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Abstract
We study nonnegative classical solutions u of the polyharmonic inequality
—A™y >0 in By(0)— {0} Cc R™

We give necessary and sufficient conditions on integers n > 2 and m > 1 such that these solutions
u satisfy a pointwise a priori bound as x — 0. In this case we show that the optimal bound for
u is

u(z) = O((x)) as z—0
where I' is the fundamental solution of —A in R™.
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1 Introduction

It is easy to show that there does not exist a pointwise a priori bound as z — 0 for C?
nonnegative solutions u(x) of

—Au>0 in Bi(0)—{0} CR", n>2. (1.1)

That is, given any continuous function t: (0,1) — (0,00) there exists a C? nonnegative solution
u(z) of (1.1) such that
u(z) # O(¢P(lz])) as = —0.

The same is true if the inequality in (1.1) is reversed.
In this paper we study C?™ nonnegative solutions of the polyharmonic inequality

—A"u >0 in B;(0)— {0} CR" (1.2)
where n > 2 and m > 1 are integers. We obtain the following result.

Theorem 1.1. A necessary and sufficient condition on integers n > 2 and m > 1 such that C*™
nonnegative solutions u(x) of (1.2) satisfy a pointwise a priori bound as x — 0 is that

either m is even or n < 2m. (1.3)
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In this case, the optimal bound for u is

u(z) =0T o(z)) as x—0, (1.4)
where
> ifn>3
T = 1.5
ole) log i ifn= (1.5)
|z|

The m-Kelvin transform of a function u(x), z € Q C R™ — {0}, is defined by
v(y) = |a]"*Mu(z)  where z=y/[y’. (1.6)
By direct computation, v(y) satisfies
A"Mv(y) = |z[" T2 A (). (1.7)
See [15, p. 221] or [16, p. 660]. This fact and Theorem 1.1 immediately imply the following result.

Theorem 1.2. A necessary and sufficient condition on integers n > 2 and m > 1 such that C*™
nonnegative solutions v(y) of
—A"™y >0 in R"— B(0)

satisfy a pointwise a priori bound as |y| — oo is that (1.3) holds. In this case, the optimal bound
for v is

v(y) = O0(Tx(y)) as |yl — oo (1.8)
where -
[y~ ifn>3
Too(y) = 1.9
) {|y|2m—2 log(3lyl) ifn =2 (.9)

The estimates (1.4) and (1.8) are optimal because ATy =0 = A™I'» in R™ — {0}.

The sufficiency of condition (1.3) in Theorem 1.1 and the estimate (1.4) are an immediate
consequence of the following theorem, which gives for C?™ nonnegative solutions u of (1.2) one
sided estimates for A%u, o = 0,1,2,...,m, and estimates for |DPu| for certain multi-indices £3.

Theorem 1.3. Let u(x) be a C*™ nonnegative solution of
“A™u >0 in By(0) — {0} C R, (1.10)

where n > 2 and m > 1 are integers. Then for each nonnegative integer o < m we have

20

(=)™ A%u(z) < C" d To(lz))|  for 0< x| <1 (1.11)

d|3§‘|20

where L'y is given by (1.5) and C' is a positive constant independent of x.
Moreover, if n < 2m and (8 is a multi-index then

dlBl

WPOO%D

\Dﬁu(x)\ =0 (

> as = —0 (1.12)

8] < {Zm -n if n is odd (1.13)

2m—n—1 ifn is even.



There is a similar result when the singularity is at infinity.

Theorem 1.4. Let v(y) be a C*™ nonnegative solution of

where n > 2 and m > 1 are integers. Then for each nonnegative integer o < m we have
“2loghly| ifo=0andn =2
-1 m+crAcr 20—2mv <C |y| or >1 1.15
(AT (P ) < 04 T o (1.15)

where C' is a positive constant independent of y.
Moreover, if n < 2m and (3 is a multi-index satisfying (1.13) then

dlB

— T

|DPu(y)| = O <

) as |y] — oo (1.16)

where T is given by (1.9).

Note that in Theorems 1.3 and 1.4 we do not require that m and n satisfy (1.3).

Inequality (1.15) gives one sided estimates for A7 (|y|2?~2™v(y)). Sometimes one sided estimates
for A%v also hold. For example, in the important case m = 2, n = 2 or 3, and the singularity is at
the infinity, we have the following corollary of Theorem 1.4.

Corollary 1.1. Let v(y) be a C* nonnegative solution of
—A%v >0 in R™— Bj;(0)

where n =2 or 3. Then

v(y) = O (Tuoly) mmrwwﬂ=0Q£f@ww) as gm0 (L17)
and 2
—Av(y) < C WFOO(IZJI) for |yl >1 (1.18)

where T'oo is given by (1.9) and C is a positive constant independent of y.

The proof of Theorem 1.3 relies heavily on a representation formula for C?™ nonnegative solu-
tions u of (1.2), which we state and prove in Section 3. This formula, which is valid for all integers
n > 2 and m > 1 and which when m = 1 is essentially a result of Brezis and Lions [2], may also
be useful for studying nonnegative solutions in a punctured neighborhood of the origin—or near
x = oo via the m-Kelvin transform—of problems of the form

—A"y = f(x,u) or 0<—-A"u< f(z,u) (1.19)

when f is a nonnegative function and m and n may or may not satisfy (1.3). Examples of such
problems can be found in [4, 5, 9, 11, 12, 15, 16] and elsewhere.

Pointwise estimates at @ = oo of solutions u of problems (1.19) can be crucial for proving
existence results for entire solutions of (1.19) which in turn can be used to obtain, via scaling
methods, existence and estimates of solutions of boundary value problems associated with (1.19),
see e.g. [13, 14]. An excellent reference for polyharmonic boundary value problems is [8].

Lastly, weak solutions of A™wu = p, where y is a measure on a subset of R", have been studied
in [3] and [6], and removable isolated singularities of A™u = 0 have been studied in [11].



2 Preliminary results

In this section we state and prove four lemmas. Lemmas 2.1, 2.2, and 2.3 will only be used to
prove Lemma 2.4, which in turn will be used in Section 3 to prove Theorem 3.1.

Lemmas 2.1 and 2.2 are well-known. We include their very short proofs for the convenience of
the reader.

Lemma 2.1. Let f: (0,r2] — [0,00) be a continuous function where 1o is a finite positive constant.
Suppose n > 2 is an integer and the equation

-1
o+ v =—f(r) 0<r<mry (2.1)
r

has a nonnegative solution v(r). Then
T2
/ L (r) dr < oo. (2.2)
0
Proof. Let r1 = ry/2. Integrating (2.1) we obtain
1
L (1) = P () +/ P Hf(p)dp for 0 <1 <7y (2.3)
T

Suppose for contradiction that

L () + /Tl P Lf(p)dp >1 for some 1o € (0,71).
ro
Then for 0 < r < ro we have by (2.3) that
v(rg) —v(r) > /TO p'™dp — 00 as r—0F
r
which contradicts the nonnegativity of v(r). O

Lemma 2.2. Suppose f: (0, R] — R is a continuous function, n > 2 is an integer, and

R
/O ()] dp < . (2.4)

Define ug: (0, R] — R by

r R
nig[ 1—2/0 pn_lf(p)dp+/ Pf(P)dp} ifn>3

T R
<log¥>/opf(p)dp+/ p(m%) f(p)dp ifn=2.

Then u = ug(r) is a C? solution of

up(r) =

—(Au)(r) == — <u"(7’) + - ; 1u'(r)> = f(r) for 0<r<R. (2.5)
Moreover, all solutions u(r) of (2.5) are such that

O(r?) asr — 0% ifn >3

" n—1
p"u(p)| dp = 1
/0 O<r210g;> asr — 0T ifn =2,



Proof. By (2.4) the formula for uo(r) makes sense and it is easy to check that u = ug(r) is a solution
of (2.5) and, as r — 0%,
o(r¥=m) ifn>3

ug(r) = 1\
O | log — ifn=2.
r

Thus, since all solutions of (2.5) are given by

r2m ifn >3
u=up(r)+ C1 + Cs

log— ifn=2
r
where C and Cy are arbitrary constants, we see that all solutions of (2.5) satisfy (2.6). O

Lemma 2.3. Suppose f: (0, R] — R is a continuous function, n > 2 is an integer, and

If(Jz])| dx < oo. (2.7)
z€BR(0)CR"™
If u = u(|x|) is a radial solution of
—A"y=f for 0<|z|]<R, m>1 (2.8)
then
O(r?) asr— 0% ifn >3
[ w@ra =4 | (2.9
ol Olr log; asr — 0% ifn = 2.

Proof. The lemma is true for m = 1 by Lemma 2.2. Assume, inductively, that the lemma is true
for m — 1 where m > 2. Let u be a radial solution of (2.8). Then

~AA™ ) = —A™u=f for 0<|z| <R.
Hence by (2.7) and Lemma 2.2,
g := —A""1y € LY (Bg(0)).
So by the inductive assumption, (2.9) holds. O

Lemma 2.4. Suppose f: Br(0) — {0} — R is a nonnegative continuous function and u is a C*™
solution of

—A Zié } in Bgr(0)—{0}CR", n>2 m>1. (2.10)
Then
O(r?) asr— 0% ifn >3
/ u(xz) do = 1 (2.11)
O <T2log—> asr — 0T ifn =2
|z|<r T
and
|22 f () da < oo. (2.12)
|z| <R



Proof. By averaging (2.10) we can assume f = f(|z|) and u = u(|z|) are radial functions. The
lemma is true for m = 1 by Lemmas 2.1 and 2.2. Assume inductively that the lemma is true
for m — 1, where m > 2. Let u = u(|z|) be a radial solution of (2.10). Let v = A™ 'u. Then
—Av = —A"u = f and integrating this equation we obtain as in the proof of Lemma 2.1 that

T2
" (1) = vy (rg) +/ Pt (p)dp forall 0<r<ry <R (2.13)
We can assume "
/0 P f(p)dp = oo (2.14)
for otherwise [ f(z)dz < co and hence (2.12) obviously holds and (2.11) holds by Lemma 2.3.

|z|<R
By (2.13) and (2.14) we have for some r € (0, R) that

V() > 1. (2.15)
Replacing ry with 71 in (2.13) we get
n—1_71 T
1 1
v (p) = n nv_grl) + — / s"Lf(s)ds for 0<p<mr
p o,

and integrating this equation from r to r; we obtain for 0 < r < ry that

1 1 71 1 71
—v(r) = —v(ry) + r?_lv/(rl)/ = dp —I—/ = / " f(s)dsdp
r r p

and hence by (2.15) for some r¢ € (0,71) we have

To 1 T0
—A"™ hu(r) = —o(r) > / = / " f(s)dsdp >0 for 0<r<rg.
r p

So by the inductive assumption, u satisfies (2.11) and

0 T0 1 T0
> / p2mAn=5 < s"1f(s)ds dp> dr
0 r p

where in the above calculation we have interchanged the order of integration and C' is a positive
constant which depends only on m and n. This completes the inductive proof. O



3 Representation formula

A fundamental solution of A™ in R™, where n > 2 and m > 1 are integers, is given by

(=1)™ |, if2<2m<n (3.1)
B(z) = a (—1)%1\95]27”_", if 3 <n < 2m and n is odd (3.2)
(—1)%\35!27”_" log ’2—‘, if 2<n < 2m and n is even (3.3)

where a = a(m,n) is a positive constant. In the sense of distributions, A™® = §, where § is the
Dirac mass at the origin in R™. For x # 0 and y # z, let

ey =o-y) - Y WD (3.0

|| <2m—3

be the error in approximating ®(x — y) with the partial sum of degree 2m — 3 of the Taylor series
of ® at x.

The following theorem gives representation formula (3.6) for nonnegative solutions of inequality
(3.5).

Theorem 3.1. Let u(x) be a C*™ nonnegative solution of
“A™u >0 in Bs(0) — {0} C R", (3.5)
where n > 2 and m > 1 are integers. Then
u=N+h+ Y  aD*® in Bi(0)-{0} (3.6)
lal<2m—2
where aq, |a] < 2m — 2, are constants, h € C*°(B1(0)) is a solution of
A™h =0 in Bi(0),

and
N(z) = / U(x,y)A™u(y)dy for x #0. (3.7)

ly|<1

When m = 1, equation (3.6) becomes
u=N+h+ay®; in B;(0)— {0},

where
N = [ @i y)au)dy
ly|<1

and ®; is the fundamental solution of the Laplacian in R™. Thus, when m = 1, Theorem 3.1 is
essentially a result of Brezis and Lions [2].

Futamura, Kishi, and Mizuta [6, Theorem 1] and [7, Corollary 5.1] obtained a result very similar
to our Theorem 3.1, but using their result we would have to let the index of summation « in (3.4)
range over the larger set |a| < 2m — 2. This would not suffice for our proof of Theorem 1.1. We
have however used their idea of using the remainder term ¥ (x,y) instead of ®(z —y) in (3.7). This
is done so that the integral in (3.7) is finite. See also the book [10, p. 137].



Proof of Theorem 3.1. By (3.5),

fi=—A"u>0 in By(0)—{0}. (3.8)
Thus by Lemma 2.4,
/ 2?72 f(z) do < oo (3.9)
lz|<1

and )

/ u(z)de =0 <r2 log ;> as r— 0. (3.10)
lz|<r
If |a| = 2m — 2 we claim

D®(x) = O(To(z)) as = —0 (3.11)

where T'g(z) is given by (1.5). This is clearly true if ® is given by (3.1) or (3.2) because then n > 3
and Tg(z) = |z|?>~™. The estimate (3.11) is also true when ® is given by (3.3) because then |z|*™~"
is a polynomial of degree 2m —n < 2m — 2 = |a| with equality if and only if n = 2, and hence D*®
has a term with log % as a factor if and only if n = 2. This proves (3.11).

By Taylor’s theorem and (3.11) we have

W (z,y)| < Cly[*>To(x) (3.12)

5 x
< Cly|/>m 2|z logm for |yl < % <1

Differentiating (3.4) with respect to z we get

DY(¥(z,y)) = (D°®) (& —y)— Y #(DM%)(:”) for z#0 and y#z (3.13)
|| <2m—3 )

and so by Taylor’s theorem applied to D?® we have

1D (z,y)| < Cly[?|z>~ 1P log% for y| < % <1 (3.14)
Also,
ATV (z,y) =0=A]V(z,y) for x#0 and y#uz (3.15)

(see also [10, Lemma 4.1, p. 137]) and

/ |®(z —y)|da < Crzmlogg
lz|<r

)
< Oy 2rlog = for 0<r <2yl <2 (3.16)
r

Before continuing with the proof of Theorem 3.1, we state and prove the following lemma.

Lemma 3.1. For |y| <1 and 0 <r <1 we have

/ |U(z,y)| dz < Cly[*2%r?log g (3.17)

|| <r



Proof. Since ¥(z,0) = 0 for z # 0, we can assume y # 0.
Case I. Suppose 0 < r < |y| < 1. Then by (3.16)

/ ()| dx < / B —y)dr+ 3yl / D (x)| da

|o]<2m—3

0<|z|<r 0<|z|<r 0<|z|<r

_ 5 _ 5
<0 P02 ¢ 3 jylel? ooy
|o|<2m—3

5
< Clyl™*r* log

Case II. Suppose 0 < |y| < r < 1. Then by (3.16), with » = 2|y|, and (3.12) we have

/|\If<:c,y>|dx= / W(a,y)| do + / U (e, y)) do
|z|<2r 20y|<|z|<2r |z|<2|y|

5 5
<c / P2l og 2 da+ [l o
2ly|<|z|<2r

+ Y e / D (z)|

< _
lad<2m=3 131 <oy

_ 5 _ 5
<0 |loPm2rion 2 4 2 og

|y

5
< Cly™ *r?log =
T

which proves the lemma. O

Continuing with the proof of Theorem 3.1, let N be defined by (3.7) and let 2r € (0, 1) be fixed.
Then for 2r < |z| < 1 we have

Vo= [ Jew-n- X EEEpew)| Amu)ay

a!
7’<|y\<1 |o¢\§2m—3
- [ vewswa
o<lyl<r

By (3.9) and (3.14), we can move differentiation of the second integral with respect to = under the
integral. Hence by (3.15),
AN = A"u (3.18)

for 2r < |z| < 1 and since 2r € (0,1) was arbitrary, (3.18) holds for 0 < |z| < 1.



By (3.7), (3.8), and Lemma 3.1, for 0 < r < 1 we have

[ wliz< [ | [ [l fe)a

|z|<r ly|<1l \Jz|<r

5 _
<crtog? [ WP i) dy

lyl<1
1

=0 <r210g—> as r— 0"
r

by (3.9). Thus by (3.10)

v:=u— N € Li.(B1(0)) C D'(B;(0)) (3.19)
and
1
lv(z)|dz = O ( r°log . as r— 0%, (3.20)
/ (es:)
By (3.18),

A™p(x) =0 for 0<|z| <1
Thus A™v is a distribution in D’'(B;(0)) whose support is a subset of {0}. Hence
A" =" a,D
la|<k

is a finite linear combination of the delta function and its derivatives.
We now use a method of Brezis and Lions [2] to show a, = 0 for |a] > 2m — 1. Choose
v € C§°(B1(0)) such that
(=D (D¥)(0) = aq for |a| < k.

Let ¢c(2) = ¢(£). Then, for 0 <& < 1, ¢. € C°(B1(0)) and

/ oA, = (AT)(p) = 3 aa(D0)p.

lo| <k

la|<k |a| <k
o 1 fe! 1
= Y ) (00 = Y
lal<k lal<k

On the other hand,

/UA ¢a=/v($)&g—m(ﬂ ©) (g) dx
C 1 1
< 2w / Iv($)|d$=0<€2m—_210gg> as ¢— 07

|x|<e

by (3.20). Hence a, = 0 for |a] > 2m — 1 and consequently

Ay = Z ao, D5 = Z Ao DA™MD,

|| <2m—2 || <2m—2

10



That is
A™lv— Y anD*®| =0 in D'(Bi(0)).
|| <2m—2
Thus for some C'* solution of A™h =0 in B;(0) we have

v="Y_ aD*®+h in Bi(0)—{0}.

|| <2m—2

Hence Theorem 3.1 follows from (3.19). O

4 Proofs of Theorems 1.3 and 1.4 and Corollary 1.1

In this section we prove Theorems 1.3 and 1.4 and Corollary 1.1.

Proof of Theorem 1.3. This proof is a continuation of the proof of Theorem 3.1. If m = 1 then
Theorem 1.3 is trivially true. Hence we can assume m > 2. Also, if ¢ = m then (1.11) follows
trivially from (1.10). Hence we can assume 0 < m — 1 in (1.11).

If o and § are multi-indices and |a| = 2m — 2 then it follows from (3.1)—(3.3) that

418l

WPO(WD

D*o(z) =0 <

> as x — 0. (4.1)
(This is clearly true if n = 2. If n > 3 then |a + 3] = 2m — 2+ || > 2m — n and thus

DO‘+5<I>(:E) — O(|x|2m—n—(2m—2+\ﬁ|)) -0 (

Let L’ be any linear partial differential operator of the form 3 CgDﬁ , where b is a nonnegative
|8]=b
integer and cg € R. Then applying Taylor’s theorem to (3.13) and using (4.1) we obtain

b

dlz[®

for |y| < il < 1. (4.2)

|L5W(z,y)| < Cly|*™ 2 5

Lo(l])

Here and later C is a positive constant, independent of « and y, whose value may change from line
to line. For 0 < b < 2m — 1 we have
L°N(z) = / —L2W(z,y)f(y)dy for 0<|z| <1
lyl<1
Hence by (4.1), (4.2), (3.6) and (3.9) we have

b

d
LPu(z) < C ‘WFO(M) for 0<|z| <1 (4.3)
provided 0 < b <2m — 1 and
b 2m—2 d’ |z|
—L,¥(z,y) < Cly| WFO(M) for 0 < 5 < ly| < 1. (4.4)




We will complete the proof of Theorem 1.3 by proving (4.4) for various choices for L. For the rest
of the proof of Theorem 1.3 we will always assume

0<%<|y|<1 (4.5)

which implies
|z —yl < [a| + ly| < 3Jyl. (4.6)
Case 1. Suppose @ is given by (3.1) or (3.2). It follows from (3.13) and (4.5) that
IDIV(z,y) — Di®(x —y)| <C S |ylol]zfPron-lel=ld
|a|<2m—3

< Oy =2 a1,
Thus (4.4), and hence (4.3), holds provided 0 < b < 2m — 1 and
—(L*®)(z —y) < Cly" |z, (4.7)

Case I(a). Suppose @ is given by (3.1). Let o € [0,m — 1] be an integer, b = 20, and L’ =
(—1)™+*?A°. Then 0 < b < 2m — 2 and

Sgn(—Lb<I>) _ (_1)1+m+o sen A°H = (_1)1+2m+o sen AU|:E|2m_n — (_1)1+2m+2o - 1.

Thus (4.7), and hence (4.3) holds with L® = (—1)™*t°A% and 0 < ¢ < m — 1. This completes the
proof of Theorem 1.3 when @ is given by (3.1).

Case I(b). Suppose @ is given by (3.2). Then n is odd. It follows from (4.5) and (4.6) that for
0 < |B| <2m — n we have

(DP®)(x — y)| < Clo —yPr7 1P < Oyl < Cly P2 1A,
So (4.7) holds with L* = £D” and |3| = b. Hence
|DPu(z)| < Clz>" 181 for 0<|B|<2m—n and 0< |z <1.

In particular
|ATu(z)| < Clz|*™"727 for 20<2m—n and 0< |z|<1.
Also, if 2m —n 41 <20 <2m — 2, b= 20, and L = (—1)™t°A?, then 0 < o < m — 1 and
Sgn(—LbCD) _ (_1)m+o+1 sgn AP = (_1)m+0+1+% sgn Acr|$|2m—n

— (_1)m+0+1+n771 Sgn(A b7(2m2—n+1)A2m,2n+1 ’x‘2m—n)

-1 -1
(—1)mtotlt i toomt i g

2m—n+1

because A™ 2 |z = C|z|~! where C > 0.
So (4.7) holds with L® = (=1)"*? A, Hence (—1)" 7 A%u(z) < Clz|> "2 for 0 <o <m —1
and 0 < |z| < 1. This completes the proof Theorem 1.3 when ® is given by (3.2).

Case II. Suppose ® is given by (3.3). Then 2 < n < 2m and n is even. To prove Theorem 1.3 in
Case II, it suffices to prove the following three statements.

(i) Estimate (1.12) holds when n =2, =0, and m > 2.

12



(ii) Estimate (1.12) holds when || < 2m —n — 1 and either n > 3 or |5]| > 1.
(iii) Estimate (1.11) holds for 2m —n < 20 < 2m — 2.

Proof of (i). Suppose n =2, 3 =0, and m > 2. Then, since u is nonnegative, to prove (i) it suffices
to prove

u(z) SClogi for 0<|z] <1

]
which holds if (4.4) holds with b =0 and L® = D° = id. That is if

9 5
—V(z,y) < Cly*"?log ] (4.8)

By (3.4), (4.5), and (4.6) we have

[U(z,y) — @z —y)l< > |yl¥D®()

|| <2m—3
5 5
<C Y fyllaPrlellog = < Clym? log —
ol <73 || |z|
and
|®(x — y)| = alz — y|*™ > log
|z =y

5 5

< ClyP"?log — < Cly|*™ *log —

Y| |z|

which imply (4.8). This completes the proof of (i).
Proof of (ii). Suppose || < 2m —n —1 and either n > 3 or |3| > 1. Then n+ |3| > 3 and in order
to prove (ii) it suffices to prove

dlB
di]?

D2 (2,y)| < Cly[*™2

F0(|$|)‘ (4.9)

because then (4.4), and hence (4.3), holds with L? = +D?,
Since ® is given by (3.3) we have n > 2 is even and

®(x) = P(x)log kl
|z|
where P(z) = a(—l)%|$|2m_" is a polynomial of degree 2m — n. Since DPP is a polynomial of
degree 2m —n — || < 2m — 3 we have

DiP(x—y)= > #DQWP(@. (4.10)
|| <2m—3 ’

Since Dglll(x, y) = A1 + Az + A3, where

5
Ay = DU (2,y) — D®(x —y) + (DEP(x — y)) log B

Ay = D}(a —y) — (DIP(z —y)los ——
i

Ay = (DIP(a —y)log
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to prove (4.9) it suffices to prove for j = 1,2,3 that

o | dP
4,1 < ClyP™=? | T(el) | (1.11)
Since
Da+’6<1>(l‘) _ (Da+5P(:E))logi‘ — Z <a+ﬁ> (DVP(x)) (Da-l-ﬁ—“/ log i)
|z Vs g |z
la+B—v[=1

< Clg|Pm—n=lel=18l

it follows from (3.13), (4.10), and (4.5) that

= = (=9)" pa-+s (=) Hats 5
‘Al‘ - ’_A1’ - Z TD @(1’)_ Z T(D P(w))logm
|| <2m—3 a|<zm—3
< 3 Jylllapronlel=Io < oy P2 ol
|| <2m—3
dlBl
— 2m—2
= Ol g ollh)

Thus (4.11) hold when j = 1.
Since Ay = 0 when [ = 0, we can assume for the proof of (4.11) when j = 2 that |3| > 1. Then
by (4.6) and (4.5),

el = 5 (D)werte -y (D2 10p )

a<p
|B—al>1

< Clz — y|Pm 18l < ¢y 1ol
< ClyPm=2|g > 1Al

dBl

= Cly|*™

Fo(!w\)'-

Thus (4.11) holds when j = 2.
Finally we prove (4.11) when j = 3. Let d = 2m —n — |]. Then 1 < d < 2m — 3,

logﬂ‘

|A3| < Cla — y|*
|z — y

and by (4.5) and (4.6) we have

d
T .
& — y|? ( = ) = |a]® < ClyPm 2z Pl if |z — y) < Jaf

12 -
|$—y|d IOgH < ;i_z; m—2—d
2=y (T) e — P28 o] < o -y
X
18]
< Oy 28 = ClyPm? |- 1y (la))|.
dlz]?
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Thus (4.11) holds when j = 3. This completes the proof of (4.9) and hence of (ii).
Proof of (iii). Suppose 2m —n < 20 < 2m — 2. In order to prove (iii) it suffices to prove

d2a

—_1)ymtotl Aoy < 2m—2
(-1) TU(ey) < O™ |

F0(|$|)‘ (1.12)

because then (4.4), and hence (4.3), holds with L’ = (—=1)™*t° A% and b = 20.
If | 3| = 20 then (4.5) implies

—y)* o o m—n—|a|—
>y %D Bo@| <o Y |yl pronlel-ls

1<|al<2m—=3 1<|al<2m—3
< ClyPm=2fuf--19l,
Thus it follows from (3.13) that
AZT(z,y) = AT®(z — y) + A7P(x)| < Oy [>T 7%
Hence to prove (4.12) it suffices to prove
(1) AR (x — y) — A7@(x)) < Oy a7 (4.13)

We divide the proof of (4.13) into cases.
Case 1. Suppose 2 < 2m —n+2 < 20 < 2m — 2. Then by (4.5)

|AU¢(3})| < C|x|2m—n—2a < C|y|2m—2|x|2—n—2a

and since

A ((aPmm1o0g 2 ) = Alog - — B (4.14)
|| ||

where A > 0 and B > 0 are constants, we have

2m—n

sgn((—1)™TIHATD(2)) = (—1)"FoF T (—1)7 =—1 for |z >0.

This proves (4.13) and hence (iii) in Case 1.
Case 2. Suppose 20 = 2m — n. Then by (4.14) and (4.6) we have

(—1)m+0+1(Ag(I)(J} N y) _ AU(I)(I')) — (_1)%+m+0+1A10g ‘LE’
|z —y|
2m—2
= Alog [z~ 9l < AlogM <A <%>
|| || ||

_ 2m—2 2m—2 2—n—20
= A3y [ ] :

This proves (4.13) and hence (iii) in Case 2, and thereby completes the proof of Theorem 1.3. [

Proof of Theorem 1.4. Let u(z) be defined in terms of v(y) by (1.6). Then by (1.7) and (1.14),
u(z) is a C*™ nonnegative solution of (1.10), and hence u(z) satisfies the conclusion of Theorem
1.3. It is a straight-forward exercise to show that (1.16) follows from (1.12) when n < 2m and [
satisfies (1.13). So to complete the proof of Theorem 1.4 we will now prove (1.15).
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Suppose ¢ < m is a nonnegative integer. Let v,(y) be the o-Kelvin transform of u(z). Then
v, (y) = |y|>**"?mv(y) and thus by (1.11), we have for |y| > 1 that

(=)™ TAT ([P u(y) = (~1)"TT AT, (y)

— (—1)m+0\x]"+20A0u(a:)
20
o ToloD)

<C{|:1:|210g|% ifo=0andn=2

< C’x‘n+2cr

|
|:1:|2 ifo>1lorn>3

which implies (1.15) after replacing |z| with 1/|y|. O
Proof of Corollary 1.1. Theorem 1.4 implies (1.17) and
—A(ly|Pu(y) < Clyl™* for |y > 1
and thus for |y| > 1 we have
~lyI72Au(y) = —A(ly| 7o) + (Alyl)o(y) +2V]y[7> - Vo(y)
< —A(ly"u(y) +C <|y|_4Foo(|y|) + Iyl_?’ﬁfoo(lylﬁ
9 e

S (e

2

()

which implies (1.18). O

5 Proof of Theorem 1.1

As noted in the introduction, the sufficiency of condition (1.3) in Theorem 1.1 and the estimate
(1.4) follow from Theorem 1.3, which we proved in the last section. Consequently, we can complete
the proof of Theorem 1.1 by proving the following proposition.

Proposition 5.1. Suppose n > 2 and m > 1 are integers such that (1.3) does not hold. Let
¥: (0,1) — (0,00) be a continuous function. Then there exists a C°° positive solution of

~A™u>0 in B;(0)— {0} C R" (5.1)

such that
u(z) # O(P(|z])) as x—0. (5.2)

Proof. Let {z;}52; C R™ — {0} be a sequence such that 4|z;11| < [2;] < 1. Choose a; > 0 such
that o
J

¥(xj)

— 00 as j — oo. (5.3)
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Since (1.3) does not hold, it follows from (3.1)—(3.3) that lin%—tI)(x) = oo and —®(z) > 0 for
0 < |z| < 5. Hence we can choose R; € (0, |x;|/4) such that

—P(2)dz > R?Qjozj, for j=1,2,.... (5.4)
|2I<R;

Let ¢: R — [0,1] be a C* function such that ¢(t) = 1 for t < 1 and ¢(t) = 0 for ¢t > 2. Define
fi € C§°(B)sy1 (x5)) by
2

1 e
fj(l’) = QJRn(iD <|l' Rj$J|> .
J

Then the functions f; have disjoint supports and

/fj(ﬂf) dr = / fi(w)dz < 02(;1).
in

|z—x;|<2R;

Thus f:= Y f; € LYR") N C>®(R" — {0}) and hence the function u: B;(0) — {0} — R defined by
j=1

ulz) = / bz — ) f(y) dy

lyl<1

is a C'*° positive solution of (5.1). Also

u(z;) > / —®(x; —y)fi(y) dy
lyl<1

1
> Y / —®(z; —y)dy

|x—x|<R;

/ —®(2)dz > o

|Z|<Rj

1
- 2IR"

by (5.4). Hence (5.3) implies that u satisfies (5.2). O
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