HOW FAR IS AN ULTRAFLAT SEQUENCE OF UNIMODULAR
POLYNOMIALS FROM BEING CONJUGATE-RECIPROCAL?

TAMAS ERDELYI

ABSTRACT. In this paper we study ultraflat sequences (Pp) of unimodular polyno-
mials P, € K, in general, not necessarily those produced by Kahane in his paper
[Ka]. We examine how far is a sequence (Py) of unimodular polynomials P, € Ky
from being conjugate reciprocal. Our main results include the following,.

Theorem. Given a sequence (en) of positive numbers tending to 0, assume that
(Prn) is a (en)-ultraflat sequence of unimodular polynomials Pn € Ky. The coeffi-
cients of Py are denoted by ay, n, that is,

n
Pn(z)ZZak’nzk, ,k=0,1,...,n, n=1,2,....
k=0

Then
- 1
Z kQ‘ak,n - anfk,n‘Q 2 (* + 6n) TLS )
k=0 3

where (6n) is a sequence of real numbers converging to 0.

1. INTRODUCTION

Let D be the open unit disk of the complex plane. Its boundary, the unit circle
of the complex plane, is denoted by 0D. Let

n
ICn = pnipn(z)zzakzku akE(C, |a/€|:1
k=0

The class K,, is often called the collection of all (complex) unimodular polynomials
of degree n. Let

Ln:=4Pn:pn(z) = Zakzk, ar € {—1,1}
k=0
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The class L,, is often called the collection of all (real) unimodular polynomials of
degree n. By Parseval’s formula,

27
/ ()2 dt = 27 (n + 1)
0
for all P, € I,,. Therefore

(1.1) min |P,(2)] < vn+1 < max |P,(2)].
2€0D 2€0D

An old problem (or rather an old theme) is the following.

Problem 1.1 (Littlewood’s Flatness Problem). How close can a unimodular
polynomial P, € IC,, or P, € L,, come to satisfying

(1.2) |P.(2)|=vVn+1, z € 0D?

Obviously (1.2) is impossible if n > 1. So one must look for less than (1.2),
but then there are various ways of seeking such an “approximate situation”. One
way is the following. In his paper [Lil] Littlewood had suggested that, conceivably,
there might exist a sequence (P,) of polynomials P, € K,, (possibly even P, € L,,)
such that (n + 1)7'/2|P,(e®)| converge to 1 uniformly in ¢t € R. We shall call
such sequences of unimodular polynomials “ultraflat”. More precisely, we give the
following definition.

Definition 1.2. Given a positive number €, we say that a polynomial P, € IC,, is

e-flat if
(1.3) 1—e)Vn+1<|P(2)|<(1+e)vn+1, z € 0D,

or equivalently

m%§‘|Pn(z)| —Vn+1| <evn+1.

z€E

Definition 1.3. Given a sequence (g, ) of positive numbers tending to 0, we say
that a sequence (P,,) of unimodular polynomials P,, € Ky, 1is (en,)-ultraflat if

(1.4) (1—ep )V +1<|P, (2)] < (1+4en)Vne +1, z€dD,

or equivalently

max |[Pn, (2)] — Vne + 1| < e, vV + 1.

z€0D

The existence of an ultraflat sequence of unimodular polynomials seemed very
unlikely, in view of a 1957 conjecture of P. Erdés (Problem 22 in [Er]) asserting
that, for all P, € KC,, with n > 1,

(1.5) max |P,(2)| > (1+e)vn+1,

z€0D
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where € > 0 is an absolute constant (independent of n). Yet, refining a method of
Korner [Ko], Kahane [Ka] proved that there exists a sequence (P,) with P, € K,
which is (e, )-ultraflat, where

(1.5) en=0 (nfl/”\/@) .

Thus the Erdés conjecture (1.4) was disproved for the classes K,,. For the more
restricted class £,, the analogous Erdds conjecture is unsettled to this date. It is a
common belief that the analogous Erdds conjecture for £,, is true, and consequently
there is no ultraflat sequence of polynomials P, € L,,.

An extension of Kahane’s breakthrough is given in [Be]. For an account of some
of the work done till the mid 1960’s, see Littlewood’s book [Li2] and [QS].

2. NEw RESULTS

In this paper we study ultraflat sequences (P,,) of unimodular polynomials P, €
KC,, in general, not necessarily those produced by Kahane in his paper [Ka]. With
trivial modifications our results remain valid even if we study ultraflat sequences
(P,,) of unimodular polynomials P,, € K,,. It is left to the reader to formulate
these analogue results. We examine how far an ultraflat sequence (P,) of unimod-
ular polynomials P, € IC,, is from being conjugate reciprocal. Our main results are
formulated by the following theorems. In each of Theorems 2.1 — 2.3 we assume
that (e,,) is a sequence of positive numbers tending to 0, and the sequence (P,,) of
unimodular polynomials P, € K, is (g,)-ultraflat.

If Q,, is a polynomial of degree n of the form
n
Qn(z) = Zakzk , ap € C,
k=0
then its conjugate polynomial is defined by

Qi (2) :==2"Q,(1/2) :== Zﬁn,kzk .
k=0

Theorem 2.1. We have
1
[ap - eyl =2n (54 ) ot
oD 3
where () is a sequence of real numbers converging to 0.
Theorem 2.2. If the coefficients of P, are denoted by ay, y, that is
Pn(z):Zakmzk, k=0,1,...,n, n=12 ...,
k=0
then

= 1
Zk2|ak,n_an7k,n|2 Z <§+5n) n3,
k=0

where (6,,) is a sequence of real numbers converging to 0.
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Theorem 2.3. We have
* 2 1
|Pa(2) — Py (2)° [dz| = 27 { 2 +79n | 10,
oD 3

where (yn) s a sequence of real numbers converging to 0. Using the notation of
Theorem 2.2, in terms of the coefficients of P,,, we have

- 1
Z |a’7€,n - an—}’c,n|2 > (g + 571) n,
k=0
where (6,,) is a sequence of real numbers converging to 0.

Remark 2.4 Theorem 2.3 tells us much more than the non-existence of an ultraflat
sequence of conjugate reciprocal unimodular polynomials. It measures how far such
an ultraflat sequence is from being a sequence of conjugate reciprocal polynomials.

3. LEMMAS

To prove the theorems in Section 2, we need two lemmas. The first one can be
checked by a simple calculation.

Lemma 3.1. Let P, be an arbitrary polynomial of degree n with complex coeffi-
cients having no zeros on the unit circle. Let

fale) = 2B g e =

2Py (z)
P, (z) '

Bi(2)

Then

fu(2) + fr(z) =n, z€dD.

Our next lemma may be found in [MMR] (page 676) and is due to Malik.

Lemma 3.2. Let P, be an arbitrary polynomial of degree n with complex coeffi-
cients. We have

P/ P*I < Pn '
mas (|P(2)| + [Py (2)]) < n max | Pa(2)]

Lemma 3.3 (Bernstein’s Inequality in L2(0D)). If Q. is a polynomial of
degree at most n with complex coefficients, then

/ QL ()2 |dz] < n? / 1Qn(2)[? |d].
oD oD
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4. PROOF OF THE THEOREMS
Proof of Theorem 2.1. Lemma 3.2 combined with the ultraflatness of (P,) implies
that
PL(2)] + [P (2)] < mmax [P (2)] < (1+€0)(n+1)%2
ze

for every z € 9D. Lemma 3.1 combined with the ultraflatness of P, imply

1 1 [P (2) [Py (2)]
P (2)|—————— + |PY(2 AN Ll RS2 S
O T YA 2 RG T R
that is
1Pr(2) + 17 (2)] = (1= en)n®?
for every z € 0D. We conclude that
(1 —en)®n® < (IPL() + [P (2)))* < Q1 +en)’(n+1)°,  z€0D.

Multiplying the expression in the middle out and integrating on 9D with respect
to |dz|, we obtain

N AT MO A Y M ABEAC]
oD oD oD

<27(14€,)%n3.

Note that
2.) [Pl = [ (PR e =2e YR
oD oD et
_ 27Tn(n +1)(2n+1) N 2_7Tn3 .
6 3
Hence

1
[ i@lerea =2x (5 +6,) o
oD 6
with constants d,, converging to 0. Integrating the equation
(1P () = [P (2))? = | Py (2)] + | B (2)]7 = 2P (2) P (=)
and using observation (2.1) we obtain the theorem. O

Proof of Theorem 2.2. Parseval Formula and the triangle inequality give

213 Bl —Tnonnl’ = [ |Pi) = PGP i
k=0 oD

/Z _ */Z 2 ~
z/aDuPn( ) = [P (2)))?|d].

and the theorem then follows from Theorem 2.1. O
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Proof of Theorem 2.3. Applying Theorem 2.1, the triangle inequality, and the Bern-
stein inequality in Lo for P,, — P (see Lemma 3.3), we obtain

ﬂ_l ns = (] — IP¥()D? |dz "(2) — P*()|? |dz
2 Q+%> A;mxn|a<mkuséﬁam P () |d]
s#/|&@—m@mwu
oD

where (v;,) is a sequence of real numbers converging to 0. Now the first part of the
theorem follows after dividing by n?. To see the second part we proceed as in the
proof of Theorem 2.2 by using Parseval’s formula.

O

5. Last Minute Addition.

The author seems to be able to prove the following.

Theorem 5.1 (Saffari’s Orthogonality Conjecture). Assume that (P,) is an
ultraflat sequence of unimodular polynomials P, € IC,,. Let

P,(z) := Z akmzk )
k=0

Then
n
Z ko On—k,n = 0o(N) .
k=0

Here, as usual, o(n) denotes a quantity for which lim,_,o o(n)/n = 0.
The proof of this may appear in a later publication.

6. Acknowledgment. I thank Peter Borwein for many discussions related to the
topic.
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