Pointwise Bounds and Blow-up for Choquard-Pekar Inequalities at
an Isolated Singularity
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Abstract
We study the behavior near the origin in R™ n > 3, of nonnegative functions
u € C*(R™\{0}) N L*(R™) (0.1)
satisfying the Choquard-Pekar type inequalities
0<—Au< (Jz|~**uMu® in By(0)\{0} (0.2)

where a € (0,n),\ > 0, and o > 0 are constants and x is the convolution operation in R™. We
provide optimal conditions on «, A\, and o such that nonnegative solutions u of (0.1,0.2) satisfy
pointwise bounds near the origin.
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1 Introduction
In this paper we study the behavior near the origin in R™,n > 3, of nonnegative functions
u e C*R™\{0}) N LMR") (1.1)
satisfying the Choquard-Pekar type inequalities
0<—Au< (Jz|"**uMu’ in By(0)\{0} (1.2)

where a € (0,n),A > 0, and ¢ > 0 are constants and x is the convolution operation in R".
The regularity condition u € L*(R™) in (1.1) is natural because one does not want the nonlocal
convolution operation on the right hand side of (1.2) to be infinite at every point in R"™.

A motivation for the study of (1.1,1.2) comes from the equation

—Au = (Jz|7* * u)‘)|u|)‘_2u in R", (1.3)

where a € (0,n) and A > 1. For n =3, a = 1, and A = 2, equation (1.3) is known in the literature
as the Choquard-Pekar equation and was introduced in [17] as a model in quantum theory of a
Polaron at rest (see also [3]). Later, the equation (1.3) appears as a model of an electron trapped
in its own hole, in an approximation to Hartree-Fock theory of one-component plasma [8]. More
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recently, the same equation (1.3) was used in a model of self-gravitating matter (see, e.g., [7, 13])
and it is known in this context as the Schréidinger-Newton equation.

The Choquard-Pekar equation (1.3) has been investigated for a few decades by variational
methods starting with the pioneering works of Lieb [8] and Lions [9, 10]. More recently, new and
improved techniques have been devised to deal with various forms of (1.3) (see, e.g., [11, 12, 14,
15, 16, 20] and the references therein).

Using nonvariational methods, the authors in [15] obtained sharp conditions for the nonexistence
of nonnegative solutions to

—Au > (|z]7% % uMu
in an exterior domain of R", n > 3.
For some very recent results on positive solutions Choquard-Pekar equations which have an

isolated singularity at the origin and tend to zero as |x| — oo see [2].
In this paper we address the following question.

Question 1. Suppose o € (0,n) and A > 0 are constants. For which nonnegative constants o, if
any, does there exist a continuous function ¢ : (0,1) — (0,00) such that all nonnegative solutions
w of (1.1,1.2) satisfy

u(z) = O(¢(|x])) asx—0 (1.4)
and what is the optimal such ¢ when it exists?

We call the function ¢ in (1.4) a pointwise bound for u as x — 0.

Remark 1. Let uy € C2(R™\{0}) be a nonnegative function such that uy = 0 in R™\ B3(0) and

up(z) = 277720 <A < 7y for 0 < |z| < 2.
1 if A > Lo

Then uy, € LM(R™) and —Auy = 0 in By(0)\{0}. Hence u, is a solution of (1.1,1.2) for all a € (0,n),
A > 0, and 0 > 0. Thus any pointwise bound for nonnegative solutions u of (1.1,1.2) as x — 0
must be at least as large as u)(x) and whenever uy(x) is such a bound it is necessarily optimal. In
this case we say u is harmonically bounded at 0.

In order to state our results for Question 1, we define for each o € (0,n) the continuous,
piecewise linear function g, : (0,00) — [0, 00) by

s if0< A< =5
ga(N) = 2=2 — ) if 220 <\ < 25 (1.5)
max{0,1 — 22X} if A > .
According to the following theorem, if the point (A, o) lies below the graph of 0 = g, () then
all nonnegative solutions u of (1.1,1.2) are harmonically bounded at 0.

Theorem 1.1. Suppose u is a nonnegative solution of (1.1,1.2) where o« € (0,n), A > 0, and
0 <0 <ga(N).
Then u is harmonically bounded at 0, that is, as x — 0,

@) = {O(|$|_("_2)) if0 <A< L

O(1) ifA> s (1.6)

Moreover, if X > 5 then u has a C' extension to the origin, that is, u = wlgn\(oy for some

function w € CHR").



By Remark 1 the bound (1.6) for u is optimal.
By the next theorem, if the point (A, o) lies above the graph of o = g, () then there does not
exist a pointwise bound for nonnegative solutions of (1.1,1.2) as = — 0.

Theorem 1.2. Suppose a, A, and o are constants satisfying
ac(0,n), A>0, and 7> ga(A).
Let ¢ : (0,1) — (0,00) be a continuous function satisfying

li t) = oo.
Jm o) = o0

Then there exists a nonnegative solution w of (1.1,1.2) such that
u(x) # O(p(lz]))  asz —0.

Theorems 1.1 and 1.2 completely answer Question 1 when the point (A, o) does not lie on the
graph of g,. Concerning the critical case that (A, o) lies on the graph of g, we have the following
result.

Theorem 1.3. Suppose o € (0,n).

(i) If 0 < A < =5 and 0 = go(A) then all nonnegative solutions w of (1.1,1.2) are harmonically

n—2

bounded at 0.

(ii) If X\ = %=5 and 0 = ga()) then there does not exist a pointwise bound for nonnegative

solutions w of (1.1,1.2) as x — 0.

(iii) If a € (2,n), A > "5, and 0 = go(\) then there does not exist a pointwise bound for
nonnegative solutions w of (1.1,1.2) as x — 0.

If u is a nonnegative solution of (1.1,1.2) where (A, o) lies in the first quadrant of the Ao-plane
and o # g,(\) then according to Theorems 1.1 and 1.2 either

(i) u is bounded around the origin and can be extended to a C'* function in the whole R™; or
(ii) u can be unbounded around the origin but must satisfy u = O(|z|~2)) as z — 0; or

(iii) no pointwise a priori bound exists for u as x — 0, that is solutions can be arbitrarily large
around the origin.

The regions in which these three possibilities occur are depicted in Figs. 1-3 below.

Our results in Theorems 1.1-1.3 leave Question 1 unresolved when either

(i) a€(2,n), 2=5 <A < L5, and 0 = ga(N); or

a—27
(i) a € (0,2], A > 2=5, and 0 = ga(N).

We leave these two borderline cases, which are more difficult and not amenable to our methods, as
open problems for future research. However, we suspect that (1.1,1.2) in these cases has arbitrarily
large solutions around the origin because otherwise by Theorem 1.3 (A,0) = (%=5, ga (=5 )) would
be an isolated point on the curve o = g, () for which (1.1,1.2) has arbitrarily large solutions, which
seems unlikely.

The parabolic version of (1.1,1.2) will be investigated in a future work.

If & € (0,n) and A > 0 then one of the following three conditions holds:



Arbitrarily large solutions

n—2 n—2 o — 2

Figure 1: Case a € (2,n).

o
n Arbitrarily large solutions
n— 2
oc=1
3 S SR
u(z) = O(jz|~"?) u(z) = O(1)
E A
1 n
n—2
Figure 2: Case a = 2.
g Arbitrarily large solutions
n
n—2
n—«
n—2
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(i) 0 < A\ < =5,

n—2
(i) 7=5 <A < 329
(iii) 25 < A < oc.
The proofs of Theorems 1.1-1.3 in case (i)(resp. (ii), (iii)) are given in Section 3 (resp. 4, 5).
In Section 2 we provide some lemmas needed for these proofs. Our approach relies on an integral
representation formula for nonnegative superharmonic functions due to Brezis and Lions [1] (see
Lemma 2.1 below) together with various integral estimates for Riesz potentials.
Finally we mention that throughout this paper w, denotes the volume of the unit ball in R"

and by Riesz potential estimates we mean the estimates given in [6, Lemma 7.12] and [18, Chapter
5, Theorem 1]. See also [5, Appendix C].

2 Preliminary lemmas

In this section we provide some lemmas needed for the proofs of our results in Sections 3-5.

Lemma 2.1. Suppose u is a nonnegative solution of (1.1,1.2) for some constants o € (0,n), A > 0,
and o > 0. Letv=u+1. Then

v e C*(R™\{0}) N L*(B2(0)) (2.1)
and, for some positive constant C depending on u, the function v satisfies

0< —Av< C[In_a(vx)]va} in Ba(O)\ {0}, (2.2)

v>1

where )
L y)ay

Ushiwy = [ s Jorsem (2.3
Also n

—Av, " € LY(B1(0)) for all p € [1, m) (2.4)
and Av(y)d

m —Av
o(@) = g+ h(a) +C - # for 0 <|z| <1 (2.5)

where m = m(u) > 0 and C' = C(n) > 0 are constants and h is harmonic and bounded in By (0).

Proof. (2.1) follows from (1.1) and the definition of v.
For 0 < |z| < 2 we have

A
/ uy) di’ < ( max u(y)A>/ %Jr/ u(y)*dy
yi>1 17 — ¥ 1<|y|<3 1<]yl<3 [T — Y| ly|>3
dy

<C< Cmin/ Y
z1<2 Jjy<1 12 — ¥




where, as usual, C' is a positive constant whose value may change from line to line. Thus for

0<|z| <2
A Ad 1
/U(y) gé/ u(y) z+0/ _dy
re [T — Y yl<1 1T — ¥ <117 =¥

cof CWED oW,

<1 T —yl®

Hence, since Au = Av and u < v we see that (2.2) follows from (1.2). Also (2.1), (2.2), and [1]
imply (2.4) with 4 = 1 and (2.5), which together with Riesz potential estimates, yield the complete
statement (2.4). O

The following lemma will be needed for the proof of Theorem 1.2 when 0 < \ < 25

Lemma 2.2. Suppose a € (0,n) and X € (0, 25]. Let {x;} C R",n >3, and {r;},{g;} C (0,1)
be sequences satisfying

0< 4‘.%']'_,_1‘ < ‘.Z']‘ < 1/2, (26)
0<r<lzjl/4 and D (e} +¢;) < 0. (2.7)
j=1

Then there exists a nonnegative function

u € C®(R™\{0}) N L*(R™) (2.8)
such that ‘
= PfO< A< s
J .
0<-Au<§ & ifA= "5 in By, (), (2.9)

~Au=0 in By(0)\({0} U U B, (z;)) (2.10)
J=1
g if0 <A< 2
u 2 A J £j _ Zf}\ — % mn BT’j (x]), (211)
2 (log %) n=2
J
and for x € B, (z;)
e} if0< <=5
Ad e} log L if A= 1=5
/ U(y) Y > B i\ nga (n—2)A f - (212)
ly|<1 |z —y|* 5T, f < A < L
)\ - 1
ejry *(log 1)~ UA—EQ

where A = A(n) and B = B(n,\,«) are positive constants.

Proof. Let ¢ : R™ — [0, 1] be a C* function whose support is B;(0). Define v, f; : R" — [0, 00)
by ¥;(y) = ¥(n) where y = z; + r;jn and f; = M;v; where M; = —= and
]

J
5 — 1 ifO<A< 25
7T log 1) if A= 2




Since
/ fj(y)dszj/ w(n)r?dnéaj/ Y(n)dn

and by (2.6) and (2.7); the supports B, (z;) of the functions f; are disjoint and contained in

Bs;4(0) we see by (2.7)2 that

f=>f; € C®®M\{0}) NL'(R") and supp(f) C Bi(0). (2.13)
j=1
Defining
[i(z)dz
v;\y) = / (T
i) Rn |y — 2772
and making the change of variables
r=x;+r;§, y=x;+rm, and z=uz;+7r;(,
we find for 3 € [0,n) and R € [4,2] that
[, Msv@ryac A
vj(y)’\dy B Ry =2 p—¢|n—2 ey
e lz—y|f . Ble —plB 5
ly—a;|<R nl<R/r; i 1€ =
b(Qd¢ \*
I Y n—B—(n—2))\/ <fRn ‘W—C‘7L72>
N, . (2.14)
2 ml<ryr, 1§ —nlP
Also
[ 2O
0<Ci(n) < # < (Cy(n) < oo forneR™ (2.15)
" —2+1
Taking =0 and R =2 in (2.14) and using (2.15) we get
A, n—(n=2)A 1 ’
vi(y)\dy < Celo AT / <n_7> dn < C(n, \)e? (2.16)
/y—fvj<2 ’ SR nl<2/r; \In["7% +1 ’
because A\(n — 2) < n. Defining
1 f(y)dy 1\
— = ; fi R"™
v(@) n(n — 2)wy, /Rn |z —y|"2  n(n—2)w, ]Z:; vile) forz e
and using (2.16) we get for 1 < A\ < 5 that
n(n = 2wnllvll s, 0 < D il < D Ml sae,) < C D& < o0
j=1 j=1 j=1

by (2.7).



If A €(0,1) then using (2.16) we see that

A
n(n = 2)wnllvllpr s, 0) = 1Y vjllr 0y = /B o (Z Uj(y)) dy
1

i=1

1/
< / v;
( B1 )CBz(wj Z / )
1/A . 1/
Z/ )‘dy < ZC&“;‘ < 00
B2(% j=1

by (2.7). Thus by (2.13)

v e C®(R™{0}) N LNB1(0)) (2.17)
and
—Av=f in R"\{0}. (2.18)
Taking 8 = a € (0,n) and R = § in (2.14) and using (2.15) we find for [z — z;| <r; (ie. [¢] < 1)
that
A (A
(n(n — 2)wn) / vly)dy / N L LY AT
<1 |z =yl y—aj|<1/2 1T — Yl
where

< : )A ( ; >A

2n72+1 2 n—2

> - / A dn
2<|n|< 5

1€ —nl®

>C(n, A\ a) + <2>a ! / ! d
- n? 7a o BN IR ,’7
3 2A <|77‘<2r |77| n—2) o

1 n—q
m 1f0<)\<m

J

1 : _ n—«

2 C(n,)\,a) IOgE lfA— n—o
1 if 00 < )< n

1 if A= o

Thus for |z — z;| < r; we have

63-\ if0 <A< =5
Ad eMog L if A =2=¢
R RN L e RN (2.19)
<1 17—yl ey if 179 <\ < 0
ejry *log )" if A= ot



Also, for |z — x| < r; we have

1 fy)dy
vie) 2 n(n — 2)wn /B,.j(xj) |z —y["—2

= C(n) /B Miity) g,

2
o) [ =yl

My ()
=C(n —d
( )/| 2 _ 77!" 2%

o
= > A— 2.20
5 /|<1 1€ — 77|" 2 T;L_25j (2.20)
where J
A:C(n)min/ M>O.
€<t Jipj<1 1€ —nl"

Finally, letting u = xv where x € C*°(R" — [0,1]) satisfies x = 1 in B2(0) and x = 0 in
R™\B3(0), it follows from (2.17)—(2.20) that u satisfies (2.8)—(2.12). O

The following lemma will be needed for the proof of Theorem 1.2 when A > =5

Lemma 2.3. Suppose a € (0,n) and A\ > 5. Let {z;} C R", n >3, and {r;},{c;} C (0,1) be
sequences satisfying

0< 4‘55]'4_1‘ < ‘LE]‘ < 1/2, (2.21)

0<r;<|z;l/4 and Zsj < 0. (2.22)

Then there exists a positive function

u e C®(R™\{0}) N LMR™) (2.23)
such that .
0<—-Au< ﬁ in By, (z;) (2.24)
"j
—Au=0 inR\{0} U | By, (x)) (2.25)
j=1
Ag; ,
u > n—/i\ in B, (7)) (2.26)
T.
J
and . \
Be?
/ uly) di/ >—2L  forz € By (z;) (2.27)
ly—z;l<r; |2 = Yl i

where A = A(n) and B = B(n, A\, «) are positive constants.

Proof. Let ¢ : R™ — [0,1] be a C* function whose support is B1(0). Define v, f; : R" — [0, 00)
by ¥;(y) = ¥(n) where y = z; + r;n and f; = M;v; where M; = —23”. Since

re

J

(n=2)A—n

F(y)dy = M, / N emdn <5 [
R R™ Rn R



and by (2.21) and (2.22); the supports B, (z;) of the functions f; are disjoint and contained in
Bs4(0) we see by (2.22)2 that

f=>_f; € C®®M\{0}) NL'(R") and supp(f) C Bi(0). (2.28)
j=1

Defining
u;(y) = /R ile)de

n |y — 2|2

and making the change of variables
r=z;+1r;§, y=z;+mrm and z=zx;+7r;(,
we find for 5 € [0,n) that

A
M(Q)rrd¢ >
n

A e T
wi(y) dy < i n—=¢|
R or Brj(xj) ‘Z’ y’ R” or |n|<1 r; ’f — 7]’5
¢\
Y _5/ (fR” |77—C|"*2)
=e5r; dn. 2.29
7 R™ or |n|<1 ‘5—77‘6 ( )
Also
J Y(Q)d¢
0<Ci(n) < w < Cy(n) <oo forneR"™ (2.30)
241
Taking § = 0 in (2.29) and using (2.30) we get
A 2 1 g A
/nuj(y) dy < C(n, Mg /Rn (W) dn < C(n, Nej (2.31)
because A > n/(n — 2). Defining
1 f(y)dy -
= = ; fi R" 2.32
#(2) n(n — 2w, /Rn lr —y["=2  n(n—2)w, ;U](Z') oree (2:32)

and using (2.31) we get

n(n — 2)wn l|ull prgny < Z il A @y < CZEJ <o
j=1 j=1
by (2.22). Thus (2.28) and (2.32) imply (2.23) and —Au = f in R"\{0}. Hence (2.24) and (2.25)
hold.
Taking =« € (0,n) in (2.29) and using (2.30) we get

A
1
a (=)
min / uly) g > C(n, )\)E;‘Tj_a min/ \17|7+adn > C(n, A, a)es;‘rj_o‘
TE€Br () J ly—m;|<r; ‘.Z' - y’ 1€1<1 Jip|<1 ‘f - T"

10



which proves (2.27).
Finally, for |z — x| < r; we have

1 / fy)dy
n(n —=2)wn Jp, (z;) [z —y["?
M (y)
=C I g
) /B,.j(xj) @~y
M;p(n)ridn
—C RO NN Rt
" /77|<1 7‘?_2‘5 — |2 !
_ C(n) j /I w(??)d?? > Aej

u(z) >

r?/A nl<1 |& —mn|n=2 ~ T’;L/A
where
A:C(n)min/ M>O.
€1<1 <1 1€ = nfn 2
This proves (2.26). O

Lemma 2.4. Suppose for some constants o € (0,n), A > 0, and o > 0 that u is a nonnegative
solution of (1.1,1.2) and u(z) = O(1) as x — 0. Then u has a C* extension to the origin, that is,
u = w|gn\ {0} for some function w € CH(R).

Proof. Let v = u + 1. Then by Lemma 2.1, v satisfies (2.5). Since u, and hence v, is bounded in
B1(0) \ {0}, the constant m in (2.5) is zero and by (1.1,1.2) —Awu, and hence —Auw, is bounded in
B1(0)\{0}. It therefore follows from (2.5) that v, and hence u, has a C'! extension to the origin. [

3 Thecase0<>\<%

In this section we prove Theorem 1.1-1.3 when 0 < A < 2=5. For these values of A, the following
theorem implies Theorems 1.1 and 1.3.

Theorem 3.1. Suppose u is a nonnegative solution of (1.1,1.2) for some constants o € (0,n),

(3.1)

Then
u(z) = O(Jz>™™)  asx — 0. (3.2)

Proof. Let v =wu+ 1. Then by Lemma 2.1 we have that (2.1)—(2.5) hold. To prove (3.2), it clearly
suffices to prove
v(z) = O(|z]*™) asz — 0. (3.3)
Choose € € (0,1) such that
n—a

AN —m—m—. 4
<n—2+€ (3-4)

By (2.4) we have v € Li2Ts (B1(0)) which implies

v € L2590 (B4 (0)).

11



Thus, since (3.4) implies

A(n—2+¢) n-—«
<
n n

)

we have by Riesz potential estimates that
Ii—o(v) € L®(B41(0)).
Hence by (2.1) and (2.2), v is a C? positive solution of
0 < —Av<Cv? in B1(0)\{0}.
Thus by (3.1) and [19, Theorem 2.1], v satisfies (3.3). O
Our next result implies Theorem 1.2 when 0 < A < 7=35.

Theorem 3.2. Suppose a, \, and o are constants satisfying o € (0,n)

n

n—au
O< A< —— d > .
n—2 an 7 n—2

Let ¢ : (0,1) — (0,00) be a continuous function satisfying

li t) = oo.
Jm o) = o0

Then there exists a nonnegative solution w of (1.1,1.2) such that
u(z) # O(p(|z]))  asz — 0. (3.5)

Proof. Let {z;} C R™ and {r;},{¢;} C (0,1) be sequences satisfying (2.6) and (2.7). Holding x;
and ¢; fixed and decreasing r; to a sufficiently small positive number we can assume

A€j

n—2
"

> jo(|lxs]))  forj=1,2,... (3.6)

and

m('n_z)a_" <ATBe}TTh for j=1,2,.., (3.7)

where A and B are as in Lemma 2.2.
Let u be as in Lemma 2.2. By (2.10), u satisfies (1.2) in B(0)\({0} UUSZ, B, (x;)). Also, for
T € B, (x;), it follows from (2.9), (3.7), (2.12), and (2.11) that

- T(n—2)a—n Ae o
0< -Au<L—_Jd (B J
- U= Y AC’BE;H'”_I( 6]) 7‘;‘_2

< (jal~ + w)ee.
Thus u satisfies (1.2) in B2(0)\{0}. Finally by (2.11) and (3.6) we have
Aeg; .
() 2 0% > ()
J

and thus (3.5) holds. O

12



4 The case -—5 < A < 5
n— n—

In this section we prove Theorems 1.1-1.3 when 7=5 < A < —Z5. For these values of A, the

result below implies Theorem 1.1.

Theorem 4.1. Suppose u is a nonnegative solution of (1.1,1.2) for some constants o € (0,n),

n—o n 2n — «
< - < — A. .
n—2_/\<n—2 and 0<o< — A (4.1)
Then
u(z) = O(|z]*™) asxz— 0. (4.2)

Proof. Let v =u+ 1. Then by Lemma 2.1 we have that (2.1)—(2.5) hold. To prove (4.2), it clearly
suffices to prove
v(z) = O(|lz|~" ) as z — 0. (4.3)

Since increasing A or o increases the right side of the second inequality in (2.2), we can assume
instead of (4.1) that

n—o n 2n — «
n—2<)\<n—2’ c>0, and 1<A+o< e (4.4)
Since the increased value of A is less than %5, it follows from (2.4) that (2.1) still holds.
By (4.4) there exists € = ¢(n, A\, 0,a) € (0,1) such that
n+2—ao n—ao n 2n —«
A —(—— d A —_— 4.5
<n+2—a—€>n—2< <n—2+€ o +0<n—2+€ (45)
which implies
o< 2n — o 2n — o n—au n (4.6)

n—21c " “n-2te n-2 “m-21¢
Suppose for contradiction that (4.3) is false. Then there is a sequence {z;} C Bj/3(0)\{0} such

that z; — 0 as j — oo and
lim |z;]" 2v(z;) = occ. (4.7)
j—00

Since for |z — z;| < |x;]/4

—Av(y) 4 \"?
—— Ty < | — A
/y_x|j><|fj/2 |z —y|n—2 dy < || /y|<1 v(y)dy,
y

it follows from (2.4) and (2.5) that

1 —A -
v() <C | +/ %dy for |z — z;| < M (4.8)
|| ly—a;|<|ajl/2 1T — Y 4
Substituting z = x; in (4.8) and using (4.7) we find that
—A
|:Ej|"_2/ %d@/ — 00 asj — oo. (4.9)
ly—zj|<|x;|/2 "Tj - y‘
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Also by (2.4) we have
/ —Av(y)dy — 0 as j — oo. (4.10)
ly—z;1<|z;]/2

Defining f;(n) = —r7Av(z;j+r;n) where rj = |x;]/8 and making the change of variables y = ;477
in (4.10) and (4.9) we get

fi(mdn —0 asj— oo (4.11)
In|<4
and J
/ fj(z)_;? — 00 asj — oo. (4.12)
ml<a 7l
Let

—A
N(y):/ Ui(zzi‘lj for 0 < |y| < 1.
|z]<1 |y—Z|

By (2.4) and Riesz potential estimates, N € L= (B1(0)). Thus N* € L2 (B1(0)). Hence
by Holder’s inequality and (4.5) we have for R € (0,1] and |z — z;| < R|z;|/8 that

/ N(y) dy / N(y)*dy_/ N(y) dy
| ly ly

yl<1 [T —yl* <Rl 1T =YY e Rl <1 17— Y

1/q
—_9 1
S (HN)\H _on > / & where M+— =1
LA (n—2+¢) (B1(0)) ly—xj| >Rz |/4 |33 B y|aq " 1

d 1/q
<C / — Y (4.13)
ly—zj|>R|x;|/4 |y - :Ej| q

1

=C ’xj’(n—}l—s))\—(n—a) (414)

where C' > 0 depends on R but not on j. In (4.13) we used the fact that

ly—al Jly—ajl—le—ayl ey 1

ly — ;] — ly — ] y— =] 22
for |x — x| < R|z;|/8 and |y — x| > R|z;|/4.
Since, by (2.4),
1 —Av(z)dz
N <C |+ [ ZAUME | oy — 2] < Rlagl/4
25772 e <Rlay 2 [y — 212 ’ ’

we see for x € R" that

—Av(z)dz A
/ N(y) dy 1 / (f\z—mj|<R|mj|/2 Ty—z"~2 > dy
ly ly—z;|<R|z;|/4

—aj|<Rlejl/a 1T =yl T | |ay| (e 2A=(nma) |z —y|®
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It therefore follows from (2.5), (4.4), [4, Corollary 3.7], and (4.14) that for |z — z;| < R|x;|/8 we

have
A [ d Ny d
/ v(y) ggc / ay s +/ (y) 3
<1 1T =yl Jiyl<t lz = yl*ly <1 |z =yl

< C 1 +/ (‘/‘|Z—Z‘j‘<R‘Z‘j|/2 |y_z|n72) d
T | gl < Riay 4 |z — y[*

Y

where C' > 0 depends on R but not on j.
We see therefore from (2.2), (2.4), and (2.5) that for | — z;| < R|z;|/8 and R € (0, 1] we have

—Av(z)dz ) A
d

1 (f|z—x-\<R\:v-|/2 ly—z|n—2
—Av(z) <C +/ 2 2
|| (n=24A=(n=c) T f I <Rie;|/4 |z —y|*

" LR / —Auv(y)dy
|| (=)o ly—a;|<Rla;]/2 1T — y|" 2

Hence under the change of variables

fi(§) = —rjAv(x), x=z;+71§, y=z;+rm, z=x;+1;(, 15=|r;]/8
we obtain from (4.5) that

(n 24-¢)(A4o0)—(n— a)A'U( )

<—
£1(0)d¢ -
( I¢|<4R Tn—C"— 2) fi(n)dn
dn| |1 BENAN Vi 4.15
" </|n<4R 1€ — 77\"_2) ] (4.15)

<C |1+ /
n|<4R € —nl«
To complete the proof of Theorem 4.1 we will need the following lemma.

() = =1} Av(a)

for [¢| < R where C' > 0 depends on R but not on j.

Lemma 4.1. Suppose the sequence
{f;} is bounded in LP(Bagr(0)) (4.16)

for some constants p € [1, 5] and R € (0,1]. Then there exists a positive constant Co = Co(n, A, 0, )
such that the sequence

{f;} is bounded in LY(BRr(0)) (4.17)
for some q € (p,0) satisfying
1 1
>0 (4.18)
P q

Proof. For R € (0,1] we formally define operators Np and I by

f(n)rin_z and (IRf)(g):/ f(n)dn

l<ar |§ —nl®

(Ve = [

ml<ar 1§ —n

15



Define py by L )
—€

p p2n

where ¢ is as in (4.5). Then py € (p,00) and thus by Riesz potential estimates we have

I(NRS) Mpaya = IN S, < ClIE

and
I(Nrfi)llp2so = INRSillp, < Clflly
where || - ||, == || - HLP(B4R(0))- Since
izl_Z—s §1—2_€ :’I’L—2—|-€
b2 p n n n
we see by (4.5) that
b2
—=>1
\ >

Now there are two cases to consider.

Case I. Suppose

Define p3 and ¢ by

P2 p3_ n

and
1 1 o ANto n—a«o
=4 —= - :

g9 ps p2 o n
It follows from (4.22)—(4.25), (4.19), and (4.4) that
D2

1<X<p3<oou q>07

e (00 (5 )

2-¢)A+to)+(n—a) At+o-1
n p

22— A+o)+(n—a)—n(A+o—-1)

2n—a—(n—2+€7;(/\—|-0')

and

n

Thus (4.18) holds by (4.5).
By (4.24), (4.26), (4.20), and Riesz potential estimates we find that

RN sy = IHR(NRF))IE
< CIl(NrFM

P2/
< C|I 1%

16

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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Also by (4.21) we get
I(NRS)™ 22 = 1(NRS)?I, /0 < CIIZ
It therefore follows from (4.15), (4.25), Holder’s inequality, and (4.16) that (4.17) holds.

Case II. Suppose

P2 n
- > . 4.27
AT n—a ( )
Then by Riesz potential estimates, (4.16), and (4.20) we find that the sequence
{Ir((Nrfj)™)} is bounded in LY(Byg(0)) for all v € (1,00). (4.28)
Let ¢ = p2/o. Then by (4.19),
r 1.1 o 2-¢ 1-o0
P g p P n P2
Thus for o < 1 we have
1 1_ 2—-¢
-— =2 >0
p g n
and for o > 1 it follows from (4.27) and (4.5) that
1 1_2—-—¢ o-1
> - —
I BT
J2-e_ In—a _\—1
- n nA_
n—o
n+2—-—oa—c¢ n+2—a«o n—o
=—— " ()X- 0.
nA ( <n—|—2—a—€>n—2>>
Thus defining g € (p, §) by
11
1_pt3
qg 2
we have for o > 0 that
1 1 1/1 1
== <— — 7> > Co(n, A\, o,a) > 0.
poqa 2\p (¢
That is (4.18) holds.
Since qo/py < Go/p2 = 1 there exists v € (¢, 00) such that
497 (4.29)
Y P2

Also
IIR(NRS)M)) Ny /g = RN
and by (4.21)
NSz = |(NR £, 0 < CUEIGE

p2/o —

It therefore follows from (4.15), (4.29), Holder’s inequality, (4.28), and (4.16) that (4.17) holds. O
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We return now to the proof of Theorem 4.1. By (4.11) the sequence
{f;} is bounded in L'(B4(0)). (4.30)

Starting with this fact and iterating Lemma 4.1 a finite number of times (m times is enough if
m > 1/Cy) we see that there exists Ry € (0, 1) such that the sequence

{f;} is bounded in L?(Bag,(0))

for some p > n/2. Hence by Riesz potential estimates the sequence {Ng,f;} is bounded in
L*>(B4pr,(0)). Thus (4.15) implies the sequence

{f;} is bounded in L>(Bg,(0)). (4.31)

R e Y L
<4 |7l nl<Ro 7| Ry~ JRo<n|<4

we see that (4.30) and (4.31) contradict (4.12). This contradiction completes the proof of Theorem
4.1. O

Since

The following theorem implies Theorems 1.2 and 1.3 when

n—o
A< .
n—2 n—2

Theorem 4.2. Suppose a, \, and o are constants satisfying

n—« n
€ (0 <A<
o € (0,n), n—2 " n—2
and
n n—a
> ; - .
7= 2 i A n—2’
2n — « n—ao n
Y ; N —
7 n—2 an—2< <n—27
n—« n
> f A = .
7 n—2 i n—2

Let ¢ : (0,1) = (0,00) be a continuous function satisfying

li t) = oo.
Jm o) = o0

Then there exists a nonnegative solution u of (1.1,1.2) such that
u(z) # O(p(|z]))  asz — 0. (4.32)
Proof. Let {x;} C R™ and {r;},{c;} C (0,1) be sequences satisfying (2.6) and (2.7). Holding x;

and ¢; fixed and decreasing r; to a sufficiently small positive number we can assume for j = 1,2, ...
that

(2 R G TS W (4.33)



and

T](n—2)o—n log % if )= %
A7 BTt > { R me Y if 125 < A < 52 (4.34)

(n—2)o+2

PR (log L) T if A= oy

where A and B are as in Lemma 2.2. Let u be as in Lemma 2.2. By (2.10), u satisfies (1.2) in
By (0\({0} U3, B, (x5)). Also, for x € By (x;), it follows from (2.9), (4.34), (2.12), and (2.11)
that for % <A< % we have

e
OS—AuS—i

")

r§"72)07" (log TL) B A 1 € 7

J ] . _
yr (st log T—j) <A—T”J2> if \=2=¢
= J J

(n—2)o—(2n—a—(n—2)X) g

T A (n—a)—(n—2)\ €5 rn—a n
BT Bejr; AT?,2 if =5 <A< 25

< (|| * u)u?,

and, for A = %5, we have

0< —Au< £

= n—

S
rj(log r—j) "
(n=2)o+2 o

n—2)o—(n—a —a
T g ) (BE;\ " ) Aej
- o Ato—1 1 n— n—2
A st log > r 2(10g %) =

< (||~ % uMue.

Thus u satisfies (1.2) in B(0)\{0}. Finally, by (2.11) and (4.33) we have
u(x;) = jo(|z;l)

and thus (4.32) holds. O

5 The case A\ > 5

In this section we prove Theorems 1.1-1.3 when A > % For these values of A\, our next result
implies Theorem 1.1.

Theorem 5.1. Suppose u is a nonnegative solution of (1.1,1.2) for some constants o € (0,n),

a—2

A > A (5.1)

and 0<o<1-—
n— n

Then
u(x) =0(1) asx—0 (5.2)

and u has a C' extension to the origin.
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Proof. Let v =u + 1. Then by Lemma 2.1 we have that (2.1)—(2.5) hold. To prove (5.2) it clearly
suffices to prove

v(z) =0(1) asxz—0. (5.3)
By (2.1) and (5.1), the constant m in (2.5) is zero and thus by (2.5)
—A
v(z) <C|1 +/ %dy for 0 < |z| <1 (5.4)
<1 17—yl

for some positive constant C.
Since increasing o increases the right side of the second inequality in (2.2);, we can assume
instead of (5.1) that

-2
i and 0<0<1—a

by (5.5)

which implies

< + = . (5.6)

By (5.5) there exists € = e(n, \,0,«) € (0,1) such that

-2
a+e<n and 0<1—L)\
n

which implies
c—1 2—-—a-c¢

5.7
<, (5.7)
For the proof of Theorem 5.1 we will need the following lemma.
Lemma 5.1. Suppose
v € LP(B1(0)) (5.8)
for some constant
A
pe [)\, "7> . (5.9)
n—oa—¢
Then either N
v € Ln=a=<(B1(0)) (5.10)
or there exists a positive constant Cy = Co(n, A\, o, ) such that
v € L1(B1(0)) (5.11)
for some q € (p,0) satisfying
1 1
- —=>0Cy. (5.12)
P q
Proof. Define py by
1 o —
A_l_n-oa-e (5.13)
p P2 n
Then by (5.9)
1< g < p2 < 00
and thus by Riesz potential estimates and (5.8) we have
[ n—atMlps < Cll|2 = Cllofly < oo (5.14)
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where I3 is defined in (2.3).
Define ps > 0 by

—=—+—. (5.15)
Then by Holder’s inequality
1((Zn—av)07)P* 11 < [[(Znmat™)P2 |22 [[07P || o
P3 IP3
= an—avAHﬁHUHZ”S < o0
by (5.8) and (5.14). Hence by (2.2)
—Av € LP3(B1(0)). (5.16)
Also by (5.15), (5.13), (5.9), and (5.7) we have

1 _)\+U n—a—€<)\+a n—o—¢

D3 P n - A n
o a+te 1 a+e—2 a+e¢
3T Th Sy T a T
12
=5t

Thus by (5.5) we see that
ps > 1. (5.17)

n

Case I. Suppose p3 > 5. Then by (5.16), (5.4), and Riesz potential estimates we have v €
L9(B;(0)) for all ¢ > 1 which implies (5.10).

Case II. Suppose p3 < 5. Define g by

1z -
p3 g n
Then by (5.17)
1 <p3 <qg<oo.

Hence by (5.16), (5.4) and Riesz potential estimates we have (5.11) holds.
Also by (5.18), (5.15), (5.13). (5.9), and (5.7) we get

I 1 1.2 1 1.2 o A atc
p q p n p3 p n p n
At o-—1 a+t+e—2
p
1—(A 2—oa—
> (+0)+1+ a—ec_,
A n
Thus (5.12) holds. O

We now return to the proof of Theorem 5.1. By (2.1), v € L*(B;(0)). Starting with this fact
and iterating Lemma 5.1 a finite number of times we see that (5.10) holds. In particular

v € LP(B;(0)) (5.19)
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for some
nA

n—a

p> (5.20)

Hence v* € LX(B(0)) and B > —- Thus by Riesz potential estimates I,,_o(v*) € L>(B1(0)).
So by (2.2)
0 < —Av < Cv’ in B1(0)\{0}. (5.21)

Hence by (5.19), —Av € L7 (B1(0)) and by (5.20) and (5.6)

P noA n 2
- > - > > 1.
o n—ao n—a«

Thus by (5.4) and Riesz potential estimates

E

o e
L)

v e LY(B1(0)) where ¢ = (5.22)

3 |

|8
—
|
™
-
==
SYSESEES]
NIV
ALY
o

If ¢ = oo then (5.3) holds. Hence we can assume £ < 5. Then by (5.22)
1 1 1—-0 2-—c¢
p— + .

p q p n

Thus, if o € (0,1] then
1

1 1

— — > —
p q n
On the other hand, if o > 1 then by (5.20) and (5.7)

1 2—¢ 0= 1

¢ n P
>2—5 c—1n—«
n A n
2—e 2—a-—c¢ «
> J—

1
p

n n n
Thus for o > 0 we have L1

- —=>C(n,a) > 0.

p q

Hence, after a finite number of iterations of the procedure of going from (5.19) to (5.22) we get
v € L (B1(0)) and hence we see again that (5.3) holds.
Finally by Lemma 2.4, v has a C' extension to the origin. O
The result below implies Theorems 1.2 and 1.3 when A > —=5.
Theorem 5.2. Suppose o, \, and o are constants satisfying o € (0,n),
n oa—2

c>0, and o>1-—

A >
“n-—2’ n

A

Let ¢ : (0,1) — (0,00) be a continuous function satisfying

lim ¢(t) = co.
t—0t (,0( )

Then there exists a nonnegative solution w of (1.1,1.2) such that

u(x) # O(e(|z|)) asx — 0. (5.23)
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Proof. If X = =5 then Theorem 5.2 follows from Theorem 4.2. Hence we can assume A > —5.
Let {z;} C R™ and {r;},{e;} C (0,1) be sequences satisfying (2.21) and (2.22). Holding z; and
¢ fixed and decreasing r; to a sufficiently small positive number we can assume

AEj

n/\
"

> jo(lz])  for j=1,2,... (5.24)

and . o
AOTOTEEN)  gopedtet for =12, (5.25)
where A and B are as in Lemma 2.3. Let u be as in Lemma 2.3. By (2.25) u satisfies (1.2) in

By (0\({0} WU, By (z4)). Also, for x € By;(z), it follows from (2.24), (5.25), (2.27), and (2.26)

that
NG (1—a=2 o
€. r.A( (=572 B5>‘ Ac.;
0 < _Au < J — J J J
= = T2+n/A AUBE;\—HT_I 7,31 rr_L/)\

j j
< (|| % uM)uC.

Thus u satisfies (1.2) in By(0)\{0}.
Finally by (2.26) and (5.24) we have

Ag; .

u(z;) = =5 > jellz;))
r.
J

and thus (5.23) holds. O
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