INITIAL POINTWISE BOUNDS AND BLOW-UP FOR PARABOLIC
CHOQUARD-PEKAR INEQUALITIES

STEVEN D. TALIAFERRO

ABSTRACT. We study the behavior as t — 07 of nonnegative functions

ue CPNR™ x (0,1)) N LMR™ x (0,1)), n>1, (0.1)
satisfying the parabolic Choquard-Pekar type inequalities
0<u —Au < (" xuMu”  in B1(0) x (0,1) (0.2)

where o € (0,n+2), A > 0, and o > 0 are constants, ® is the heat kernel, and * is the convolution

operation in R™ x (0,1). We provide optimal conditions on «, A, and ¢ such that nonnegative

solutions u of (0.1),(0.2) satisfy pointwise bounds in compact subsets of B;(0) as t — 01. We

obtain similar results for nonnegative solutions of (0.1),(0.2) when ®*/™ in (0.2) is replaced with
)

the fundamental solution ®, of the fractional heat operator (5; — A)>/2,

1. INTRODUCTION

In this paper we study the behavior as t — 0T of nonnegative functions

ue CPLR" x (0,T7))NLMNR™ x (0,T)), n>1, (1.1)
satisfying the nonlocal parabolic Choquard-Pekar type inequalities
0< Hu < ("« uMu’ in Qx(0,7) (1.2)

where a € (0,n+2), A > 0,0 > 0, and T > 0 are constants, 2 is an open subset of R", Hu = u;—Au
is the heat operator,

_le?

B(w,t) = We i for (x,t) € R™ x (0,00)

(1.3)
0 for (z,t) € R™ x (—o0,0]

is the heat kernel, and * is the convolution operation in R™ x (0,7"), that is,
(@Y™ % u)(z,t) = // ®(x —y,t — ) uly, s) dy ds.
R” % (0,T)

The regularity condition u € L*(R™ x (0,7)) in (1.1) and the upper bound of n + 2 for a are
natural because one does not want the nonlocal convolution operation on the right side of (1.2) to
be infinite at every point in R™ x (0,7").

We also obtain results on the behavior as t — 0% of nonnegative solutions of (1.1),(1.2) when ®*/™
in (1.2) is replaced with the fundamental solution ®, of the fractional heat operator (% — A)*/2,
(See Remark 1.2.)

A motivation for the study of (1.1),(1.2) comes from the nonlocal elliptic equation
—Au = (T2 4w M |u*2u  in R, (1.4)
where o € (0,n), A > 1 and T'(z) = C(n)/|z|"? is a fundamental solution of —A. For n = 3,

a =1, and A = 2, equation (1.4) is known in the literature as the Choquard-Pekar equation and
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was introduced in [16] as a model in quantum theory of a polaron at rest (see also [2]). Later,
the equation (1.4) appears as a model of an electron trapped in its own hole, in an approximation
to Hartree-Fock theory of one-component plasma [6]. More recently, the same equation (1.4) was
used in a model of self-gravitating matter (see, e.g., [5, 12]) and it is known in this context as the
Schrodinger-Newton equation.

The Choquard-Pekar equation (1.4) has been investigated for a few decades by variational meth-
ods starting with the pioneering works of Lieb [6] and Lions [7, 8]. More recently, new and improved
techniques have been devised to deal with various forms of (1.4) (see, e.g., [10, 11, 13, 14, 15, 20]
and the references therein).

Using nonvariational methods, the authors in [14] obtained sharp conditions for the nonexistence
of nonnegative solutions to

—Au > (TY =2 M
in an exterior domain of R™, n > 3.

For some very recent results on positive solutions Choquard-Pekar equations and inequalities
which have an isolated singularity at the origin see [1] and [4].

Other examples of nonlocal equations which have been studied extensively in recent years are
equations containing the fractional Laplacian and some of these equations are equivalent to equa-
tions containing convolutions with powers of the fundamental solution I' of —Awu. For example, see
[21] and [9].

On the other hand, we know of no results for nonlocal equations or inequalities when the nonlocal
feature of the problem is due to convolutions with powers of the fundamental solution (1.3) of the
heat equation. Our results for (1.1),(1.2) are, in this regard, new.

In this paper we consider the following question.

Question 1.1. Suppose a € (0,n+2) and A > 0 are constants and €2 is an open subset of R, n > 1.
For which nonnegative constants o, if any, does there exist a continuous function ¢ : (0,1) — (0, 00)
such that for all compact subsets K of €2 and all nonnegative solutions u of (1.1),(1.2) we have

maxu(z,t) = O(p(t)) ast— 0" (1.5)
zeK
and what is the optimal such ¢ when it exists?

We call the function ¢ in (1.5) a pointwise bound for u on compact subsets of Q as ¢t — 0.

Remark 1.1. Suppose 0 < A < (n 4 2)/n. Then, since u = ®, where ® is the heat kernel given
by (1.3), is a solution of (1.1),(1.2) and ®(0,t) = (4nt)~™/2, we see that any pointwise bound for
nonnegative solutions u of (1.1),(1.2) on compact subsets of Q as t — 0% must be at least as large
as t /2 and whenever t~"/2 is such a bound it is necessarily optimal.

In order to state our results for Question 1.1, we define for each o € (0,n + 2) the continuous,
piecewise linear functions g, Ga : (0,00) — [0, 00) by

nt2 if 0 <\ < 2d2=a
ga(N) = ¢ Ht2me if n2=e < ) < nE2 (1.6)

max{0,1 — g—;g)\} it A > ”TH
and

n
max{0,1 — g—;g)\} if A > 2t2,
These functions are graphed in Figure 1 (resp. Figure 2) when o € (2,n + 2) (resp. « € (0,2]).

Note that

{2(””)“ )\ if0 < )\ < nt2

GaN) = Ga(N) for "2 ) C oo

n



and

According to the following theorem, if the point (A, o) lies below the graph of 0 = g () then
there exists a pointwise bound for nonnegative solutions u of (1.1),(1.2) on compact subsets of 2

PARABOLIC CHOQUARD-PEKAR INEQUALITIES

o
?
"::2 Arbitrarily large solutions
_ 2(n+2)—a
——— =
n+2—«a
n
_ 1 _ a=2
| s oc=1 —n+2)\
\ o|t™ =
|
n+2—a n+2 n+2
n n a—2
FIGURE 1. Case o € (2,n + 2).
o
0 Arbitrarily large solutions
n+2 )
n 2(n+2)—a \

n+2—a | O<t—n/2) o

n+2—«a n+2
n n

FIGURE 2. Case a € (0,2]. When o = 2 the graph on the interval A > (n+2)/n is

the horizontal half line o = 1.

2_
Go(N) < Ga(N) for0< )< 2F2—2

ast— 0t .

Theorem 1.1. Suppose u is a nonnegative solution of (1.1),(1.2) where o € (0,n + 2), A > 0,

T >0, and

0<0<ga(N)
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are constants and ) is an open subset of R™. Then for each compact subset K of €2 we have as
t — 0% that

t) = o(t™"/?) if0< A< 2 (1.7)
maxu(z, ) = o(t= (DN ) > k2 (1.8)

The estimate (1.7) is optimal by Remark 1.1. The exponent —(n+2)/(2)) in (1.8) is also optimal
by the following result.

Theorem 1.2. Suppose
n—+2 p n+2—¢
an = —
7 2\

for some € € (0,1). Then there exists a C* positive solution u of
Hu=0 inR" x (0,00)

Az

such that
ue LMNR" x (0,T)) forall T >0

and
u(0,t) =t~ forallt > 0.

By the next theorem, if the point (A, o) lies above the graph of o = G,(\) then there does
not exist a pointwise bound for nonnegative solutions u of (1.1),(1.2) on compact subsets of Q as
t— 0.

Theorem 1.3. Suppose a, \, and o are constants satisfying
ac(0,n+2), A>0, and o> Gu(N).
Let ¢ : (0,1) — (0,00) be a continuous function satisfying

lim p(t) = co.

t—0+

Then there exists a positive solution u of (1.1),(1.2) with T =1 and Q = R"™ such that
u(0,t) # O(p(t)) ast— 0T,

Theorems 1.1-1.3 completely answer Question 1.1 when the point (A, o) lies below the graph of
ga Or above the graph of G,. In particular, if u is a nonnegative solution of (1.1),(1.2) where (), o)
lies in the first quadrant of the Ao-plane and either o < g4(\) or 0 > G4(\) then according to
Theorems 1.1-1.3 either

(i) @(t) = t~"/? is an optimal a priori pointwise bound for u on compact subsets of Q as t — 07F;
or
(ii) o(t) =t~ (+2/CN is an optimal a priori pointwise bound for u on compact subsets of 2 as
t—0"; or
(iii) no pointwise a priori bound exists for u on compact subsets of  as t — 0T, that is solutions
can be arbitrarily large as t — 0.
The regions in which these three possibilities occur are shown in Figures 1 and 2. Also included in
Figures 1 and 2 is an open triangular region marked with a question mark. For (), o) in this region
we have no results for Question 1.1.
Concerning the case that (), o) lies on the graph of g, we have the following result.

Theorem 1.4. Suppose a € (0,n + 2).
(i) If 0 < A < WT_O‘ and 0 = go(\) then @(t) = t=™2 is a poinwise bound for nonnegative
solutions u of (1.1),(1.2) on compact subsets of Q ast — 0T,
(i) If o € (2,n+2), A > 222 and o = g (\) then there does not exist an a priori pointwise
bound for nonnegative solutions u of (1.1),(1.2) on compact subsets of Q ast — 0F.
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When a pointwise a priori bound as ¢t — 07 for nonnegative solutions u of (1.1),(1.2) on compact
subsets of  does not exist, as in Theorems 1.3 and 1.4(ii), we prove this by constructing for any
given continuous function ¢ : (0,1) — (0, 00) a nonnegative solution u of (1.1),(1.2) consisting of a
sequence of smoothly connected peaks centered at (x;,t;) where t; — 0T such that

u(xj, tj) # O(e(t;)) as j— oc.
When such a pointwise a priori bound does exist, as in Theorems 1.1 and 1.4(i), we reduce the
proof of this fact to ruling out the possibility of such peaked solutions.

If « € (0,n+2) and A > 0 then one of the following three conditions holds:

(i) 0 <\ < 2=y
(i) m2=e <) < 22

(i) 22 <\ < 0.

The proofs of Theorems 1.1-1.4 in case (i) (resp. (ii), (iii)) are given in Section 3 (resp. 4,
5). In Section 2 we provide some lemmas needed for these proofs. Our approach relies on an
integral representation formula for nonnegative supertemperatures (see Appendix A), some integral
estimates for heat potentials (see Appendix B), and Moser’s iteration (see Lemmas 4.1 and 5.2).

In this paper, we denote by P, (z,t) the open circular cylinder in R” x R of radius /r, height r,
and top center point (z,t). Thus

Pr(x,t) = {(y,8) ER" xR:|ly—z| <vrandt—r<s<t}
Remark 1.2. Note that

./2 . n
&(x,t)" = e eI X (o) (8) I R X R, (1.9)

However, by checking the proofs of our results, we find that Theorems 1.1, 1.3, and 1.4 remain
correct if ®(z,t)*/™ in (1.2) is replaced with any function of the form

|2
Cy(n, a)t=2e= )Ty (1) in R® xR, (1.10)
where C(n, ) and Ca(n, ) are any given positive constants. In particular, since the fundamental
solution @, of the fractional heat operator (gt — A)*2 o € (0,n+2), is given by

ta/2—1
D, (2,t) = ——=P(x,t
a(wv ) P(Oé/Q) (.’E, )7
where @ is the heat kernel (1.3) (see [18, Chapter 9, Section 2]), we find for 0 < a < n + 2 that

1
(4m)" 2T ((n+ 2 — @) /2)

is of the form (1.10). Thus Theorems 1.1, 1.3, and 1.4 remain correct if ®*/™ in (1.2) is replaced
with q)n+2,a.

z|2

1
275 X (0,00 (8)

q)n+2—oc(x7 t) =

2. PRELIMINARY LEMMAS

Lemma 2.1. Suppose a € (0,n+2), A >0,0>0,T >0, and 5 > 0 are constants, 2 is an open
subset of R™, and K is a compact subset of €, such that there exists a nonnegative solution u of
(1.1),(1.2), where the convolution operation in (1.2) is in R™ x (0,T), satisfying

ma}}éu(x,t) 0t P), (resp. o(t™?)) ast— 0%, (2.1)
e
Then there exists a nonnegative function v(€,7) such that
v e CPHR™ x (0,16)) N LMR™ x (0, 16)), (2.2)
0 < Ho < (9™ % oM in B4(0) x (0,16), (2.3)
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where * is the convolution operation in R"™ x (0,16), and

T?‘ng(ﬁ T)#O(t7P),  (resp. o(t7P)) asT — 0T (2.4)

Proof. It follows from (2.1) and the compactness of K that there exist a sequence {(z;,t;)} C
K x (0,T) and zg € K such that

(x5,t5) = (x0,0) as j— o0 (2.5)
and
u(wj, t;) # O(t;7)  (resp. o(t;”)) asj— oc. (2.6)
Choose r € (0,1) and b > 0 such that
Bur(0) x (0,16r%) € Q x (0,7) (2.7)
and
ol < pm(ndd=a) (2.8)

Define v(¢, 7) by u(z,t) = bv(€, 7) where x = 29 +7€ and t = 727 and define (¢, 7;) by x; = 2o +7¢;
and t; = r27;. Then by (2.5)
(&,75) = (0,0) asj— oo. (2.9)
Clearly (z,t) € R" x (0,16r2) if and only if (£,7) € R" x (0,16). Also 16r> < T by (2.7). It therefore
follows from (1.1) that (2.2) holds.
For (z,t) € Pig2(z0,16r2) (ie. (£,7) € P16(0,16)) we have under the change of variables
y = xo 4+ rn, s = r2¢ that

// B —y,t — 8)*/Mu(y, 5) dyds = // (e — 7 — O, ) dnd¢
R7 % (0,T) R” % (0,16)

where in the last integral we were able to replace the region of integration R™ x (0,7'/r?) with
R™ x (0,16) because 7 < 16 < T'/r? and ®(z,t) = 0 for t < 0. Thus by (1.2) and (2.8) we find that
v satisfies (2.3).

Finally by (2.6) we have

b)\ n+2

v(&,5) = ( )Bll) u(zj,t;) # O(1) (resp. o(1)) asj— o0
)-

which together with (2.9) implies (2.4 O

Remark 2.1. Suppose a, A, o, T, 8, 2, and K are as in Lemma 2.1. Then in order to show that
all nonnegative solutions u of (1.1),(1.2) satisfy

max u(z,t) = Ot ?) (resp. o(t™?)) ast—0F
Te

it suffices by Lemma 2.1 to show that all nonnegative solutions u(z,t) of
u e CPHR™ x (0,16)) N LA R™ x (0, 16)) (2.10)
and
0 < Hu < (@Y™« uMu® in By(0) x (0,16), (2.11)
where * is the convolution operation in R™ x (0, 16), satisfy

lm‘i)fu(m,t) =0t ?) (resp. o(t™")) ast— 0"

Throughout this paper we will repeatedly use the following simple lemma.
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Lemma 2.2. If v >0 and x € R", n > 1, then

/ eyl gy = 7—"/2/ e 12 g,
|lz—y|<r lz|<\/Ar

and

/ e gy — /2 / ol g
lz—y[>r |2|>/Ar

In particular
/ e M= dy = C(n)y /2,

Proof. Make the change of variables z = \/7(z — y).

O

Lemma 2.3. Suppose for some constants o € (0,n +2), A > 0, and o > 0, the function u is
a nonnegative solution of (2.10),(2.11) where * is the convolution operation in R™ x (0,16). Set

v=u+1. Then
v e C*' (R x (0,16)) N LY(B 5(0) x (0,8))
and for some positive constant C, v satisfies
0< Hv< C(CIJa/" * M)
v>1

} in Ba(0) x (0,8)

where * is the convolution operation in B 5(0) x (0,8). Also

2
Hu, " € Ll(B\/g(O) x (0,8)) forall B € [1, n;: >
and there exists a positive finite Borel measure p on B\/g(O) and a bounded function
h € C%1(By(0) x (—4,4)) satisfying

Hh=0 in By(0) x (—4,4)
h=0 in By(0) x (—4,0]

such that

8
v(x,t) = h(x,t) + /0 /y|<\/g®(x —y,t—s)Hu(y,s)dyds + /y|<\/g@(x —y,t)du(y)
for (z,t) € B2(0) x (0,4).

Remark 2.2. Under the assumptions of Lemma 2.3 we have

(47rt)”/2/ Oz —y,t)du(y) < / du(y) < oo for (x,t) € R" x (0, 00).
lyl<v8 lyl<v/8

Thus by (2.15) we see that

(2.12)

(2.13)

(2.14)

(2.15)

I
v(z,t) < C <<\/E> +/0 /y|<\/§(1)($ —y,t—s)Hu(y,s) dyds) for (z,t) € B2(0) x (0,4).

Proof of Lemma 2.3. Clearly (2.10) implies (2.12). For
(‘T’t) € BQ(O) X (O’ S)a (y7 S) € (Rn X (07 16))\(B\/§(0) X (078))7
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and s < t we have |z —y| > /8 —2 > 1/v/2 and thus
t—s) < ! GO
— — N 8(t—s
) S Gy

_1 _1
e 8t e 8t
sup

C )
o<r<t (4mT)/2 = 7 n/2

O(x

IN

Hence for (z,t) € By(0) x (0,8) we have

i (@ — y,t — 5)muly, 5 dy ds
R™ x (0,16)\ B g(0) x (0.,8)

<C e // Ndyds < C " (2.16)
, s .

N tn/2 "% (0,16) uly, #)" dy /

by (2.10).

On the other hand, for (z,t) € Bs(0) x (0,8) we have Br(z) C B, 5(0) where R = V8 — 2 and
thus by Lemma 2.2 we find that

¢
// q)(x—y,t—s)a/"dyds>/ (/ Oy — x, t—s)o‘/"dy) ds
B 5(0)x(0,8) Br(z)
/ / Yy —x T)a/"dydr
Br(z)
_ ly—al?
— e 4n‘r dy d
/O (47T7—)a/2 </|yx|<R )
t
— C/ T (/ ez|2dz> dr
0 |z|<R\/%

RN
>C/ T dr =0t _C(%) . (217)

Hence for (z,t) € B2(0) x (0,8) we obtain from (2.16) and (2.17) that

// Oz —y,t — ) u(y, ) dy ds

R % (0,16)

S// ®(x —y,t — ) u(y, s)* dyds+0// Bz —y,t — )1 dy ds
(0)x(0,8) B 5(0)x(0,8)

< C’// (r—y,t— s)o‘/"v(y, s dy ds.
B 5 ><(08

Thus, since u satlsﬁes (2.11) we see that v satisfies (2.13). Finally, by (2.11), Hv > 0 in B4(0) X
(0,16). Hence Theorem A.1 and Remark A.1 with Ry =4, Ry =8, and R3 = 16 imply (2.14) and
(2.15). 0

The following lemma will be needed to estimate the last integral in (2.15).

Lemma 2.4. Suppose
u € LP(Q x (0,7)) (2.18)
for some open subset Q of R™, n > 1, and some constants p € [1,00) and T > 0. Assume also that

u(z,t) = /n O(x —y,t)du(y)
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or some finite positve Borel measure p on R™. Then for each compact subset K of Q) we have
1

_nt2
max u(z,t) = o (t 2 ) ast — 0. (2.19)
reK

Proof. The proof consists of two steps.
Step 1. In this step we prove Lemma 2.4 in the special case that

Q= Bs,(r9) and K = B,(x0) (2.20)

for some xy € R™ and some r > 0. Clearly we can assume xg = 0. Since u = v + w where
v(z,t) = / (2 —y, 1) du(y)
ly|<2r

and
wlzx, t) = P(x — ,t du 5
( ) /y|>2r ( Y ) (y)

to complete step 1, it suffices to prove v and w satisfy (2.19) when  and K are given by (2.20).
Since for |z —y| > r and t > 0

we have
max w(z,t) < r_"C(n)/ du(y) < oo fort > 0.

|z|<r
Thus w satisfies (2.19) when Q and K are given by (2.20).
For |y| < 2r and 7 > 0 it follows from Lemma 2.2 that

1 ple—yl?
O(x —y,7)Pde = / e 4 dx
/|1723T (47-[-7-)np/2 |z|>3r

1 _ ple—y|?
S — e 4 dx
(47T7)np/ |z—y|>r

_ C(n,p) <7~)"<p—1> / g
rn(p—1) \ﬁ |z|> %L

\/.T.
< C(n,p)/r"®~Y,

We obtain therefore from Jensen’s inequality and Fubini’s theorem that

¢ p
v|I%,; 0n :// / O —y,7)du(y dxdr
” ||Lp((R \Bgr(o))X(O,t)) 0 |m|23r ‘y|<2r ( ) ( )

t
< Iulp_l/ / / O(x —y,7)Pdz | dr du(y)
ly|<2r JO |x|>3r

< |plPC(n, p)t/r™ =1 for all t > 0. (2.21)

We now use (2.21) to show v satisfies (2.19).
For 0 < 7 < t and = € R" it follows from standard LP-L? estimates with ¢ = oo (see [17, Prop.
48.4] that

v(a,t) < (4m) % (t =) [[o(,7) | Lo ().

Hence

t
o, )P /0 (t—7)"2dr < (4m) 20l @0
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which implies

n+2
DI}éaR;;%v(x,t)t 2 < CO(n,p)|vllerex(0.)

< C(n,p) [lJull Lo (Bsr 0)x (0,6)) + 1Vl Lo R\ By (0)x (0,))]
-0 ast— 07
by (2.18) and (2.21). Thus v satisfies (2.19) when Q and K are given by (2.20).

Step 2. We now use Step 1 to complete the proof. For each x € K choose r;, > 0 such that
Bs,. () C . Since K is compact there exists finitely many points z1, ..., 2, in K such that

m
K C U B, (%) where 1; = ry,. (2.22)
j=1

For 7 =1,2,...,m we have by Step 1 that

_nt2
max u(x,t)zo(t 2P) ast— 07,

|lz—a;|<r;
Hence (2.19) follows from (2.22). O

Lemma 2.5. Suppose r > 0 and > n + 2 are constants and (xg,tp) € R™ x R.  Then for
(z,t) € Pr(zo,to) we have

C
O(x—y,t — s)mndyds G
/]RnXR\'PQT(Io,to) \/;6—(71-{-2)
where C' = C(n, ) > 0.

Proof. Throughout this proof (z,t) € P,(xg,to) and C = C(n, 8) is a positive constant whose value
may change from line to line. Let

A=R"x(-00,tg —2r] and B = (R"\B s;(20)) x (to — 2r, to).
For (y,s) € B we have

ly—x| _ |ly—xo| — |z —x0| |z — 0] Voo 1 1
> =1- >1-— =1-——> -.
ly — o ly — o] ly — 2o V2r V2 4

It therefore follows from Lemma 2.2 that

// B(z —y,t — )"/ dyd </t ! / BTy | d
x—y,t—s yds < _ e Gnt=)dy | ds
B to—2r (47T(t - S))B/Q ly—ao|>V/2r

B—n
n—_

C /t < r )/ Py g
to—2r \t =5 21>/

n+2—4
2

<Cr

Also, by Lemma 2.2, we obtain

to—2r 12
// o t— ) dyd / 1 / ~ S dud
xr — — S S = —— = e nt—s S
" Y Y o (An(t—9))P2 g J

to—2r n—p
= C/ (t—s) 2 ds

n+2—_ n+2—4
) 2 <Cr oz .

:C(t—to—l-Q’l“
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Thus Lemma 2.5 follows from the fact that

// @(m—y,t—s)ﬁ/”ddeZ// @(x—y,t—s)ﬂ/”dyds.
R™ xR\ P2r(z0,t0) AUB

]
Lemma 2.6. Suppose r >0 and 0 < 8 < n+ 2 are constants and (xg,tg) € R" x R. Then
// Oz —y,t—s)"dyds < V"7 for (x,t) € Pr(zo, to)
(y,8)EPr(x0,t0)
where C' = C(n, ) > 0.
Proof. By Lemma 2.2, we have for (z,t) € P.(zg,tp) that
// ( t— )" dyd </t 1 (/ fﬂ?fﬁd)d
x—y,t—s yds < _ e =) dy | ds
Pr(zo,to) to—r (47T(t - S))Bﬂ R™
t s
=C (t—s) 2 ds
to—r
— Ot —to+ )5 <O tP,
]
Lemma 2.7. Suppose o € (0,n + 2) and 8 € [0,n + 2) are constants. Then
C
Bz —y,t—)"®(y — 2,8 dyds < —————— (2.23
//RHX(O,t) ( \/ia+ﬂ_(n+2) )

for all z,z € R™ and t > 0 where C = C(n,a, ) > 0.

Proof. When g = 0, Lemma 2.7 follows directly from Lemma 2.2. Hence we can assume [ €
(0,m 4 2). Under the change of variables

r-z=ViE, y-z=Viy, s=t
we see that the left side of (2.23) equals

//Rn Ol)q’(\[(f ), (1 — ) e (Vin, 108"V dn d¢
a/n 1 Bin ,QM,QMIQ +2
//R”x (0,1) < 4rt(1 —C))"/2> <(471t§)n/2> e TV dnd¢
= \/a+6 (n+2)/ 1_ /246/2 (/ne n 4(1-C) 3 d77> d¢

Cln,a,8) | (Y2 dC : dc
SW[/O W*/l/z(l_oa/a—n/z

by Lemma 2.2. O

Lemma 2.8. Suppose (xg,t9) € R" xR and r > 0. If
(x,t) € Pr(zo,to) and (y,s) € (R® x R)\ Par(z0,to)

then
C(n)

O(x —y,t—s) < YR
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Proof. We consider three cases.
Case I. Suppose tg — 2r < s < t. Then |z —y| > (v/2 — 1)y/r and hence

_(V2-1)?r 2-1)%r
e  Alt—s) e~ ar
@t — )2 =20 rryn2

s e~ (V2-1)%¢ _ C(n)

>0 (mr/On/2 /2
Case II. Suppose s < tg — 2r. Then t — s > r and hence

1 ~ C(n)
Pz—yt-s)< (4rr)n/2 /2

Case III. Suppose s > t. Then ®(z — y,t —s) = 0. O

(b(xiyatis)g

Lemma 2.9. Suppose o > 0 and T are constants. Then for s <t <T and |z| < T —t we have

(x—y,t —s)"dy >

/y|<\/Ts (t— 5)(a_n)/2

where C' = C(n,«) is a positive constant.

Proof. Making the change of variables z = j%

and letting e; = (1,0, ...,0) we get

1 1 _olz—y|®
(b(x - Y, t— S)Q/ndy = / e 4n(t—s) dy
/y|<\/ﬂ (4m)o/2 (t — 5)272 J o y7—s
= / SRt
e " dz (2.24)
(47T)O‘/2(t—5) a—n)/2 | 7\/%|< 7;__:
1 1
= 12|
T (4m)e/2 (t — s)lan)/2 |ZJE€1|<¢E€ whdz o (2.25)
1 1 oo
> — a2l )
(47)/2 (t — s)(a=n)/2 /|zel<1€ "l dz, (2.26)

where the last two inequalities need some explanation. Since |z| < VT —t < /T — s, the center of
the ball of integration in (2.24) is closer to the origin than the center of the ball of integration in
(2.25). Thus, since the integrand is a decreasing function of |z|, we obtain (2.25). Since VT — s >
Vt — s, the ball of integration in (2.25) contains the ball of integration in (2.26) and hence (2.26)
holds. O

3. THE CASE 0 < \ < 242=2

In this section we prove Theorems 1.1, 1.3, and 1.4 when 0 < A < (n+2—«)/n. For these values
of A, Remark 2.1 and the following theorem imply Theorems 1.1 and 1.4.

Theorem 3.1. Suppose u is a nonnegative solution of (2.10),(2.11) for some constants o € (0,n+

2),
2 — 2
0<)\<u and 0§J§n+ . (3.1)
n n
Then
max u(z,t) = Ot ™™?) ast— 0", (3.2)

|z|<1



PARABOLIC CHOQUARD-PEKAR INEQUALITIES 13

Proof. Let v = u + 1. Then by Lemma 2.3 we have (2.12)—(2.15) hold. To prove (3.2), it clearly
suffices to prove

ﬁzz)lw(a:,t) =O0(t™?) ast—0F. (3.3)
Choose ¢ € (0,1) such that
A< M. (3.4)
n+e

By (2.14), »

v € LT (Pg(0,8)).
Thus, since (3.4) implies
An+e) n+2-«
n+2 n+2
we have by Theorem B.2 (with a replaced with n + 2 — «) that
/" 5 0* € L (Py(0,8))

where the convolution operation is in Pg(0,8). Hence by (2.12) and (2.13), v is a C*! positive
solution of

0 < Hv < Cv? in By(0) x (0,8).

Thus by (3.1)2 and [19, Theorem 1.1], v satisfies (3.3). O
The following theorem implies Theorem 1.3 when 0 < A < ”T*Q
Theorem 3.2. Suppose a, \, and o are constants satisfying
2 2 2) —
aeOn+2), 0<r<™2 g o 2nFY-a (3.5)
n n
Let ¢ : (0,1) — (0,00) be a continuous function satisfying
li t) = co.
Jim olt) = o0
Then there exists a positive function
u e C°(R™ x (0,1)) N LA(R™ x (0,1)) (3.6)
satisfying
0< Hu < (9"« uMu® in R™ x (0,1), (3.7)
where * is the convolution operation in R™ x (0,1), such that
u(0,t) # O(p(t)) ast—0T. (3.8)

Proof. By scaling v and noting by (3.5) that o + X\ # 1 we see that it suffices to prove Theorem 3.2
with (3.7) replaced with the weaker statement that there exists a positive constant C' = C(n, \, o, «)
such that u satisfies
0< Hu < C(®*" xuM)u® in R" x (0,1) (3.9)
where # is the convolution operation in R x (0, 1).
By (3.5) there exists € = £(n, A\, 0, a) € (0,1) such that
2 2) —
- n+2)—«
n—e

— A (3.10)

Let
n—e
p= 9
and let {7} C (0,1) be a sequence that T; — 0 as j — oco. Define w; : (—o0,T}) — (0,00) by

wy(t) = (T; — 1) (3.12)

(3.11)
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and define ¢; € (0,Tj) by

wj(ty) =", (3.13)
Then /
T; —t t;) "L/ -
L LU RO N R N (3.14)
t tj !
by (3.11).
Choose a; € ((t; + Tj)/2,Tj) such that wj(a;) > jp(a;). Then
wi(a;) — 00 as j — oo. (3.15)
plaj)
Let hj(s) = y/a; — s and H;(s) = \/a; + ¢; — s where €; > 0 satisfies
aj +2e; <Tj, tj—¢e;> tj/2, g; < sz, and wj(tj — €j) > ?U]é ]). (3.16)
Define

wj ={(y,s) e R" xR:|y| < hj(s) and t; <s<a;}
Q;={(y,s) eR" xR: |yl < Hj(s) and t; —e; <s<aj+e;}.
By taking a subsequence we can assume the sets {2, are pairwise disjoint.
Let x; : R” x R — [0,1] be a C* function such that x; = 1 in w; and x; = 0 in R” x R\;.
Define fj, u; : R* x R — [0, 00) by

fj (y7 3) =Xj (ya s)w;(s) (317)
and
we)= [[ =yt -5 dyds (3.18)
R™ xR
Then f; and u; are C* and
H’UJj = f]’ in R" x R. (319)

By Theorem B.2 with p =n 4+ 2 and ¢ = oo we see that
1] @@=yt = 9u(s) dydslmmeion)
Qj\w;

| / / B — yot — 5) X\, (1 8)(5) dy ]| Lo e o)
R™x(0,1)

< Cullw;(s)l prt2(0,\w))

< uy(ty) (3.20)
provided we decrease € if necessary because [Q2;\w;| — 0 as ¢; — 0.

Also, for (z,t) € Q; we have |z| < \/Tj —t; by (3.16)1, and thus using (3.16)2 we obtain
sup <Lzt 2T —t)
(@peq, ¢ tj —¢€j tj

by (3.14). Hence by (3.14), (3.16)2, and (3.13) there exists a positive number M, independent of
7, such that

|z

—0 asj— o

M®(x,t) > 2/t = 2uw;(t;) for (z,1) € Q. (3.21)

In order to obtain a lower bound for u; in ;, note first that for s <t < a; +¢; and |z| < Hj(t)
we have by Lemma 2.9 that

/ O(x—y,t—s)dy > f (3.22)
lyl<H;(s)
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for some constant
B =pB(n) € (0,1). (3.23)
Next using (3.22) and (3.23), we find for (x,t) € §2; that

// (x —y,t —s)wi(s)dyds = /:Ej wi(s) </|y<Hj(S)¢)(a: —y,t— s)dy) ds

J

> Bwj(t) —w;j(tj —€5))
> Puw;(t) — w;(t;).
It therefore follows from (3.17), (3.18), and (3.20) that for (x,t) € Q; we have

j(z, 1) // (z —y,t — s)w;(s) dy ds
://Qj@(m_y,t—s)w;(s)dyds—//Qj\wj@(x—y,t—s)w;(s)dyds

> Bw;(t) — 2w;(t)). (3.24)
Also by (3.17), (3.12), and (3.16) we obtain

// i(y, s dyds<// s)dyds
R” xR
<p/ (T; — s)_(p‘H) </ dy) ds
! |y\<\/Tj—s

= p| By (0 |/ s)"/2 7P ds
= p|B1(0)|/ /2Pl 50 as j — oo (3.25)
0
by (3.11). Hence for 1 < X\ < (n + 2)/n it follows from (3.18) and Theorem B.2 that
il pr®nx0,)) = 0 as j — oo (3.26)
We next prove (3.26) when
0<A<l (3.27)

(Theorem B.2 cannot be directly used in this case.) Choose zy > 1 such that the expression
22e=2/4 ig decreasing on the interval zy < z < co. Let rg = \/zp + 1. Then 79 > 2 and by (3.17)
and (3.18) we have

A
// “j(%t)kdfﬂdt:// // ®(z —y,t—3s)fily,s)dyds | drdt
nx(0,1) nx(0,1) R™x(0,1)

=1+ J; (3.28)

N R (/s
5 (oo L 950 )dyds)kdm.

where

and
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By (3.27) and Holder’s 1nequahty

(// 0)>(0.1) dxdt) <// 0)x(0,1) <//”><(01 i S>fj(y78)dyd8> da:dt)A

—0 asj— o0 (3.29)
by (3.25) and Theorem B.2 with p = ¢ = 1. Also
n<|] Ay, da ] 125 (3.30)
(R™\ By (0))x(0,1)
where
Aj(z,t):= max Pz —y,t—s).

(y,8)€9;, s<t
For s < t, (y,s) € Q; and (z,t) € (R"\B,,(0)) x (0,1) we have 0 < s <t < 1 and

|z =yl > || = [y| > [z] = 1.

Thus
1 _<|z\—1>2
n/2 _ _ - T a(=s)
(Am)V<®(x —y,t —s) < = S)n/? @
1 2l — 1)2\"? _ (=12
= (=1 <( t‘—s) > e A=), (3.31)
Since || > rp and 0 < s <t < 1 we have
—1)2
(‘l;'_s) > (e = 1)* > 2
and thus by the definition of zp we obtain from (3.31) that
1
(4m)"2d(x — y,t — 5) < CERG 1)2)n/2e(lal=1)7/4
— o (lz[-1)%/4

Hence

Aj(, 1) < e MBIV for (2,1) € (R™\ B,y (0)) x (0,1).
It therefore follows from (3.30) and (3.25) that J; — 0 as j — oo which together with (3.29) and
(3.28) yields (3.26) when \ satisfies (3.27).

By (3.25) we find that
J[ S st dyds <o
R"ijzl

provided we take a subsequence if necessary. Hence, since the C° functions f; have disjoint
supports, we see that the function u : (R” x R)\{(0,0)} — [0, 00) defined by

u(z,t) = (M +1)®(z,t) + Zuj(z:,t) (3.32)
is C*° and by (3.18) we have
Hu=Y f; in (R"xR)\{(0,0)} (3.33)
j=1

u=0 inR" x (—00,0).
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From (3.26) we have
u e LMR™ x (0,1))
provided we take a subsequence of u; if necessary. Thus (3.6) holds.
We now prove (3.9). By (3.33) and (3.17) we have Hu = 0 in (R™ x (0,1))\ U2, ;. Hence to
prove (3.9), it suffice to prove there exists a positve constant C' = C(n, A, o, ) such that
0< Hu < C(®" xuMu’ in Q; (3.34)

for j =1,2,....
By (3.32), (3.24), and (3.21) we have for (z,t) € Q; that
u(z,t) > (M + 1)P(z,t) + Pw;(t) — 2w;(t))
(3.35)

> &(x,t) + Bw;(t).

Thus for (z,t) € Q; we see by (3.33), (3.17), and (3.12) that
Hu(z,t) = f(x,t) < wj(t) = pu;(t) 77
e D o -
= pw;(t) TP w;(1)7 < @wj(t)lﬂ/p u(,t)

(3.36)

Hence to prove (3.34) it suffices to show
w;(t)HPo < C'// Oz —y,t — 5)*"u(y, s) dyds for (x,t) €

R”x(0,1)
(3.37)

Our proof of (3.36) consists of two cases.
Tj +1;
5

(z,t) €; and t<

Case I. Suppose
Then using (3.16), (3.11), and the fact that w; is an increasing function we have
Tj+t; \ P
Lo797)  _gp g2
Tj —t;

w;(t) w;(t)
: w;(t;)

1
— <
2 7 2w;(ty —€j)

t

Also by (3.13) and (3.14)
w.i(ts T n/2
= (2) ean
T.
j
(3.38)

1 .
o w;(t)
J

provided we take a subsequence if necessary. Thus (3.37) implies
2(n+2)/2.

Next, making the change of variables
x=/1T;¢, t=Tjr, and y=/Tjn, s="71T;(,

we get,
// Oz —y,t —5)*"0(y,5) dy ds
R™x(0,1)
1 n—+2
®(n, O dnd¢

1
:// ﬂg(p(é_nuT_g)a/n nA/2
R™ % (0,7) ’_T]? n T.
(3.39)

J
G(& )

2 \/Tja+n/\—(n+2)
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where
G = O —n, 7 — )P Adndc.
(€.7) //B iy FET T OO e
Since by (3.37)1, (3.16)1, (3.14), and (3.16)s3,

1>7-:i>tj;€j

— 1 | —
Tj_ T] as J o0

we have by (3.37); that

1—-——=0 ] .
\/» y \/» T —0 asj— o0
Thus, since G is clearly continuous at (£,7) = (0,1) and G(0,1) > 0 we have by (3.39) that

C
Oz —y,t — )" Dy, 5)  dyds > for (z,t) € Q, 3.40
Mnx(o 1) ( ) ( ) \/Ta-i-n)\—(n—‘,-Q) ( ) 7 ( )

J

€l =

where C' := G(0,1)/2 > 0, provided we take a subsequence if necessary.
Since by (3.10) and (3.11),

n+2 n+2-—«

o> + —A
n—¢ n—e
n+2—¢ n+2—a«
> +
n—e n

—A

we have

Thus (3.36) follows from (3.35), (3.38), and (3.40).
Case II. Suppose

T+t
(z,t) € Q; and t> Lt (3.41)
Then for s < ¢t we have by Lemma 2.9 with T' = a; + ¢; that
C
Oz —y,t — )y > —————
/y|<Hj(s> (8 =)@/
for some positive constant C' = C(n, ). Thus for (x,t) satisfying (3.41) we get
t
// Oz —y,t — 8)*"w;(s) dy ds > / w;(s)* (/ O(x —y,t— s)o‘/”dy> ds
£ t ly|<H;(s)
¢ ds
> C’/ (= ) (T; —5)t where a = (o —n)/2 and b = \p
c =
- (T; — t)a+t—1 /1 E (z—if)azb under the change of variables T — s = (Tj — t)z

C 2 dz C
> = . .
= (T] _ t)a—i—b—l /1 (Z _ 1)azb (Tj _ t)(afn)/2+>\p*1 (3 42)
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Since by (3.10) and (3.11)

p(o—l—)\—1)>n;€<

n—e
a n
2 2

+ 2,

2(n+2)—«a 1>
€

= 2 — e
n+ +2

n—a«a

>
2

we have
a _

2
Thus (3.36) follows from (3.12), (3.35), and (3.42). This completes the proof of (3.36) in all cases.
Hence (3.34) and (3.9) hold.

Finally (3.8) follows from (3.15) and (3.35) with (z,t) = (0, a;). O

n+)\p—1.

1
pl+-—0)<
( . )

4. THE CASE "H2=0 < )\ < nt2

In this section we prove Theorem 1.1 when

2—- 2
bl W (4.1)
n n
(For these values of A, Theorem 1.3 follows from Theorem 3.2 in the last section and Theorems 1.2
and 1.4 are vacuously true.)

For A satisfying (4.1), Remark 2.1 and the following theorem imply Theorem 1.1.

Theorem 4.1. Suppose u is a nonnegative solution of (2.10),(2.11) for some constants o € (0,n+

2),
2 — 2 2 2) —
ug)\<n+ and 0§0<M—)\. (4.2)
n n n
Then
|m|i)1<u(x, £y =0@t""? ast— 0% (4.3)

Proof. Let v = u + 1. Then by Lemma 2.3 we have that (2.12)—(2.15) hold. To prove (4.3), it
clearly suffices to prove

Trllg)iv(x,t) =O0t™?) ast—0*. (4.4)

Since increasing A or o increases the right side of the second inequality in (2.13);, we can assume
instead of (4.2) that

2 — 2 2 2) —
u<)\<n+ , o0>0, and 1<)\—|—a<<n+7)a. (4.5)
n n
Since the increased value of A is less than 22, it follows from (2.14) that (2.12) still holds.
By (4.5) there exists € = £(n, A\, 0, «) € (0,1) such that
4 — 2 — 2 2 2) —
( nt < >n+ Oé<>\<nJr and A+a<7(ﬂJr )= (4.6)
n+4d—a—¢ n n+e n+e
which implies
2 2) — 2 2) — 2 — 2
<M_)\< (n+2)—a n+ a<n+ (47)

n+e n+e n n+e
Suppose for contradition that (4.4) is false. Then there is a sequence {(x;,t;)} C B1(0) x (0,1)

and zo € B1(0) such that (z;,t;) = (z0,0) as j — oo and

lim t?/gv(xj,tj) = 0. (4.8)

Jj—00
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By Lemma 2.8 we have for (z,t) € Py, /4(x;j,1;) that

// O(x —y,t —s)Ho(y, )dyds< /2 // s)dyds.
Ps(0.8)\Py, ja(;.t;) t; Ps(0.8)
It therefore follows from (2.14) and Remark 2.2 that

1 n
v(z,t) < C <> + // O(z —y,t —s)Hv(y,s)dyds| for (x,t) € Py, ja(xj,t5).
Vi P, 2(@;:t5)) !
(4.9)
Substituting z = z; and ¢t = t; in (4.9) and using (4.8) we find that
n/2 .
t; // —y,tj —s)Hu(y,s)dyds — 0o as j — oo. (4.10)
Pt /2 x],t )
Also, by (2.14) we have
// Hu(y,s)dyds — 0 as j— oo. (4.11)
Pt /Q(xj)t )
Defining
n+2
fi(n. Q) =r;? Ho(z; +/rjn,tj +r;¢) where r; =1t;/8 (4.12)
and making the change of variables
y=xj+ i, s=t;+r;( (4.13)
in (4.11) and (4.10) we get
// fi(m,¢)dnd{ —-0 asj— oo (4.14)
P4(0,0)
and
// O(—n, =) fj(n,¢)dnd{ — oo as j — . (4.15)
P4(0,0)
Let

th@::// By — g, — 5)Hu(7,5) dy ds.
Ps(0,8)

n _n+2
By (2.14) and Theorem B.2 we find that N € Lt (Ps(0,8)) and thus N* € LXn19 (Pg(0,8)).
Hence by Holder’s inequality, (4.6), and Lemma 2.5 we have for R € (0,1] and (z,t) € Pry, s(zj,t5)
that

// O(zx —y,t—5)*"N(y,s)* dyds
Ps (078)\7)sz /a(xj,t5)
An+¢e) 1

/a
S||N)\|| _n+2 // (I)($—y,t—s)%dyds where ———= + - =1
LXCFD (Ps(0:8)) \J R xR\Pry, ja(; 1) nt+2 g

<C (4.16)

1 1/q
(\/ﬁaq—(n-ﬂ))
J
e 1 (4.17)

\/t?(nJrs) A—(n+2—a)

where C' > 0 depends on R but not on j.
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Since by (2.14) and Lemma 2.8 we have

1 // y s y,s y as
— + (y — g, s — 5)Hv(y,5)dyds| for (y,s) € Pry;/a(zj,t;)
\/ﬁn (gvg)EPRt-/Q(a;j,tj) Rt;/4\Ljy by

it follows from Lemma 2.6 that for (z,t) € Pry,4(z;,t;) we have

// O(x —y,t —5)*"N(y,s)* dyds
(4:8)€PRe; /a(2;t5)
<C = + // B( t— )"
T (ni2—a) Ty t=s
VTS sePr jatas )

A
X (// Oy —y,s — 5)Ho(y, )dyds> dyds| . (4.18)
(9,5)€PRe; j2(x:t )

Also by Jensen’s inequality, (4.5) and Lemma 2.7 we have for x € R™, ¢t > 0, and A > 1 that

//Ran(I)(x —y,t— )" (/zK\/gq)(y —2,8) d,u,(z)))\ dy ds

<C // Bz —y,t — ) "Dy — z, )" dy ds | du(z)
2| <8 R x (0,4)
C

- \/ia+)\n—(n+2) ’

N(y,s) <C

(4.19)

We claim that (4.19) also holds for 0 < A < 1. To see this, let z € R” and ¢ > 0 be fixed and
define

fly,s) =@ —y,t— )" and g(y,s) = /|<\/g‘1>(y — z,8) du(z).

Then by Lemma 2.7 with 8 = 0 and 8 = n we have
£l = // Bz —y,t — ) "dyds < oVt
R™ X (0,¢)

and

J[gegas= [ [ (gt ey - ) dydsdu(z) < OVE
R % (0,¢) 12l<v/8 J JRnx (0,1)

respectively, where C' depends on neither = nor ¢. Thus by Jensen’s inequality we find for (z,t) €
R"™ x (0,00) and 0 < A < 1 that

[ fovas= [ (o) g vs
A
<// oV T dyds)

— ( / /R . fgdydsy < oy

That is (4.19) also holds for 0 < A < 1.
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It therefore follows from (2.15), (4.17), (4.18), and Lemma 2.7 that for (z,t) € Pry,s(zj,t;) we

have
/ O(x —y,t — 5)""v(y, ) dy ds
(y,S)GPs(O,S)

A
<C // ®(x —y,t — )" / Oy — z,8)du(z) | dyds
(v,5)€Ps(0,8) l2|<v8

—I—// CD(:n—y,t—s)o‘/”(N(y,s)—i—l)Adyds
(y,s)€Ps(0,8)

<C

]
n —(n+2—«a + (I)(.I' -yt —= S)a/n
\/757( te)A—(n+2-0a) (4:8)€PRe; /a(2):t5)

A
X (// @(y—ﬂ,s—E)Hv(gj,E)dgjdE) dy ds
(7:5)€PRe; /2(25:t5)

where C' > 0 depends on R but not on j.
Also, similar to the way (4.9) was derived, we obtain

v(z,t) < C

1
Nd + //Pm“ . O(x —y,t —s)Ho(y, s)dy ds] for (z,t) € Ppy,/s(;,t5).
We see therefore from (2.13) that for (v,t) € Pry, /s(x;,t;) and R € (0,1] we have

1 // /
n+e)d—(n+2—a + (I)(gj—y’t—s)an
\/fj( +e)A=(n+2-a) (4:8)€PRe; /a(25t5)

A
X (// Oy —y,s — 5)Hv(y, s) dyds> dy ds
(4,5)€PRe; /2(2):t5)
X [ L + (// O(x t—s)Huv( s)dyds)U]
~Fno —Yyt— Y, .
i Pre/2(2j:t)

Hence under the change of variables (4.13),
T =x;+ 1§ t=1t;+rT,

Hu(z,t) <C

and
y=uwxj+rin, §=1t;+r;,
we obtain from (4.12) and (4.6) that

n+2 (nte)Octa)—(n+2-a)

(6T =7,* Ho(e,t) <r, Ho(,

A
: Be—mT = n=n,¢=C)f;(1,¢)dndc | dnd
i //(77706774}2(0,0) (f BT <// )EP4r(0,0) U C C)f] (77 C) n C) n C]
! &=, )dnd 4.20
- (//7>4R(0,0) (€= = C)f5(mC)dn C) ] (4.20)

for (&,7) € Pr(0,0) and R € (0, 1] where C' > 0 depends on R but not on j.
To complete the proof of Theorem 4.1 we will need the following lemma.

<C
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Lemma 4.1. Suppose the sequence

{f;} is bounded in LP(P4r(0,0)) (4.21)
for some constants p € [1,%F2] and R € (0,1]. Then there exists a positive constant Cp =
Co(n, A, 0,) such that the sequence

{f;} is bounded in LI(Pr(0,0)) (4.22)
for some q € (p,o0) satisfying

1 1
S >0 (4.23)
p g

Proof. For R € (0, 1] we formally define operators Ng and Ir by

(NRf)(€.7) = / /P o BT OF 0 O dn e

and
nfer) = [ we—n7 - 0" 0.) dn
P4r(0,0)
Define py by
1 1 2 —
R (4.24)
p p2 n+2
where ¢ is as in (4.6). Then py € (p,00) and thus by Theorem B.2 we have
I(NRS) lpax = INRS I, < L (4.25)
and
I(NRS3) lpojo = INRi N7, < ClSIZ (4.26)
where |[ - ||, := || - [| Lo (P, 5 (0,0))- Since
1_1_2—5 _2—5_n+5
pp p n+2° n+2 n+2
we see by (4.6) that
P2
- > 1. 4.27
: (427)
Now there are two cases to consider.
Case I. Suppose
D2 n-4+2
=< —. 4.28
A < n+2—a« ( )
Define p3 and ¢ by
A 1 2 —
A_L_nti2-o (4.29)
P2 3 n+2
and
1_1_ o _Ato nt2-a (4.30)
q p3 P2 P2 n+2
It follows from (4.27)—(4.30), (4.24), and (4.5) that
1< cpi<coo, g>0, (4.31)

A
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1 1 1 1 2—¢ n+2—a«
i (522
P q p p n+2 n+ 2

2-¢gA+to)+(n+2—a) At+o-1

and

n+2 p
- 2-e)A+o)+(n+2—a)—(n+2)(A+0—1)
- n+2
2(n+2)—a—(n+e)(A+0)
B n+2 ‘

Thus (4.23) holds by (4.6).
By (4.29), (4.31), (4.25), and Theorem B.1 we find that
IZR((NRF)M)) s /g = HR(NRL)MIIL,
< CINRHPE,
< CIlfIe.
Also by (4.26) we get
I(NRS) N2 = I(NRSD N, 0 < Ol

It therefore follows from (4.20), (4.30), Holder’s inequality, and (4.21) that (4.22) holds.

Case II. Suppose
D2 n+2

=>———: 4.32
AT n+2-a (4:32)

Then by Theorem B.2, (4.21), and (4.25) we find that the sequence
{Ir((Nrf;))M)} is bounded in L7(P4x(0,0)) for all y € (1,00). (4.33)

Let ¢ = pa/o. Then by (4.24),

1 1 1 o 2—¢ 1—0
7_7/\:——7: + .
P ¢ p p2 n+2 D2
Thus for o < 1 we have
1 1 2—¢
-— =2 >0
P q n+2

and for o > 1 it follows from (4.32) and (4.6) that
1 1 S 2—¢ o0-1

p ¢ n+2 (@E2DA

n+2—a
9 ntdoa \
“n+2 (n+2)A
n+2—ao

n+4—a—=¢ n+4—a n+2—a«a
= [N — > 0.
(n+2)A n+4d—a—c¢ n

Thus defining g € (p, §) by

we have for o > 0 that

That is (4.23) holds.
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Since qo/py < Go/pa = 1 there exists v € (g, 00) such that
4,97 _q. (4.34)

Y P2
Also
IZR((NRS)) N sq = ITR(NREMIE
and by (4.26)

I(NRF) N2 = I(NRSD N, 0 < Ol

It therefore follows from (4.20), (4.34), Holder’s inequality, (4.33), and (4.21) that (4.22) holds. O
We return now to the proof of Theorem 4.1. By (4.14) the sequence
{f;} is bounded in L'(P4(0,0)). (4.35)

Starting with this fact and iterating Lemma 4.1 a finite number of times (m times is enough if
m > 1/Cp) we see that there exists Ry € (0, 1) such that the sequence

{f;} is bounded in LP(P4r,(0,0))

for some p > (n+2)/2. Hence by Theorem B.2 the sequence { N, f;} is bounded in L>(Pyp,(0,0)).
Thus (4.20) implies the sequence

{f;} is bounded in L*°(Pr,(0,0)). (4.36)
Since by Lemma 2.8,

/ / (11, ~C) (. C) dn ¢
P4(0,0)
C(n)

< (- » T i\, dnd i(n, dnd
_//PRo(om (=n, =) f;(n, Q) dnd¢ + 2 //734(070)\%(070) fi(n,¢)dndc

we see that (4.35) and (4.36) contradict (4.15). This contradiction completes the proof of Theorem
4.1. O

5. THE CASE \ > ™2

In this section we prove Theorems 1.1-1.4 when A > ”TH For these values of A\, Remark 2.1 and
the following theorem imply Theorem 1.1.

Theorem 5.1. Suppose u is a nonnegative solution of (2.10),(2.11) for some constants o € (0,n+

2),
2 -2
A2 ad 0<o<1- Y22 (5.1)
n n+2
Then io
maxu(z,t) =o(t” 22 ) ast—0T. (5.2)
|lz|<1

Proof. Let v = u+1. Then by Lemma 2.3 we have that (2.12)—(2.15) hold. To prove (5.2) it clearly
suffices to prove

‘rnlz?fv(x, t) = o(t*%{‘)) ast — 0T, (5.3)

Since increasing o increases the right side of the second inequality in (2.13);, we can assume
instead of (5.1) that

2 -2
)\Zn+ and 0<o<l——22) (5.4)
n—+2
which implies
2 -« 2 —« n n+2—«

< +5 < + = . (5.5)

1
n-+2 A n+2 n+2  n+2

> Q
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By (5.4) there exists € = e(n, A\, 0,a) € (0,1) such that
-2
a+e<n+2 and O‘<1—L)\ (5.6)
n+2
which implies
o—1 < 2—a—c¢
A n+2

Part of the proof of Theorem 5.1 will consist of two lemmas, the first of which is the following.

(5.7)

Lemma 5.1. Suppose € is a bounded open subset of R* x R and
(n+2)A
A, — . 5.8
pe[’n—i—?—a—@ (58)
Then for all w € LP(Y) we have

H (// —y,-— ) w(y,s) N dy dS) w’ < Clwlipi (5.9)
LP3(Q)
where . \ 5
1 _ t+to n+2-a-—¢ (5.10)
P3 P n+2
and C = C(n, A\, 0,a,Q,p) is a positive constant. Moreover,
p3 > 1. (5.11)
Proof. Define ps by
Al n+2-a-—c
P py n+2
Then by (5.8) and (5.6)1, 1 < p/A < p2 < oo and thus by Theorem B.2 we have, letting
// - Y, a/nf(ya )dy dS,
that
1 (w™) zo20) < Cllw| o @) = Clwllzoge)- (5.12)
. 1 1 o .. y . .
Since 5 = 5 T p Ve have by Hélder’s inequality that
1 (™) w |7 ) = 1T (@) L1 0y
A o
< W@ Lgrarron ™, g
= [ (WM oy 0l T2t)-
Thus (5.9) follows from (5.12).
Also from (5.8) and (5.7) we find that
1 A+o n+2—-a—¢ o a+e 1 2
— < — =<+ < -+ .
D3 A n+ 2 A n+2 A n+2
Thus (5.11) follows from (5.4);. O

We now continue with the proof of Theorem 5.1. Suppose for contradiction that (5.3) is false.
Then there exists a sequence {(z;,t;)} C B1(0) x (0,1/2) and = € B;(0) such that

(xj,tj) = (20,0) as j— oo (5.13)
and
n+2
liminftj“ v(a:j,tj) > 0. (5.14)

j—00
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Define p3 > 0 by - = 235 4 §. Then by (2.12), (2.13) and Lemma 5.1 with Q =Ps(0,8), p= A,

and w = v we have p3 > 1 and Hv € LP3(P4(0,4). Hence defining py by - o —|— = =1, using Holder’s
inequality, and making the change of variables

r=uxj+ /Rt;§, t=t;+ Rt;T
y=uxj+/Rtjn, s=1t;+ Rt;C

we see for R € (0, 1] that

sup // O(x —y,t—s)Hu(y,s)ds
(,1)€PRe; /4(@j5t5) 7/ S Pa(0,4)\Pre, 2(xj:t5)
1/pa
< sup <// Oz —y,t —s)Pdy ds) [ Hv|| Lrs (py(0,0))
(1) €PRe; /a5t Pa\Pre; /2(2j:t;)

1 y
<c UL () o€ mr = 0Py anac
(€1)EPa(0.0) \J SR xR\Py 15(0,0) \ (L)

np4 L+2) 1

(R4 _ 1/pa

1 2 2 /gy

() sup ([/ @@—mr—o“dmm>
Ri; (€,7)€P1/4(0,0) R™ xR\ Py ,2(0,0)

n+2 (0__2 a— 5)\)

1 2 n+2
- (z;)

where C' depends on neither R nor j and

1/104

2 o —
Py |
n-+2

by (5.6)a.
Also, using (2.14), Lemma 2.8, and the fact that P, j4(z;,t;) C P2(0,2) we see for R € (0,1]
that

sup // O(x —y,t —s)Hvu(y, s)dy ds
(2,t)€PRy sa(wj:t5) / P (0,8)\Pa(0,4)

< C(n) // Ho(y,s)dyds < oo.
Ps(0,8)

Thus by (2.12), (2.15) and Lemma 2.4 with p = A, Q x (0,7) = Ba(0) x (0,4), and K = Bs/5(0)
we have for (z,t) € Ppy,/4(;,t;) and R € (0,1] that

.
— (5.15)

(Rt;) 2%

for some sequence {¢;} C (0,1) which tends to zero as j — oo and which depends in neither (z, )
nor R.

Also, for (z,t) € Pry;a(zj,t;) and R € (0,1] we have by (2.12) and Lemma 2.8 that

a/n
4 n/2
Il ¢@—%ﬁﬂWW@ﬁV@%S<am<m> ) vz o)
Ps(0.8)\Pre, /2(2;:t;5) J

C
(Rt )a/2

v(z,t) < // O(x —y,t—s)Hou(y,s)dyds +
Pre.j2(xj,t5)
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where C' depends on neither (z,t), R, nor j. Thus for (z,t) € Pry;a(x;,t;) and R € (0,1] we have

by (2.13) that

0 < Ho(z,t) <C % + // ®(x—y,t —s)™(y,s) dyds | v(z, ) (5.16)
(Rtj)a/ Pre;2(zj:t;)

where C' depends on neither (z,t), R, nor j.
Next, making the change of variables
n42

U(y, )_t » (77707
r =+ \/t;§, t=t;+tT y=xz;4+/t;n, s=t;+t;(,

// vj (1, ¢)* dnd¢ = // v(y, s)* dyds
P1/2(0,0) P, 2(zj:t5)
and from (5.15) and (5.16) we find for (§,7) € Pg/4(0,0) and R € (0, 1] that

wien< [ n/Q € — 7 — Ot Hoy (0, Ot F dypdc + —2
Pry2(0,0) ¢ R

2\

we obtain

2X

([ e nr -0 dndc + L,
Pr/2(0,0) R
where €; — 0 as j — oo and ¢; depends on neither (£, 7) nor R, and

. set-g (L o — )y, A
0< Huy(6m) < 1, (Ra/2+//PR/200 B(E 7~ Oy, €) dnd<>

_ (n+2)o

X (t; 2 wi&m)?)

— (2. L _ _ A\e/n,, . . o
=C¢; <Ra/g+//PR/2(070)@(§ 1,7 = )™ (n, )N dndq | vi(€,m)

where C' depends on neither (§,7), R, nor j and

-1y |
gji=t. "R 50 asj — o0

by (5.1) and (5.13).
Also by (5.14) we have
lim inf v;(0,0) > 0.

]-)OO
To complete the proof of Theorem 5.1 we will require the following lemma.

Lemma 5.2. Suppose the sequence
{v;} is bounded in LP(Pg/(0,0))
for some constants R € (0,1] and
2
pE |:)\’ M‘) .

n+2—-—a—c¢
Then either the sequence
(n+2)X\
{v;} tends to zero in Ln+2=o==(Pg/3(0,0))
or there exists a positive constant Cy = Cy(n, \, 0, ) such that the sequence
{v;} tends to zero in LY(Pg/s(0,0))

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)
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for some q € (p,o0) satisfying

> (. (5.25)

"=
Q|

Proof. 1t follows from (5.19), (5.21), (5.22), and Lemma 5.1 that the sequence
{Hwvj;} tends to 0 in LP*(Pg/4(0,0)) (5.26)
where ps3, defined by (5.10), satisfies (5.11).

Case I. Suppose p3 > "T” Then by (5.26), (5.18), and Theorem B.2 we have the sequence
{v;} tends to zero in LY(Pr/5(0,0)) forall g >1

which implies (5.23).

Case II. Suppose p3 < ”T” Define ¢ by

~ = . 5.27
ps q n+2 ( )
Then by (5.11)
1 <p3 <qg<oo.
Hence by (5.26), (5.18) and Theorem B.1 we have (5.24) holds.
Also by (5.27), (5.10), (5.22), and (5.7) we get
1 1 1 2 1 1 2 o A a+e
S -=sy — === — =241
p ¢ p n+2 p3s p n+2 p p n+2
Ado—1 ate—2
= - — + -
n+2
1—(A 2—a-—
S1=Q+o0) 2z a—e
A n+2
Thus (5.25) holds. U

We now return to the proof of Theorem 5.1. By (2.12) and (5.17), the sequence {v;} tends to
zero in L’\(Pl/Q(O, 0)). Starting with this fact on iterating Lemma 5.2 a finite number of times we
see that the sequence

{v;} tends to zero in LP(Pg/2(0,0)) (5.28)
for some R € (0,1) and for some
(n+2)A
, 5.29
n+2—a« ( )
Hence the sequence {UJ)‘} tends to zero in LP/ ’\(PR/Q(O,O)) and § > nz‘i —. Thus by Theorem

B.2, the sequence whose jth term is the integral on the right side of (5.19), tends to zero in
L*(Pgr/2(0,0)). So by (5.19)
0 < Hv; < Cv] in Pg4(0,0) (5.30)

where C' does not depend on j. Hence by (5.28) the sequence { Hv; } tends to zero in LP/° (Pry4(0,0))
and by (5.29) and (5.5)

2)A 2\’

P (n+2) n+ o1
o (n+2-a)o n+2—a«

Thus by (5.18) and Theorem B.2 the sequence

00, if 2 > 242

{v;} tends to zero in LY(Pg/s(0,0)) where ¢ = L if 2 < n2 (5.31)
g_2ze o —€
p n+2
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1 e1e . . P 12
However the possibility that ¢ = oo is ruled out by (5.20). Hence we can assume 2 < 5==.

by (5.31), , )
—0 —¢

1 1
p q P n+ 2

Thus, if o € (0,1] then
1 1 1
Z-Z> :
p q n+2

On the other hand, if o > 1 then by (5.29) and (5.7)

1 1 2-¢ o0-1

P q n+2_ P
2—¢ o—-1n+2—«

Tnt2 A n+z

2—¢ 2-a—-¢ «

“nt2  n+2z iz
Thus for o > 0 we have

1—1>C'(n,a)>0.

p q

Then

Hence, after a finite number of iterations of the procedure of going from (5.28) to (5.31) we see
that the sequence {v;} tends to zero in L*°(Py(0,0)) for some R € (0, R) which again contrdicts

(5.20). This completes the proof of Theorem 5.1.
The following theorem implies Theorem 1.2.

Theorem 5.2. Suppose
n+2 n+2—c¢

A> and = X

for some € € (0,1). Then the function

u(z,t) = ¥(x,t) := / O(x — y,t)|y|727dy

n

15 a C'° positive solution of
Hu=0 1inR" x(0,00)
such that
we LANR™ x (0,T)) for all T >0,

tTu(0,t) = u(0,1) for0 <t < oo,
and
t"u(x,t) is bounded between positive constants

on {(z,t) € R" x (0,t) : |z| < Vt}.

Proof. By (5.32) we have 2y < n. Thus (5.33) is a C* positive solution of (5.34).
For a > 0 and (z,t) € R® x (0,00) we find making the change of variables y = az that

u(az, a®t) = / ®(ax —y, a’t)|y| "> dy
_/ ®(ax — az, a’t)a" |z P a"dz

= a_27/ Oz — 2,t)|2|dz
Rn

=a Pu(z,t).

(5.38)
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Taking =0 and ¢ = 1 in (5.38) we get
u(0,a?) = a=u(0,1) for all a > 0. (5.39)

Thus (5.36) holds.
Taking  # 0, ¢t > 0, and a = 1/|z| in (5.38) and using the fact that u(x,t) is radially symmetric
in z about the origin we get

u(z,t) = au(azx, a’t) = |z|" P u(e, |$t|2) = |2z|™2g <|a:t|2) (5.40)
where g(¢) = u(e1, () and e; = (1,0, ...,0) € R™. By (5.33),
g(¢) =1 as(—0" (5.41)

and using (5.40) and (5.36) we obtain for ¢t > 0 that

-2 t
w9 ()
1= lim =lim ———~% = )
z—0 u(O,t) z—0 u(O, l)t_'y ac—>0’u, 0 1 <L> -
x|?

Thus

9(c) —u(0,1) as ¢ — oo. (5.42)

C Y
For t > 0, it follows from (5.40)—(5.42) and (5.32) that

A
t
/ u(x,t))‘d:):—/ 2|~y <2> dx
G Rn ||
¢\
/ ]a:|2)"ydx+/ |2z| 72N <2> dx
Vi<lal jel<v/E |z

< Op—1+e/2

<C

which implies (5.35).
Making the change of variables

z=+Vt& and y=+Vin
in (5.33) we get

u(z,t) = %U (\2) for (z,t) € R" x (0, 00)
where )
U = —l&=nl?/4)01 =27 g
©= tgmya L, &

Thus since U(&) is bounded between positive constants for [¢| < 1, we find that (5.37) holds. O
The following theorem implies Theorems 1.3 and 1.4 when A > (n + 2)/n.

Theorem 5.3. Suppose a, A, and o are constants satisfying
2 2 —
a€ (0,n+2), )\zn—{— , 0>0, and o>1+ a
n n+ 2

Let ¢ : (0,1) — (0,00) be a continuous function satisfying

A (5.43)

lim ¢(t) = co.

t—0t+

Then there exists a positive function

ue C®(R" x (0,1)) N LMR™ x (0,1)) (5.44)
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satisfying
0< Hu < (9"« uMu® in R™ x (0,1), (5.45)
where * is the convolution operation in R™ x (0,1), such that
u(0,t) # O(p(t)) ast—0T. (5.46)

Proof. By scaling u and noting by (5.43) that o + X\ # 1 we see that it suffices to prove Theorem
5.3 with (5.45) replaced with the weaker statement that there exists a positive constant C' =
C(n, A\, 0,a) such that u satisfies

0< Hu < C(®" xuMu® in R" x (0,1), (5.47)

where (%) is the convolution operation in R x (0, 1).
By (5.43) there exists € = g(n, A\, 0,a) € (0,1) such that

2t < @ (5.48)
and 5 4o
—a+2e
1+ —————A\ 5.49
7t n+2—2 ( )
et 2 2A
n+2—e¢
= d = . .
TT T M P e (5:50)
Then
vp > 1. (5.51)
Let {T;} C (0,1) be a sequence such that T; — 0 as j — oo. Define wj : (—o0,T};) — (0,00) by
wj(t) = (T —t)~1/7 (5.52)
and define t; € (0,73) by
wj(tj) == t;’y. (553)
Then
T: —t: (t: )P _
it W) et L ag i e (5.54)
t t J
by (5.51).
Choose a; € ((t; + Tj)/2,Tj) such that wj(a;) > jp(a;). Then
wilt) o as o oo (5.55)
p(aj)

Let hj(s) = y/aj —s and Hj(s) = \/a; + €; — s where €; > 0 satisfies

aj+2€j <Tj, tj —g; >tj/2, €j <TjQ, and wj(tj—ej)>

Define
wj ={(y,s) e R" xR:|y| < hj(s) and t; <s<a;},
Qj = {(y,s) €eR"xR: \y| < Hj(s) and tj—e;<s<a; +Ej}.
By taking a subsequence we can assume the sets {2, are pairwise disjoint.
Let x; : R" x R = [0,1] be a C*° function such that x; = 1 in w; and x; = 0 in R™ x R\;.
Define f;, u; : R* x R — [0, 00) by
iy, s) = x;(y, s)wj(s) (5.57)
and

uj(x,t) = //nXRCD(x—y,t—s)fj(y,s) dy ds. (5.58)
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Then f; and u; are C*° and
Huj = f; inR"xR. (5.59)
By Theorem B.2 with p =n 4+ 2 and ¢ = oo we see that

H// (z —y,t — s)wj(s)dyds
Qj\wj L>(R”x(0,1))

= H// Dz — y,t — s)Xq,\w; (¥, $)Wj(s) dy ds
R”x(0,1)

< C|w}(8) ]| o+ 2(90,\w)
< wj(t;) (560

L= (Rmx(0,1))

provided we decrease € if necessary because [Q2;\w;| — 0 as ¢; — 0.
Also, it follows from (5.43)2, (5.50)1, (5.37), (5.56)1, (5.54), and (5.53) that there exists a positive
constant M, independent of j, such that for (x,t) € Q; we have

2’7+1 2'y+1 2'y+1
MY (z,t) > > >
(@.1) tY TjV (2t5)7

= 2w]'(tj), (5.61)

provided we take a subsequence if necessary, where U is defined by (5.33).
In order to obtain a lower bound for u; in wj, note first that for s <t < a; +¢; and |z| < H;(t)
we have by Lemma 2.9 that

/ O(x—y,t—s)dy >0 (5.62)
ly|<H;(s)
for some constant

b=>b(n) € (0,1). (5.63)
Next using (5.62) and (5.63), we find for (z,t) € ; that

//Qj Dz —y,t — s)wj(s) dyds = /:_Ej w(s) (/lka'(s) (r —y,t—s) dy> ds

J

> b(w;(t) —w;(t; —€5))
> bw;(t) — wj(t;).

It therefore follows from (5.58), (5.57), and (5.60) that for (x,t) € Q; we have

j(x, 1) // (x —y,t—s)w ;-(s)dyds
://Qjcb(m—y,t—s)w;»(s)dyds—//Qj\wj<1>(3:—y,t—s)w;-(S)dyds

> bw,;(t) — 2w;(t;). 5.64
j A
Define 8 > 0 by

112 (5.65)
B A n+2 ’
Then by (5.43)
2 1 1 2 n 2
== < =1 5.66
n+2<ﬂ )\+n+2_n+2+n+2 ( )

and by (5.50)

S 2 2 9
P 2 T mr2)/x 29 ny2-23
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Thus

n_Betl) | _(+2-28p-26
2 P 2p
Next we slightly increase [ in such a way that (5.67) and the first inequality in (5.66) still hold.
Then instead of (5.65) and (5.66) we get

(5.67)

1.1 2 (5.68)
B A n+2 '
and 5 .
Z <1 5.69
n+2 < B < ( )
respectively.
From (5.57), (5.52), (5.56)1 and (5.67) we find that
// fily,s)’ dyds < p’ // (s)? dy ds
R™ xR
/ / 5 )7 dy ds
m< T—ﬁ
= |B1(0 / — 5)M/ 2Bt /p g
= ]Bl(O)/ 2B/ g 50 as j — oo, (5.70)
0
Hence by (5.58), (5.68), (5.69), and Theorem B.2 we obtain
||uj||L>‘(R"><(O,1)) —+0 asj— oo. (571)

Repeating the derivation of (5.70) with 5 replaced with 1, we find that

// fiy,s)dyds — 0 as j — oo.
xR

// ij(y, s)dnds < oo
R"ij:1

provided we take a subsequence if necessary. Hence, since the C° functions f; have disjoint
supports, it follows from Theorem 5.2 that the function u : R™ x (0,00) — (0, 00) defined by

Thus

u(a,t) = (M + 1D)U(z, )+ > uj(x,t) (5.72)
is C*° and from (5.59) and Theorem 5.2 we have

Hu=)_f; inR"x(0,00). (5.73)
j=1
By (5.71) and Theorem 5.2,
u e LMR™ x (0,1))
provided we take a subsequence of u; if necessary. Thus (5.44) holds.
We now prove (5.47). By (5.73) and (5.57) we have

Hu=0 in( (0,1)) \UQ
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Hence to prove (5.47), it suffice to prove there exists a positive constant C' = C(n, A, 0, @) such that

0< Hu < C(®*" xu*)u® in Q; (5.74)
for j = 1,2, ...
By (5.72), (5.64), and (5.61) we have for (z,t) € Q; that
u(x,t) > (M + 1)¥(z,t) + bw;(t) — 2w;(t;) > V(x,t) + bw;(1). (5.75)
Thus for (z,t) € Q; we see by (5.73), (5.57), and (5.52) that
Hu(e,t) = f(2,0) < wj(t) = Sy ()7
1 1

= 2w (TP (£) < —— . ($)1TPO He.
S8 i (0)7 < Zgw (6T u(z, )

Hence to prove (5.74) it suffices to show
w; ()P < C’// Oz —y,t — ) u(y,s) dyds for (z,t) € Q. (5.76)
Rmx(0,1)

Our proof of (5.76) consists of two cases.

Case I. Suppose

T; +t;
(@,t) € and < % (5.77)
Then using (5.56)4, (5.50)2, (5.43)2 and the fact that w; is an increasing function we have
Lo w0
27 2wty —g5)  wity)
T _ Tj—l-ﬁj _1/]3
< J 2 _ 21/p < 2n/2.
S\ L
Also by (5.53) and (5.54)
(¢ T\
LJ(J) = <”> €(1,2)
o\
provided we take a subsequence if necessary. Thus (5.77) implies
Lowl®) oy, (5.78)

-
25T,
Next making the change of variables

v=1;5 t=Tm  y=Tm, s=T;¢  and §=/Tj,
we get for (y,s) € R™ x (0,00) that

U(y,s) = / By — g, )3 ">dg

1 . A — 2 .
:/n 722 =0, OT; 7| QVTf/ di)

— T77%(n, ()
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and thus for (z,t) € Q; we obtain from (5.50); that

// O —y,t — 5)*"U(y, s)  dy ds
R™x(0,1)

a/n B
:[/ iﬂ@@_mT—O (T; " W(n, O > dndC
R™ % (0,7) Tj

L Gen  _ GEn
= \/zfja+2'y)\f(n+2) \/ITjQ—E

where
G, T):= P& — — )y Adndc.
(57 ) //1(0)><(1/27) (5 n,T C) (77;0 n C

Since by (5.77)1, (5.56)1, (5.54), and (5.56)3,

tj —gj

t
1>T_?]2Tjj—>1 as j — o0
we have by (5.77); that
VT t
€| = \ﬂ \F 1—?%0 as j — 0o.
J

Thus, since G is clearly continuous at (§,7) = (0,1) and G(0,1) > 0 we have by (5.79) that

J

C
Oz —y,t— )"V y,s)‘dydszﬁ for (z,t) €
oo "y, Vel

provided we take a subsequence if necessary.
Since by (5.49) and (5.50)2

2 — 2 —2 —
J_1>(a+€)A:p_af‘A>p_a€A

n—+2—2¢ n—+2— 2 n+2—e¢

we have by (5.50); that

7(1+p—0)<7((o‘_5>)\>:a—g‘

n+2—e¢ 2

Thus (5.76) follows from (5.75), (5.78), and (5.80).
Case II. Suppose
T, +t;
(z,t) € Q; and t> Lt

Then for s < t we have by Lemma 2.9 that

C
Bz —y,t—s)dy > —————
/y|<Hj(s> (8 =)/

QO

J

(5.79)

(5.80)

(5.81)
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for some positive constant C' = C(n, ). Thus for (z,t) satisfying (5.81) we get

t
// O(x —y,t — s)a/"wj(s)’\ dyds > / w;(s)* (/ O(x —y,t— s)o‘/"dy> ds
Q; tj ly|<Hj(s)

S C’/t ds
=0, G, =
c Hot d

= (CTJ _ t)(a—n)/2+>\/p—1 /1 (Z _ 1)(04—71)/22)\/1) where T'J s = (’1} t)z

S C 2 dz

T (T — t)lemm)/240p=1 [ (5 — 1)(a=n)/20/p

C C

- (]’] _ t)(a—n)/2+>\/p—1 - (Tj _ t)(a—?s)/2 (582)

by (5.50)s.
Since by (5.49) and (5.50)2
1> 2—a+25)\_ 2—a+2e
n4+2—-2" P 2
we see that
1 1-0 a—2—-2 «oa-—2
p( +p—0o)=1+ <1+ 5 5
Thus (5.76) follows from (5.75), (5.52), and (5.82).
Finally from (5.75) and (5.55) we get
u(©a5) o bwilag) o i oo,
plag) — ¢la))

which gives (5.46). O

APPENDIX A. REPRESENTATION FORMULA

In this appendix we provide the following representation formula for nonnegative supertemper-
atures.

Theorem A.1l. Suppose 0 < R1 < Ry < R3 are constants and v is a C*' nonnegative solution of

Hu >0 in B z(0)x(0,R3) CR" xR, n>1, (A.1)
where Hu = uz — Au is the heat operator. Then
Hu € L'(B /z;(0) x (0, Ry)), (A.2)
B 1 n -+ 2
u” € L' (B /7(0) x (0,R1)) for1<p< (A.3)
and there exist a finite positive Borel measure |1 on B\/R—Q(O) and a bounded function
h e 02’1(3\/}2—1(0) x (—R1, R1)) satisfying

such that
u=N+v+h inB z(0)x(0,R) (A.6)
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where

Ry
N(z,t):= / / KFCI)(x —y,t —s)Hul(y, s) dyds, (A.7)

o(z,t) == / (o — y,t) du(y), (A.8)
lyl<v/Rz

and ® is the heat kernel (1.3).

Proof. When =1, Ry =1, Ry = 4, and R3 = 16, Theorem A.1 was proved in [19]. The proof
of Theorem A.1 when 8 = 1 is obtained by making straighforward changes to the proof in [19]. It
remains only to prove (A.3) for 1 < 8 < (n+2)/n. To do this, it suffices by (A.6) to show

NP e LYR™ x (0,Ry)) for 1< B < (n+2)/n (A.9)

and
B e LYR™ x (0,Ry)) forl<p< (n+2)/n. (A.10)

Theorem B.2 and (A.2) imply (A.9).
Finally, for t > 0, 8 > 1, and 3’ the conjugate Holder exponent of 3 we have

3
v(z,t)P dx = T — &
/n (z,t)"d /Rn (/y|<@<1>( y,t)du(y)> d
B/B
B’ xr — B X
S/Rn (/y|<@1 d,u(y)) /|y|<@¢( y,1)” duly) d

=C oy (/R Oz —y,t)° dw) du(y)

:C t”ﬁ/2/ e Blz 7y|2
ly|<v/R2 n

= "9/ by Lemma 2.2
which implies (A.10). O
Remark A.1. If u is a C%! nonnegative solution of (A.1) where R3 > 0 then by Theorem A.1,

dz dp(y)

2
7 e LB g(0) % (0,R)) for1<f <% and0< R < Rs.

Thus the conclusion (A.3) in Theorem A.1 can be replaced with
n+2

P e LY(B /5 (0) x (0,Ry)) for 1< <

APPENDIX B. HEAT POTENTIAL ESTIMATES

In this appendix we provide estimates for the heat potentials
n+2—«
Uaf)ot) = [ o=yt =)™ fly.5) dyds
R” xR
and
(Vo)1) // (2 -yt — 5)™F2 fy,5) dy ds,

where @ is given by (1.3), 2 = R"™ x (a,b), and o € (0,n 4 2). The proofs of these estimates are
given in [3, Appendix B].
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Theorem B.1. Suppose 0 < a<n+2andl <p< "TH are constants and f : R" X R — R is a
nonnegative measurable function. Let
_ (n+2)p
1= 2= ap’

Then
[ JafllLarrxr)y < CllfllLrRrxR)

where C' = C(n,p,a) is a positive constant.
Theorem B.2. Let p,q € [1,00], o, and § satisfy

1 1 «

< <

p q n+2

Then V,, maps LP(Q) continuously into L1(Q2) and for f € LP(Q2) we have

[Vafllza@) < Ml fllr )

<1 (B.1)

where
M = C(b—a) @ +29/2 for some constant C = C(n, o, 8) > 0.

Theorem B.2 is weaker than Theorem B.1 in that the second inequality in (B.1) cannot be
replaced with equality. However it is stronger in that the cases p = 1 and ¢ = oo are allowed.
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