ON A GENERALIZATION OF THE BERNSTEIN-MARKOV INEQUALITY
T. Erdélyi and J. Szabados

Abstract. We show that

IP'Qllr, 1y < " T/P(N + M) log(min(N, M + 1) + 1)[|PQ|| 1, 1

for all real trigonometric polynomials P and @) of degree N and M, respectively,
where 0 < p < 00, [ := [—m, 7], and ¢ > 0 is a suitable absolute constant. We
also show that

19Nz, < PPN + M2 follz,

for all algebraic polynomials f and g of degree N and M, respectively, where
0<p<oo, J:=[-1,1], and ¢ > 0 is a suitable absolute constant. Both of
our trigonometric and algebraic results are sharp up to the factor ¢!+1/?. In fact,
we prove our results for the much wider classes of generalized trigonometric and
algebraic polynomials.

1. Introduction

The function

n

P(x) :==ap + Z (ag cos kx + b sin kx) , ag,bp € R,  apb, #0,
k=1

is called a real trigonometric polynomial of degree n. It is well-known that every real
trigonometric polynomial P of degree n can be written as

2n
Pla) =w [ sin((z - 2,)/2).,
j=1
where w € R, z; € C, and the non-real zeros z; of P form conjugate pairs. The function
(1.1) P(z):=w[]|sin((z —2)/2)I", =z€R,
j=1

where 0 < r; € R, z; € C are distinct (mod 27), and 0 < w € R, is called a generalized
trigonometric polynomial of degree N := % Z§:1 rj. If P is a constant identically, then its
degree is defined to be 0. Note that the absolute value of a real trigonometric polynomial
of degree n may be viewed as a generalized trigonometric polynomial of degree n. Let
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GTPy denote the set of all generalized trigonometric polynomials of degree at most N.
Observe that if P € GTPy is of the form (1.1), then

P(x) —wH (sin((x — z;)/2) sin((x — Z;)/2)) )i/ = HT )yil? r€eR,

=1

where each T} is a real trigonometric polynomial of degree 1 being nonnegative on the real
line. For a P € GTPy of the form (1.1) the numbers z; are called the zeros of P, while
the exponent r; is called the multiplicity of the zero z; in P.

The problem arises how to define P’ for a P € GTPy. Observe that if r; > 1 for each
j=1,2,...,sin (1.1), then, although P’ may not exist at the zeros of P, the one-sided
derivatives P’ and P! exist, and their absolute values are equal. This means |P’| is well-
defined on the real line by either [P’ | or |P}|. It is a simple exercise to check that if f €
GTPy has only real zeros with multiplicities at least 1, then |f’| € GTPy has only real
zeros as well, and at least one of any two adjacent zeros of |f’| has multiplicity exactly 1.

It is well-known that these generalized trigonometric polynomials satisfy the following
Bernstein-type inequality on [ := [—m, 7]:*

Theorem A ([1], Theorem A.4.12 and Corollary A.4.13). Let x be a nonnegative,
nondecreasing, convez function defined on [0,00). Then

(1.2) / VNP (1)]) dt < / N(eP(t)7) dt

for every P € GTPy of the form (1.1) with each r; > 1, and for every 0 < ¢ < 1. In
particular,

(1.3) 1P|, n) < Cl+1/pN||P||Lp(I) : 0<p<oo,

for every P € GTPy of the form (1.1) with each r; > 1.
(1.3) can be generalized to the following (cf. Theorem 10.4 in [6]).
Theorem B. We have

(1.4) 1P'QllL, 1) < Anm||PQIL, 1)
where
(1.5) Ay = cTVP(N + Mmin{p, 1})(M +1),  0<p< oo,

for every P € GTPy of the form (1.1) with each r; > 1, and for every Q € GTP ;.

* Here and in what follows, ¢, cq,co,... will always denote suitable positive absolute
constants, not necessarily the same at each occurrence.
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The function

):Zakxk, ar € R, a, #0,

is called a real algebraic polynomial of degree n. It is well-known that every real algebraic
polynomial f can be written as

o) =[] @2,

where w € R, z; € C, and the non-real zeros z; of f form conjugate pairs. The function
S
(1.6) f@)y=w][le—-%", =zeR,

where 0 < r; € R, z; € C are distinct, and 0 < w € R, is called a generalized algebraic
polynomial of degree N := ijl rj. If f is a constant identically, then its degree is defined
to be 0. Note that the absolute value of a real algebraic polynomial of degree n may be
viewed as a generalized algebraic polynomial of degree n. Let GAPxy be the set of all
generalized algebraic polynomials of degree at most N. Observe that if f € GAPy is of
the form (1.6), then

f( _WH QZ—ZJ>(ZL'—EJ TJ/Q Hg Tj/zv reR,

j=1

where each g, is a real algebraic polynomial of degree 2 being nonnegative on the real line.
For a P € GAPy of the form (1.6) the numbers z; are called the zeros of P, while the
exponent r; is called the multiplicity of the zero z; in f.

The problem arises how to define f’ for a f €GAPy. Observe that if r; > 1 for each
j=1,2,...,sin (1.6), then, although f’ may not exist at the zeros of f, the one-sided
derivatives f’ and f! exist, and their absolute values are equal. This means |f’| is well-
defined on the real line by either |f”| or |f\|. It is a simple exercise to check that if f €
GAPy has only real zeros with multiplicities at least 1, then |f’| € GAPy_1 has only real
zeros as well, and at least one of any two adjacent zeros of |f’| € GAP y_; has multiplicity

exactly 1.

These generalized algebraic polynomials satisfy the following Bernstein and Markov
type inequalities, respectively, on J := [—1,1]:

Theorem C. We have
(1.7) V1 5C2f HLP(J) < Ay, M—I—l/prgHLp(J)7 0<p<oo,

for every f € GAPx of the form (1.6) with each r; > 1, and for every g € GAP s, where
An ar is defined in (1.5). In particular,

(1.8) V1= 22f(2)]|1, ) < TYPNflle, 0 0<p<oo,
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for every f € GAPN of the form (1.6) with each r; > 1.

This can be obtained from Theorem B with a substitution
(1.9) P(t) = f(cost) € GTPy and Q(t) = g(cost)|sint|'/? ¢ GTPps41/p
(cf. E.10 a] on p. 409 of [1]).
Theorem D (cf. [6], Theorems 10.3 and 10.6, as well as [4], Theorem 1). We have

A% mllfalle, if 0<p<oo
1.10 ' <{ N ol ' |
(1.10) £l <4 o(N + M fgllewcry if p=oo

for every f € GAPN of the form (1.6) with each r; > 1, and for every g € GAPy. In
particular,

(1.11) 1 ey < TN fllL,y,  0<p<oo,

for every f € GAPN of the form (1.6) with each r; > 1.

While the ordinary Bernstein and Markov type inequalities (1.3), (1.8) and (1.11) are
known to be sharp as for the order of magnitude, the same is not known for (1.4), (1.7)
and (1.10). In fact, it is the purpose of the present paper to improve these inequalities
under certain conditions.

Generalized trigonometric and algebraic polynomials are studied in a number of papers
[2-8] and most of these results may be found in the book [1] with complete proofs. We
formulate four more results about generalized polynomials which are needed in the proof
of the main results of this paper. In each of these, as before, I := [—7, 7] and J := [—1,1].
The following Nikolskii-type inequalities for the classes GTPy and GAPy are proved in
[7] (cf. Theorems 5 and 6) as well as in [1] (cf. Theorems A.4.3 and A.4.4).

Theorem E. Let x be a nonnegative, nondecreasing function defined on [0,00) such
that x(x)/x in non-increasing on [0,00). Then for 0 < ¢ < p < oo we have

IXCP) |2y < (e(1+gN)Y VP (IX(P) |y

for every P € GTPy. If x(z) = z, then c = e(4w) ™! is a suitable choice.

Theorem F. Let x be a nonnegative, nondecreasing function defined on [0,00) such
that x(x)/x is non-increasing on [0,00). Then for 0 < ¢ < p < co we have

X)), < (€24 aN)) 2P| n(Hl, o)

for every f € GAPyN. If x(z) =, then ¢ = €%(27) ! is a suitable choice.

The following Remez-type inequalities for the classes GTPy and GAPy are proved
in [5]. The Lebesgue measure of a set A C R is denoted by m(A).

4



Theorem G. We have
HPHLOO(I)gexp(CNs), 0<s<m/2,

for every P € GTPy satisfyingm{t € [ : P(t) <1} > 27 —s.
Theorem H. We have

Wfllown <exp(eNs'/?),  0<s<1,

for every f € GAPy satisfyingm{t € J: f(t) <1} >2—5.

2. The case of generalized trigonometric polynomials

Theorem 1. We have
(2.1) [|P'Qllp,ry < " TV/P(N + M)log(min(N, M + 1) + V)[|PQ[,r),  0<p<oo,
for any two P € GTPx and Q € GTP s such that the roots of P and Q) have multiplicities

at least 1. Moreover, (2.1) is sharp apart from the constant At

This improves considerably Theorem B (under the stronger condition that the multi-
plicities in @ are at least 1). In fact, we will prove slightly more; this is formulated as a
lemma, and it is a generalization of Theorem A.

Lemma 1. Let x be a nonnegative, nondecreasing, convex function defined on [0,00).
Then

22 [ (2O L)) de< [ werwor d

—Tr —Tr

for every P € GTPy of the form (1.1) with each r; > 1, for every Q@ € GTPys, and for
every 0 < g < 1. In particular,

2.3)  [|P'Qn,q) < TPV + M)log(N + D||PQ||r,m, 0<p<oo,

for every P € GTPy of the form (1.1) with each r; > 1, and for every Q € GTP ;.

(2.3) follows from (2.2) with ¢ = min(1,p) and x(z) = 2™*(1P), On the other hand,
(2.3) implies (2.1). Indeed, we can apply (2.3) with the roles of P and @ interchanged to
get

1Q'Pllz, 1y < ¢ THP(N + M) log(M + 1)||PQ||1, 1),  0<p<oo.

This coupled with the Bernstein-type inequality (cf. Theorem A)
1(PQY |z, (1) < VPN + M)||PQlL,y, 0<p<oo,
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(cf. (1.3)) yields the statement of Theorem 1.
In order to prove Lemma 1, we need several auxiliary statements.

Lemma 2. Let P € GTPy, and let A be an arbitrary interval with midpoint t, and

M(P,A) = 1y,

t; €A
where r; is the multiplicity of the root t; of P. Then

1Pl

Pt) forall A.

M(P,A) < (SN\AI n 1)

Proof. In the proof of E.11 on pp. 236-237 of [1] it is shown that if S is an ordinary
trigonometric polynomial of degree at most n then

M(S,A)
(2.4) <M) Sl

e|Aln — SO

To prove the lemma, first we assume that in the representation of P € GTPy, each r; is
rational with a common denominator ¢ € N, and apply (2.4) to the ordinary trigonometric
polynomial S = P27 of degree at most n = 2¢N. Since evidently M (S, A) = 2¢M (P, A),

we get
<4qM<P, A))W“) _ <||P||me>2q
e|Al2gN A
ie.
25) 2M(P, M)\ Pl
| e|AIN ECR

We may assume that M(P, A) > (e/2)|A|N +1 (otherwise there is nothing to prove), and
hence we may replace the left hand side exponent in (2.5) by 1. This proves the lemma
when each r; is rational. Since (2.5) is independent of the common denominator ¢ of the
rational exponents, an obvious limit procedure yields the result for arbitrary exponents.

Lemma 3 ([1], E.7 b] on p. 409; cf. also [5]). The inequality

m({t € [-m,7): P(t) > A|P||r.n}) = ]Gb(ij_‘)l

holds for every P € GTPy, where 0 < XA < 1 is arbitrary, and p(\) > 0 depends only on
A

We use the notation T := R (mod 27).
Lemma 4. Suppose P € GTPy. Let a € [—m,m) be such that

(2.6) P(a) = |[P|lL.q) -
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Then
‘1

m{t € [a = 1/N,a+1/N]: P(t) > ;|| Pl n} = %

Proof of Lemma 4. With w:=7 —1/N and n:= |N], let

n ()| <eme

Ry (t) :=

where T,,(z) = cos(nt), x = cost, is the Chebyshev polynomial of degree n. Then there
is an absolute constant co > 1 such that

(2.7) 2 < [Ry(a)|l = ||RN|lL.n)
and
(2.8) Ry <1, teT\[a—1/N,a+1/N].

Assume (2.6) holds. Let
(2.9) A={tela—1/N,a+1/N]: P(t) < e IPllL.n}

and @ := PRy € GTP2y. Then, using (2.6)-(2.9), we obtain

(2.10) Q) < Qlleiy.  teAU(T\[a—1/N.a+1/N)).,
Let
(2.11) B:=[a—1/N,a+1/N]\ A.

Observe that (2.10), (2.11), and Lemma 3 applied to @Q € GTPyy imply that

C1

m(B) 2m{t € T:Q(t) 2 & '|Qllr.(n} = N

Hence c
m(B) =mit € [a—1/N,a+1N]: P(t) = G IPlloocn} 2 5

and the lemma is proved.

Proof of Lemma 1. First we prove (2.3) for p = co. By considering a shift, if it is
necessary, we need to prove only that

(2.12) [(P'Q)(m)| < ¢(N + M)log(N + 1)||PQ||r_ 1)

for every P € GTPy of the form (1.1) with each r; > 1, and for every Q € GTP,;. To
prove (2.12) it is sufficient to handle the case when P has only real zeros. This can be
seen by Lemmas 5.1-5.3 in [4]. However, for the sake of completeness, we present the
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arguments. Let @Q € GTPjs be fixed, and let each 7; > 1 in the representation (1.1) of P
be fixed. Let

P(x) —wH sin((z — 2;)/2) sin((z — %;)/2))"7/? = HT (z)7i/2, reR,

=1

where each T} is a real trigonometric polynomial of degree 1 being nonnegative on the real
line. Let 6 € (0, 7) be fixed, and let I5 := [-m+ 6,7 — 6]. A simple compactness argument
shows that for the fixed exponents ri,rs,...,rs, and for the fixed parameter § € (0, )

there are real trigonometric polynomials TJ of degree 1 being nonnegative on the real line
so that with

S(a) =[] Ti(x)*, x€eR,

we have

/ Q7
e { EQUEL Y F QU
S HSQHLOO(Ig) ||SQHL00(15)
where the maximum is taken for all S € GTPy of the form

S

(213)  S(z) = w [[ Gin((x - 2)/2)sin((z — 7;)/2))"* = [[ T (@)"/?, =z €R,

j=1 j=1

where each T} is a real trigonometric polynomial of degree 1 being nonnegative on the real
line. To see this we can normalize S so that in (2.13)

Tillewasy =1,  j=12,....s,

hence the existence of the above real trigonometric polynomials ij of degree 1 is really
just a simple compactness argument. Now we can easily show that each 7} has only real
zeros. Suppose to the contrary that Tj(x) > n > 0 on the real line for some k. Consider

) =[] 7o ()7?,
j=1

where T j := TJ if j # k, and

T k(x) :== Ty (z) — € sin? v ; T

If € > 0 is sufficiently small, then S, contradicts the maximality of S. This contradiction
implies that each 7}, and hence S, has only real zeros. Also, by definition,

(POmI o PQmI  ISAm] (S
POl ~ 1PQlLws) ~ 15Qno ) 1SQ Loy
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where, as it can be seen by the Remez-type inequality of Theorem G, the numbers n > 0
tend to 0 as the numbers 6 > 0 tend to 0. This finishes the proof of our claim that it is
sufficient to prove (2.12) only for P € GTPy of the form (1.1) with each r; > 1 having
only real zeros.

To prove (2.12) for P € GTPy of the form (1.1) with each r; > 1 having only real
zeros, without loss of generality we may assume that |P'(7)|Q(7) = ||P'Q||r_ (r)- We now
apply Lemma 4 with |P’'|Q € GTP x4 and a = 7 to obtain

1
(2.14) |P'(t)|Q(t) > C_2||P/Q||LOO(I): teB,
where
1 1 C1
2.1 BCK = — Bl > .
(2.15) < Gl vy v 2kl vy vl RRLE vy v

By Lemma 2 with ¢ = © we get M(|P'|Q,B) < M(|P'|Q,K) < e+ 1 < 4. Thus
M(|P'|, B) < 4 which implies M (P, B) < 5. Denote the different zeros of P in (—m, 7] by
a; with respective multiplicities r; > 1, j = 1,2,...,m (then, of course, 2N = Z;n:l 5.
Thus (2.15), M(P,B) <5 and r; > 1, j =1,2,...,m yield that there exists a t € B such

that
c

N+ M’

Fixing this ¢, we introduce the following intervals:

It —aj| > ji=12....m.

2k¢ n 2k¢
N+M’ N+ M

Iy = |t — ), kE=0,1,...,[logy N],

and let
Tog, Nj41 = [t — T, t+ 7).

Using (2.14) for our ¢, we can easily deduce that
M(P, I) < M(IP'], 1) + 1 < M(|P'|Q, Ix) + 1 <

1P'Q|Lo (1)
[P'(1)[Q(1)

Also, because of the choice of ¢, P does not have a zero in I;. Therefore we can estimate
as follows:

< (S + M) +1) +1=eccr2+er+l <32, k=0,1,..., [log, N].

P’ P’ e —
PO _  PORDI_cal§S, o]
PQllen = PO~ 2 |2 >
[log, N]+1 [log, N]+1
C2 — Q; M(P, I)
< — E i t < E — <
>~ 9 ‘ 5 |CO S Co c4|Ik_1| <
k=1 ]EIk\Ik,—l k=1




Cg(N —|— M)
< — > < e5(N + M)log(N + 1).
< e Z cor < cs(N + M)log(N +1)
This proves (2.3) for p = oc.
We now turn to the proof of (2.2). Applying (2.3) with p = oo to the generalized
trigonometric polynomials P and QR, with

2/q

Y

sin(N + M)t
sint

R(t) :=

instead of P and @), respectively, then using the Nikolskii type inequality
IX(P)|| 1, (1) < (e(1+gN)Y TP (P)| 1, 1) » PeGTPN,0<g<p<oo,
of Theorem E with x(z) = z, p = oo and with PQR instead of P, we obtain
IPQRI[L_ ) < (N + M)logh (N + 1) PQRI[?_,, <
< ¢(N + M)¥ 1 1og?(N + 1)||PQR] %)
Since R(0)? = (N + M)?, the latter inequality implies
[P(0)[7Q(0)" < (N + M)Tlog? (N + 1)|[PQRI% .

Using this with P(- + 7) and Q(- + 7) instead of P(-) and Q(-), respectively (7 is a fixed
parameter), we obtain

PERE [ JR(t— 7)1
QN+MWMN+D)§/;4HMN»IWWMdu

since evidently ||R?||, ~ N + M. Hence by Jensen’s inequality

b b
x</ﬂmmmﬁs/xwwmwﬁ

(cf. [1], E.20 on p. 414) applied with [a, b] = [-7, 7], S = ¢(PQ)?, and

R(t)"

wit) = ——t
O = TRl

we obtain

PO\ [T CR(t-7)
X(QN+MWMN+D))S/ﬁ“@@mmﬂmmmn“

Integrating with respect to 7 and using Fubini’s theorem yields the desired inequality.
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It remains to show that (2.1) is sharp. To see this, we may assume that N and M are
positive integers. Let ¢ = min(1, p) and

. N+M N+M 2/q
Sans(®) im sin((N + M + 1)t) Q/q_CN y ﬁ ot ﬁ o L
+ ' sint + Pt 2 4 2 ’
where
i k=12, . N+M
ap = — = )
k N—f—M—i—l’ ) &y )

Let Py and Q) be generalized trigonometric polynomials of degree 2N /q and 2M /q,
respectively, defined by

2/q

)Hk it N <M,
Pn(t) N NaM 2/q

}H M sin = 5 k_'_QMJrlsmt""QO"“ it N> M,

and g t)
N+M
t) = ————
QM( ) PN(t) ’
respectively. It is easy to see that
SN+M(O) = ter(nax ]SN—i—M(t)

Hence
maxie (o) [P (D1Qur (1) _ [ PA(0)[Qur(0) _

maxie(—rq Pn(O)Qu(t) — Py(0)Qum(0)
_{1Zk pcot G > (N + M)log(N +1) if N<M,

v I\/

Zk Lcot G > (N + M)log(M+1) if N> M.

This proves the sharpness for p = oo.
Now let 0 < p < co. We have

%SN—I—M(t) igl cot t_2ak if N S M,

%SNJFM(t) ( fCV:JrlM cot t_zo"“ + Zivjz%[ﬂ cot H%) if N> M.

Py ()Qu(t) =

We shall give a lower estimate of the L, norm of this polynomial over the interval
[0, a1/2]. Evidently

Snea(t) > (N +M?1,  0<t<ay/2.

On the other hand, if t € [0,a1/2] and N < M, then

N
— 2
> Zcot% > c(N + M)log(N + 1),
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while if t € [0, a1 /2] and N > M, then

-« +
Z cot i + Z t i >
k=1 k=2M+1
M N+M
Qp — Q t— o t+ ag
> Z'cot —5 Z cot + cot >
k=2 k=2M+1
g sint
>c1(N+ M)log(M +1) — ¢ Z — o 2
sin® <&
k=2M+1 2

N+ M
M

>c1(N+ M)log(M+1) —cs > cy(N + M) log(M +1).

Thus we obtain
051/2 c
| IPMOQuO de = (V4 M)/ hog(amin(N, M) + 1))
0

¢(N + M)P~142P/0 1ogP (min(N, M) + 1).

This compared with
||PNQM||§/Z7 = ||SN+MHI£:D ~ <N+M)2p/q—1

proves that
IPNQumllL, = ¢(N + M) log(min(N, M) + 1)||PnQum||1,-

3. The case of generalized algebraic polynomials

In this section we improve the estimates of the inequalities (1.7) and (1.10).

Theorem 2. Let 0 < p < oco. We have

(3.1) V1 —a2f'(@)g(@)||1,0 < VPN + M) log(min(N, M + 1) + 1)|| fgll 1, ()

for any two f € GAPy and g € GAP s such that the roots of f and g have multiplicities
at least 1. Moreover, (3.1) is sharp apart from the constant cH/p,

Proof. Using the substitution (1.9) in (2.3), we obtain

V1 =22 f (@)g(@)|1,) < PN+ M)log(N + 1) fgllL,), 0<p<oo.
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Exchanging the roles of f and g, and using the Bernstein type inequality (1.8) with fg
instead of f, we obtain (3.1). The sharpness follows from the sharpness of the trigonometric
analogue (2.1).

Theorem 3. Let x be a monnegative, nondecreasing, convex function defined on
[0,00). Then

—1 —1

52 [ (B8 ar <o [ wetswner) as

for every f € GAPN of the form (1.6) with each r; > 1, for every g € GAPyr, and for
every 0 < g < 1. In particular,

(3.3) If'gllL, ) < PN+ M2 f9llL, ) - 0<p<oo,

for every f € GAPy of the form (1.6) with each r; > 1, and for every g € GAP . The
latter inequality is sharp up to the factor ¢*/P for all N, M > 1.

Proof. (3.3) readily follows from (3.2) by putting ¢ = min(1,p) and x(z) = z™ax(1:P),
In order to prove (3.2) we mention that (3.3) for p = oo, i.e.

(3.4) gz < (N +M>?|fallo.n

is nothing else but the corresponding inequality in (1.10) proved in [4].
Now consider an ordinary algebraic polynomial A > 0 on [—1, 1] of degree at most
N + M such that

! c
(3.5) /_1 h(t) dt < N+ 2 and h(l)=1.

The existence of such a polynomial is guaranteed by known estimates for the Christoffel
functions of the orthogonal Legendre polynomials (cf. e.g. Freud [9], Problem 10 on p. 132).
Let 0 < x <1, let y be a fixed parameter to be specified later, and apply (3.4) on the
interval [z —1, z] instead of [—1, 1] for the generalized polynomials f(z) and g(z)h(z—y)'/
(instead of g(x)):
|f'@)lg(@)h(z =" < g2 (N + M)* max f(H)g(t)h(t—y)"*,  0<zy<1.

Using the Nikolskii type inequality of Theorem F with x(z) = z, p = oo, and with
f(t)g(t)h(t — y) instead of f in the interval [z — 1, z] instead of J, we get

x

(If'(@)]g(x))*h(z — y) < er(N + M)2q+2/ (f@g®)h(t —y)dt,  0<w,y<I.

x—1

Putting y = x — 1 and recalling (3.5), we deduce that

x

(1" (@)]g(2))* < e(N + M)2q+2/ (fF@)g()h(t — =+ 1)dt

x—1
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©@g@®) (it -z +1)
1 [0 h(u—z+1)du

t, 0<x<1.

< (N + M)* /
Rearranging this and using (2.13) with [a,b] = [z — 1,2, S = ¢(fg)9, and

h(t —x+1) _ h(t—z+1)

w(t) == [F o hu—z+1)du fol h(v) dv

(note that [ w(t)dt = 1), we obtain

|f'(z)|g(z) Sy x(e(f()g(#)Dh(t — x4+ 1) dt
X((N+M) )S folh(v)dv

_ S X F B g() ) pramr o (h(t — z + 1) dt
fol h(v) dv

where ¢, (%) is the characteristic function of the interval [a,b]. Integrating both sides
with respect to = on [0, 1] and using Fubini’s theorem, we get

Y

L (@)|g() Jh x(e(f )) [ Gt (DRt — 3 + 1) da dt
/0 X<(N+M>2q> o= fo h(v)dv '

Here an easy calculation shows that

T hw)yde if —1<t<0,

1
1Ot — 2+ 1) de =
R ) {L e

which can be estimated by fo v)dv in both cases. Hence (3.2) is proved without the
factor 2 when the integral is taken over [0,1] rather than [—1,1] on the left hand side.
Similar arguments yield (3.2) without the factor 2 when the integral is taken over [—1, 0]
rather than [—1, 1] on the left hand side. In conclusion (3.2) holds with the factor 2.

To prove the sharpness of (3.3), let ul) )( ) be the ultraspherical Jacobi polynomial
of degree n with parameter A > 0 normalized such that uo‘)(l) = 1. Then the absolute
maximum of )( ) is attained at £1 (cf. [10], p. 168). Without loss of generality we may
assume that N > 1 and M > 0 are integers. Let fy be the monic polynomial of degree

N which has N roots of the polynomial u%‘_)k 1 (@) closest to 1, and let gps be defined by

Ingm = UEVJ)FM Then for p = oo we get

FeWgar() = XS0 (1) 2

[ fvgmlle, o >
1 — I

(N + M)?|| fngmllr, ),
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where z; is the largest root of ug\}\iM (cf. [10], (6.6.6), where 1 — 21 < ¢(N + M)~2 is
shown). We remark that in the rest of this proof ¢, ¢y, co,... may depend on A. Now let
0 < p<ooand A > 2/p. Using the estimates

N Co if 0<t<ec/n,
[ (cost)] < {03(7175)_)‘ if c1/n<t<m/2

(cf. [10], (7.33.6)), we get

A A
v gndll o,y = [ arllo, oy = 2721l L, o))

/2 1/p
= ol/p </ |u§\>,‘_)FM(cost)\psintdt)
0

c1/(N+M) /2 1/p
<c/? / tdt+(N+M)_pA/ P g | < e/P(N 4 M)/,
0 c1/(N+M)

On the other hand, Markov’s inequality (cf. Theorem D with p := oo and ¢ := 1) guaran-
tees a constant cg such that

206
<1- %
=TT (N M)
and )
A . Cé
Thus

1
1 fegnrllo, o > /
1

—66/(N+M)2
1
=\
1—ce/(N+M)2

f () MM

, » 1/p
@) o (x)‘ dw)

il ) " (v (520 2))”

1 _ _ 1 .-
_ 5C61/P 1(N+M>2 2/p _ 5CGI/P 165 l/p(N+M)2||ngM||Lp(J):

which proves the sharpness of (3.3).
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