Polynomials with Littlewood-Type
Coefhicient Constraints

Tamas Erdélyi

Abstract. This survey paper focuses on my contributions to the area of
polynomials with Littlewood-type coefficient constraints. It summarizes
the main results from many of my recent papers some of which are joint
with Peter Borwein.

§1. Introduction

Let D be the open unit disk of the complex plane. Its boundary, the unit
circle of the complex plane, is denoted by 9D. Let

ICn = {pnipn(z)zzakzk, ak€C7 |ak|:1} :
k=0

The class IC,, is often called the collection of all (complex) unimodular polyno-
mials of degree n. Let

L, = {pn cpn(2) = Zakzk, ap € {—1, 1}} )
k=0

The class £,, is often called the collection of all (real) unimodular polynomials
of degree n. By Parseval’s formula,

27
/ |Po(e)|2 dt = 2n(n + 1)
0

for all P, € K,,. Therefore

min |P,(2)| < vVn+1 < max |P,(2)] (1.1)
z€0D z€0D

for all P, € K,,. An old problem (or rather an old theme) is the following.
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Problem 1.1. (Littlewood’s Flatness Problem). How close can a unimodular
polynomial P, € IC,, or P,, € L, come to satisfying

|P(2)| =vn+1, z2€0D? (1.2)

Obviously (1.2) is impossible if n > 1, so one must look for less than (1.2).
But then there are various ways of seeking such an “approximate situation”.
One way is the following. In his paper [51], Littlewood had suggested that,
conceivably, there might exist a sequence (P,) of polynomials P, € K,, (pos-
sibly even P, € £,,) such that (n +1)"/2|P,(e®)| converge to 1 uniformly in
t € R. We shall call such sequences of unimodular polynomials “ultraflat”.
More precisely, we give the following definitions. In the rest of the paper, we
assume that (ny) is a strictly increasing sequence of positive integers.

Definition 1.2. Given a positive number ¢, we say that a polynomial P, €
K,, is e-flat if

(I—e)vn+1<|P(2)|<(1+4+e)vVn+1, z€ 0D, (1.3)

or equivalently

max ||P,(2)] — vVn+1] <evn+1.
z€0D

Definition 1.3. Given a sequence (e, ) of positive numbers tending to 0,
we say that a sequence (P,, ) of unimodular polynomials P, € K,, is (en,)-
ultraflat if each P,, is €y, -flat, that is

(I—epn )Vne +1<|P, (2)]| < (1+en,)Vne+1, z€0D. (1.4)

We say that a sequence (P, ) of unimodular polynomials P,, € IC,, is ultraflat
if there is a sequence (g, ) of positive numbers tending to 0 for which (P,,)
is (e, )-ultraflat.

The existence of an ultraflat sequence of unimodular polynomials seemed
very unlikely, in view of a 1957 conjecture of P. Erdés (Problem 22 in [28])
asserting that, for all P, € K,, with n > 1,

max |P,(2)] > (1+¢e)vn+1, (1.5)

z€0D

where ¢ > 0 is an absolute constant (independent of n). Yet, combining some
probabilistic lemmas from Kérner’s paper [47] with some constructive methods
(Gauss polynomials, etc., which are completely unrelated to the deterministic
part of Korner’s paper), Kahane [43] proved that there exists a sequence (P,)
of unimodular polynomials P,, € K,, which is (g, )-ultraflat, where

en =0 <n*1/17\/@> . (1.6)

Thus the Erdds conjecture (1.5) was disproved for the classes IC,,. For the more
restricted class £,,, the analogous Erd6és conjecture is unsettled to this date.
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It is a common belief that the analogous Erdos conjecture for L, is true,
and consequently there is no ultraflat sequence of unimodular polynomials
P, € L,,. T thank H. Queffelec for providing more details about the existence
of ultraflat sequences (P,) of unimodular polynomials P,, € K,,. The story is
roughly the following.

Littlewood [51] had constructed polynomials P, € I, so that on one
hand |P,(z)| < By/n+ 1 for every z € 0D, and on the other hand |P,(z)| >
Av/n + 1 with an absolute constant A > 0 for every z € 0D except for a small
arc. In the light of this result he asked how close we can get to satisfying
|P,(2)] = v/n + 1forevery z € 0D if P,, € K,,. The first result in this direction
is due to Korner [47]. By using a result of Byrnes, he showed that there are
absolute constants 0 < A < B such that Ayvn+1 < |P,(2)| < Byn+1 for
every z € 0D. Then Kahane [43] constructed a sequence (P,) of polynomials
P, € IC,, for which

I—e)Vn+1<|P(2)|<(1+en)Vn+1, z€ 0D,

with a sequence (e,,) of positive real numbers converging to 0. Such a sequence
is called (ey,)-ultraflat.

Kahane’s construction seemed to indicate a very rigid behavior for the
phase function «,,, where

Py(e") = Ru(t)e'™ ™, Ry(t) = [Pu(e™)].

Saffari [66] had conjectured in 1991 that for every ultraflat sequence (P,),
al (t)/n converges in measure to the uniform distribution on [0, 1], that is,

m{t e 0,2r]:0 <, (t) < nx} — 27z, 0<z<1, (1.7)

where m is the Lebesgue measure on the Borel subsets of [0,27). Since it
can be seen easily that X,, := o/, (¢)/n is uniformly bounded, the method of
moments applies and everything could be obtained from

1
1

Xt dt = —— + 0n g, =0,1,..., 1.8

/0\ ’I’L() q+1 »d q ( )

where the numbers o, , converge to 0 for every fixed g as n — oo. This was
proved by Saffari [66] for ¢ = 0,1,2. Then in 1996 Queffelec and Saffari [65]
used Kahane’s method with a slight modification to show the existence of
an ultraflat sequence (P,) which satisfies (1.7). They also showed that (1.8)
is true for ¢ = 3 (and almost for ¢ = 4) for any ultraflat sequence (P,) of
polynomials P,, € C,,. When their work was submitted to Journal of Fourier
Analysis and Applications, the editor in chief, J. Benedetto, and one of his
students discovered an error in Byrnes work which, as a result, invalidated
Korner’s work. It was discovered that the deterministic part of Kérner’s [47]
work was incorrect, and it was based on the incorrect “Theorem 2” of Byrnes’
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paper [21]. For details of the story see the forthcoming paper by J.S. Byrnes
and Saffari [22].

Fortunately Kahane’s work was independent of Byrnes’. It contained
though an other slight error which was corrected in [65]. Ultraflat sequences
(P,,) of polynomials P,, € KC,, do exist! It is important to note this, otherwise
the work of a number of papers would be without object. In [32] we answer
Saffari’s Problem affirmatively, namely we show that (1.7) (or equivalently
(1.8)) is true for every ultraflat sequence (P,) of unimodular polynomials
P, e K,.

An interesting related result to Kahane’s breakthrough is given by Beck
[4]. He proved that for every sufficiently large integer k (he states the result
for kK = 400) there are polynomials P, of degree n (n = 1,2,...) so that each
coefficient of each P, is a k-th root of unity, and with some absolute constants
c1,co > 0 we have

avn < |Poe)| < eavn, teR, n=12,....

For an account of some of the work done till the mid 1960’s, see Little-
wood’s book [52] and [65].

§2. On the Phase Problem of Saffari

Let (P,) be an ultraflat sequence of unimodular polynomials P, € K,. We
write

P,(e") = R, (t)e*®) | R, (t) =|P,(e")]. (2.1)

It is a simple exercise to show that «, can be chosen to be an element of
C>°(IR). This is going to be our understanding throughout this section. The
following result was conjectured by Saffari [66] and proved in [32]:

Theorem 2.1. (Uniform Distribution Theorem for the Angular Speed.)
Let (P,) be an ultraflat sequence of unimodular polynomials P,, € IC,,. Then,
with the notation (2.1), in the interval [0, 2], the distribution of the normal-
ized angular speed o (t)/n converges to the uniform distribution as n — oc.
More precisely, we have

m{t € [0,27] : 0 < o, (t) < nx} = 27z + 0, () (2.2)

for every x € [0,1], where lim,,_,o, 0, () = 0 for every x € [0, 1], As a conse-
quence, | P’ (e*)|/n3/? also converges to the uniform distribution as n — oo.
More precisely, we have

m{t € [0,27] : 0 < | P! (e™)| < n*/?z} = 21z + op (1) (2.3)
for every x € |0,1], where lim,,_, o,(x) = 0 for every x € [0,1]. In both
statements the convergence of o, (x) is uniform on [0, 1].

The basis of Saffari’s conjecture was that for the special ultraflat se-
quences of unimodular polynomials produced by Kahane [43], (2.6) is indeed
true. In Section 4 of [32] we prove this conjecture in general.
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In the general case, (2.6) can, by integration, be reformulated (equiva-
lently) in terms of the moments of the angular speed o/, (t). This was observed
and recorded by Saffari [66]. We present the proof of this equivalence in Sec-
tion 4 of [32] and we settle Conjecture 2.1 by proving the following result.

Theorem 2.2. (Reformulation of the Uniform Distribution Conjecture.)
Let (P,) be an ultraflat sequence of unimodular polynomials P,, € KC,,. Then,
for any q > 0 we have

1 27 , g q
t)|1dt =

o ), + 0y qn? . (2.4)

with suitable constants o, 4 converging to 0 as n — oo for every fixed g > 0.

An immediate consequence of (2.8) is the remarkable fact that for large
values of n € IN, the L,(0D) Bernstein factors

ST PL(e)|9 dt
S |Pa(eit)|a dt

of the elements of ultraflat sequences (P,) of unimodular polynomials are
essentially independent of the polynomials. More precisely (2.8) implies the
following result.

Theorem 2.3. (The Bernstein Factors.) Let ¢ be an arbitrary positive real

number. Let (P,) be an ultraflat sequence of unimodular polynomials P,, €
KC,,. We have

CTIPL(eM)|Tdt  na
27 . = + On,q
Jo " |Pa(et)]adt g+1

n?,
and as a limit case,

maxo<¢<or | P, (€]
maxo<¢<an | Pn(e)]

=n-+o,n.

with suitable constants o, 4 and o, converging to 0 as n — oo for every fixed
q.

In Section 3 of [32] we show the following result which turns out to be
stronger than Theorem 2.2.

Theorem 2.4. (Negligibility Theorem for Higher Derivatives.) Let (P,) be
an ultraflat sequence of unimodular polynomials P, € IC,. For every integer
r > 2, we have
() < r
onax [y (t)] < onrn
with suitable constants o, , > 0 converging to 0 for every fixed r = 2,3, .. ..

We show in Section 4 of [32] how Theorem 2.1 follows from Theorem 2.4.
Finally in Section 4 of [32] we give the following extension of Theorem 2.1
(Uniform Distribution Conjecture) to higher derivatives.
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Theorem 2.5. (Distribution of the Modulus of Higher Derivatives of Ultra-
flat Sequences of Unimodular Polynomials.) Let (P,) be an ultraflat sequence
of unimodular polynomials P,, € IC,,. Then

r . 1/r
P ()]
nr+1/2

converges to the uniform distribution as n — oo. More precisely, we have
m {t € [0,27] : 0 < |PM(et)] < nr+1/2xr} = 27 + 0y ()

for every x € [0, 1], where lim,, .o 0, () = 0 for every fixed r = 1,2, ... and
x € [0, 1]. The convergence of o, (z) is uniform on [0, 1].

Remark 2.6. Assume that (P,) is an ultraflat sequence of unimodular poly-
nomials P, € IC,,. As before, we use notation (2.1). We denote the number of
zeros of P, inside the open unit disk D by Z(P,). We claim that

Z(P,) = g(l + o),

where o0,, is a sequence converging to 0 as n — oo. To see this we argue as
follows. By Conjecture 2.1 (proved in [32]) we have

i (27) — an (0) = %(1 +on)(27) = (1+ on)n

with constants o, converging to 0 as n — oco. So the “Argument Principle”
yields the result we stated.
For continuous functions f defined on [0, 2], and for ¢ € (0, c0), we define

= ([ \f(t)\wt)l/q .

o = li = t)|.
Il i= Jim (17, = max [7(0)

We also define

In [65] the following conjecture is made.

Conjecture 2.7. Assume that (P,) is an ultraflat sequence of unimodular
polynomials P, € K,, and f,,(t) = Re(P,(e)). Let g € (0,00). Then

/
e (DO N
Al \FreyE)

and

+1 1/q
Hf/HqN F(%) n3/2,
" (q+DC($+1) m
where I' denotes the usual gamma function and the ~ symbol means that the

ratio of the left and right hand sides converges to 1 as n — oc.

The above conjecture follows from Theorems 2.1 and 2.4. The arguments
will be presented in my forthcoming paper [36].
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§3. On Saffari’s Near Orthogonality Conjectures

The structure of ultraflat sequences of unimodular polynomials is studied in
[32] and [34] where several conjectures of Saffari are proved. In [35], based on
the results in [32], we proved yet another Saffari conjecture formulated in [66].

Theorem 3.1. (Saffari’s Near-Orthogonality Conjecture.) Assume that (P,)
is an ultraflat sequence of unimodular polynomials P, € IC,,. Let

P,(z) = Z akynzk )
k=0

Then

n
Z A nn—kn = O(’I’L) .
k=0

Here, as usual, o(n) denotes a quantity for which lim,, .. o(n)/n = 0. The
statement remains true if the ultraflat sequence (P,) of unimodular poly-
nomials P, € KC,, is replaced by an ultraflat sequence (P,,) of unimodular
polynomials P,, € ICy,,, 0 <ny <mng <---.

If @, is a polynomial of degree n of the form @, (z) = > ;_, akzk_, ay €
C, then its conjugate reciprocal polynomial is defined by Q} (z) := z"Q,,(1/2)
= ZZ:O Gn—1,2" . In terms of the above definition Theorem 1.4 may be rewrit-
ten as

Corollary 3.2. Assume that (P,) is an ultraflat sequence of unimodular
polynomials P, € IC,,. Then

/ P (2) — P(2)[2dz] = 2n + o(n).
oD

Remark 3.3. Theorem 3.1 clearly shows that there is no ultraflat sequence
(P,,) of unimodular polynomials P,, € IC,, that are conjugate reciprocal. Oth-
erwise, using the fact that ay , = @y—x n, we would have

n n
2
5 A nln—kn = E ‘ak,n‘ =n+ 17
k=0 k=0

which contradicts Theorem 3.1. In fact, Theorem 3.1 tells us much more. It
measures how far is an ultraflat sequence of unimodular polynomials is from
being conjugate reciprocal.
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Remark 3.4. In [66] another “near orthogonality” relation has been con-
jectured. Namely it was suspected that if (P, ) is an ultraflat sequence of
unimodular polynomials P, € K,  and

k
:E Ak nZ n =N, m=1,2,...,

then
§ ak,nanfk,n :0(77'); n="nm, m=1,2,...,

where, as usual, o(n,,) denotes a quantity for which lim,, o 0(ny,)/nm = 0.
However, it was Saffari himself, together with Queffelec [65], who showed that
this could not be any farther away from being true. Namely they constructed
an ultraflat sequence (P, ) of plain-reciprocal unimodular polynomials P, €
K., such that

n
k
= g apnz" , Qkon = Qp—kon k=0,1,2,...n,

and hence

§ ak,nan—k,n =n+1
k=0

for the valuesn =n,,, m=1,2,....

Remark 3.5. One can ask how flat a conjugate reciprocal unimodular poly-
nomial can be. We present a simple result here. Let P, € K,, be a conjugate
reciprocal polynomial of degree n. Then

max [F,(2)] = (1+€)vn

with € := /3 — 1. This is an observation made by Erdés [29] but his constant

€ > 0 is unspecified.
To prove the statement, observe that Malik’s inequality [57], p. 676 gives

max | P (2)] < = max | Py ()] .

2€0D 2 z€dD

(Note that the fact that P, is conjugate reciprocal improves the Bernstein
factor on 9D from n to n/2.) Using P, € K,,, Parseval’s formula, and Malik’s
inequality, we obtain

3 1)(2 1
27r%§27rn(n+ )6( n+1)

2
— [ PR el < 2 () e [P(a)P
oD 2 z€0D

and

max\P (2)] > /4/3vn

follows.
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84. Some Littlewood-type results

This section is essentially copied from [17]. We examine a number of problems
concerning polynomials with coefficients restricted in various ways. We are
particularly interested in how small such polynomials can be on the interval
[0,1]. For example, in [17] we prove that there are absolute constants ¢; > 0
and ¢y > 0 such that

exp (—e1v/n) < O#ipnef}_n Ipllj0,1) < exp (—c2v/n)

for every n > 2, where F,, denotes the set of polynomials of degree at most n
with coefficients from {—1,0, 1}.

Littlewood considered minimization problems of this variety on the unit
disk, hence, the title of the section. His most famous, now solved, conjecture
(see [27] on pages 285 — 288) was that the L; norm of an element f € F,
on the unit circle grows at least as fast as clog N, where N is the number of
non-zero coefficients in f and ¢ > 0 is an absolute constant. This was proved
by Konjagin [45] and independently by McGehee, Pigno, and Smith [56].

When the coefficients are required to be integers, the questions have a
Diophantine nature and have been studied from a variety of points of view.
See [2,3,8,18,39,61].

One key to the analysis is a study of the related problem of how large an
order zero these restricted polynomials can have at 1. In [17] we answer this
latter question precisely for the class of polynomials of the form

n
plx) = aa’, laj] <1, a;€C
§=0

with fixed |ag| # 0.

Variants of these questions have attracted considerable study, though
rarely have precise answers been possible to give. See in particular [1,7,38,68,
69,71,41,6]. Indeed the classical, much studied, and presumably very difficult
problem of Prouhet, Tarry, and Escott rephrases as a question of this variety.
(Precisely: what is the maximal vanishing at 1 of a polynomial with integer
coefficients with /1 norm 2n? It is conjectured to be n. See [18] and [6].

We introduce the following classes of polynomials. Let

n
Py = {Zaixi ca; € C}
i=0
denote the set of algebraic polynomials of degree at most n with complex

coeflicients. Let
n
P, = {Z a;z' :a; € ]R}
i=0
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denote the set of algebraic polynomials of degree at most n with real coeffi-

cients. Let
n
Zn = {Zaixi ta; € Z}
i=0

denote the set of algebraic polynomials of degree at most n with integer coef-

ficients. Let
F = {Zaixi ta; € {—1,0,1}}
i=0

denote the set of polynomials of degree at most n with coefficients from

{~1,0,1}. Let
A, = {Z a;x' :a; € {0,1}}
i=0

denote the set of polynomials of degree at most n with coefficients from {0, 1}.

Finally, let
L, = {Z a;x’ :a; € {1, 1}}
i=0

denote the set of polynomials of degree at most n with coefficients from
{-1,1}.
So obviously
Ly, A, CF,CZ,CP,CP;.

Throughout this section the uniform norm on a set A C R is denoted by
[

In his monograph [52], Littlewood discusses the class £,, and its complex
analogue when the coefficients are complex numbers of modulus 1. On page
25 he writes “These raise fascinating questions.” It is easy to see that the Lo
norm of any polynomial of degree n with complex coefficients of modulus one
on the unit circle is v/n + 1. (Here we have normalized so that the unit circle
has length 1.) Hence the minimum supremum norm of any such polynomial
on the unit circle is at least v/n + 1.

The Rudin-Shapiro polynomials (see [51], for example) show that there
are polynomials from £,, with maximum modulus less than cy/n + 1 on the
unit circle. Littlewood remarks in [52] that although it has been known
for more than 50 years that g,(0) := > _ ei™mlosmeiml gatisfies |g,(0)] <
cv/n + 1 on the real line, the existence of polynomials p,, € £,, with |p,(2)| <
cv/n + 1 on the unit circle has only fairly recently been shown. He adds “As a
matter of cold fact, many people had doubted its truth.” Rudin and Shapiro
had the following simple idea:
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We have at once

1P+ 1Qul? = 2(|1 Paca|* + |Qn-1?)
=2%(|Py—a® + |Qn—2/?)

=2"(|Py|* + |Qol?) = 2(un + 1)

on the unit circle, where
tn = deg(P,) = deg(Q,) =2" —1.

So P, Qn € L, and |P,(2)] < v/24/deg(P,) + 1 on the unit circle. From
this it is a routine work to construct P, € L, such that |P,(z)| < ¢y/n for
every n = 1,2, ... with an absolute constant ¢ > 0.

However, it is not known whether or not there are such polynomials from
pn € L, with minimal modulus also at least ¢y/n on the unit circle, where
c > 0 is an absolute constant. Littlewood conjectures that there are such
polynomials.

Littlewood also makes the above conjecture in [51] as well as several
others. In [48] he writes that the problem of finding polynomials of degree
n with coefficients of modulus 1 and with modulus on the unit disk bounded
below by ¢y/n “seems singularly elusive and intriguing.”

Erdés conjectured that the maximum modulus of a polynomial from £, is
always at least cv/n + 1 with an absolute constant ¢ > 1. Erdds offers $100 for
a solution to this problem in [30]. Both Littlewood’s and Erdés’ conjectures
are still open.

In the paper [48] Littlewood also considers St w™(m+1)/2,m and shows
that this polynomial has almost constant modulus (in an asymptotic sense)
except on a set of measure cn /219, Here w is a primitive nth root of unity.
Further related results are to be found in [4, 5, 9, 19, 25, 26, 40, 43, 45, 47,
55, 60].

Carrol, Eustice, and T. Figiel [40] show that

log(m(n))

lim inf
im in log(n + 1)

> 431,

where m(n) denotes the largest value that the minimum modulus of a poly-
nomial from £,, can be on the unit circle. They also prove that

log(m(n) _ . log(m(n))

Sup log(n +1) o log(n+1)°

They further conjecture that m(n)n=/2 tends to zero (contrary to Little-
wood).

The average maximum modulus is computed by Salem and Zygmund [67]
who show that for all but 0o(2") polynomials from £,, the maximum modulus

on the unit disk lies between ci+/nlogn and cov/nlogn.



12 T. Erdély:

The expected L* norm of a polynomial p € £, is (2n? — n)'/4. This
is due to Newman and Byrnes [59]. They also compute the L* norm of the
Rudin-Shapiro polynomials.

In the case of complex coefficients these problems are mostly solved. A
very interesting result of Kahane [43] proves the existence of polynomials of
degree n with complex coefficients of modulus 1 and with minimal and maximal
modulus both asymptotically v/n + 1 on the unit circle. See also Section 2
and [32].

The study of the location of zeros of the classes F,,, £,, and A,, begins
with Bloch and Pélya [6]. They prove that the average number of real zeros
of a polynomial from F,, is at most ¢y/n. They also prove that a polynomial
from F,, cannot have more than

cnloglogn
logn

real zeros. This quite weak result appears to be the first on this subject. Schur
[69] and by different methods Szeg6 [71] and Erdés and Turdn [38] improve
this to cv/nlogn (see also [10]). (Their results are more general, but in this
specialization not sharp.)

Our Theorem 7.2 gives the right upper bound of ¢y/n for the number of
real zeros of polynomials from a much larger class, namely for all polynomials
of the form

n
px) =Y aa’,  la| <1, Jao|=lan| =1, a;€C.
§=0

Schur [69] claims that Schmidt gives a version of part of this theorem. How-
ever, it does not appear in the reference he gives, namely [68], and we have
not been able to trace it to any other source. Also, our method is able to give
cy/n as an upper bound for the number of zeros of a polynomial p € Py with
lag| = 1, Ja;| < 1, inside any polygon with vertices in the unit circle (of course,
¢ depends on the polygon). This is discussed in Section 8.

Bloch and Pdlya [6] also prove that there are polynomials p € F,, with

cn1/4

g

logn

distinct real zeros of odd multiplicity. (Schur [69] claims they do it for poly-
nomials with coefficients only from {—1, 1}, but this appears to be incorrect.)
In a seminal paper Littlewood and Offord [53] prove that the number of

real roots of a p € L£,,, on average, lies between
c1logn

—_— and o log?n
logloglogn

and it is proved by Boyd [20] that every p € £,, has at most c¢log® n/loglogn
zeros at 1 (counting multiplicities).
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Kac [42] shows that the expected number of real roots of a polynomial
of degree n with random uniformly distributed coefficients is asymptotically
(2/7)logn. He writes “I have also stated that the same conclusion holds if the
coefficients assume only the values 1 and —1 with equal probabilities. Upon
closer examination it turns out that the proof I had in mind is inapplicable... .
This situation tends to emphasize the particular interest of the discrete case,
which surprisingly enough turns out to be the most difficult.” In a recent
related paper Solomyak [70] studies the random series Y -, A",

5. Number of Zeros at 1

Theorems 5.1 and 5.2 below (see [17] for the proofs) offer upper bounds for
the number of zeros at 1 of certain classes of polynomials with restricted
coefficients. The first result sharpens and generalizes results of Amoroso [1],
Bombieri and Vaaler [7], and Hua [41], who give versions of this result for
polynomials with integer coefficients.

Theorem 5.1. There is an absolute constant ¢ > 0 such that every polyno-
mial p of the form

n
p(l‘)zzajl'j, ‘aj’§17 ajEC,
=0
has at most
1/2
c¢(n(1 —log|aol))

zeros at 1.

Applying Theorem 5.1 with g(z) := 2"p(z~!) immediately gives the fol-
lowing.

Theorem 5.2. There is an absolute constant ¢ > 0 such that every polyno-
mial p of the form

n
plx) => ajz’, o[ <1, a;€C,
=0

has at most

c(n(1 — log |an|))"/?

zeros at 1.
The sharpness of the above theorems is shown by

Theorem 5.3. Suppose n € IN. Then there exists a polynomial p of the form

n
plx) = aa’, laj] <1, a; €R,
§=0
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such that p has a zero at 1 with multiplicity at least

min {é((n(l “logag) 2 — 1 n}

The following two theorems can be obtained from the results above with
slightly worse constants. However, we have distinct attractive proofs of The-
orems 5.4 and 5.5 below and in [17] we give them also.

Theorem 5.4. Every polynomial p of the form
mn
p(a:):Zajxj, lagp| =1, Ja;| <1, a;€C,
j=0

has at most | 22\/n| + 4 zeros at 1.

Theorem 5.5. For every n € IN, there exists a polynomial

n?-1

pn(z) = Z a;x’
5=0

such that a,2_; = 1; ag,a,...,a,2_o are real numbers of modulus less than
1; and p,, has a zero at 1 with multiplicity at least n — 1.

Theorem 5.5 immediately implies

Corollary 5.6. For every n € IN, there exists a polynomial
n
pn(a:):Zaja:J, ap=1, Ja;| <1, a;eR,
§=0

and p,, has a zero at 1 with multiplicity at least [/n — 1].

The next related result (see [18]) is well known (in a variety of forms) but
its proof is simple and we include it in [17].

Theorem 5.7. There is an absolute constant ¢ > 0 such that for every n € IN
there is a p € F,, having at least c\/n/log(n + 1) zeros at 1.

Theorems 5.4 and 5.7 show that the right upper bound for the num-
ber of zeros a polynomial p € F,, can have at 1 is somewhere between
c1y/n/log(n + 1) and coy/n with absolute constants ¢; > 0 and ¢; > 0. Com-
pletely closing the gap in this problem looks quite difficult.

Our next theorem from [17] slightly generalizes Theorem 5.1 and offers
an explicit constant.
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Theorem 5.8. If |ag| > exp(—L?) and |a;| < 1 for each j = L? +1,L* +
2,...,n, then the polynomial

n
p(x) = Zajxj , a; € C
§=0

has at most (L + 1)/n + 5 zeros at 1.

The next result from [17] is a simple observation about the maximal
number of zeros a polynomial p € A,, can have.

Theorem 5.9. There is an absolute constant ¢ > 0 such that every p € A,
has at most clogn zeros at —1.

Remark to Theorem 5.9. Let R,, be defined by

Ry (z) == H (1 +2%),

1=1

where a; := 1 and a;y; is the smallest odd integer that is greater than
> r—qak. It is tempting to speculate that R, is the lowest degree polyno-
mial with coefficients from {0, 1} and a zero of order n at —1. This is true for
n=1,2,3,4,5 but fails for n = 6 and hence for all larger n.

Our final result in this section shows that a polynomial Q) € F,, with k
zeros at 1 has many other zeros on the unit circle (at certain roots of unity).
It is shown in BE-99 but a version of it may also be deduced from results in
[7].

Theorem 5.10. Let p < n be a prime. Suppose QQ € F,, and Q) has exactly
k zeros at 1 and exactly m zeros at a primitive pth root of unity. Then

logp
> k—F=>—
pim+1) 2 log(n +1)

§6. The Chebyshev Problem on |0, 1]

If p is a polynomial of the form

n
pla) =) a;a’
=0

with a1 =ay =+ = a;,—1 = 0 and a,,, # 0, then we call I(p) := a,, the first
non-zero coefficient of p.

Our first theorem in this section (see [17] for a proof) shows how small
the uniform norm of a polynomial 0 # p on [0, 1] can be under some restriction
on its coeflicients.
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Theorem 6.1. Let § € (0,1]. There are absolute constants ¢y > 0 and ¢y > 0
such that

exp (1 (n(1 ~ 10g8))"/?) < inf ]y < exp (—ca(n(1 — logd))"/?) .

where the infimum is taken over all polynomials p of the form
n
plx)=> a;z’, o<1, a;€C,
j=0

with [1()] 2 6 2 exp (6 — n).
The following result is a special case of Theorem 6.1.

Theorem 6.2. There are absolute constants ¢; > 0 and ¢ > 0 such that
exp (—c1v/n) < i%f Ipllj0,1] < exp (—c2v/n)

for every n > 2, where the infimum is taken over all polynomials p of the form
mn
p(a:):Zajxj, la;| <1, a;€C,
§=0

with |I(p)| = 1.
For the class F,, we have

Theorem 6.3. There are absolute constants ¢; > 0 and ¢y > 0 such that

€xp (—Cl \/ﬁ> < 0;£ipn€f]:n HPH[O,1] < exp (—02\/73)

for every n > 2.

See [17] for a proof. Note that the lower bound in the above theorem is a
special case of Theorem 6.2. The proof of the upper bound, however, requires
new ideas.

The approximation rate in Theorems 6.2 and 6.3 should be compared
with

21/n
inf 1/n _
1% HpH[O’l] 1

where the infimum is taken for all monic p € P,,, and also with

1 1/n 1 +€en

- 14e,
inf 1Pl < 53605

9.376. .. "oz, Pl &n = 0.

The first equality above is attained by the normalized Chebyshev polynomial
shifted linearly to [0, 1] and is proved by a simple perturbation argument. The
second inequality is much harder (the exact result is open) and is discussed in
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[9]. It is an interesting fact that the polynomials 0 # p € Z,, with the smallest
uniform norm on [0, 1] are very different from the usual Chebyshev polynomial
of degree n. For example, they have at least 52% of their zeros at either 0 or
1. Relaxation techniques do not allow for their approximate computation.

Likewise, polynomials 0 # p € F,, with small uniform norm on [0, 1] are
again quite different from polynomials 0 # p € Z,, with small uniform norm
on [0, 1].

The story is roughly as follows. Polynomials 0 # p € P, with leading
coefficient 1 and with smallest possible uniform norm on [0, 1] are characterized
by equioscillation and are given explicitly by the Chebyshev polynomials. In
contrast, finding polynomials from Z,, with small uniform norm on [0, 1] is
closely related to finding irreducible polynomials with all their roots in [0, 1].

The construction of non-zero polynomials from F,, with small uniform
norm on [0, 1] is more or less governed by how many zeros such a polynomial
can have at 1. Indeed, non-zero polynomials from F,, with minimal uniform
norm on [0, 1] are forced to have close to the maximal possible number of zeros
at 1.

This problem of the maximum order of a zero at 1 for a polynomial in F,,,
and closely related problems for polynomials of small height have attracted
considerable attention but there is still a gap in what is known (see Theorems
5.4 and 5.7).

For the class A,, we have the following Chebyshev-type theorem. This
result should be compared with Theorem 6.3. See Theorem [17] for a proof.

Theorem 6.4. There are absolute constants ¢; > 0 and ¢y > 0 such that

exp (—eilog*(n+1)) < inf [lp(~2) 0.y < exp (—e2 og?(n +1))

for every n > 2.

Our last theorem in this section is a sharp Chebyshev-type inequality for
F :=U2  F,, and S, where S denotes the collection of all analytic functions
f on the open unit disk D := {z € C : |z] < 1} that satisfy

1
1— 2|’

f(2)] < z€D.

See [17] for a proof.

Theorem 6.5. There are absolute constants ¢; > 0 and ¢y > 0 such that

exp(—cyi/a) < inf a1l < inf —_a1] L exp(—ca/a
sp(—er/a) < _inf plpoan € inf plla-an < exp(—ea/a)

for every a € (0,1).
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§7. More on the Number of Real Zeros

Theorems 7.2 and 7.3 below give upper bounds for the number of real zeros
of polynomials p when their coefficients are restricted in various ways.

The prototype for these theorems is given below. It was apparently first
proved, at least up to the correct constant, by Schmidt in the early thirties.
His complicated proof was not published — the first published proof is due to
Schur [69]. Later new and simpler proofs and generalizations were published
by Szeg6 [71] and Erdés and Turdn [38] and others. A version of the approach
of Erdés and Turén is presented in [8].

Theorem 7.1. Suppose
n
p(z) == Zajzj , aj € C,
§=0

has m positive real roots. Then

m? < 2nlog <|a0|—|—\a1|+--.+|an|> )

V lagan|

Our Theorem 7.2 below (see [17] for a proof) improves the above bound of
cyv/nlogn in the cases we are interested in where the coefficients are of similar
size. Up to the constant c it is the best possible result.

Theorem 7.2. There is an absolute constant ¢ > 0 such that every polyno-
mial p of the form

n
p(m):Zajxj, la;| <1, lagl=1, a;e€C,
§=0

has at most c\/n zeros in [—1,1].

There is an absolute constant ¢ > 0 such that every polynomial p of the
form

n
ple) =) a2’ o <1, Jan|=1, a;€C,
j=0

has at most ¢y/n zeros in R\ (—1,1).
There is an absolute constant ¢ > 0 such that every polynomial p of the
form

n
p(x) = ajd, oyl <1, Jagl =las|=1, a;€C,
j=0

has at most cy/n real zeros.
In [17] we also prove
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Theorem 7.3. There is an absolute constant ¢ > 0 such that every polyno-
mial p of the form

n
p(m):Zajxj, la;| <1, lagl=1, a;e€C, (7.1)
§=0

has at most ¢/a zeros in [—1 + a,1 — a| whenever a € (0, 1).

Theorem 7.3 is sharp up to the constant. It is possible to construct a
polynomial (of degree n < ck?) of the form (4.1) with a zero of order k in the
interval (0,1 — 1/k]. This is discussed in [3].

The next theorem from [13] gives an upper bound for the number of zeros
of a polynomial p lying on a subarc of the unit circle when the coefficients of
p are restricted as in the first statement of Theorem 7.2.

Theorem 7.4. There is an absolute constant ¢ > 0 such that every polyno-
mial p of the form

n
p(x):Zajxj, la;| <1, lag|=1, a;€eC,
§=0

has at most cna zeros on a subarc I, of length o of the unit circle if o >
n~Y/2, while it has at most c\/n zeros on I, if &« < n~'/2. The polynomial
p(z) := 2" — 1 (o > n~'/2) and Theorem 5.4 (a < n~'/?) show that these
bounds are essentially sharp.

One can observe that Jensen’s inequality implies that every function f
analytic in the open unit disk D := {# € C : |z| < 1} and satisfying the
growth condition

z€eD

FOI=1, 1@< 7o

has at most (¢/a)log(1/a) zeros in the disk D, := {2z € C : |z| < 1—a}, where
0 <a <1 and ¢ > 0 is an absolute constant. This observation plays a crucial
role in the next section.

§8. Further Results on the Zeros

There is a huge literature on the zeros of polynomials with restricted coef-
ficients. See, for example, [1, 6, 3, 7, 41, 38, 8, 13, 17, 52, 57, 61, 68, 69,
71].

In [13] we prove the three essentially sharp theorems below.

Theorem 8.1. Every polynomial p of the form

n
p(a:):Zaja:j, ’ao‘zl, ‘aj’§17 ajEC7
=0
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has at most c\/n zeros inside any polygon with vertices on the unit circle,
where the constant ¢ > 0 depends only on the polygon.

Theorem 8.2. There is an absolute constant ¢ > 0 such that every polyno-
mial p of the form

n
ple) =Y ax’,  agl=lan| =1, la;| <1, a;€C,
=0

has at most c¢(na + /n) zeros in the strip

{z€ C: |Im(z)| <a},
and in the sector

{zeC: Jarg(z)| < a}.

Theorem 8.3. Let o € (0,1). Every polynomial p of the form
n

plz) =Y aja’,  lagl=1, |a;| <1, a;€C,
§=0

has at most ¢/« zeros inside any polygon with vertices on the circle
{zeC: |z]|=1—-a},

where the constant ¢ > 0 depends only on the number of the vertices of the
polygon.

For z5 € C and r > 0, let
D(zg,r) :={2€C: |z—2z| <r}.

In [33] we show that a polynomial p of the form
p(m):Zajxj, lapl =1, laj| <1, a;€C,
§=0

has at most (¢1/a)log(1/a) zeros in the disk D(0,1 — «) for every a € (0,1),
where ¢; > 0 is an absolute constant. This is a simple consequence of Jensen’s
formula. However it is not so simple to show that this estimate for the number
of zeros in D(0,1 — «) is sharp. In [33] we present two examples to show the
existence of polynomials p, (a € (0, 1)) of the form (1.1) (with a suitable n €
IN depending on «) with at least |(co/a)log(1/«)]| zeros in D(0,1—a) (cg > 0
is an absolute constant). In fact, we show the existence of such polynomials
from much smaller classes with more restrictions on the coefficients. Our first
example has probabilistic background and shows the existence of polynomials
Pa (o € (0,1)) with complez coefficients of modulus ezactly 1 and with at least
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| (c2/a)log(1/a)| zeros in D(0,1 — ) (¢ > 0 is an absolute constant). Our
second example is constructive and defines polynomials p, (« € (0,1)) with
real coefficients of modulus at most 1, with constant term 1, and with at least
| (c2/a)log(1/a)| zeros in D(0,1 — «) (c2 > 0 is an absolute constant). So, in
particular, the constant in Theorem 1.3 cannot be made independent of the
number of vertices of the polygon.

Some other observations on polynomials with restricted coefficients are
also formulated in [33]. More precisely in [33] we prove Theorems 8.4 - 8.9,
8.11 and 8.13 below.

Theorem 8.4. Let a € (0,1). Every polynomial of the form
n
p(x):Zaja:J, ’ao‘zl, ‘aj’§17 ajEC7
j=0

has at most (2/a)log(1/a) zeros in the disk D(0,1 — «).

Theorem 8.5. For every a € (0,1) there is a polynomial QQ := Q,, of the
form

n
Qo(x) = Zaj,axj, lajol =1, ajqo€C,
i=0

such that Q) has at least | (c2/a)log(1/a) | zeros in the disk D(0,1—«), where
co > 0 is an absolute constant.

Theorem 8.5 follows from

Theorem 8.6. For every n € IN there is a polynomial p, of the form
n
pn(x) = Zaj,nxj , lajn|l =1, aj,€C,
§=0

such that p,, has no zeros in the annulus

c3logn

<z <1+

{zEC:l— c;:,logn}’
n

where c3 > 0 is an absolute constant.

To formulate some interesting corollaries of Theorems 8.4 and 8.6 we
introduce some notation. Let &, be the collection of polynomials of the form

n
p(aj):zajxjv ‘aof :‘an‘ :1, Qj € [—1,1]
j=0
Let &, be the collection of polynomials of the form

n
p(a:):Zaja:j, lag| = lan| =1, a; €C, Jaj|<1.
5=0
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As before, let £,, be the collection of polynomials of the form
ple)=> aja!,  a;e{-1,1}.
j=0
Finally let IC,, be the collection of polynomials of the form
pla)=> a;z’, a;€C, laj|=1.
j=0

For a polynomial p, let
d(p) == min{|1 —|z||: z€ C, p(z)=0}.
For a class of polynomials A we define

v(A) :=sup{d(p) : p € A}

Theorem 8.7. There are absolute constants ¢4 > 0 and c5 > 0 such that

cslogn

Calogn <H(Ky) < (&) < ma.

Theorem 8.8. There is an absolute constant cg > 0 such that

ce logn

7(571) < '7(571) < n .

There is an absolute constant c; > 0 such that for infinitely many positive
integer values of n we have

Theorem 8.9. For every o € (0,1) there is a polynomial P := P, of the
form

n
P(@) =) aja2’,  aoa=1, aa€[-11],
§=0

that has at least |(cg/a)log(1/a)| zeros in the disk D(0,1 — «), where cg > 0
is an absolute constant.

Conjecture 8.10. Every polynomial p € L, has at least one zero in the
annulus c c
{zEC:l——9<|z|<1+—9},
n n

where cg > 0 is an absolute constant.

In the case when a polynomial p € L, is self-reciprocal, we can prove
more than the conclusion of Conjecture 8.10. Namely
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Theorem 8.11. Every self-reciprocal polynomial p € L, has at least one
zero on the unit circle {z € C : |z| = 1}.

In [33] we also show that Conjecture 8.10 implies the conjecture below.

Conjecture 8.12. There is no ultraflat sequence (p,, )5°_; of polynomials
Dn,, € Ly, satisfying

(1 —¢n,,)(nm + 1)1/2 <Ipu(2)] < (1 +en,, ) (nm + 1)1/2

for all z € C with |z| = 1 and for all m € IN, where (&, )2

>_, is a sequence of
positive numbers converging to 0.

Theorem 8.13. Conjecture 8.10 implies Conjecture 8.12.

§9. Littlewood-Type Problems on Subarcs of the Unit Circle

Littlewood’s well-known and now resolved conjecture of around 1948 concerns
polynomials of the form
n
p(z) =) a;2",
j=1

where the coefficients a; are complex numbers of modulus at least 1 and the
exponents k; are distinct non-negative integers. It states that such polynomi-
als have L norms on the unit circle

0D :={z€C:|z| =1}

that grow at least like clogn with an absolute constant ¢ > 0. This was
proved by Konjagin [45] and independently by McGehee, Pigno, and Smith
[56].

Pichorides, who contributed essentially to the proof of the Littlewood
conjecture, observed in [62] that the original Littlewood conjecture (when all
the coefficients are from {0, 1} would follow from a result on the L; norm of
such polynomials on sets E¥ C 0D of measure 7w. Namely if

n
JADSES
E 50

for any subset F C 0D of measure 7 with an absolute constant ¢ > 0, then the
original Littlewood conjecture holds. Throughout this section the measure of
a set £ C 0D is the linear Lebesgue measure of the set

|dz| > ¢

{tc|[-mn): e € E}.

Konjagin [46] gives a lovely probabilistic proof that this hypothesis fails. He
does however conjecture the following: for any fized set E C 0D of positive
measure there exists a constant ¢ = ¢(F) > 0 depending only on E such that

Jx

|dz| > ¢(F).



24 T. Erdély:

In other words the sets E. C 9D of measure 7 in his example where

=

must vary with € > 0.

In [11] we show, among other things, that Konjagin’s conjecture holds on
subarcs of the unit circle 9D.

Additional material on Littlewood’s conjecture and related problems con-
cerning the growth of polynomials with unimodular coefficients in various
norms on the unit disk is to be found, for example, in [19, 4, 44, 52, 55, 59,
61, 70].

All the results of [11] concern how small polynomials of the above and
related forms can be in the L, norms on subarcs of the unit disk. For 1 < p <
oo the results are sharp, at least up to a constant in the exponent.

An interesting related result is due to Nazarov [58]. One of its simpler
versions states that there is an absolute constant ¢ > 0 such that

mare )] < (20 ) maelp(z)

for every polynomial p of the form p(z) = Z?:o a;zki with k; € N and a; € C
and for every A C I, where [ is a subarc of 0D with length m([), and A is
measurable with Lebesgue measure m(A). This extends a result of Turan [72]
called Turdn’s Lemma, where I = 0D and A is a subarc.

We introduce some notation. For M > 0 and p > 0, let S§; denote the
collection of all analytic functions f on the open unit disk D :={z € C : |z| <

1} that satisfy

M
’f(@’ﬁm, z€D.

We define the following subsets of S}. Let

Fon=<f:f(2)= Zajzj, a; € {-1,0,1} » ,
j=0
and denote the set of all polynomials with coefficients from the set {—1,0,1}

by
F = U Fan -
n=0

More generally we define the following classes of polynomials. For M > 0 and
u >0 let

Khp = f:f(z):Zajzj, a; € C, |aj| < Mj", |lap]=1, neN

J=0
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On occasion we let S := S}, Sy = Si;, and Ky := KS,.

We also employ the following standard notations. We denote by P\ the
set of all polynomials of degree at most n with real coefficients. We denote by
73{ the set of all polynomials of degree at most n with complex coefficients.
The height of a polynomial

n

Pn(2) ::Zajzj, a; €C, a,#0,

j=0
is defined by

H(p,) := max{% D g :0,1,...,n}.

Gn
Also,
P[4 := sup |p(2)|
z€A

and

1/q
Plle, ca) = ( /A p(2)]" rdzr)

are used throughout this section for measurable functions (in this section
usually polynomials) p defined on a measurable subset of the unit circle or the
real line, and for ¢ € (0, 00).

Theorems 9.1 - 9.5, Corrolaries 9.6 and 9.7, and Theorem 9.8 below are
proved in [11].

Theorem 9.1. Let 0 < a < 2w and M > 1. Let A be a subarc of the unit
circle with length m(A) = a. Then there is an absolute constant ¢; > 0 such
that

1flla > exp (—cl(l + logM))

a

for every f

€ Sy (:= S};) that is continuous on the closed unit disk and
satisfies | f(zo)| >

1 for every 2o € C with |2| = 137

Corollary 9.2. Let 0 < a < 2w and M > 1. Let A be a subarc of the unit
circle with length m(A) = a. Then there is an absolute constant ¢; > 0 such
that

a

14 > exp (‘““ - k’gM))

for every f € Ky (:=K3,).

The next two results from [11] show that the previous results are, up to
constants, sharp.
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Theorem 9.3. Let 0 < a < 2w. Let A be the subarc of the unit circle with
length m(A) = a. Then there are absolute constants ¢; > 0 and ¢y > 0 such
that

0£fEF

) —c
inf || f|la < exp (Tl)

whenever m(A) = a < cy.

Theorem 9.4. Let 0 < a < 2w and M > 1. Let A be the subarc of the unit
circle with length m(A) = a. Then there are absolute constants ¢; > 0 and
co > 0 such that

inf ||f]la §exp(

—c1(1+ log M)
0#fEX M

a

whenever m(A) = a < c¢s.

The next two results from [11] extend the first two results to the L; norm
(and hence to all L, norms with p > 1).

Theorem 9.5. Let 0 <a <2m, M >1,and pn=1,2,.... Let A be a subarc

of the unit circle with length m(A) = a. Then there is an absolute constant

c1 > 0 such that
—cy(p —|—logM))
a

1l = oxp (

for every f € S, that is continuous on the closed unit disk and satisfies
|f(20)| > 3 for every zy € C with |z0| < 55157
Corollary 9.6. Let0<a<2m, M >1,and p=1,2,.... Let A be a subarc

of the unit circle with length m(A) = a. Then there is an absolute constant
c1 > 0 such that

—cl(l—i—ulog,u—i—logM))
a

1l = exp (

for every f € Kh,.
The following is an interesting consequence of the preceding results.

Corollary 9.7. Let A be a subarc of the unit circle with length m(A) = a.
If (py) is a sequence of monic polynomials that tends to 0 in Li(A), then the
sequence H (py) of heights tends to oc.

The final result of this section shows that the theory does not extend to
arbitrary sets of positive measure. This is shown in [11] as well.

Theorem 9.8. For every € > (0 there is a polynomial p € K; such that
Ip(2)| < e everywhere on the unit circle except possibly in a set of linear
measure at most €.
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§10. Markov- and Bernstein-type inequalities

Erdos studied and raised many questions about polynomials with restricted
coefficients. Both Erdés and Littlewood showed particular fascination about
the class L,,, where, as before, £,, denotes the set of all polynomials of degree
n with each of their coefficients in {—1,1}. A related class of polynomials is
F, that, as before, denotes the set of all polynomials of degree at most n with
each of their coefficients in {—1,0,1}. Another related class is G,, that is the
collection of all polynomials p of the form

n
p(z) = Zajxjﬂ lam| =1, |aj|§17
j=m

where m is an unspecified nonnegative integer not greater than n. For the
sake of brevity, let

plla := sup |p(2)]
z€A

for a complex-valued function p defined on A.

In [12] and [14] we establish the right Markov-type inequalities for the
classes F,, and G, on [0,1]. Namely there are absolute constants ¢; > 0 and
co > 0 such that

1P [l10,11
cinlog(n +1) < e 1
1 ( ) Ogﬁpefn HpH[Ozl] ( )

and

/ /
POy WPl s

ern®/? < <

0#£p€EG, HpH[oJ] 0#p€En ||P||[0,1]

It is quite remarkable that the right Markov factor for G,, is much larger than

the right Markov factor for F,,. In [12] and [14] we also show that there are
absolute constants ¢; > 0 and ¢y > 0 such that

/ 1 /
cinlog(n +1) < max (1)l < max I1#llo.1

< < < conlog(n +1
0£peLn [|plljo,1) — 0#p€Ln |IPllj0,1) ( )

for every p € L,. For polynomials p € F := J,_, F, with [p(0)] =1 and for
y € [0,1) the Bernstein-type inequality

2 2
Cﬂ%(ﬂ) < max NP N0y <C210g<ﬂ>

-y rer plljo,; -y

[p(0)|=1

is also proved with absolute constants ¢; > 0 and ¢y > 0.
For continuous functions p defined on the complex unit circle, and for

q € (0,00), we define
27 ' 1/q
ok = ([ oteear)
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We also define

= li = ).
IPlloc = T [lplly = max [p(e”)l

Based on the ideas of F. Nazarov, Qeffelec and Saffari [65] showed that

/
aup 17l

= Yn,qN lim v, ,=1
pel, |Pllg e n—oo "1 7

for every ¢ € (0,00], ¢ # 2 (when ¢ = 2, lim,, 00 Vg = 371/2 by the Parseval

Formula). It is interesting to compare this result with Theorem 2.3. It shows
that Bernstein’s classical inequality (extended by Arestov for all ¢ € (0, 00])
stating that

1P"llq < nllp'llg

for all polynomials of degree at most n with complex coefficients, cannot be
essentially improved for the class L£,,, except the trivial ¢ = 2 case.

§11. Trigonometric Polynomials with Many Real Zeros
As before, let

n

Ly:=<p:p(z)= Zajzj, a; € {-1,1}

=0

Let D denote the closed unit disk of the complex plane. Let 0D denote
the unit circle of the complex plane. Littlewood made the following conjecture
about L£,, in the fifties.

Conjecture 11.1. (Littlewood). There are at least infinitely many values of
n € IN for which there are polynomials p,, € L, so that

ci(n+1)"? < |pu(2)] < ca(n +1)'/?

for all z € 0D. Here the constants c¢; and co are independent of n.
There is a related conjecture of Erdés [29].

Conjecture 11.2. (Erdés). There is a constant € > 0 (independent of n) so
that

> 1/2
max [pn(2)] 2 (1+e€)(n +1)

for every p, € L, and n € IN. That is, the constant Cy in Conjecture 1.1
must be bounded away from 1 (independently of n).

This conjecture is also open. One of our results in [15] is formulated by
Corollary 11.6. Littlewood gives a proof of this in [48] and explores related
issues in [49, 50, 51]. The approach is via Theorem 11.3 which estimates the
measure of the set where a real trigonometric polynomial of degree at most
n with at least k zeros in K := R (mod 27) is small. There are two reasons
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for doing this. First the approach is, we believe, easier and secondly it leads
to explicit constants.

Let K := R (mod 2m). For the sake of brevity the uniform norm of a
continuous function p on K will be denoted by [|p|x := [|p|lL (k). Let 7,
denote the set of all real trigonometric polynomials of degree at most n, and
let 7,, ;. denote the subset of those elements of 7,, that have at least k zeros
in K (counting multiplicities). In [15] we prove Theorems 11.3 — 11.5 and
Corollary 11.6 below.

Theorem 11.3. Suppose p € 7, has at least k zeros in K (counting multi-
plicities). Let o € (0,1). Then

ak
m{t € K : |p(t)| < allpllx} > o
where m(A) denotes the one-dimensional Lebesgue measure of A C K.
Theorem 11.4. We have
k k
n pETn,k HpHLoo(K) n
for some absolute constants 0 < ¢; < cs.

Theorem 11.5. Assume that p € 7,, satisfies

Ipll (i) < An'/? (11.1)
and
1P| £y > B2 (11.2)
Then there is a constant € > 0 depending only on A and B such that
Il = 2m =) pll7, () - (11.3)
Here
7T3 B6
7 1024e A5
works.

Corollary 11.6. Let p € 7,, be of the form

n
p(t):ZGkCOS(kt—%), ag==+1, weR, k=12...,n.
k=1

Then there is a constant € > 0 such that

Ipll% = 27 — &) HIpllZ, x) -

Here

S|

€T 1024e 27
works.
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§12. On the flatness of trigonometric polynomials

In [15] we give short and elegant proofs of some of the main results from
Littlewood’s papers [48, 49, 50, 51, 52]. There are two reasons for doing
this. First our approaches are, we believe, much easier, and secondly they
lead to explicit constants. Littlewood himself remarks that his methods were
“extremely indirect”.

We use the notation K := R (mod 27). Let

1/x
Wl = [ o ar)
K

M (p) = (%/K\p(t)\Adt)l//\ .

Theorem 12.1. Assume that p is a trigonometric polynomial of degree at
most n with real coefficients that satisfies

and

In [16] we prove

Ipll o) < An'/? (12.1)

and
1D || o2y > Bn®/?. (12.2)

Then there exists a constant € > 0 so that

My(p) — Ma(p) > eMa(p)

()6

Let the Littlewood class H,, be the collection of all trigonometric poly-
nomials of the form

where

n
p(t) :=pn(t) := Zaj cos(jt + a;) , aj ==*1, o; €R.
j=1

Note that for the Littlewood class H,, we have

12
)

M)~ M) 2 o

Corollary 12.2. We have
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for every p € A,,. The merit factor

(S —)

is bounded above by 20110 for every p € H.,.

If @Q,, is a polynomial of degree n of the form
Qn(z) :Zakzk, ap € C,
k=0

and the coefficients ay of @), satisfy
A = Qp—k , k=0,1,...n,

then we call ),, a conjugate-reciprocal polynomial of degree n. We say that the
polynomial @,, is unimodular if |ax| = 1 for each k = 0,1,2,...,n. Note that
if p e A,, then . ’

1 —f-p(t) — ethQR(ezt)
with a conjugate-reciprocal unimodular polynomial Q)2,, of degree at most 2n.

One can ask how flat a conjugate reciprocal unimodular polynomial can be.
The inequality of Remark 3.5 implies the result below.

Theorem 12.3. For every p € H,,,

Moo (1 +p) = Ma(1+p) > (v/4/3 = 1)Ma(1 + p).

This improves the unspecified constant in a result of Erdds [29].
In [16] we give a numerical value of an unspecified constant in one of the
main results of [50].

Theorem 12.4. For every p € A,
Ms(p) — Mi(p) > 107 My(p).
Based on the fact that for a fixed trigonometric polynomial p the function
A — Alog(Ma(p))

is an increasing convex function on [0, 00), we can state explicit numerical val-
ues of certain unspecified constants in some other related Littlewood results.
For example, as a consequence of Theorem 12.4, we have

Theorem 12.5. For every p € H,, and \ > 2,

A—2 1
log(M(p)) — log(Ma(p)) > \ log (m) ) A>2,
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§13. On the norm of the polynomial truncation operator

Let D and 9D denote the open unit disk and the unit circle of the complex
plane, respectively. We denote the set of all polynomials of degree at most n
with real coefficients by P,,. We denote the set of all polynomials of degree at
most n with complex coefficients by P.. We define the truncation operator
Sy, for polynomials P, € Pf of the form

P,(z) := Zajzj, aj € C,
§=0

n

Su(Pa)(2) =) @z, ;= (aj/aj]) min{la;], 1} (13.1)

=0

(here 0/0 is interpreted as 1). In other words, we take the coefficients a; € C
of a polynomial P, of degree at most n, and we truncate them. That is, we
leave a coefficient a; unchanged if |a;| < 1, while we replace it by a;/|a;| if
la;| > 1. We form the new polynomial with the new coefficients a; defined by
(13.1), and we denote this new polynomial by S,,(P,). We define the norms
of the truncation operators by

Sn(P,
1S, [reed e sup RXz€oD [Sa(F)(2)]
’ P.cp, Max.cop |Pn(z)|

and [Sn(Pr)(2)]
max,cop |Sn(FPn)(2
S comp = sup zE
[Snlloe o p,ep:  Max.cop |Pn(2)]

Our main theorem in [37] establishes the right order of magnitude of the
norms of the operators 5,,. This settles a question asked by S. Kwapien.

Theorem 13.1. With the notation introduced above there is an absolute
constant ¢, > 0 such that

aV2n + 1< 1S, [5%p < [1Sall28h < V2 +1.

In fact we are able to establish an L,(0D) analogue of this as follows.
For p € (0,00), let

|Sn(Pr)llz,0D)

I1SnllnesD =
poer,  IPullz, 0D

and

||Sn(Pn)||Lp(8D)
ere  |Pullz,aD)

n n

15nlly00 =
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Theorem 13.2. With the notation introduced above there is an absolute
constant ¢, > 0 such that

cr(2n+ 1)V27YP <18, 155D < [1Sallya < (2n+1)Y27P

for every p € [2,00).

Note that it remains open what is the right order of magnitude of
1S llre55 and [1S,[l575 75, respectively when 0 < p < 2. In particular, it would
be interesting to see if [|S,||’5/5 < c is possible for any 0 < p < 2 with an
absolute constant c. We record the following observation, due to S. Kwapien

(see also [36]), in this direction.

Theorem 13.3. There is an absolute constant ¢ > 0 such that

1Sal11%8D = e/logn.

If the unit circle D is replaced by the interval [—1, 1], we get a completely
different order of magnitude of the polynomial truncation projector. In this
case the norms of the truncation operators S,, are defined in the usual way.
That is, let

HS Hreal .= sup maXme[—1,1]|Sn(Pn)(x)|
Moo P LT e, maxge_q ) [Pa(@))]

and o
”S”ngn[mi 1) = Sup maxXye[-1,1] [Sn(Pn)(2)]
=1, P,ePs  MaXpe[—11] | P, ()|

In [Er-05] we prove the following result.

Theorem 13.4. With the notation introduced above we have
gn/2-1 < HSanZ?[LLH < HS”HZZTELH <+V2n+1. .82,

In [36] we base the proof of the lower bound of Theorems 13.1 and 13.2
on the following lemma from [54].

Lemma 13.5. (Lovéasz, Spencer, Vesztergombi). Let a;x,j = 1,2,...,n1,
k=1,2,...,ny be such that |a; ;| < 1. Let also p1,p2,...,pn, € [0,1]. Then
there are choices

Eke{_pkvl_pk}7 k:1727"-7n27
such that for all j,

< cy/ny

n2
E EkQj k
k=1

with an absolute constant c.
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§14. Problems

We use the notation introduced in Section 4. Some of the problems below
are closely related to each other. Some of them have been mentioned before.
Some of them have already been formulated in [10]. Here we summarize the
simplest looking but most challenging ones.

Problem 14.1. (Erdés). Is it true that

max |P,(2)] > (1+¢e)vn+1

z€0D

for every P, € L,, with n > 1, where € > 0 is an absolute constant (indepen-
dent of n)?

As a matter of fact in Problem 14.1

max |P,(z)] > Vn+1+¢

z€0D

with an absolute constant € > 0 would already be remarkable to prove. A
stronger version of Problem 14.1 is the following.

Problem 14.2. Is it true that
| Pullz,opy = (1 +e)vVn+1

for every P, € £\ with n > 1, where ¢ > 0 is an absolute constant (indepen-
dent of n)?

In Problem 14.2 even

HPnHL4(8D) 2 vn + 1 +¢€
with an absolute constant € > 0 would already be remarkable to prove. Prob-
lem 14.2 can be reformulated as follows.

Problem 14.3. Suppose n > 1 and ag = +1,a7 = +1,...,a, = +1. Let
n—k
bkizzajaj+ka k=1,2,....n
§=0
n
b_k ::Zajaj_k, k:1,2,...,n
j=k

Is it true that

n

Z (b7 +b%,) > e(n+ 1)
k=1

with an absolute constant ¢ > 0 (independent of n)?
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In Problem 14.3 even

n

Z (b7 +b%;) >e(n+ 1)3/2
k=1

with an absolute constant € > 0 would already be remarkable to prove.

Problem 14.4. Is there an ultraflat sequence of unimodular polynomials
P, € L, (or at least P, € L,,)?
A polynomial P, € P, is called skew-reciprocal if

P,(z) =2"P,(—1/z), zeC, z#0.

Problem 14.5. Is there an ultraflat sequence of skew-reciprocal unimodular
polynomials P,, € L,,, where each n is a multiple of 4.

Problem 14.6. Is there a sequence of unimodular polynomials P, € £,, (or
at least P,, € L,,)? for which

|Pn(2)] > evn+1, z € 0D?

Problem 14.7. Is there a sequence of unimodular polynomials P, € K,, (or
at least P, € KC,, ) for which the derivative sequence (P),) is ultraflat, that is

AT
w5 mincon | P4 (2)]

If the answer is yes, what can one say about the case when P, € L,,7

Theorems 5.4 and 5.7 show that the right upper bound for the num-
ber of zeros a polynomial p € F,, can have at 1 is somewhere between

c1y/n/log(n + 1) and cgy/n with absolute constants ¢; > 0 and ¢y > 0.

Problem 14.8. How many zeros can a polynomial p € F,, have at 17 Close
the gap between Theorems 1.1 and 1.3. Any improvements would be interest-
ing.

Problem 14.9. How many distinct zeros can a polynomial p,, of the form
n
pn(z) = Zajxj, lagl =1, laj| <1, a;€C (14.1)4.1
j=0

(or p, € F,) have in [—1,1]7 In particular, is it possible to give a sequence
(pn) of polynomials of the form (14.1) (or maybe (p,) C F,) so that p, has
cy/n distinct zeros in [—1,1], where ¢ > 0 is an absolute constant? If not,
what is the sharp analogue of Theorem 7.2 for distinct zeros in [—1, 1]7

Problem 14.10. How many distinct zeros can a polynomial p,, € F,, have
in the interval [—1 4+ a,1 — al, a € (0,1)? In particular, is it possible to give
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a sequence (p,) of polynomials of the form (14.1) (or maybe (p,) C Fy,) so
that p, has c¢/a distinct zeros in [—1 + a,1 — a], where ¢ > 0 is an absolute
constant and a € [n~'/2,1)? If not, what is the sharp analogue of Theorem
7.3 for distinct real zeros?

It is easy to prove (see [17]) that a polynomial p € A,, can have at most
log, n zeros at —1.

Problem 14.11. Is it true that there is an absolute constant ¢ > 0 such
that every p € A,, with p(0) = 1 has at most clogn real zeros? If not, what
is the best possible upper bound for the number of real zeros of polynomials
p € A,?7 What is the best possible upper bound for the number of distinct
real zeros of polynomials p € A,,7

Odlyzko asked the next question after observing computationally that no
p € A, with n < 25 had a repeat root of modulus greater than one.

Problem 14.12. Prove or disprove that a polynomial p € A, has all its
repeated zeros at 0 or on the unit circle.

One can show, not completely trivially, that there are polynomials p € F,
with repeated zeros in (0, 1) up to multiplicity 4.

Problem 14.13. Prove or disprove that a polynomial p € A, has all its
repeated zeros at 0 or on the unit circle.

One can show, not completely trivially, that there are polynomials p € F,,
with repeated zeros in (0, 1) up to multiplicity 4.

Problem 14.14. Can the multiplicity of a zero of a p € Uy F,, in
{zeC:0< |z| <1}

be arbitrarily large?

A negative answer to the above question would resolve an old conjecture
of Lehmer concerning Mahler’s measure. (See [3].)

Boyd [20] shows that there is an absolute constant ¢ such that every
p € L, can have at most clog? n/loglogn zeros at 1. Is is easy to give
polynomials p € £,, with clogn zeros at 1.

Problem 14.15. Prove or disprove that there is an absolute constant ¢ such
that every polynomial p € £, can have at most clogn zeros at 1. Prove
or disprove that there is an absolute constant ¢ such that every polynomial
p € L, can have at most clogn zeros in [—1, 1].

Problem 14.16. Can Boyd’s result be extended to the class K,,” In other
words, is there an absolute constant ¢ such that every p € K,, can have at
most clog®n/loglogn zeros at 1?7 (It is easy to give polynomials p € £,, with
clogn zeros at 1.)

Problem 14.17. Prove or disprove that every polynomial p € £,, has at least
one zero in the annulus

{zEC:1—£<\z\<1+E},
n n
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where ¢ > 0 is an absolute constant.

Problem 14.18. Prove or disprove that N(p,) — oo, where N(p,) denotes
the number of real zeros of

n
Pn(t) ::Zakmcoskt, arn, ==+1, £=0,1,2,...,n,
k=0

in the period [0, 27).
The next question is a version of an old and hard unsolved problem known
as the Tarry-Escott Problem.

Problem 14.19. Let N € N be fixed. Let a(N) be the smallest value of k
for which there is a polynomial p € U2 ; F,, with exactly k nonzero terms in

it and with a zero at 1 with multiplicity at least N. Prove or disprove that
a(N) =2N.

To prove that a(N) > 2N is simple. The fact that a(N) < 2N is known
for N = 1,2,...,10, but the problem is open for every N > 11. The best
known upper bound for a(N) in general seems to be a(N) < ¢N?log N with
an absolute constant ¢ > 0. See [17]. Even improving this (like dropping the
factor log V) would be a significant achievement.

Problem 14.20. It would be interesting to see if [|S, |5/, < ¢ is possible
for any 0 < p < 2 with an absolute constant ¢, where 5, is the polynomial
truncation operator defined in section 13.

In the light of Theorems 6.3 and 6.4 we ask the following questions.
Problem 14.21. Does

1 inf
lim 0g (m 0#pEFn ||P||[0,1])

n— oo \/ﬁ

exist? If it does, what is it? Does

e 108 (infO#pEéAn Ip(=2)lljo.11)

exist? If it does, what is it?
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