MARKOV-NIKOLSKII TYPE INEQUALITIES FOR EXPONENTIAL SUMS ON
FINITE INTERVALS

TAMAS ERDELYI

ABSTRACT. Let A, := {Ao < A1 < -+ < An} be a set of real numbers. The collection of all linear
combinations of of e*0? e*t . e*! over R will be denoted by

E(A,) :=span{e* eMt i)

Motivated by a question of Michel Weber (Strasbourg) we prove the following couple of theorems.

Theorem 1. Let 0 < g < p < o0, a,b € R, and a < b. There are constants c1 = c1(p,q,a,b) > 0
and ¢z = c2(p, ¢, a,b) depending only on p, q, a, and b such that
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Theorem 2. Let 0 < g < p < o0, a,b € R, and a < b. There are constants c1 = c1(p,q,a,b) > 0
and ¢z = c2(p, ¢, a,b) depending only on p, q, a, and b such that
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where the lower bound holds for all 0 < q < p < oo, while the upper bound holds when p > 1 and
0<g<p<oo.

1. INTRODUCTION AND NOTATION

Let A, :={Ag < A\ < --- < A\, } beaset of real numbers. The collection of all linear combinations
of of et eMt . Mt over R will be denoted by

E(Ay) := span{e?t Mt . Mty

Elements of E(A,,) are called exponential sums of n+ 1 terms. For a real-valued function f defined
on a set A let

[fllLoca = [If]la := sup{|f(2)] : = € A},

1/p
ufHL,,A:(/A If(:c)lpd:v> -

whenever the Lebesgue integral exists. Newman’s inequality (see [2] and [6] is an essentially sharp
Markov-type inequality for £(A,) on [0,1] in the case when each A; is non-negative.

and let

Theorem 1.1 (Newman’s Inequality). Let A, := {\g < A1 < --- < A\,} be a set of nonnegative
real numbers. Then .
2 1P ll(=o0,0)
— A < sup <9 Aj
3 JZ:% T 0tPeR(An) HPH( 00,0] ]ZO
An L,, 1 < p < oo, version of the upper bound in Theorem 1.1 is established in [2], [3], and [4].
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2 TAMAS ERDELYI

Theorem 1.2. Let A, := {dg < A\ < -+ < Ay} be a set of nonnegative real numbers. Let
1 <p<oo. Then

Q'L (~o0,0) <9 Z)\j 1@z, (=o0,0]

§=0
for every Q € E(Ay,).
The following Ly[a,b], 1 < p < oo, analog of Theorem 1.2 has been established in [1].

Theorem 1.3. Let A, := {Ag < A1 < -+ < A} be a set of real numbers, 1 < p < oo, a,b € R,
and a < b. There is a constant ¢ = c1(a,b) depending only on a and b such that

sup ” HLpab]< aln +Z‘)\’

0£PeE(A) 1Pl Ly

Theorem 1.3 was proved earlier in [4] under the additional assumptions that \; > §; for each j
with a constant 6 > 0 and with ¢; = ¢1(a,b) replaced by ¢; = c¢1(a,b,0) depending only on a, b,
and 6. The novelty of Theorem 1.3 was the fact that

A, = {)\0<)\1<"'<)\n}

is an arbitrary set of real numbers, not even the non-negativity of the exponents A; is needed.
In [5] the following Nikolskii-Markov type inequality has been proved for E(A,,) on (—ooc,0].

Theorem 1.4. Let A, := {Ng < A1 < -+ < Ay} be a set of nonnegative real numbers and
0 <q<p<oo. Letp bea non-negative integer. There are constants ca = ca(p,q, ) > 0 and
c3 = c3(p,q, p) depending only on p, q, and p such that
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where the lower bound holds for all 0 < ¢ < p < oo and p > 0, while the upper bound holds when
u=0and0<qg<p<oo, and when u>1,p>1, and 0 < q < p < oo. Also, there are constants
ey = ca(q, ) > 0 and c3 = c3(q, p) depending only on q and p such that

1 1
Bty bty

En: Aj < sup L Z Aj
§=0

0£PeE(Ay H HLq( oo,y]

forall0<g<oo, u>1, and y € R.

2. NEw RESULTS

Motivated by a question of Michel Weber (Strasbourg) we prove the following couple of theorems.

Theorem 2.1. Suppose 0 < ¢ < p < o0, a,b € R, and a < b. There are constants cq4 =
c4(p,q,a,b) >0 and c5 = ¢5(p, q,a,b) depending only on p, q, a, and b such that

1_1
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Theorem 2.2. Suppose 0 < ¢ < p < o0, a,b € R, and a < b. There are constants cg =
c6(p,q,a,b) >0 and c¢; = c7(p, q,a,b) depending only on p, q, a, and b such that

1 1 1 1
-5 i3

n 24 n
6 n2+Z|>\j| < sup HHMSW ”2+Z|AJ‘| ’
= 0#£PeE(Ay) HPHLq [a,b] j=0

where the lower bound holds for all 0 < ¢ < p < 0o, while the upper bound holds when p > 1 and
0<g<p<oo.

3. LEMMAS

Our first lemma can be proved by a simple compactness argument and may be viewed as a simple
exercise.

Lemma 3.1. Let A, := {0p < 61 < -+ < .} be a set of real numbers. Let a,b,c € R, a < b. Let
w be a not identically 0 continuous function defined on [a,b]. Let g € (0,00]. Then there exists a
0+#T € E(Ay) such that

Tl (o)

1TwllLy e 0xPesan IPWIL 0y

and there exists a 0 # S € E(A,,) such that

SO _ L, PEL
[SwlLyfap)  02PeEAL) PWIL, [0

Our next lemma is an essential tool in proving our key lemmas, Lemmas 3.3 and 3.4.

Lemma 3.2. Let A, := {09 < §1 < --- < 0y} be a set of real numbers. Let a,b,c € R, a < b < c.
Let g € (0,00]. Let T and S be the same as in Lemma 3.1. Then T has exactly n zeros in [a,b] by
counting multiplicities. If 6, > 0, then S also has exactly n zeros in [a,b] by counting multiplicities.

The heart of the proof of our theorems is the following pair of comparison lemmas. The proof
of the next couple of lemmas is based on basic properties of Descartes systems, in particular on
Descartes’ Rule of Signs, and on a technique used earlier by P.W. Smith and Pinkus. Lorentz
ascribes this result to Pinkus, although it was P.W. Smith [7] who published it. I have learned
about the method of proofs of these lemmas from Peter Borwein, who also ascribes it to Pinkus.
This is the proof we present here. Section 3.2 of [2], for instance, gives an introduction to Descartes
systems. Descartes’ Rule of Signs is stated and proved on page 102 of [2].

Lemma 3.3. Let A, := {0y < 61 < -+ < 0p} and Ty, := {0 < 71 < -+ < Y} be sets of real
numbers satisfying 0; < v; for each j = 0,1,...,n. Let a,b,c € R, a < b < c. Let w be a not
identically O continuous function defined on |a,b]. Let g € (0,00]. Then
P P
@ P
0£PcE(A) 1P Lyas ~ 0£Peem,) IPWI L, 0

Under the additional assumption d,, > 0 we also have
P’ P’
P Pl
0£PeB(An) 1PWLgap — 02perm,) P01 0
Lemma 3.4. Let A, := {0y < 61 < -+ < 0p} and Ty, := {0 < 71 < -+ < Y} be sets of real

numbers satisfying 0; < v; for each j = 0,1,...,n. Let a,b,c € R, ¢ < a <b. Let w be a not
identically O continuous function defined on [a,b]. Let g € (0,00]. Then
P P
w P@ S P@l
0£PeE(An) 1P Ly jap — 0zpeemy) P01, a
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Under the additional assumption vo < 0 we also have

(@' ()] Q' (¢)]

sup @T————— >  Sup .
0£PcE(An) QW Lyjap) — 0zPerm,) 1QWIL (0]

Let P, denote the collection of all algebraic polynomials of degree at most n with real coefficients.
The following sharp Nikolskii-type inequalities for P, hold.

Lemma 3.5. Let 0 < ¢ < p < 00, a,b € R, and a < b. Suppose p is a nonnegative integer. There
are constants cs = cg(p,q, ) > 0 and cg = co(p, q, ) such that

2\ #tl/a=1/p i) 2 N\ #t+1/q—1/p
CS< n > - | ||L,,[a,b}S <n >

< sup
b—a 0£pern |PllLyjan] b—a

and

n2 p+1l/q |P(”) (y)| n2 p+1l/q
(38( > < sup ——— <c < )

< ©9
b—a 0£P€EP,, HP”Lq[a,b} b—a
for both y = a and y = 0.

Lemma 3.5 may be viewed well known as well, yet, it is hard to find a direct reference especially
to the lower bounds. So in the next section we present the arguments briefly deriving this lemma
from explicitly referenced results.

4. PROOFS OF THE LEMMAS

Proof of Lemma 3.1. Since A, is fixed, the proof is a standard compactness argument. We omit
the details. g

To prove Lemma 3.2 we need the following two facts. (a) Every f € E(A,) has at most n real
zeros by counting multiplicities. (b) If t; < to < -+ < t,,, are real numbers and kq, ko, ..., k,, are
positive integers such that Z;”ZI k;j = n, then there is a 0 # f € E(A,) having a zero at t; with
multiplicity k; for each j =1,2,...,m.

Proof of Lemma 3.2. We prove the statement for T first. Suppose to the contrary that
<t <: - <ty

are real numbers in [a,b] such that ¢; is a zero of T" with multiplicity k; for each j = 1,2,...,m,
k= Z;”’Zl k;j < n, and T has no other zeros in [a, b] different from ¢q,%2,...,t,,. Let t;41 := c and
km41 :=n—Fk > 1. Choose an 0 # R € E(A,,) such that R has a zero at t; with multiplicity k; for
each j =1,2,...,m+ 1, and normalize so that T'(t) and R(t) have the same sign at every t € [a, ].
Let T, :=T — ¢R. Note that T and R are of the form

Tt)=Tt) [[¢—t)% and  R(t)=R)[] ¢ —t)",
j=1 Jj=1

where both T and R are continuous functions on [a, b] having no zeros on [a,b]. Hence, if & > 0 is
sufficiently small, then |T.(¢)| < |T'(t)| at every t € [a,b] \ {t1,t2,...,tm}, sO
| Tewl Ly (0] < 1T L0, -

This, together with T.(c) = T'(c), contradicts the maximality of T
Now we prove the statement for S. Without loss of generality we may assume that S’(c) > 0.
Suppose to the contrary that t; < ta < --- < t,, are real numbers in [a, b] such that ¢; is a zero of
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S with multiplicity k; for each j =1,2,...,m, k := Z;nzl k;j < n, and S has no other zeros in [a, ]
different from tq,ts,...,ty. Choose a

0#Q € Span{eé’l*’“t, Okt ,66”t} C E(A,)

such that ) has a zero at ¢; with multiplicity k; for each j = 1,2,...,m, and normalize so that
S(t) and Q(t) have the same sign at every t € [a,b]. Note that S and @ are of the form

SOI[E-t)% and Q) =Q) [[t—t)"

where both S and @ are continuous functions on [a, b] having no zeros on [a,b]. Let ty,41 := ¢ and
km+1 := 1. Choose an

0 # R € span{edn—+-1t Okl Ol © B(A,)

such that R has a zero at ¢; with multiplicity k; for each j = 1,2,...,m + 1, and normalize so that
S(t) and R(t) have the same sign at every t € [a,b]. Note that S and R are of the form

Ht—t and Ht—t

where both S and R are continuous functions on [a,b] having no zeros on [a,b]. Since 8, > 0, it is
easy to see that Q'(c)R/(c) < 0, so the sign of Q’(c) is different from the sign of R'(c). Let U := Q
if @(c) <0, and let U := R if R'(¢) < 0. Let S; := S —eU. Hence, if ¢ > 0 is sufficiently small,
then [S:(t)| < |T'(t)| at every t € [a,b] \ {t1,t2,...,tm}, sO

[1Sew|| Ly jap) < 1Sl Ly[a,8) -
This, together with S.(¢) > S’(¢) > 0, contradicts the maximality of S. O

Proof of Lemma 3.3. We prove the first inequality first. We may assume that a < b < ¢. The
general case when a < b < ¢ follows by a standard continuity argument. Let k € {0,1,...,n} be
fixed and let

Yo <Y1 < < Yo v =905, JFk, and 6 < < Oy

(let 8,41 := 00). To prove the lemma it is sufficient to study the above cases since the general case
follows from this by a finite number of pairwise comparisons. By Lemmas 3.1 and 3.2, there is a
0# T € E(A,) such that

T(e)l [P(c)]

Tl L0 oxPeE@w PO,
where T has exactly n zeros in [a,b] by counting multiplicities. Denote the distinct zeros of T' in
[a,b] by t; < tg < -+ < t,,, where t; is a zero of T' with multiplicity k; for each j = 1,2,...,m,
and 27":1 k; = n. Then T has no other zeros in R different from #q,25,...,%,,. Let

n
t) =: Zaje‘sjt, aj € R.
j=0

Without loss of generality we may assume that T'(c) > 0. We have T'(t) > 0 for every ¢t > c,
otherwise, in addition to its n zeros in [a, b] (by counting multiplicities), 7" would have at least one
more zero in (¢, 00), which is impossible. Hence

= lim T(t)e "' > 0.

t—00
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Since E(A,,) is the span of a Descartes system on (—o00, 00), it follows from Descartes’ Rule of Signs
that

(-1)"a; >0, j=0,1,...,n.
Choose R € E(I';,) of the form

R(t) = ije”t, bj eER,
=0

so that R has a zero at each ¢; with multiplicity k; for each j = 1,2,...,m, and normalize so that
R(c) = T(c)(> 0) (this R € E(T';) is uniquely determined). Similarly to a, > 0 we have b, > 0.
Since E(T'),) is the span of a Descartes system on (—oo, o), Descartes’ Rule of Signs yields,
(-1)" b >0, j=0,1,...,n.
We have
n
(T — R)(t) = ape™" — bpe™" + 3 " (a; — b;)e".

j=0

J#k
Since T'— R has altogether at least n + 1 zeros at tq,to,...,ty, and ¢ (by counting multiplicities),
it does not have any zero on R different from t1,%s,..., ¢, and c. Since

50t 51t 5kt ’ykt 5k 1t Ont
(€907, %1%, ... ekt TR Ok t1t et

.
is a Descartes system on (—oo,00), Descartes’ Rule of Signs implies that the sequence
(ao —bo, a1 —b1, ..., ag—1—bx_1, ag, —bg, agr1—bry1, ...y an —by)
strictly alternates in sign. Since (—1)”_kak > 0, this implies that a,, —b, < 0if k < n, and —b, <0
if Kk =n, so
(T - R)(t) <0, t>c.

Since each of T', R, and T' — R has a zero at t; with multiplicity k; for each j = 1,2,...,m;

E;nzl k;j = n, and T'— R has a sign change (a zero with multiplicity 1) at ¢, we can deduce that each

of T, R, and T'— R has the same sign on each of the intervals (¢;,t;41) for every j = 0,1,...,m

with tg := —oo0 and t,,+1 := ¢. Hence |R(t)| < |T'(t)| holds for all ¢t € [a,b] C [a,c] with strict
inequality at every t different from ¢1,ts,...,t,. Combining this with R(c) = T'(c), we obtain
(RO o [T _ [Pl
IRl Lyap) — ITwlL 08 ozreanw) 1P, a

Since R € E(T'},), the first conclusion of the lemma follows from this.

Now we start the proof of the second inequality of the lemma. Although it is quite similar to
that of the first inequality, we present the details. We may assume that a < b < ¢ and 6§, > 0.
The general case when a < b < ¢ and §,, > 0 follows by a standard continuity argument. Let
ke {0,1,...,n} be fixed and let

Yo <y < < Yo v =905, JFk, and O <k < Opy1

(let 8,41 := 00). To prove the lemma it is sufficient to study the above cases since the general case
follows from this by a finite number of pairwise comparisons. By Lemmas 3.1 and 3.2, there is an
S € E(Ay,) such that

1"l _ [P’ ()]
[SwlLyfap  o0rPeEan) PWILap
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where S has exactly n zeros in [a,b] by counting multiplicities. Denote the distinct zeros of S in
[a,b] by t; <ty < -+ < t,, where t; is a zero of S with multiplicity k; for each j = 1,2,...,m,
and Z;nzl k; = n. Then S has no other zeros in R different from ¢1,%2,...,%,,. Let

n
S(t) =: Zajeéjt, aj € R.
j=0

Without loss of generality we may assume that S(c) > 0. Since d,, > 0, we have lim;_,, S(t) = o0,
otherwise, in addition to its n zeros in (a,b), S would have at least one more zero in (¢, 00), which
is impossible.

Because of the extremal property of S, we have S’(c) # 0. We show that S’(¢) > 0. To see
this observe that Rolle’s Theorem implies that S” € F(A,,) has at least n — 1 zeros in [t1, t,,]. If
S'(e) < 0, then S(t,,) = 0 and lim;_,o, S(t) = co imply that S’ has at least 2 more zeros in (t,, 00)
(by counting multiplicities). Thus S’(¢) < 0 would imply that S has at least n + 1 zeros in [a, 00),
which is impossible. Hence S’(c) > 0, indeed. Also a, := limy_, S(t)e™%* > 0. Since E(A,) is
the span of a Descartes system on (—00.00), it follows from Descartes’ Rule of Signs that

()" a; >0,  j=0,1,...,n.
Choose R € E(I'),) of the form

R(t) = ije”t, bj eER,
=0

so that R has a zero at each ¢; with multiplicity k; for each j = 1,2,...,m, and normalize so that
R(c) = S(c)(> 0) (this R € E(T'),) is uniquely determined). Similarly to a, > 0 we have b, > 0.
Since E(T'),) is the span of a Descartes system on (—o0,00), Descartes’ Rule of Signs implies that

(=1)"7b; >0, j=0,1,...,n.
We have .
(S — R)(t) = ape’*t — bre! + Z (aj — bj)edit.
j=0
J#k
Since S — R has altogether at least n + 1 zeros at t1,ta,...,ty, and ¢ (by counting multiplicities),

it does not have any zero on R different from t1,ts,..., ¢, and c. Since

50t 51t 5kt ’ykt 5k 1t Ont
(907, %1%, ... ekt TR eOkt1t et

ey

is a Descartes system on (—oo,00), Descartes’ Rule of Signs implies that the sequence

(ao —bo, a1 —by, ..., ap_1—bx_1, ag, —bg, apy1—bry1, -y an —by)
strictly alternates in sign. Since (—1)" *a; > 0, this implies that a, —b, < 0if k < n, and —b, < 0
if Kk =n, so

(S—R)(t) <0, t>c.
Since each of S, R, and S — R has a zero at t; with multiplicity k; for each j = 1,2,...,m;
E;nzl kj = n, and S — R has a sign change (a zero with multiplicity 1) at ¢, we can deduce that
each of S, R, and S — R has the same sign on each of the intervals (¢;,¢;41) for every j =0,1,...,m
with tg := —oo0 and t;,+1 := ¢. Hence |R(t)| < |S(¢)| holds for all ¢ € [a,b] C [a,c] with strict
inequality at every ¢t different from t¢1,ts,...,%,. Combining this with 0 < S’(¢) < R/(¢) (recall
that R(c) = S(c) > 0), we obtain
Bl o 150l _ [P'(c)]

IRW[ L, 0] — 1SWIL at)  oxreran IPWIL [y

Since R € E(I',,), the second conclusion of the lemma follows from this. O
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Proof of Lemma 8.4. The lemma follows from Lemma 3.3 by the substitution u = —t. O

Proof of Lemma 3.5. The upper bound follows as a combination of two results from [2]: Theorem
A.4.14 on page 402 and Theorem A.4.4 on page 395. For the lower bound we refer to the lower
bound in Theorem 1.4. To get the lower bound of the lemma, we can use the lower bound of
Theorem 1.4 with §; := j, j =0,1,...,n, and then we use a substitution z = e". O

PROOF OF THE THEOREMS

Proof of Theorem 2.1. Since the right Markov-type inequality is available for E(A,,), the proof of
the upper bound of the theorem is pretty simple. For the sake of brevity let

M = ¢1(a, b) n+2m ,

where the constant c; (a, b) is the same as in Theorem 1.3. Let P € E(A,,). Choose a point ¢y € [a, D]
such that [P(to)| = maxe[q) [P(t)]. Combining the Mean Value Theorem and the Markov-type
inequality of Theorem 1.3 (we need only the case p = 00), we obtain that

1
|P(u)| > 2tm[a>§]]P(t)\, we I :=[a,bN[to— (2M)" ' tg + (2M)71].
€la
Hence
. b . . 1 q
1P oy = [ PO @00 (5 max 1P0])
that is,
P(t)| < 2(2M)Y4||P .
tlél[%\ O] <2(2M)7 | Pl| 1, a,p)
Therefore
b r—q b
1P oy = [ 1P PP < (max i) [ ipoar <
pl% tela,b
< 22792M) PV PYE Py < 2P71RM)P P
that is,

1P Ly < 2 (2M)YIVPIP L g s
which finishes the proof of the upper bound of the theorem.

Now we turn to the proof of the lower bound. In the light of the upper bound of the theorem it
is sufficient to prove the lower bound of it only in the case when p = co. Assume that

A <A< <A <0< Apg1 < Apga < - < Ay
We distinguish four cases.

Case 1: E;L:m-‘,-l 1Aj| > 2 3 Z] _o|Aj| > n?. In this case the lower bound of Theorem 1.4 with y = 0

gives the lower bound of the theorem.

Case 2: 377" |N] > %Z?:o |Aj| > n?. In this case the lower bound of Theorem 1.4 with u = 0
gives the lower bound of the theorem after the substitution u = —t.

Case 3: %Z?:o IAj] <n?and m < n/2. We apply Lemma 3.3 with n —m — 1 in place of n, with
Lpem—1 = {'70 <m<--< ’Vn—m—l—l} = {/\m+1 < >\m+2 < e < An},
An—m—l3:{60<51<"'<6n—m—1}7 5j::j<€, 7=01,....n—m—1,

(if € > 0 is sufficiently small, then the assumptions are satisfied), and ¢ := b. By letting & > 0 tend
to 0, the lower bound of the theorem follows from Lemma 3.5 with p = 0.
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Case 4: %Z?:o |Aj| <n? and m > n/2. We apply Lemma 3.4 with m in place of n, with
Am:{(So <o < <5m} = {)\0 <A< <)\m},

Pmiz{’}’0<’Yl<"'<’Ym}7 ,Yj::j€7 j20717”’7m7
(if € > 0 is sufficiently small, then the assumptions are satisfied), and ¢ := a. By letting ¢ > 0 tend
to 0, the lower bound of the theorem follows from Lemma 3.5 with p = 0. 0

Proof of Theorem 2.2. The upper bound of the theorem can be obtained by combining Theorem
1.3 and the upper bound of Theorem 2.1.

Now we turn to the proof of the lower bound. In the light of the upper bound of Theorem 2.1
it is sufficient to prove the lower bound of the theorem only in the case when p = co. Assume that

A <A< <A <0< App1 < Apga <o < Ay
We distinguish four cases.

Case 1: 370 1 [\jl > %Z}Lo |A;j| > n?. In this case the lower bound of Theorem 1.4 with p =1
gives the lower bound of the theorem.

Case 2: 377" |N] > %Z?:o |Aj| > n?. In this case the lower bound of Theorem 1.4 with y =1
gives the lower bound of the theorem after the substitution v = —t.

Case 3: %Z}Lo IAj] <n?and m < n/2. We apply Lemma 3.3 with n —m — 1 in place of n, with
Lpom—1= {’YO <m<--< ’Yn—m—i—l} = {)\m-l—l < )\m+2 <--- < )\n}y
An—m—132{50<51<"'<5n—m—1}7 5j::j57 ij,l,...,n—m—l,

(if € > 0 is sufficiently small, then the assumptions are satisfied), and ¢ := b. By letting ¢ tend to
0, the lower bound of the theorem follows from Lemma 3.5 with p = 1.

Case 4: %Z}Lo I\j| <n?and m > n/2. We apply Lemma 3.4 with m in place of n, with
Am:{50 <o < - <5m} = {)\0 <A< - <)\m},

Pmiz{’}’0<’Yl<"'<’Ym}7 ,Yj::j€7 j20717”’7m7
(if € > 0 is sufficiently small, then the assumptions are satisfied), and ¢ := a. By letting ¢ tend to
0, the lower bound of the theorem follows from Lemma 3.5 with p = 1. g
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