

n
also satisfy the conditions on f in Theorem 4.1.
Proof of Theorem 4.1. For s > so/ay, let
1 [ ds
g 8) = - =\
¥ e ) 7O
where «, is defined in (4.19) below. By (4.2),
[e.e]
/ (—g(s))"?ds < oo (4.4)
50/0571,

and thus liminf s(—g(s))*”? = 0. Hence there exists a strictly decreasing sequence {tj}52, of
S§— 00

positive real numbers, which tends to zero, such that

—g<n/2>/t —0 as j— oo, (4.5)

J

where )
= ———- 4.6
b (87)"/22¢ (46)
Let w;(t) be the solution of the initial value problem
;_ , iy P
w; = f(anw;), wj(t;) = 2 (4.7)
b
Since ¢'(s) = 1/ f(ans), we have
- _/ _/ wj () (7) dr
= g(w;(t)) — g(w;(t;))
Let T; = t; — g(w;(t;)). Then
T —t = —g(w;(1)) (4.8)



and thus

lim w;(t) = oo. (4.9)
t—>Tj_
Also,
n/2
b —alw (s —q(B,/t"
Lzt g(wj(t])): 95/t )—>0 as j — o0 (4.10)
tj ) tj
by (4.5).
Thanks to (4.9), we can choose a; € (t;,7}) such that
ws(ay) — 00 as j — oo. (4.11)
p(a;)

Let hj(s) = \/4(aj — s) and H;(s) = \/4(aj +¢; — s) where €; > 0 satisfies

a; + 25j < Tj, tj — &5 > tj/2, and wj(tj — Ej) > d (4.12)

Define

wj ={(y,s) e R" xR: |y| < hj(s) and t; <s <a;}

Qi ={(y,s) e R"xR: |y| < Hj(s) and t;—¢; <s<aj+ej}.
Let x;: R" x R — [0,1] be a C* function such that x; =1 in w; and x; = 0in R” x R — Q.
Define vj, u;: R" x R — [0,00) by

vi(y, s) = x;(y, s)wj(s)

uj(x,t) // x—y,t—s)v(y,s)dyds.

R"xR

We can assume f is C'° because given any function f satisfying the conditions of Theorem 4.1
there exists a C*° function f < f satisfying the same conditions. Thus wj,v;, and u; are C*° and

8uj

— 4+ Au;=v; inR" xR

ot T (4.13)
uj =0 in R" x (—00,0).

n

Letting p be a fixed number larger than %2, say p = n + 2, we have by Theorem A.l in
Appendix A that

/ / (x —y,t — s)w!(s) dy ds < Collw(5) | i@ -
& —w; Lo (R % (0,1))
S ’U)j (tj) (4.14)

provided we decrease ¢; if necessary.
Also, for (z,t) € Q; we have

2] < \f4a; — t; +2¢5) < AT,
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by (4.12); and thus using (4.12) again we obtain

2 Lt Lt
e T AT 1) 8T - 1))

(xt)eQ; t = t;—¢j t;

—0 as j— o0 (4.15)

by (4.10).
In order to obtain a lower bound for u; in 2;, note first that for t; —e; < s <t < a; +¢; and
|z| < H;(t) we have

1
/ O(z—y,t —s)dy = 7z / e 17 dz (4.16)
T
<H; z H(s)
IS ‘27\/4(1&75) I< 4?#5)
1
> 2 e dz  where e = (1,0,...,0)  (4.17)
T
Hj(s)el H](s)
| _\/4(t75)|< 1(t—s)
> ap, (4.18)
where

ap = / e 1 dz e (0,1). (4.19)

Some of the steps in the above calculation need some explanation. Equation (4.16) is obtained by
making the change of variables z = —=%=. Since |z| < H;(t) < H;(s), the center of the ball of

V4(t—s)

integration in (4.16) is closer to the origin than the center of the ball of integration in (4.17). Thus,
since the integrand e~1I” is a decreasing function of |z|, we obtain (4.17). Since H;(s) > \/4(t — s),
the ball of integration in (4.17) contains the ball of integration in (4.19) and hence inequality (4.18)
holds.

For (z,t) € Q; we have

t

//@(x—y,t—s)w}(s)dyds-/ wi(s) / O(x—y,t —s)dy | ds
ti—ej

2 T [yl <H;(s)

> an(wj(t) — wj(tj — €j)) > anwj(t) - wj(tj)

by (4.18) and (4.19). It therefore follows from (4.14) that for (x,t) € Q; we have

wj(w,t) > //@(x—y,t—s)w}(s) dy ds

://@(x_y,t—s)w;(s)dyds—// Dyt — s)u(s) dy ds
) Q

Wi

= anw;(t) — 2w;(t;). (4.20)

15



Also,

R"xR
aj+ej
:/ w’(s) dy | ds
tj—€j
y|<H,(s)
a]‘+6j "
o [ e ()

T;
— 42, /t [—g(w; ()" *w(s) ds, by (4.8)

i€

SM%@/MNWWW%M by (4.12).
wj

It therefore follows from (4.4) that

[e.o]

/ Zvj(y,s)dyds < 00
R xR =1

provided we take a subsequence of v; if necessary. Hence the function u: (R"xR)—{(0,0)} — [0, c0)
defined by

u(z, O(x,t) // (x —y,t—s) Zvjy, dy ds

R"xR
= ®(x,t) + Zuj(x,t)
j=1

is C* and by (4.13) we have

oo

—Au=) v; in(R"xR)-{(0,0)} (4.21)
j=1
u=0 in R" x (—00,0).

Also, for (z,t) € Q; it follows from (4.10), (4.15), (4.7), and (4.6) that ®(x,t) > 2w;(t;), provided

we take a subsequence of Q; if necessary, and thus for & t) € Q; we have by (4.20) that
u(x,t) > O(x,t) + u;(z,t)
2 ®(z,t) + (anw;(t) — 2w;(t;))
> aywj(t). (4.22)
Hence, for (z,t) € Q;,
(0 — Au)(z,1) = v, 1) < w)(t) = Flanw;(t) < f(ulz,?)). (4.23)
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Inequality (4.23) also holds for (z,t) € (R™ x R) — |J §; because u; — Au = 0 there by (4.21).
j=1
Thus (4.1) holds.
Finally, by (4.22) and (4.11),

u(0,a;)  anw;(ay)
p(aj) o(aj)
Hence (4.3) holds. 0

— 00 as j — oo.

5 Initial conditions

As discussed in the introduction, we now improve the upper bound (1.2) for u in Theorem 1.1
by imposing an upper bound on the initial condition of u. Our first such result is the following
proposition.

Proposition 5.1. Let Q be a bounded open subset of R™, n > 1, containing the origin and let
a > 0 be a constant. Suppose

ue CP(Q x(0,a))NC(Q % (0,a) —{(0,0)}) (5.1)
s a nonnegative solution of
0<u—Au< f(u) in Qx(0,a), (5.2)

where f: [0,00) — [0,00) is a continuous function satisfying

If
1
u(z,0) =0 (W) as x©—0 (5.3)
then (z.1)
u(x
L =01 t— 0" 5.4
N Uy oW et >4
where
2 lz| < Vit
|z|

Note that U: R"™ x [0,00) —{(0,0)} — (0, 00) is continuous and ( %in(lo 0 U(z,t) = oo.
z,t)—(0,
>0

Proof of Proposition 5.1. By scaling we can assume (3.4) holds and f(s) = s"n L By Theorem
2.1, statements (3.5) and (3.6) hold.

Suppose for contradiction that (5.4) does not hold. Then there exists a sequence {(zj,%;)} C
2 x (0,a) such that £; — 0 as j — oo and

~

~~
<

lim &%) (5.5)
Jj—oo U({L‘j, tj)

17



If (z,t) € R™ x (0,00) and t > ¢|x|? for some € € (0, 1) then

Uz, t) > U <<£>1/2,t> - (%)nﬂ.

It follows therefore from (5.5) and Theorem 3.1 that

t.
‘x]’2 —0 as j— oo. (5.6)
j
Also, by (5.1), ; — 0 as j — oo. Let
|25
t; = # (5.7)

and for (z,t) € R™ x (0,00) and r > 0, let
E(m,t) ={(y,s) e R"xR: |y—z|<rand 0<s <t}
Then for (z,t) € & (x;,t;) and (y,s) € R™ x (0,00) — Eut; (,t;) we have

max{®(z — y,t — s), P(x,t)} < max @(\/E, 7)

0<7T<00

tj n n/2
— o (i, L) =
<\/_] Qn) <27Tetj> ’

which implies for (z,t) € &;(w;,t;) that

n/2
O(x —y,t —s)Hu(y,s)dyds < (2 ; > / Hu(y, s) dyds.
met
Ba(0)x (0.3)Eut, (w;.;) 7 Ba0)%(02)

Also, for (z,t) € &;(xj,t;) we have

o(z,t) = / Bz — g, tyuly,0) dy + / B — g, yuly,0) dy

\yij\>2\/t7 |y*1j|<2\/g

ly|<2

n/2

n C
< 0)d — O(x —uy.t)d
() [ wwoir i [ e

ly|<2 yeR™

by (5.3) where C' is a positive constant which does not depend on j or (z,t).
It follows therefore from (3.5) and (3.6) that for (z,t) € & (x;,t;) we have

C
u(z,t) < D + // O(x —y,t —s)Hu(y,s)dyds (5.8)
7 )

g4tj (xj,tj

where C' is a positive constant which does not depend on j or (z,t).
Using (5.6) and (5.7) we obtain

A 1 1
Uz, t;) = =
N PR AT
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and thus by (5.5),

n/2
L

By (5.6) and (5.7), (z;,%;) € &, (zj,t;) for large j.
Substituting (z,t) = (:c],tj) in (5.8) and using (5.9) we obtain

u(xj,tj) — oo as j— oo. (5.9)

n/2 // —s)Hu(y,s)dyds — oo as j — oc. (5.10)
Eat, (2;.t;)
Also, by (3.5) we have
/ Hu(y,s)dyds — 0 as j— oo. (5.11)
Ear; (w5,t5)
For each positive integer j, define f;: £4(0,1) — [0,00) by

n

fi€,7) = t+2Hux]—|—\/—ftT

Making the change of variables y = ; + /%; 1, s = t;¢ in (5.11), (5.10), and (5.8) and using (5.2)
and the first sentence of this proof, we obtain

/fM,MMHO%ij, (5.12)
5401
// i = Ofi(m, ) dndC — 0o as j — oo, (5.13)
5401

where 7; = ¢;/t; € (0,1), and

f@TW<C+/ B(E — .7 — ) f5(0,C) dn d (5.14)

£4(0,1)

for (&,7) € £1(0,1), where C' is a positive constant which does not depend on j or (&, 7).
Define u;(&, 7) for (£,7) € R™ x R to be the right side of (5.14). Since f; € L>(£4(0,1)),

uj € C(R" xR) and u;(,0)=C= Rr{zuxrhuj (5.15)

It follows from (5.1) and (3.6) that
N € C*Y(B(0) x (0,1)) and HN = Hu in B;(0) x (0,1).
Hence
S 02’1(54(0, 1))

and
H’U,j = fj in 54(0, 1)
Thus by (5.14),

n+2

HujgujT in &£(0,1).
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Let 0 < R < i and A > 1 be constants, and let ¢ € C*°(R") be a nonnegative function satisfying

¢ =1 for |z| < VR and ¢ = 0 for |z| > v2R. The proof of Proposition 5.1 is now completed

by replacing 21}212)2 , integrals with respect to ¢ from —2R to 0, F2r(0,0), and Er(0,0) in the
t

proof of Theorem 3.1 with gax, integrals with respect to ¢ from 0 to 1, &r(0,1), and (0, 1),
respectively. However we should point out that (3.17) is replaced with

2
[
/ 8] w Tt dt = 5 T (wj(z, 1) — uj(z,0)*) >0
by (5.15). Other similar simplications hold because ¢ does not depend on t. U

The main result of this section is the following theorem, which immediately implies Theorem
1.3 in the introduction.

Theorem 5.1. Let ,a, and u be as in the first two sentences of Proposition 5.1 and suppose

u(z, 0) _o< !

z[P
for some constant p € [0,n]. Then for each positive constant q,

> as x—0 (5.16)

t
max _ulzt) O(1) as t—0" (5.17)
xeﬁ (P(xat§pv Q)
where
1 1 < \/—
W + M, |$| <Vt
o(x,t;p,q) = q
1 t 1 \/E
o *\RP) T M7 VE

For the proof of Theorem 5.1, we will use Proposition 5.1 and the following lemma whose trivial
proof we omit.

Lemma 5.1. Let ¢ > 0. Then for some constant C = C(n,q) > 0 we have
x C t \?
) (2
2") =l (!xP)

Proof of Theorem 5.1. Since, for some constant C' > 0,

]

C
u(y,0) < — for |y—z|< 5

[P

it follows from (3.5) that for 0 < |z| < 1 and ¢ > 0 we have

v(x,t) = / O(x —y,t)u(y,0)dy + / O(x —y,t)u(y,0)dy

forz e R" — {0} and 0 < 7 <'t.

and 0 <|z| <1,

ly—z|<!Z! ly—z|> 12!
ly|<2
C T
<= [ o@w—yt)d @(—,t) 0)d
_|x|p/ (@ —y,t)dy + (3 /U(y)y
R ly|<2
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where here and in what follows C' is a constant which does not depend on (z,1).
For x € R" — {0} and t > 0, let

Q(z,t) ={(y,s) e R" xR: |y —xz| < 5

2]

and 0<s <t}

It follows from (3.5) that for 0 < |z| < 1 and ¢ > 0 we have

O(x —y,t —s)Hu(y,s)dyds < [

By (0) X (072)_Q(J’,1t>

T

€

max ¢ ( -,
0<r<t

T)} / Hul(y, s) dy ds

B2(0)%(0,2)

(37)

< (C max ®
0<r<t

Thus by (3.6), we have for 0 < |z| < 1 and 0 < ¢t < 1 that

u(z,t) < C

Suppose, inductively,
have

u(z,t) <C

x ¢ (g,T) + //fb(:ﬁ —y,t —s)Hu(y,s)dyds (5.18)

— + ma
|z[p  o<r<t
Q(zt)

for some constants A > 1, r € (0,1), and ¢ > 0 satisfying Ar? < 1 we

(

1

L[zfP

1

ER

t

B (5.19)

q
)] for 0<|z|<7and0<t< Alz%

(Note that by Proposition 5.1, given any large constant A > 1, (5.19) holds with » = 1/v/2A and

¢ =0.) Then for

2 A
0< |z < 3" 0<t< Z\xP, and (y,s) € Q(z,1t)

we have
|z]

2
and thus by (5.19),

3 A
< |yl < §|x|<r and 0<s<t< Z|ﬂc|2<A|y|2

1 1 s \¢?
uy,s)SC[——i——(—) ]
( o T P
P 2n+2q t q
<o|l=—+=— (=),
- [!x\p ||™ (!93\2> ]
which implies
. e 1 1 £\
Hu(y,s) <u(y,s) = +1<C ’gj‘pnTH || +2 W )
and hence
n+2
1 1 t I
//@(m—y,t—s)Hu(y,s)dydsSC’t = T T <—2>
o AT e ||
z,
¢ 1 1/ ¢ \7
| v
2P p2 2 | el (le2>
q™2 41
<oA1/t '
T4zl |z \Jaf?
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It therefore follows from (5.18) and Lemma 5.1 that

u(z,t) < C

n+
1 1 t \4n Tt 2 A
= for 0<|z|<Zrand0<t< =|z|% 5.20
o o () ] or O<lel<gran et 620

That is (5.19) implies (5.20). Thus given ¢p > 0 and iterating the above argument, starting with
(5.19) with ¢ = 0 and A = A(qp) sufficiently large, we see that there exists 19 > 0 such that

1 1 t\?
u(:c,t)gC[——F—(—) ] for 0 < |z| <r9and 0 <t < |z
P 2™ \ [z

Consequently, Theorem 5.1 follows from Proposition 5.1. U

A Estimates for the heat potential
In this appendix, we give estimates for the heat potential
(V)(,1) // (z—y,t —s)f(y,s)dyds,
R™x(a,b)

where a < b, n > 1, and ® is given by (1.3).
These estimates, which are needed for the proofs of Theorems 3.1 and 4.1, are the analog of
estimates given in [10, Lemma 7.12] for the Riesz potential.

Theorem A.1l. Let p,q € [1,00] satisfy

: < .
- P q n+2
Then V. maps LP(R™ x (a,b)) continuously into LI(R™ x (a,b)) and for f € LP(R™ x (a,b)),

IV fllLa@rx(ap)) < M| fll L@ x(a0))5

where
1-6

(1=6)5(b—a) 50

nd
(4) T (1 )

M:

Proof. Let r = (1 —6)~!. Then 1 <r < (n+2)/n and for s < t we have

T _ T _ 1
/ § O(x —y,t —s) dy = / ) O(x —y,t —s) doe = (@)D 2 2 — 5) Gz

Hence, letting @ = R™ X (a,b), X = (z,t), and Y = (y, s), we have

(X = )y <M forall X €Q

and
|®(- — Y)HLT(Q) <M forall Y € Q.

The proof is now completed by mimicking the proof of Lemma 7.12 in [10]. O
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