SIEVE-TYPE LOWER BOUNDS FOR THE MAHLER
MEASURE OF POLYNOMIALS ON SUBARCS

TAMAS ERDELYI

ABSTRACT. We prove sieve-type lower bounds for the Mahler measure of polynomials on
subarcs of the unit circle of the complex plane. This is then applied to give an essentially
sharp lower bound for the Mahler measure of the Fekete polynomials on subarcs.

1. INTRODUCTION

The large sieve of number theory [M-84] asserts that if
P(z) = Z apz”
k=—n

is a trigonometric polynomial of degree at most n,
0<ti <ty < - < ty, <2,

and
0= min{t2 —tl,tg — tg, .. .,tm — tm_1,271' — (tm - tl)} s

then

i‘P(em)‘ (27T-|-5 )/OQW‘P(eit)f gt

There are numerous extensions of this to L, norm (or involving 1 (‘P (e“) }p), where ) is
a convex function), p > 0, and even to subarcs. See [LMN-87] and [GLN-01]. There are
versions of this that estimate Riemann sums, for example, with tg := t,,, — 2,

m 2
Z e [* (¢ — ;1) <C/ ?dt,
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with a constant C' independent of n, P, and {t1,t2,...,t,,}. These are often called for-
ward Marcinkiewicz-Zygmund inequalities. Converse Marcinkiewicz-Zygmund inequalities
provide estimates for the integrals above in terms of the sums on the left-hand side, see
[L-98], [MR-99], [Z2Z-95], [KL-04]. A particularly interesting case is that of the Ly norm.
A result in [EL-07] asserts that if {21, 2o, ..., 2, } are the n-th roots of unity, and P is a
polynomial of degree at most n, then

(1.1) ﬁ P (z)|"™ < 2My(P),

where )
1 T -
My(P) :=exp (—/ log | P(e™)] dt)
2 Jq

is the Mahler measure of P. In [EL-07] we were focusing on showing that methods of
subharmonic function theory provide a simple and direct way to generalize previous re-
sults. We also extended (1.1) to points other than the roots of unity and exponentials of
logarithmic potentials of the form

P(2) = ¢ exp </ log |2 — 1] du(t)) ,

where ¢ > 0 and v is a positive Borel measure of compact support with v(C) > 0. Inequal-
ities for exponentials of logarithmic potentials and generalized polynomials were studied
by several authors, see [ELS-94], [EMN-92], [BE-95], and [EL-07], for instance.

Let a < 3 be real numbers. The Mahler measure My(Q, [« (]) is defined for bounded

measurable functions @) defined on [«, (] as

B .
Mo(Q, [, B]) := exp (ﬁ%a / log |Q(c) dt) .

It is well known that

Mo(Q, [ev, B]) = lim M;(Q, [ev, f)

p—0+

8 . 1/p
Mp(Q, [a, 8]) == (Qia/ }Q(e“)\pdt> ,  p>0.

It is a simple consequence of the Jensen formula that

where

Mo(Q) := Mo(Q, [0,2]) = |¢| ] [ max{1, |z}
k=1
for every polynomial of the form

n
H (z — zk) ¢,z €C.
k=1
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Finding polynomials with suitably restricted coefficients and maximal Mahler measure
has interested many authors. The classes

Ly = {p :p(z) = Zakzk, ap € {1, 1}}
k=0

of Littlewood polynomials and the classes

k=0

of unimodular polynomials are two of the most important classes considered. Beller and
Newman [BN-73] constructed unimodular polynomials of degree n whose Mahler measure
is at least y/n — ¢/logn. For a prime number p the p-th Fekete polynomial is defined as

fol2) = k: (g) o

1

where
1, if 2?2 =k (modp) has a nonzero solution,

<E> =< 0, if p divides k,
b —1, otherwise

is the usual Legendre symbol. Since f, has constant coefficient 0, it is not a Littlewood
polynomial, but g, defined by g¢,(z) := f,(2)/z is a Littlewood polynomial, and has the
same Mahler measure as f,. Fekete polynomials are examined in detail in [B-02]. In
[EL-07] we proved the following result.

Theorem 1.1. For every € > 0 there is a constant c. such that

Mol 0.200) > (5 —<) VB

for all primes p > c..

One of the key lemmas in the proof the above theorem formulates a remarkable property
of the Fekete polynomials. A simple proof is given in [B-02, pp. 37-38].

Lemma 1.2 (Gauss). We have

|fp(Z;JD>|:\/]_), j:1727"'7p_17

and f,(1) = 0, where z, := exp(2mi/p) is the first p-th root of unity.

The distribution of the zeros of Littlewood polynomials plays a key role in the study of
the Mahler measure of Littlewood polynomials. There are many papers on the distribution
3



of zeros of polynomials with constraints on their coefficients, see [ET-50], [BE-95], [BE-
97], [B-97], [B-02], [BEK-99], and [E-08], for example. Results of this variety have been
exploited in [EL-07] to obtain Theorem 1.1.

From Jensen’s inequality,

Mo(fp, [0,27]) < Ma(fp, [0,27]) = /p—1.

However, as it is observed in [EL-07], 1/2 — ¢ in Theorem 1.1 cannot be replaced by 1 —e.
Indeed if p is prime of the form p = 4m + 1, then the polynomial f, is self-reciprocal, that
is, 2P f,(1/2) = fp(2), and hence

(p—3)/2

fole¥) =€ 3" apcos((2k+1)t),  a € {-2,2}.
k=0

A result of Littlewood [L-66] implies that

2 27
Mot l0.2a) < 5= [ It = 5o [ 15l < 1= vp=T.

for some absolute constant £ > 0. A similar argument shows that the same estimate holds
when p is a prime of the form p = 4m + 3. It is an interesting open question whether or
not there is a sequence of Littlewood polynomials ( f,,) such that

Mo(fn,[0,27]) > (1 —e)v/n
for all € > 0 and sufficiently large n > N..

2. NEw RESULTS

Let D denote the open unit circle of the complex plane. Let 0D denote the unit circle.
For a complex-valued function f defined on 0D let

Ifllop := sup [f(z)[.

z€0D
Theorem 2.1. Let wy < wy < wq + 27,
w tg <ty <<ty Swa,

t_1:=wi — (to —w1), tmt1 = wa + (W2 — tm) ,
Wy — W1
5

1
0= max{to — t_l,tl — to, . ,tm_|_1 — tm} S 5 sin

There is an absolute constant ¢y > 0 such that

m wo

tip1 —tj— - ‘
> S g P < [ log P dt-+ Bl 5.1,

=0 w1
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for every polynomial P of the form
P(z)=> bz, b €C, bob, #0,
§=0

where

2
E(n,§,wi,ws) := (wy — wy)nd +né*log(1/8) + /nlog R <5 log(1/0) + g )

Wo — w1
and R := |bob,|~Y?||Plap -
Observe that R appearing in the above theorem can be easily estimated by
R < |bobn| ™2 (1bo| + [b1] + -+ + [bal) -

As a reasonably straightforward consequence of our sieve-type inequality above, the
lower bound for the Mahler measure of Fekete polynomials below follows.

Theorem 2.2. There is an absolute constant co > 0 such that

Mo(fp, [, B]) = c2/p

for all prime numbers p and for all a,, 3 € R such that

dr _ (logp)®”

<fO-—a<
P YE <pf—-—a<2r.

It looks plausible that Theorem 2.2 holds whenever 47/p < 8 — a < 27, but we do not
seem to be able to handle the case 47 /p < 8 — a < (logp)3/?p~1/2 in this paper.
We remark that Cauchy’s inequality implies

R
Moy ) < MGyl 8) = 5 [ U]t

1 a+2m " "
- /’ ()] X () dt

08—«
_ a+27 i th
[ X[a,5(e")]

1/2 1/2

1 a+27 )
< ([ ienp )

< g VInVh-1VA-a

1/2
:(ﬂ%?) Pt

whenever 0 < § — a < 27. However, it seems plausible that there is a constant C(q,¢)
depending only on ¢ > 0 and € > 0 such that

z%mAmms(ggiﬁn@mwasc@@ﬂa

whenever 2p~1/2te < § — o < 2. We expect to prove this in a forthcoming paper.
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3. LEMMAS

To prove the theorems we need several lemmas. Our first three lemmas look quite
similar to each other. Our Lemma 3.1 deals with a subdivision of the period in which case
we can exploit the formula

2T
/ log e — a| dt = log™ |a| := max{log|al, 0}, aeC.
0

In Lemma 3.2 we deal with a subdivision of a subinterval [wy,ws] of the period. In this
lemma the location of the zero a = |a|e’? € C is special. The geometric implications of
the assumptions on the location of a are exploited heavily in the proof of Lemma 3.2. In
our Lemmas 3.1 — 3.4 below we use the notation

0 := max{t1 — to,tz — tl, . ,tm — tm—l} .

Lemma 3.1. Let

t1 <tg < - <ty <ty 42w, to:=tm — 21, tmt1 =11 +27.
Then
Tt —tj : 27 :
(3.1) Zulog|e’tﬁ'—a|§/ log |e" — a| dt + 56
j=1 2 0
= log™ |a| + 56

for every a € C. Here log™ |a| := max{log |al, 0}.
Lemma 3.2. Let wy < wy < wq + 27,
wp =ity =ty <ty < - <ty =lmy1 1= wa.

Let A <sin((wg —w1)/2). Then

m

tiq —ti , w2 ,
(3.2) Z % log €' — a| — / log|e" — a| dt| < 55°A~1
§=0 @i

for every a = |a|e’¥ € C satisfying

(3.3) et —a| > A and e’z —a| > A
and
(3.4) wo — 21 < p <ws.

Our next lemma follows immediately from Lemmas 3.1 and 3.2. (Lemma 3.2 is applied
with § = A.)
6



Lemma 3.3. Let wy < wy < wp + 27,
wi =it =tg<t1 < <ty =rtmei1 :=ws.

Let § <sin((wg — w1)/2). Then

Mt —ta ) w2 )
Z L 9l g e —al < / log [e" — a| dt + 100
w

2
=0 :

for every a € C satisfying

(3.5) et —a| > 6 and ez —qa| > 6.

Combining Lemmas 3.3 and 3.5 we obtain the following.

Lemma 3.4. Let w; < wy < wy + 27,
w1 ::t—lzt0<t1<"'<tm:tm+1 = w2,

d < 1/2. Then there is an absolute constant cz > 0 such that

m

tiy1 —tj— ‘ - '
Z % log e — a| < / log " — al dt 4 c3010g(1/9)
=0 .

for every a € C such that either [e™t —a| < § or |e™? —al < 4.

Lemma 3.5. Let f—a <6 < 1/2 and |a| > 1/2. There is an absolute constant cq4 > 0
such that

p ,
03/ log e — a| dt + c461og(1/6).

The following two lemmas will be needed to estimate the Mahler measure of polynomials
on short intervals (of size at most &) next to the endpoints of the interval.

Lemma 3.6. Let a < v < B and B —a < 6 < 1/2. Suppose that |e?? —a| > (M +1)6
with some M > 0. Then

‘ B ‘ 5
(6 —a)logle’ — al §/ log|e’t—a|dt+M.

Lemma 3.7. Let a <~y < 8 and 8 —a < § < 1/2. Suppose that | —a| < 1. There is
an absolute constant cs > 0 such that

, B ,
(B —a)logle —al < / log |e” — a| dt + c50log(1/6).

(e

Our final lemma formulates a classical result of Erdés and Turan [ET-50]. (A recent
improvement of the result below is given in [E-08].)
7



Lemma 3.8. If the zeros of

P(z):=) bz, b €C, bob, #0,
§=0
are denoted by
aj:TjeXp<i(pj)7 T’j>0, @j€[072ﬂ-)7 j:1727"'7n7

then for every a < f < o+ 2w we have

‘ Z 1—ﬂ2_7ran‘<16\/nlogR,

JEI(e,B)

where R := |bob,|~Y?||Pllap and I(a,B) :={j:a < ¢; < B3}.

Lemma 3.9. Let P be a polynomial of the form as in Lemma 3.8. Suppose a < v < (3
and f—a < § <1/2. We have

B
(8 — o) log |[P(e™)| < / log e®t — aldt + ¢, (n52 log(1/6) + 6 log(1/8)\/n log R)

with an absolute constant ¢y > 0.

4. PROOFS OF THE LEMMAS

The proofs of Lemmas 3.1 and 3.2 follow the same lines but they are slightly different.
To prove both of our first two lemmas our starting observations are as follows. Without
loss of generality we may assume that a is a positive real number. Since then

log e — a| = log |e® — a™!| + log|al

for all t € R, it is sufficient to prove (3.1) and (3.2) only in the case when a > 1. Note
that elementary geometry shows that if f” exists and does not change sign on [a, 3], then

B —
(4.1) | rwran=ES 2@ + £8)] < 59— aP1F(6) - £1(a).

This is just estimating the difference of the area of the region H below the graph of a

(positive) convex or concave function on an interval [, §] and the area of the trapezoid T'

with vertices A(a,0), B(3,0), C(a, f(«)), and D(8, f(3)). Observe that the fact that f”

exists and does not change sign (without loss of generality we may assume that f” > 0 on

[, B], so f is convex on [, (]) implies that the region 7'\ H is contained in the triangle
8



CEF where the t coordinate of both E and F is 8 and the slope of CE is f'(«) and the
slope of CF' is f/(). Finally observe that the area of the triangle CEF is

55— a7 (8) ~ ()]

Also, if f’ is continuous on [« ], then

B B —
(4.2) /a f(t)dt— 2 (f(a/)_|_f(ﬁ)> S(ﬁ_O‘)th[lg)éH ( >|
Now let
f(t) :=logle" —al.
Then
(4.3) f(t) = asint and  f"(t) = —20? + (1 + a®)acost

1+ a? —2acost (1 + a? — 2acost)?

Also, since f” has at most two zeros in the period, the total variation V32 f' of f’ on
[w1, wo] satisfies

(4.4) Verf' <6 max |f'(1)].

te[wl LUQ]

Observe also that (4.1), (4.2), (4.4), and the fact that there are at most two intervals
[tj—1,t;] on which f” changes sign imply that

w2

(45) Fleyde =30 L )

J=0

</ £(t) 7 ”(f(tj>+f(tj—1>))

&

J t; —t
< / f(t)dt—]le(f( j)‘f’f(tj—l))‘
j=1["ti-1
1
<D0 5t — 1?17 (1) = £ (1| + 2687 max|f(0)
et
<XV 1287 max |f/()] < 56° max |f(2)].
-2 te[wy,wa] t€lwr,w2]

Proof of Lemma 3.1. In addition to a > 1, without loss of generality we may assume that
a>1+0, the case 1 < a <1+ ¢ follows easily from the case when a = 1+ §. To prove
9



(3.1) when a > 1+ ¢ first observe that elementary calculus shows that |f/(¢)| achieves its

2 -1
maximum on the period when cost := L |sint| = a . Therefore
1+ a? a?+1
(4.6) W <(@—a )7t <67, teER,
where a > 1 + J has also been used. Hence,
4. ‘W) <ot
(4.7) e [P (@] <
Now (4.5) and (4.7) imply that
2m m t'_|_1 —t. 1
t)dt—» LT=—T—f(t;)] <54. O
) ; S f(t)| <5

Proof of Lemma 3.2. As we observed it in the beginning of the section, it is sufficient to
prove (3.2) only in the case when a > 1. To prove (3.2) when a > 1 first observe that

int| et — al 1 _
)] = |a sin . _ o A- ;
F(0) 1+ a?—2acost ~ |eit —al?2 |eit —a| — ’ € lwr,wal,

that is,

(4.8) max |f'(t)| < A7,

te[wl,WQ]
Now (4.5) and (4.8) imply that
2m m t. —t.
HOEESY %f(tj) < 562A71, O

Proof of Lemma 3.3. If (3.4) is satisfied then we get the conclusion of the lemma by using
simply Lemma 3.2. If (3.4) is not satisfied, that is, if w; < ¢ < wy + 27, then the argument
is a bit trickier. Namely, if w1 < ¢ < wy + 27, then the conclusion of the lemma follows
from a combination of Lemmas 3.1 and 3.2. Lemma 3.2 is applied with [w;,ws] replaced
by [we2,w1 + 27| and by extending the original subdivision of |w;,ws] with norm § to a
subdivision of the period with norm §. [

Proof of Lemma 3.5. First assume that |a| > 1. Without loss of generality we may assume
that a is real and ¢ > 1. Then

8 ‘ 8
/1og|e’t—a|dt2/ log

2t
—‘ dt = {tlog
™

10

B
2t
—) —t} > cgdlogd
T
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with an absolute constant c¢g > 0, and the lemma follows. Now assume that 1/2 < |a| < 1.
Without loss of generality we may assume that a is real and 1/2 < a < 1. Since

log e — a| = log|e” —a™'| +1loga

for all t € R, it follows from the already proved case that

p .
/ log |e" — a|dt > cgdlogd + (B — ) loga

> 2cg0logd + dlog(1/2) > (cg + 1)dlogd . O

Proof of Lemma 3.4. This is a consequence of Lemmas 3.3 and 3.5. [

Proof of Lemma 3.6. Observe that | —a| < |e?Y — €| + |e** — al, hence

it > vy sty it> Y —5> vy
le® —al > e al — e el > le al _M+1|e a
for every t € [a, §]. Hence
. B : B , .
(6 —a)logle” —al — / log [e" — a|dt < / (log | — a| — log |e* — al) dt
B iy
g/ log - @ dt
a e —a
M+1
<(B—-a)l
< (B~ a)log—
<5/M. 0

Proof of Lemma 3.7. Without loss of generality we may assume that a is a positive real
number. Since then . .
log e — a| = log|e” —a™'| +1loga

for all t € R, it is sufficient to prove the lemma only in the case when a > 1. Elementary
calculus shows that .
(6—a)logle” —al <0,

B ‘ B o
/ log |e* —a\dtZ/ log

—‘ dt = {tlog
™

while

B
2t
—‘ —t} > c50log 6
T

«

with an absolute constant c¢; > 0. [

Proof of Lemma 3.9. Every polynomial P of the form

P(z)=>) bz, b eC, b, #0,
j=0

11



can be factorized as

ﬁz—ak a, € C.

Without loss of generality we may assume that b, = 1. Let

L—1:= @og2 (%)J > 1,

By =B+ 214, w=12 ... L,
ay i=oa — 216, w=12 ..., L,
Vii={re": pcla,p), r>0}, Ve = {re": o e [Br_1,ar_1+27), r>0},
and
V,={re": p€[Bi1,8.) Ulau,au1), r>0}, w=23,...,L—1.
Note that

L
U vu=cC\{o}.

Let N, denote the number of zeros of P in V),. By Lemma 3.8 there is an absolute constant
c7 > 0 such that

(4.9) NM<C7(n2“5+\/nlogR), pw=12 ... L+1,

where R := |bob,|~'/2?||P||ap. Observe also that there is an absolute constant cg > 0 such
that

(4.10) |t —al >+ cg2t0, telo,B], acV,, w=23,...,L.

Using Lemmas 3.6 and 3.7 and inequalities (4.9), (4.10), and
L -1 <log, <25) < 1+log,(1/6),

we obtain

(B —a)log|P(e)| = (B — « Zlog|e”—ak\ =(p—-a Z Z log " — ay,

pu=lar€eV,

N6
082“

§Z/ log e — ay| dt + Nicslog(1/6) —l—Z
k=1

B
g/ log |[P(e")| dt + c7(n26 + \/nlog R)c56log(1/6)
N ZL: 07(n2“6 + v/nlog R)5

cg2M

n=2
12



and hence

g .
(6 — ) log | P(¢)] — / log [ P(¢!)] dt

= 216 + \/nlog R)§
<c7(n26 + \/nlog R)cs6log(1/0) + erle jgun %2F)

8
I

=2

<d <n52 log(1/5) + 8log(1/8)\/nlog R)

with an absolute constant ¢} > 0. In the last inequality we used that
L

3 er(n2+4) C:QM — (L - 1)2—;7152 < 2—2(1 +logy(1/6)) nd?. O

u=2

5. PROOFS OF THE THEOREMS

Proof of Theorem 2.1. Without loss of generality we may assume that wy — wy < 7/8.
First we assume that tg = w; and t,, = ws. Every polynomial P of the form

P(z)=>) bz, b eC, b, #0,
j=0

can be factorized as

P(z)=b, [[(z—ax), areC.
k=1

Without loss of generality we may assume that b, = 1. Let
U := D(e™',§) U D(e"2,0)

where D(a,r) denotes the open disk of the complex plane centered at a with radius r. Let

2
L—1:= Llogz (wﬂwl)J > 9,

ﬂu;:wQ+2“(w2—w1), /,L:1,2,...,L—1,
auzw1—2“(w2—w1>, M:1,2,...,L_1,
Vii={re": pela, i), r>0}, Vi = {re: ¢ €[fr,ap1+2m), 7> 0},

and

V, = {re?: pe Bu—1,8u) Uy, op—1), >0}, w=23,...,L—1.
13



Note that

L
U vu=cC\{o}.

Let M denote the number of zeros of P in U. Let N, denote the number of zeros of P in
V... By Lemma 3.8 there is an absolute constant c; > 0 such that

(5.1) M < c7(né + y/nlog R)

and

(5.2) N, < ¢7(n2# (w2 —w1) + y/nlogR), p=1,2,...,L,

where R := |bob,|~'/2||P||ap. Observe also that there is an absolute constant cg > 0 such
that

(5.3) [t —a| > g2 (wo —wq), tewi,wa], acV,, w=2,3,...,L.

Using Lemmas 3.2, 3.3, and 3.4, and inequalities (5.1), (5.2), (5.3), and

L—1§10g2< /2 )§1+log2(1/5),
1

Wy — W
we obtain
T tig — i o =ty — i
P e 5 “log [P(e’h)| =) Y A= 5 = loge® — ay|
§=0 j=0 k=1
L
B S) LIRS o o gr bR
k=1 53=0 pn=lareV, j=0
N , "N, (562
< (/ log‘ezt_ak|dt)—|—N1(105)+M(03610g(1/5))—1—2c 2#{( _) x
k=1 /w1 p—p 857 \W2 T W
and hence
- tir1 —tj1 it w2 it
Zfbgﬂ% f)l— l0g|P( )| dt
7=0
< c7(2n(wz — wi) + v/nlog R)(106) +C7(n6—|— v/nlog R)(c301og(1/4))
L 52

ZC7 n2t(wy — w1) + /nlog )
=2

082“ wo — wq)

( ws — wi)nd + nd® log(1/8) + nlogR<5log(1/5>+ 5’ ))

W2 — Wi

E(n,d,wy,ws)
14



with an absolute constant ¢j > 0. In the last inequality we used that

L
52 C7 Cr
2 (g — = (L —1)-2Lns%? < Lné?(1+1log,(1 )
E cr(n2t (wy Wl))CSQM(w2_w1) ( )C8 né” < s nd~ (1 +logy(1/9))

n=2
Hence the theorem is proved in the case when ty = wy and t,, = wo.
Now we eliminate the extra assumptions tg = wy and t,, = ws from the proof. Applying
the already proved case of the theorem with w; =ty and we = t,,,, we have

m—1 ] . . tom .
54 3 % log |P('1)] < / log | P(e*)| dt + ¢, E(n, 5, w1, ws)
j=1 to
It follows from Lemma 3.9 that
to —t_ , o ,
(55) O g | P(e™)| < [ log P dt + ¢ B(m 1,0
w1
and
tm-l—l —tm it w2 it ’
(5.6) — 5 log |P(e*" )| < log |P(e")|dt + ¢} E(n, d, wi,ws) .
t

m

Now (5.4), (5.5), and (5.6) imply the theorem. O

Proof of Theorem 2.2. The theorem follows from Theorem 2.1 and Lemma 1.2 in a straight-
forward fashion. Let g,(z) := fp(2)/2 and let
(5.7) wpima<tg<ti<to<- <ty <pP=ws

be chosen so that e, j = 0,1,...,m, are exactly the primitive p-th roots of unity lying
on the arc connecting e** and e*® on the unit circle counterclockwise. The assumption on
p guarantees that the value of § defined in Theorem 2.1 is at most 47 /p. Observe also that
R <p-—2<p. ByLemma 1.2 we have

9p(e™)| =D,  §=0,1,...,m.
Applying Theorem 2.1 with P := g,, n =p — 2, and (5.7), we obtain

T it b .
> %ﬂl log|gy(e™)| < / log |gp(e")| dt + c1 E(p — 2,47 /p, , B)
=0 o
where the assumption
(log p)*/?

implies that

E(P—2747T/P,Oé,ﬁ)§6/10<(ﬁ_a>p+logp+\/plogp <IO§p—|— 1 ))

b p
<c1o(f — )

with absolute constants ¢}, > 0 and ¢19 > 0. Hence
MO(fp7 [Oé, ﬂ]) = MO(QP? [aaﬁ]) > eXP(—Clcw) \/]37

and the theorem follows. O
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