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ABSTRACT. A subtle Bernstein-type extremal problem is solved by establishing the
equality
|£7(0)]

sup ——— =2n-—1,
0#£fEEap ”f”[—l,l]

where
_ n
FEopn = {f c f(t) = a0+ Z(aje)‘jt + bjei)\jt) , aj,bj, A € R} .
j=1

This settles a conjecture of Lorentz and others and it is surprising to be able to
provide a sharp solution. It follows fairly simply from the above that

1 n—1 I (y)] 2n -1
- < sup < —
e—1min{y —a,b—y} ~ ozfer, |fllap ~ min{y —a,b—y}

for every y € (a,b), where
n
E, = {f 2 f(t) :ao—l—ZajeAJ't, aj,\j GR}.
j=1

The proof relies on properties of the particular Descartes system
(sinh Aot , sinh A1¢, ..., sinhAnt), 0<X <A1 < - < An

for which certain comparison theorems can be proved.

Essentially sharp Nikolskii-type inequalities are also proved for E,.
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1. INTRODUCTION

In “Nonlinear Approximation Theory”, Braess [3] writes “The rational functions
and exponential sums belong to those concrete families of functions which are the
most frequently used in nonlinear approximation theory. The starting point of
consideration of exponential sums is an approximation problem often encountered
for the analysis of decay processes in natural sciences. A given empirical function
on a real interval is to be approximated by sums of the form

n

Ajt
E aje’’,
Jj=1

where the parameters a; and \; are to be determined, while n is fixed.”

The aim of this paper is to prove the “right” Bernstein-type inequality for ex-
ponential sums. This inequality is the key to proving inverse theorems for approx-
imation by exponential sums, as we will elaborate later.

Let
FE, = {f:f(t)—ao—l—ZajeAjt, CLj,)\jGR}.
j=1

So E,, is the collection of all n + 1 term exponential sums with constant first term.
Schmidt [10] proved that there is a constant ¢(n) depending only on n so that

1 Nats6-51 < e(r)d | llfaz)

for every p € E, and § € (0, 3(b—a)). Lorentz [7] improved Schmidt’s result by
showing that for every a > %,
that c¢(n) in the above inequality can be replaced by c(a)n®!°8™ (Xu improved this
to allow a = %), and he speculated that there may be an absolute constant ¢ so

that Schmidt’s inequality holds with ¢(n) replaced by cn. We [1] proved a weaker
version of this conjecture with en? instead of cn.

there is a constant ¢(«) depending only on « so

The main result, Theorem 3.2, of this paper shows that Schmidt’s inequality
holds with ¢(n) = 2n — 1. This result can also be formulated as

'@l 2n -1
sup < — )
ozfeb, |1 fllap ~ min{y —a,b—y}

y € (a,b).

In this Bernstein-type inequality even the pointwise factor is sharp up to a multi-
plicative absolute constant; the inequality

1 n—1 /")l

- < sup , y € (a,b
co T iy —a b =5} = ot Tllws (a,0)

is established in Theorem 3.3. Theorem 3.2 follows easily from our other central
result, Theorem 3.1. This states that the equality
/
0
sp O o
oz fen, Ifll-1
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holds, where

EQn = {f f Z ajekjt + bje_kjt) y aj,bj,)\j S R} .

These results complement Newman’s beautiful Markov-type inequality [9], see
also [2], that states

2 ¢ 11" ll10,00)
- <9 A,
32220 = ousen, @ [1F1l0.00) JZO 7
where E,(A) := span{e ! e~ e~ for any sequence A of distinct non-

negative numbers A;.
Denote by P, the set of all polynomials of degree at most n with real coefficients.

Bernstein’s classical inequality states the following.

Proposition 1.1 (Bernstein’s Inequality). The inequality

—-l<x<l1

/()] < ——— |p|
p = m p [-1,1] >

holds for every p € P,,.

This implies by substitution and scaling (though not entirely obviously) that

2n

| ()l < Y R —

If @, 5 y € (a,b)

holds for the particular exponential sums of the form
n
t):ao—l—ZajeJt, aj € R.

This is a very special case (A\; = j) of our Theorem 3.1.

Bernstein-type inequalities play a central role in approximation theory via a
machinery developed by Bernstein, which turns Bernstein-type inequalities into
inverse theorems of approximation. See, for example Lorentz [6] and DeVore and
Lorentz [4]. Roughly speaking, our Theorem 3.2 implies that inverse theorems of
approximation, over large classes of functions, by the particular exponential sums
f of the form

n
t):ao—i-Zajejt, aj €R

are essentially the same as those of approximation by arbitrary exponential sums
f with n + 1 terms of the form

n
t)zao—l—Zaje’\jt, aj,)\jER.
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So one deduces in a standard fashion [4, 6], for example, that if there is a sequence
(fn)22, of exponential sums with f, € E, that approximates f on an interval
[a,b] uniformly with errors ||f — fulljas] = o(n™™), m € N, then f is m times
continuously differentiable on (a, b).

The following slight improvement of Bernstein’s inequality may be found in
Natanson [8].

Proposition 1.2. The inequality

P'(0)] < (2n = 1) [Ipll (-1,

holds for every p € Pay,.

Note that Proposition 1.1 implies Proposition 1.2 only with (2n — 1) replaced
by 2n. The following corollary of Proposition 1.2 can be obtained by a linear
transformation. It plays an important role in the proof of Theorem 3.1.

Proposition 1.3. The inequality

2n —1
Ip'(2)] < T |2 Ipll-1.1> ze(-1,1)

holds for every p € Pay,.

Of course, Proposition 1.3 gives a better result than Proposition 1.1 only if =
is very close to 0. However, this is going to be exactly the case in the proof of
Theorem 3.1.

Theorem 3.4 deals with an essentially sharp Nikolskii-type inequality for E,,. We
show that

1/p
2 /n+1
lhorsoa <27 (ZE2) 7 Wl ton

forevery f € E,,,p € (0,2],and § € (O, %(b — a)). A weaker version of our Theorem
3.1 can be easily deduced from this showing that Schmidt’s inequality holds with
c(n) = 8(n +1)2.

Theorems 3.1 to 3.3 of this paper trivially extend to the wider classes E; defined
in the next section. A less direct version of our main results in this paper and
related results will eventually appear in the book [2].

2. NOTATION AND DEFINITIONS

The notations
[ f[la = sup | f(2)]
€A

1/p
1l = ( / |f|p)

and
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are used throughout this paper for measurable functions f defined on a measurable
set A C R and for p € (0,00). If A := [a,b] is an interval, then the notation
Lya,b] :== L,(A) is used.

The classes F,, and Egn are defined in the Introduction. The classes E and E°
are introduced in Section 8.

The space of all real-valued continuous functions defined on A C R equipped
with the uniform norm is denoted by C'(A).

3. NEwW RESULTS

Theorem 3.1. We have
1f'(0)]

sup ————— =2n—1.
0z fen, I l-1

Theorem 3.2. The inequality

' om—1
sup Lf'(y)] < 2n
0£feE, | flljap) ~ min{y —a,b—y}

holds for every n € N and y € (a,b).

Theorem 3.3. The inequality

1 -1 '
_n < sup | (y)l
e—1min{y —a,b—y} = oxser, |Iflla.p

holds for every n € N and y € (a,b).

Theorem 3.4. The inequality

2 n+1 p
I fll{atop—s < 2%/P <T) N pa.b)
holds for every f € E,, p € (0,2], and 6 € (0,5(b—a)).

4. CHEBYSHEV AND DESCARTES SYSTEMS

The proof of our main result relies heavily on the observation that for every
0< A <A <---,
(sinh Aot , sinh A1, ...)

is a Descartes system on (0, 00). In this section we give the definitions of Chebyshev
and Descartes systems. The only result of this section that is not to be found in
standard sources is the critical Lemma 4.5. The remaining theory can be found in,
for example, [5] or [4].
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Definition 4.1 (Chebyshev System). Let I C R be an interval. The

sequence (fo, f1,.-. , fn) is called a (real) Chebyshev system of dimension n+ 1 on
Iif fo, f1,..., fn are real-valued continuous functions on I, span{fo, f1,..., fn}
over R is an n+ 1 dimensional subspace of C'(A), and any f € span{ fo, f1,..., fu}

that has n + 1 distinct zeros on [ is identically zero.

If (fo, f1,--. , fn) is a Chebyshev system on I, then span{ fo, f1,..., fn} is called
a Chebyshev space on I.

The following simple equivalences are well known facts of linear algebra.

Proposition 4.2. Let fo, f1,..., fn be real-valued continuous functions on an in-
terval I C R. Then the following are equivalent.

a] Every 0 # p € span{ fo, f1,..., fn} has at most n distinct zeros on I.
b] Ifxzo,x1,...,x, are distinct elements of I and yo,y1,--. ,Yn are real numbers,
then there exists a unique p € span{ fo, f1,..., fn} so that
p(zi) = yi s 1=1,2,...,n.
c] Ifxg,x1,...,x, are distinct points of I, then
fo(xo) .. falz0)
p(f foe BT T
To T1 ... Tn /) . : . )

folxn) oo falxn)

Definition 4.3 (Descartes System). The system (fo, f1,..., fn) is said to be
a Descartes system (or order complete Chebyshev system) on an interval I if each

fie C() and
D<f10 f'Ll flm>>0
Zo X1 Tm

forany 0 <19 <iy < -+ < iy <nand for any xg < x1 < -+ < Ty, from I. The
definition of an infinite Descartes system (fo, f1,...) on I is analogous.

This is a property of the basis. It implies that any finite dimensional subspace
generated by some basis elements is a Chebyshev space on I. We remark the trivial
fact that a Descartes system on I is a Descartes system on any subinterval of I.

Lemma 4.4. The system

(eMot Mt Y, A < Ay <o
is a Descartes system on (—00,00). In particular, it is also a Chebyshev system on
(—00,00).

Proof. The determinant in Definition 4.3 is a generalized Vandermonde. See, for
example, [5, p. 9]. O

The following lemma plays a crucial role in the proof of Theorem 3.1.
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Lemma 4.5. Suppose 0 < A\g < Ay < ---. Then
(sinh Aot , sinh A1, ...)
is a Descartes system on (0,00).
Proof. Let 0 <19 < i1 < --- < iy be fixed integers . First we show that
(sinh A ¢, sinh \;, ¢, ..., sinh A, ¢)

is a Chebyshev system on (0, 00). Indeed, let

0 # f € span{sinh A\;,t, sinh A\;; ¢, ..., sinh A; t}.
Then
0# f € span{etriol eFAut e FAimll
and since
span{etriol etrat o eFAinty

is a Chebyshev system, f has at most 2m + 1 zeros in (—o0, 00). Since f is odd, it
has at most m zeros in (0, o).

Since for every 0 < ig < i1 < +++ < i, (sinh Ajyt, sinh A, ¢, ..., sinh \; t) is a
Chebyshev system on (0, 00), the determinant

D sinh A;;t sinh ;¢ ... sinh)\; ¢t
i) X1 N Tm
is non-zero for any 0 < zp < 1 < -+ < Ty, < o0 by Proposition 4.2. So it only
remains to prove that it is positive whenever 0 < zg < 1 < --- < &y, < 00. Now
let . . )
D(a) =D (smh Aigt  sinh At ... sinh /\imt>
azg QT ... AT,
and 1 Xt 1 Xt 1 N, t
D*(Oé) — D 58 *0 56 1 . 56 rm
axo ary ... Qxy, )

where 0 < zg < 21 < -+ < T, < oo are fixed. Since
(sinh A ¢, sinh \;, ¢, ..., sinh A t)

and
A

(eMiol At o etimt)
are Chebyshev systems on (0,00), D(a) and D*(«) are continuous non-vanishing
functions of a on (0,00). Now observe that

lim [D()| = lim [D*(a)] =00 and  Tim 2%

a—00 a—00 a—00 D*(a)

=1.

Since
(ekiot, e}\ilt, ey e}\“nt)
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is a Descartes system on (—o0,00), D*(«) > 0 for every a > 0. So the above limit
relations imply that D(a) > 0 for every large enough «, hence for every a > 0. In
particular,

Zo X1 e Tm

D(1)=D <smh)\i0t sinh A, ¢ ... smh)\imt> S0,

which finishes the proof. [

The following proposition on polynomials from the span of a Descartes system
with a maximal number of zeros is also needed in the next section. Its proof is
standard, and can be pieced together from [5, pp. 25-36] or found in [2, p. 108].

Lemma 4.6. Suppose (fo, f1,..., fn) is a Descartes system on [a,b]. Suppose
a<t<to<---<tp,<b,

Then there exists a unique

n—1

p:fn+zaifi7 aiER

i=0
so that
(1) pti) =0, i=1,2,...,n.

Further, this p satisfies

2) p) #0, t¢{tr,ts,... tn},
(3) p(t) changes sign at each tq1,ta,... by,
(4) ajai+1 <0, i=0,1,...,n—1, a,:=1,
(5) p(t) >0 for te (tn,b], and (=1)"p(t) >0 for t€ [a,t1),
(6) (=1)""p(t) >0, te (titit1), i=1,2,...,n—1.
5. CHEBYSHEV POLYNOMIALS FOR span{sinh Aot , sinh A\1¢, ..., sinh A, ¢}

We study the space
H,, := span{sinh \ot, sinh A\1¢, ..., sinh A, t},

where
D<A < A << Ay

We can define the generalized Chebyshev polynomial T,, for H, on [0,1] by the
following three properties:

(5.1) T, € span{sinh \ot, sinh \1¢, ..., sinh A\, ¢},
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there exists an alternation sequence (zg < 1 < --- < x,,) for T}, on (0, 1], that is,

(52) (_1)ZTH(I1) = ||Tn| [0,1] » 1= 07 15 BN
and
(5.3) [ Tolljo,1 =1-

The existence and uniqueness of such a T;, follows from the properties of the best
uniform approximation to sinh Aot on [e, 1] from an n-dimensional Chebyshev space
on [¢,1] (e > 0 is sufficiently small). See [5, p. 35], for example.

The following extremal property of the Chebyshev polynomial T;, will be needed
in the next section.

Theorem 5.1. Using the notation above, we have

wp POL T

=T,(0).
ozpeH, |IP]

01 1Tallo

Proof. Suppose p € H, with ||p|lo,;j < 1 and p’(0) > 0. Observe that T, — p
has at least one zero in each of the intervals (zg, 1), (x1,22),... (Tn—1,Zxn), where
(xo < 1 < --- < zy,) is the alternation sequence for T, on (0,1]. Note that
p’(0) > T (0) would imply that T,, — p has at least one zero in (0,x), therefore
0+# T, —p € H, has at least n + 1 zeros in (0, 1), which is impossible. O

6. A COMPARISON THEOREM
The heart of the proof of Theorem 3.1 is the following comparison theorem,
which can be proved by a zero counting argument. The method of our proof is
very similar to that of a comparison therem of Pinkus and Smith [11] for Descartes
systems. In fact, the simple proof of Theorem 6.1 was suggested by Allan Pinkus.
Theorem 6.1. Let

O< A<M << A\ and O<vm<m<: <.

Suppose v; < \; for each i. Let

H,, := span{sinh Aot , sinh A1¢, ..., sinh At}
and
G, := span{sinhyot, sinh ¢, ..., sinh~y,t}.
Then . .
p'O) [’ (0)]

o£peHy [[plljo,1) ~ 0#r€Gn [plljo,1)
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Proof. We have
(0 /(0
sup PO _ 1T,(0)] 7
ozpet, IPllo, 1 Tnllo,1)

where T,, is the Chebyshev polynomial for H, on [0,1]. In particular, T, has n
distinct zeros in (0,1). Let

T,(t) =: ch sinh Ajt, c; €R.
=0

By Lemma 4.6, (—1)’¢c; > 0. Let k € {1,2,...n} be fixed. Let (v;)7_, be such that
Yo<m<- <Y, Vi = A for j £k, A—1 < Ve < A

(we let v—_1 := 0). To prove this theorem, it is sufficient to study the above case
since the general case follows from this by a finite number of pairwise comparisons.

Let t1 <ty < -+ < t,, be the n zeros of T, in (0,1). Pick a ty € (0, ), where
xo is the first extreme point of T}, in (0,1) (see (5.2)). Choose Q,, € G,, of the form

Qn(z) = Zdj sinhy;t, d; eR
=0

so that
Qn(ts) = Ta(ti), i=0,1,...,n.

By the unique interpolation property of Chebyshev spaces, @, is uniquely deter-
mined, has n zeros (the points t1,ts, ... ,t,), and is positive at tyo. By Lemma 4,6,
(—1)?d; > 0 for each j =0,1,... ,n.

We have
(T — Qu)(t) = cxsinh At — dy sinhyet + > (¢; — d;) sinh At
J=0,j#k

The function T, — @, changes sign on (0, 0o) strictly at the points ¢;, 1 = 0,1,... ,n,
and has no other zeros. Also, by Lemma 4.5,

(sinh Aot , sinh A1, ... ,sinh Ag_1t, sinhygt, sinh Axt, sinh Ag1t, ... ,sinh A, t)
is a Descartes system on (0, 00). Hence, by Lemma 4.6, the sequence
(co—do, 1 —d1, ..., cg—1—dg—1, —di, Ck, Ckt1 —dgt1, ---, Cn—dp)
strictly alternates in sign. Since (—1)¥¢c;, > 0, this implies that
(=1)™(T, — Qn)(t) >0, >ty
Thus for ¢ € (t;,t;41) we have

(=1 T, (t) > (-1)7Qn(t) >0,  j=-1,0,1,...,n,
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where t_; := 0 and t,41 := co. In addition, we recall that Q,(0) = T;,(0) = 0 and
Qn(to) = Tp(to) > 0.

The observations above imply that if ¢y € (0, x¢) is sufficiently close to 0, then

1Qnlljo,1) < 1Twllo, =1 and Q,,(0) > T,(0) >0.

Thus

(0 7.0 '(0
QO TOL POl
1@ullo. = 1Tallo) ~ odner, TPl

Since @, € G, the conclusion of the theorem follows from this. O

7 PROOF OF THEOREMS 3.1 AND 3.2.

Proof of Theorem 3.1. First we prove that
1O < @n=1)[[fll-1y

for every f € Es. So let

+At , e:l:)\Qt s e:t)xnt}

f €span{l, e

*

with some non-zero real numbers A1, Ag, ... , \,, where, without loss of generality,
we may assume that
0< A <X <o < Ay

Let

Observe that
g € span{sinh A\;¢, sinh Aot , ..., sinh A,t}.

It is also straightforward that

g'(0)=f'0) and gl < [Ifll=1,1-
For a given € > 0, let

G, := span{sinhet, sinh 2et, ..., sinhnet}

and
Kn,e = sup {|h/(0)| : h € Gnvf’ ||h||[071] = 1} :

By Theorem 6.1, it is sufficient to prove that inf{K, . : e > 0} < 2n — 1. Observe
that every h € Gy,  is of the form

h(t) = e " P(e), P e Py, .
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Therefore, using Proposition 1.3 combined with a linear transformation from [—1, 1]
to [e™€, €], we obtain for every h € Gy, that

[1/(0)] = [eP'(1) = neP(1)]

e(2n—1)
S |Pllje=<,ec) + 1€ | Pllje—< e
e(2n —1
= (% * ”E) " ||hlli—1,1
e(2n —1
- (% + ”E) e"[|hll0,1 -

It follows that 5 )
Kn,e S (6( n- ) +n6> e"e.

1—ec
So inf{K, :€>0} <2n—1, and the result follows.

Now we prove that

1£'(0)]

sup ———— >2n—1.
0#£f€Es, £l =1

Let € > 0 be fixed. We define

et 1
n,e(l) == 7n€tTn7 - )
Qznelt) = e 2 1<e€—1 e€—1>

where T5,_1 denotes the Chebyshev polynomial of degree 2n — 1 defined by
Ton—1(x) = cos((2n — 1) arccosx) , x € [-1,1].
It is simple to check that Q2. € Egn,

[Q2n,ell(—1,1] < €™

and
|Q/2n,e(0>| >2n—1—ne.

Now the result follows by letting € > 0 tend to 0. [

Proof of Theorem 8.2. Observe that E, C Egn. Hence the result follows from
Theorem 3.1 by a linear substitution. [

Proof of Theorem 3.3. Let a < b and y € (a,b). Suppose that n € N is odd. Let T,
be the Chebyshev polynomial of degree n defined by T,,(z) = cos(narccosz), = €

[~1,1]. Let
e t—>5 1
Qn(t) =T, (e — &P <H) I 1)

and
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Obviously @, R, € E, and

QW _ 1 n
”QnH[a,b] e—1b—y

and ,
R.(y) 1 n

| Rrll[a,5] Ce—1ly—a

for every y € (a,b). The proof is now complete. [

Proof of Theorem 3.4. Without loss of generality we may assume that A := (\;)}_,
is a sequence of distinct non-zero real numbers. For the sake of brevity, let

E,(A) :=span{l, et ert . et}
Take an orthonormal sequence (L)}, on [—% %} satisfying
(1) Ly € span{l, eMt et . . Mt} k=0,1,...,n

and

(2) ff{%LiLj:éi,j, 0<i<j<mn,

where d; ; is the Kronecker symbol. On writing f € E,(A) as a linear combination
of Lo, L1, ..., Ly, and using the Cauchy-Schwarz inequality and the orthonormality

of (Li)f_, on [—1, 1], we obtain in a standard fashion that
1/2
max L ZL2 to) / to € R.
0#fE€En(A) ||f||L2 —-1/2,1/2] k=0 F ’
Since
1/2
ShoLli(z)dr=n+1,
-1/2

there exists a tg € [—3, 3] so that

n 1/2
|f(to)] (ZLi ) <Vn+1.

0£p€En (A) || fll La]=1/2.1/2] 0

Observe that if f € E,(A), then g(t) := f(t — to) € En(A), so

I —
0£reEn (M) | fllLo[=1,1)
Let
o _UOI
0£F€E.(A) |l 2,[~2.2
Then

max &gc« )l/pézl/f’o, yel-11].
0£F€BL(A) |l L,p[—2.2 2 -yl
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Therefore, for every f € E,(A),
1f(0)] < \/71—4-1||f||L2[—1,1]
VT (I, 7120y
VAT (118, oy @O U )

<V L(2770) -2
=2V 2 T CY P fl g 2 -

Hence

Ce max O g mrgorre
0£fEER(A) ||f||Lp[f2,2]

and we conclude that C' < 22/P°=1/P(p, 4+ 1)1/, Therefore
FO) < 272 1)V 2.

for every f € E,(A). Now let f € E,(A) and ty € [a+ d,b — ¢]. If we apply the
above inequality to
g(t) == f (30t +to) € En(A),

we obtain

1/p
2 2
I lhorsa-a < 2720+ 17 (£) 1l

and the result follows. O

8 REMARKS.
Remark 8.1. Theorem 3.4 implies a weaker version of Theorem 8.1, namely
1 Ma+s,6-8) < 8(n+1)26 [ fl a0
for every f € E, and § € (0,%(b— a)).

Proof. Note that f € E, (A) implies f' € E,,(A). Applying Theorem 3.4 to f’ with
p =1, we obtain

|F(0)] < 2(n+ D f' |1y [—2.2) = 2(n + 1)Vari_o /() < 4(n + 1) fll—2,2

for every f € E,(A). Now if f € E,(A) and to € [a + 0,b — d], then on applying
the above inequality to

g(t) = f (36t +to) € En(A),

we obtain the desired result. [
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Remark 8.2. Theorems 3.2 and 3.4 trivially extend to the classes

l l
Ep=f:ft)=> P,(t)eM', NER, Py €Pr, > (kj+1)=n
j=1

Jj=1

Remark 8.3. Theorem 3.4 extends to the classes

l l
Ef = f:ft) =) Py, N eC, PyePi, Y (k+1)=ny,
j=1

j=1

where ’ng denotes the family of all polynomials of degree at most k; with complex
coefficients. This follows by trivial modifications of the proof.
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