MARKOV-NIKOLSKII TYPE INEQUALITY FOR
ABSOLUTELY MONOTONE POLYNOMIALS OF ORDER k

TAMAS ERDELYI
Dedicated to the memory of Professor George G. Lorentz on the occasion of his 100th birthday.

ABSTRACT. A function @ is called absolutely monotone of order k on an interval I if Q(z) > 0,
Q'(x)>0,...,Q)(x) >0, for all z € I. An essentially sharp (up to a multiplicative absolute
constant) Markov inequality for absolutely monotone polynomials of order k in L,[—1,1],
p > 0, is established. One may guess that the right Markov factor is cn?/k and, indeed,
this turns out to be the case. Moreover, similarly sharp results hold in the case of higher
derivatives and Markov-Nikolskii type inequalities. There is a remarkable connection between
the right Markov inequality for absolutely monotone polynomials of order k in the supremum
norm, and essentially sharp bounds for the largest and smallest zeros of Jacobi polynomials.
This is discussed in the last section of this paper.

1. INTRODUCTION

Let P,, denote the collection of all real algebraic polynomials of degree at most n. If f
is a function defined on a measurable set A, then let

[flla = [fllLoa = Ifllzeccay = sup {[f(2)]}.
T€A

Let
1/p
||f||LpA::||f||Lp<A>:=(/4 |f(:v)|pdx) . pso,

whenever the Lebesgue integral exists. A function @ is called absolutely monotone of order
k on an interval I if Q(z) >0, Q'(x) >0, ..., Q¥ (z) >0, forallz € I. Let 0 < k < n.
Observe that @) € P, is absolutely monotone of order k on [—1, 1] if and only if it is of the

form o o
Q(x) := R(ZE)-l—/ / / / S(x1) dxy dxodzs - - - dzy
—1J-1 -1 J-1
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with an S € P, _; nonnegative on [—1, 1] and a polynomial R € Pj_; of the form
(1.1) R(z)=) aj(x+1), a;>0, j=01,...k—1.

Also, if 0 < m < k —1, then

Q(m)( ) R(m) / / : / / S($1> dl‘l dl‘g dl‘g tee dl‘k_m .
-1 J-1

A straightforward application of Fubini’s Theorem gives that if y € [—1, 1], then

(1.2) Qly) = R(y) _1 / S(2)(y — 2)FLda .
Similarly, if 0 <m <k—1,and y € [—1 1] then

(13) Q™) = R0+ Gy =y [ @),
Markov’s inequality [1, p. 233] asserts that

(1.4) 1Q li=1,1) < n?|Ql{=1,1]

for every @Q € P,,. The Markov inequality in L,[—1, 1] states that

(1.5) 1Q' 2, (-1,1) < CHl/anHQHL ~1,1]

holds for every Q € P, and p > 0. See [1, p. 402], for example. The essentially sharp
Nikolskii-type inequality

(1.6) 1Ql 2, =1,1) < (e(2+ qn))Q/q—Q/p QL1

for every Q € P, and 0 < g < p < oo is proved in [1, p. 395] with ¢ := €?(2m) ™!
It has been observed by Bernstein that Markov’s inequality for monotone polynomials
is not essentially better than that for all polynomials. He proved that

||Q ||[ 1] %(n-i- 1)2, if n is odd
HQH

where the supremum is taken for all polynomials 0 # @ € P,, of degree at most n that are
monotone on [—1,1]. See [5, p. 607], for instance.

In August, 2008, Andras Krod asked me in an e-mail if I knew an analog of the above
result of Bernstein for convex polynomials on [—1, 1]. In a few days, with different methods,
we both discovered independently that Markov’s inequality for convex polynomials is not
essentially better than that for all polynomials. A few weeks later Kroé informed me
in an e-mail that with Jézsef Szabados he proved the essentially sharp cn?/k Markov
factor for absolutely monotone polynomials @ € P,, of order k on [—1,1] in the uniform
norm. Meanwhile I had some work in progress about Markov inequality for absolutely
monotone polynomials of order k on [—1, 1] in L,[—1, 1] norm for p > 0. Krod, Szabados,
and I agreed that they would publish their results about Markov inequality for absolutely
monotone polynomials of order k on [—1,1] in C' norm, while I would try to work out the
right result in L,[—1, 1] for p > 0. The results of Kroé and Szabados appeared in [3]. In
this paper we prove the “right” Markov-Nikolskii type inequality for absolutely monotone
polynomials of order k on [—1,1].

in(n+2), if n is even,
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2. NEw RESULT
Our main result in this paper is the following.

Theorem 2.1. Let k,m,neN, 1 <k<n,0<m<k/2. Let 0 < q < p<oo. There are
absolute constants ¢y > 0 and ca > 0 and constants c, , > 0 and ¢, , > 0 depending only
on p and q such that

m+1/q—1/p m —
. ( q )2 cin? < sup ||Q(m)||Lp[—1,1] < (Can) +1/a=1/p
PEN\g+1 k o Q-1 T OPIN\ K 7

where the supremum is taken for all not identically zero absolutely monotone polynomials
Q € P, of order k on [—1,1].

We prove the above theorem in Section 4. There is an interesting relationship between
the above result and essentially sharp lower and upper bounds for the smallest and largest

zeros of Jacobi polynomials P,Eo"ﬁ ). This will be explored in Section 5.

3. LEMMAS

Lemma 3.1. Let kkm,n € N, 1 <k <n, 0 <m < k/2. There is an absolute constant
c3 > 1 such that

/1 S(z)(1 — z)F1™ dz < (Cj’{zz)mfl S(z)(1 — z)* ! dx

—1

holds for every polynomial S € P,_j nonnegative on [—1,1].

Proof. When m = 0 the lemma is obvious, so we may assume that m > 1. We base the
proof on Bernstein’s inequality [1, p. 232] stating that

HT/H [—m,7] < nHTH [—7,7]

for all real trigonometric polynomials of degree at most n. Let S € P,_; be nonnegative
n [—1,1]. Observe that for a € (—1, 1) we have the obvious inequality

(3.1) / S(2)(1 — )t dy < (1 1 )m/ S(z)(1 — 2)Fdz.

-1 —a -1

Let

Then P € P,_,,, C Pn,
1
P(1) = / Sy — )" dy,
—1
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and PU)(1) =0 for each j = 1,2,... ,k—1—m. We set T(t) := P(1) — P(cost). Observe
that T is a trigonometric polynomial of degree at most n

TW0)=0, j=0,1,...,2(k—m)—1.

The Taylor expansion of T' centered at 0,

< 17U () . > TG () .

T(y) = .,( ) i = > O,

i=0 I j=2(k—m)

converges for every y € R by the Root Test, since the Bernstein inequality
ITO0)] < 0| T,

holds. Hence, using also j! > (j/e)?, k —m > k/2, and the fact that 0 < T'(t) < P(1) for
every t € [—m, m], we obtain

[P(1) — P(cosy)| =T(y) < i (njp )j — (n;fe )

|
j=2(k—m) J =

<3 () o) Z(%)

k
P(1), 0<y Ton

M

Qﬁ

| N

IA

DO =
IA

Thus

P(1) < 2P(cosy) with y:= Ton

Combining this with (3.1) and the inequality cosy < 1 — 32/4 we obtain

/1 S(z)(1—z)*1"™de = P(1) < 2P(cosy)
—1

:2/COSy S(x)(1 —z)*1"mdy <2 <#)m /Cosy S(x)(1 —z)* 1 da

1 1 —cosy 1

<2 (Ck—f)m /11 S(2)(1—2)* ' da

with ¢ = 642, and the lemma is proved. O

Lemma 3.2. Let k,m, N € N, £k > 2, 5k < N, q > 0. There are an absolute constant
¢y > 0 and not identically zero polynomials S € Pn_y, that are nonnegative on [—1, 1] such
that

/1 S(2)(1 — 2)Fm da oy
1 > C4
/_115(33)(1—33)%5 _< K )
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for every 0 < m < k.
Proof. The lemma is obvious when m = 0, so we may assume that m > 1. Let k > 2,
5k < N,
N Al
R g | =
We define U € P, by U(cost) = D, (t), where

sin((2p + 1)t/2)
2sin(t/2)

D, (t) = % + Zcos(jt) =

and let S := U* € Py_j,. Clearly

S1) = (u+H* > pt,

and
c
with an absolute constant c; > 0. Let
1 1
3.3 B=|1-—5,1——]|.
(33) 521~ 1)

Using the Mean Value Theorem and Markov’s inequality we obtain that thereisa & € (z,1)
such that

hence

(3.4) / S@0 -z L ()" (L S PR
. . =12 \3 2) <1 Iz .

Also, it follows from (3.2) that

1—c/p? 1—c/p?
(3.5) / S(x)(1—z)* dx S/ k(1 —x)Fdx
—1 -1
s\ ! 1
<cs [ 2 ) < 25605764~ 2
c
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if c:= 64c5 and 1 — ¢/p? > —1. When 1 — ¢/p? > —1, from (3.4) and (3.5) we obtain

1 1
/ S(x)(l—x)kdx§(256C5+1)/ S(2)(1 — 2)* da,
l1—c/p

-1

hence

/1 S(x)(1 — )™ dx > /11(:/“2 S(x)(1 —z)*~™ da

| (5)° [ oo
—<%)m 256C5+1/ S(@)(1 ~ )" dx.

If 1 —¢/pu? < —1, that is u? < ¢/2, then

/1 S(x)(1—z)Fmdx >2™ /1 S(z)(1—z)*dx > (“—Z)m/l S(z)(1—z)*dx,

—1 —1

o]

which finishes the proof. [

Our next lemma follows from (1.2), (1.3), Lemma 3.2, and the inequalities

i NP
e “(k—-m)! —

Lemma 3.3. Let k,m,N € N, k > 2, 5k < N. There are an absolute constant ¢4 > 0
and not identically zero absolutely monotone polynomials Q € Py of order k+1 on [—1,1]
with a zero at —1 with multiplicity at least k + 1, such that

Q(m—|—1)(1) _ Q(m+1)(1> - (C4N2)m+1
Q(1) 1Q N Ly—1, — \ ek

for every 0 <m +1 < k.

Observe that if Q € Py is an absolutely monotone polynomial of order k41 on [—1, 1],
then P := @)’ is an absolutely monotone polynomial of order k on [—1,1]. Hence Lemma
3.3 implies the following lemma.

Lemma 3.4. Let k,m,N € N, k > 1, 5k < N. There are an absolute constant ¢4 > 0
and not identically zero absolutely monotone polynomials P € Py of order k+1 on [—1,1]
with a zero at —1 with multiplicity at least k such that

Pm™)(1) ><C4N2>m+1
[Plzy—1,0 — \ ek

for every 0 <m+1 < k.



4. PROOF OF THEOREM 2.1

Proof of Theorem 1.1. First we prove the upper bound of the theorem. Let 0 < m < k/2,
1 < k <n. We may assume that k > 2; the case k = 1, m = 0 follows from (1.6). Suppose
Q@ € P, is an absolutely monotone polynomial of order k£ on [—1,1]. If Q(z) = 0 for an
z € [0,1], then Q =0 and Q™ = 0, hence

4esn?

(41) @i (*2) g

trivially holds. If @) is not identically zero then scaling Lemma 3.1 linearly from the interval
[~1,1] to [~1, z] (note that (z+ 1) > 3 for € [0,1]) and using (1.2), (1.3), and (1.1),
we obtain

(4.2)
; ’ T — k—1—m
Q™ (@) _QU(x) _ R™(x) L Gt /_1‘%)( t) dt

Q@I Q@ ~ R@ (k_ll)! / ()@ — 1) di

2e3n2\ "™ 2e3n2\"™" desn?\ ™
<k™ m < k™ < .
<k™+k ( 12 ) <k —1—( ’ < ’ , x € [0,1]

(Observe that if R(z) = 0 for an = € [0,1], then R = 0 and R™ = 0, and R™ (z)/R(x)
in (4.2) can be interpreted as 0.) Hence (4.1) and (4.2) give

(4.3) /|Q<m> |pdx<(4c3”) /|Q )P d .

Since m < k — 1, Q™) (z) > 0 is increasing on [—1, 1], hence we also have

(4.4 /_i|@<m><x>|pdx§ /01|@<m><x>|pdx§(4c3”) / Q)P d

Combining (4.3) and (4.4), we obtain

1
/ |Q<m><x>|pdxsz(4c3”) /|@ P d,
-1

that is,

m 4ezn?\ ™"
(4.5 19,y <277 (225 QU 0

Now observe that (4.1) and (4.2) with m =1 gives




Combining this with the Mean Value Theorem gives that there is a £ € (y, 1) such that

4esn?

(1) ~ Q@) = (1 - M) < (1 - 1) (1) < L QM)

for every
k
I1:=|1- 1

re { 8csn?’ } ’
that is,

1

;1) =Q@), zel
Therefore, if 0 < ¢, then

8c3n? 1 1 8c3n?
QI <2 [ (GlGls) o< 22 [ o
I I

2 1
< B g0 / Q)| de,

—1

and hence, if 0 < ¢ < p < oo, then

1 1
1QI 1y = / Q)P da < / QIF Q) d

-1

(r—a)/a
_ {8c3n? -
< QP4 ( ) HQHiq[q_Ll]HQHqu[—l,l]

k
(p—q)/q
_ [ 8c3n?
S N e
Therefore a1,
_ 8cyn? —/p
Rl =27 (555) 7l

which, together with (4.5), finishes the proof of the upper bound of the theorem.

Now we prove the lower bound of the theorem. Since the case kK = 1 follows from the
case k = 2 we may assume that k > 2. First let n € N, v:=[1/q| +1, N := |n/v], k> 2,
5k < N,and 0 < m+1 < k/2. By Lemma 3.4 there is a not identically 0 absolutely
monotone polynomial P € Py of order k on [—1, 1] for which

PO <C4N2>m+1
IPllLy—1,y — \ ek

(4.6)

whenever 0 < m + 1 < %(k + 1). Using (4.6) and the already proved upper bound of the

theorem with m =0, ¢ =1, p = o0, and ¢’ = ¢, ;, we obtain

CQN2
r IPllLy-1,1-

8

(4.7) P)</{



POD() _ POD() [Py (cm)m“ (N)
P) Py PO)

S Ca caN2\"™"

“ecoc ek
Let R := P”. Then R € P, is an absolutely monotone polynomial of order k on [—1, 1],
hence using (4.6), (4.7), and (4.8), we obtain that
RU™(1) (P(l))"_1 pm) (P(1)" " Pt™(1)

R B = 1/q — vq—
H ||Lq[ 1,1] qu.’lf) (HPHLl[—l,l] (P(]'>) ! 1)

(4.9) o

(P(1))""" P™(1)

vg— a
02N2 a1 vq—1
(IIPIILl[ o () 1Pl )
(o) (P (P
1PNl Ly -1,1) P(1)

CICQN2 Yav caaN2\" ¢y caN2\™

k ek ecac’ ek

CGN2 m+1/q

()

with an absolute constant cg > 0 and a constant ¢, ; > 0 depending only on p and ¢. Since
R(™ € P,_,, is an absolutely monotone polynomial of order k —m > k /2, the already
proved upper bound of the theorem with proper substitutions imply

||R(M)||Lp[_1’1] S )_1 (202n2)—1/p
IR (=1, — 1 k

Now (4.9) and (4.10) give the lower bound of the theorem.

In the remaining cases, when n € N, v := [1/q| + 1, N := [n/v], k > 2, N < 5k < bn,
and 0 < m + 1 < k/2, the polynomials Q(z) = (1 — z)" yield the lower bound of the
theorem. [

v

v

v

(4.10)

5. BOUNDS FOR THE SMALLEST AND LARGEST ZEROS OF JACOBI POLYNOMIALS

In this section we point out a remarkable connection between the right Markov inequality
for absolutely monotone polynomials of order £ in the supremum norm, and essentially
sharp bounds for the largest and smallest zeros of Jacobi polynomials. We hope that even
the close experts of orthogonal polynomials would find some novelty in the discussion here.

A version of the following result is due to Chebyshev, see Theorem 7.72.1 on p. 188
in [6], who handled the slightly more technical case when 2n — 2 in the lemma below is
replaced by 2n — 1 as well.
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Lemma 5.1. Associated with a weight function w on [—1,1] let (P,) be the sequence of
orthonormal polynomials P, € P, on [—1,1] with respect to w. Denote the zeros of P, by

(—1 <)l‘nn < T(n—1)n < < Ty < 1’1n(< 1) .

Then

Equivalently,
1

S(:L')w(as) dz )

Sup R
/S )(1 — x)w(x) dx "

where the infimum and supremum are taken for all 0 # S € Pay,_o nonnegative on [—1,1].

Although Lemma 5.1 must be a well-known result for a reader familiar with the basics
about orthogonal polynomials, we present a short proof of it here, which is different from
that in [6, pp. 186-189]. We base the proof on the Gauss-Jacobi quadrature formula [6,
pp. 47-48] and hope it would help the reader to see it reasonably clearly what is behind
this good-looking result.

Proof. We prove the first statement of the lemma only, the second one is obviously equiva-
lent to it. Let 0 # S € Poy,—2 and Q(x) := S(x)(x1,—x). Since Q € Pay,—1, the well-known
Gauss-Jacobi quadrature formula gives that

1 1
/ S(z)(1 — 2)w(x) de = /_1 S(z)((1 — z1p) + (210 — z))w(z) dz

—1

:(1—x1n)/15($€) da:+/ S(z)(z1n — z)w(z) do

(1— 21y, / S(z)w(x)dx + Z)\ S(zjn)(T1n — Tjn)

>(1—z1n) /_1 S(x)w(x)dx.

Here each A; > 0, hence each term \;S(x;y)(21, — jn) is non-negative. Hence the first
statement of the lemma is already proved with the > sign.
To prove the first statement of the lemma with the < sign let



Clearly S € Ps,,_o is non-negative on the real number line and

/_1 S(z)(1 — z)w(zx) dz

:/_ M (1 —-2)w(x)de = / M (1= 21n) + (210 — 2))w(z) dz

1 (= $1n>2 1 (2 — $1n>2

1 )2 1 )2

1 (2 —x1p)? 1T —T1p

:u_xmx/l _Pa(@)” ()&r—l—xm‘/ S(x

-1 (33 — $1n>

Here we used the fact that the polynomial P, (x)/(x — x1,,) is of degree n — 1 and hence
it is orthogonal to P,, with respect to the weight w. This is just the first statement of the
lemma with the < sign. [J

Let (P}f”’ﬂ )) be the sequence of orthonormal (Jacobi) polynomials of degree n associated
with the weight (1 — 2)*(1 + z)? on [~1,1].

Corollary 5.2. Let x1, be the largest zero of the Jacobi polynomial PT(LRH’O), 2<k<n—1.
Then there are absolute constants c; > 0 and cg > 0 such that

1-— i 2< <1- i 2
cr o+ k S Tin S &} maik)

Proof. First we prove the upper bound of the corollary. Combining Lemma 5.1 and Lemma
3.1 applied with m =1, 2n + k — 1 in place of n, and k replaced by k + 1, we obtain that

k 1
d
1 /S To@ntk—1)?
1—2x1p = k4 1)2
o / S(x 1—33 (k+1)

Y

where the supremum is taken for all not identically 0 polynomials S € P5,,_o nonnegative
n [—1,1]. This gives the upper bound of the corollary.

Now we prove the lower bound of the corollary. When k& > (n — 1)/2 the lower bound
of the corollary follows from the well-known fact that —1 < 1, < 1. So we may assume
that 2 < k < (n — 1)/2. Combining Lemma 5.1 and Lemma 3.2 applied with m = 1,
2<k<(n-1)/2,and N :=2n+ k — 2 (observe that 5k < N is satisfied), we obtain that

1
/ S(z)(1 — ﬁ”¢”>@@n+k—m2

_ > -
/ S(x 1—33

1
1—1‘1n

(5.1) = sup

)



where the supremum is taken for all not identically zero polynomials S € Ps,_o that are
nonnegative on [—1,1]. This gives the lower bound of the corollary. O

There is much literature on bounds for the zeros of Jacobi polynomials, see e.g., Sections
6.2 and 6.21, pp. 116-123 in [6], but most are useful only when « and (3 are between —1/2
and 1/2. The reader may wish to check [4], for example, and some of the other references
in [2]. For large n, the extreme zeros behave like —1 + jé/(an) and 1 — j2/(2n?), where
Jjx denotes the smallest positive zero of the Bessel function J,, see Section 8.1, p. 192 in
[6].

The next theorem [2, Theorem 13] gives reasonably satisfactory lower and upper esti-
mates for the zeros of the Jacobi polynomials.

Theorem 5.3. Givenn =1,2,..., the zeros
(=1 <)Tpn < Tn—tyn < -+ < T2 < T1(< 1)

of the Jacobi polynomial of degree n with respect to a Jacobi weight w(x) = (1—x)*(1+z)°
with a« > —1/2 and 8 > —1/2 satisfy

232 202
—1+%§xnn and w1, <1—

where N :=2n+a+ 6+ 1.

In [2] we did not prove the sharpness of the above theorem (up to an absolute constant).
Combining Lemma 5.1 applied to the Jacobi weight w(z) = (1 — 2)*(1 + x)” on [~1,1]
and appropriate (quite straightforward) modifications of Lemmas 3.1 and 3.2, we obtain
the following result similarly to the proof of Corollary 5.2.

Theorem 5.4. Givenn =1,2,..., the zeros
(=1 <)Tpn < Tn-1)n < -+ < T2 < T1(< 1)

of the Jacobi polynomial of degree n with respect to a Jacobi weight w(zx) = (1—2)*(1+2)%
with a > 1 and B > 1 satisfy

2 2

co3? 1032 oo Coor
-1+ N2 anng_l‘i' N2 and 1-— ]:78[2 lengl_]gvzv

where N =2n+a++1 and cg > 0, c19 > 0, ¢§ > 0 and ¢}y > 0 are appropriate absolute
constants.

The details of the proof of the above theorem may be the subject matter of another
note in the not too distant future.

Acknowledgment. The author thanks the referee as well as Doron Lubinsky, Alphonse
Magnus, Edward Saff, and Bahman Saffari for their comments.
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