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ABSTRACT. Sharp extensions of some classical polynomial inequalities of Bernstein
are established for rational function spaces on the unit circle, on K := R (mod 27),
on [—1,1] and on R. The key result is the establishment of the inequality

la;j|? — 1 1—|a;|?
If'(z0)] Smaxq > T »" fz]gﬁ l.fllop

j=1 |aj_Z0‘2’ j=1 |a;
laj|>1 laj|<1

for every rational function f = pn/gn, where py is a polynomial of degree at most n
with complex coefficients and

an(2) =[]z —ay)
j=1

with |a;| # 1 for each j, and for every zg € 0D, where 8D :={z € C: |z| = 1}. The
above inequality is sharp at every zg € 9D.

1. Introduction, Notation.

We denote by P, and Py the sets of all algebraic polynomials of degree at

most n with real or complex coefficients, respectively. The sets of all trigonometric
polynomials of degree at most n with real or complex coefficients, respectively, are
denoted by 7, and 7,°. We will use the notation

1f1la = sup | f(z)]
zEA

for continuous functions f defined on A. Let

D:={zeC:|z] <1},
0D :={z€eC:|z|=1}
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and
K := R (mod2r).

The classical inequalities of Bernstein [1] state that

|pl(zo)| < n||p||8D7 pE P’ri? 20 € 8D7
t'(00)| < it x, teTy, boekK,

n
Ip'(20)| £ —=—=51IPll|=1.1);
V1—a?

Proofs of the above inequalities may be found in almost every book on approx-
imation theory, see [4], [5], [6] or [8] for instance. An extensive study of Markov-
and Bernstein-type inequalities is presented in [7].

pEeP,, € (—1,1).

In this paper we study the rational function spaces:

Pe(ar,az, -+ ,an;0D) := npn(z) tpn € P
[1(z—ay)
j=1
on 0D with {a1,az, -+ ,a,} C C\ 9D;
tn (0
To(arsaz, -+ azn; K) 1= { - () ity €Ty
[I sin((6 — a;)/2)
j=1
on K with {a1,a9, - ,a2,} CC\R;
Pranaz. - a1 = 22 e pr
[ (z—ay)
Jj=1
on [—1,1] with {a1,a2, -+ ,a,} C C\ [-1,1];
Pe(ar,az,- - ,an;R) := npn(l“) :pn € PS
[[(z—ay)
j=1
on R with {ay,az2, -+ ,a,} C C\R, and
Pl(ar,a2, - ,an;R) := Pn(2) tpn € P
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on R with {a1,a2,--- ,a,} CC\R.
The spaces

t (0
To (a1, a2, az K) 1= ¢ ©) ttn €T,

I im0~ a)/2)

on K with {aj,ag, -+ ,a,} C C\ R and

pn()
I1 [z —a;]
j=1

Pr(ar, a9, - ,an;[—1,1]) := ipn € P,

n [—1,1] with {a1, a9, -+ ,a,} C C\ [—1,1] have been studied in [2] and [3], and
the sharp Bernstein-Szego6 type inequalities

f'(60)* + Bu(00)® f(60)* < B(60)*| fl%> o€ K
for every f € T, (a1, a9, ,a2,; K) with
(a1,az2, -+ ,a2,) CC\R, Im(a;) >0, j=1,2,---,2n
and
(1 —a3)f'(x0)* + Bu(0)*f(w0)* < Bu(wo)?IfIIf_1,1, 20 € (=1,1)
for every f € Pr(ay,ag, - ,an;[—1,1])) with
{a1,a9, -+ ,a,} C C\ [-1,1]
have been proved, where
~ Jetas|?

Z |em] 619|2’ 0cK

and
2
n e
(LJ 1

B, (z) :=Re 27 , z € [-1,1]

=1 CLj — T
with the choice of , /a — 1 is determined by

—,/a§—1‘<1.

These inequalities give sharp upper bound for |f'(0)| and |f’(zo)| only at n points
in K and [—1, 1], respectively. In this paper we establish Bernstein-type inequalities
for the spaces

’Pfl(al,ag,--- 7anuaD) and 7;10(0/170/27"' 7a2n;K)
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which are sharp at every z € 0D and 6 € K, respectively. An essentially sharp
Bernstein-type inequality is also established for the space

Pycl(alu az, - ,0n; [_17 1])

A Bernstein-type inequality of Russak [7] is extended to the spaces
P’rcl(a’la a2, ,0n; R)a
and a Bernstein-Szeg6 type inequality is established for the spaces

P;(GJ,GQ, e 7a/n;]R)'

For a polynomial
qn(z)ch(z—aj), 0+#ceC, a; €C
j=1

we define .
an(z) =2 [[(1-a;2) = 2"q,(="").
j=1
It is well-known, and simple to check, that

lgn (2)] = lg, ()], z € dD.

We also define the Blaschke products

n

Z—CLJ'

j=1
associated with {a1,as, -+ ,a,} C C\ 9D, and

Sp(z) = 2o

Jj=1

Z — CLj
associated with {a1,as, -+ ,a,} C C\ R.

2. New Results.

Theorem 1. Let {a1,az2, -+ ,a,} C C\ 9D. Then

laj? —1 1 —|a;]?
| f'(20)| < max Z |J7 Z ﬁ Iflon

= 1% Zof*” = 14T
\aj\>1 Iaj‘<l
for every f € PS(ar,az, - ,an;0D) and zo € 0D. If the first sum is not less than

the second sum for a fived zo € D, then equality holds for f = cS;", c € C, where

S;t is the Blaschke product associated with those aj for which |aj| > 1. If the first
sum is not greater than the second sum for a fized zg € 0D, then equality holds for
f=1c8,, ceC, where S is the Blaschke product associated with those a; for

which |a;| < 1.
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Theorem 2. Let {ai,az, -+ ,a2,} C C\R. Then

2n 2n

, |eiaj|2 -1 1— |eiaj|2
Pl <maxd 3 SEmn Y s
j=1 j=1
Im(a;)<0 Im(a;)>0

for every f € T(ar,az, - ,a2,; K) and 8y € K. If the first sum is not less than the
second sum for a fired Oy € K, then equality holds for f(0) = ¢S, (€?), c € C. If the
first sum is not greater than the second sum for a fized 0y € K, then equality holds
for f(0) = ¢Sy, (€?), c€ C. Sy and S, associated with {e'®, e ... i} gre
defined as in Theorem 1.

Theorem 3. Let {aj,az, -+ ,a,} C C/[—1,1] and
cji=aj —/a? -1, lej] <1

with the choice of root in /a3 — 1 determined by |c;| < 1. Then

1 o2~ 1 s
[/ (w0)| € ——==max{ D —H——0 Z|C o (1l

1 =g j=1
for every f € PS(ar,az2, -+ ,an;[—1,1]) and zp € (—1,1), where zq is defined by

20 = x0 +iy/1 — 2, xo € (—1,1).
Note that

n\Jad — el

c|
Bu(zo) =Re | 3 Y21 — § il ~1,1).
(o) ¢ = a0 |c — 20/? @0 € ( )

Our next result extends an inequality established by Russak [7] to wider families
of rational functions.

Theorem 4. Let {aj,az2, -+ ,an} C C\R. Then

n n

Fao) <max] S 2@l -ogn o 2Ly

= lwo—alt e o —ayf?

Im(a;)>0 Im(a;)<0

for every f € PS(a1,az,-+,an;R) and xy € R. If the first sum is not less than the
second sum for a fized Ty € R, then equality holds for f = c¢SF, ¢ € C, where S}
is the Blaschke product associated with the poles a; lying in the upper half-plane

H" :={z € C:Im(z) > 0}.
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If the first sum is not greater than the second sum for a fized xo € R, then equality
holds for f = ¢S5, ¢ € C, where S is the Blaschke product associated with the

n’

poles a; lying in the lower half-plane

H™ :={z¢€ C:Im(z) < 0}.

Our last result is a Bernstein-Szegé type inequality for
Prai,az, - ,a2n;R)
which follows from the Bernstein-Szegé type inequality for
Pl (ar, a9, - ,an;[—1,1])
mentioned in the introduction.
Theorem 5. Let
{a1,a9, -+ ,a,} C C\R, Im(a;) >0, j=1,2,---,n.

Then R R
f'(20)® + Bu(w0) f(20)* < Ba(xo)*[ flIR, 20 €R,
for every f € Pr(a1,az, - ,an;R), where
. " TIm(a;)
B, = EA R
(=) Z:: |z — a;l? ve

We remark that equality holds in Theorem 5 if and only if xg is a maximum
point of f (i.e. f(xo) = £|f|lr) or f is a “Chebyshev polynomial” for the space
Pr(ar,az, - ,an;R) which can be explicitly expressed by using the results of [2]
and [3].

Note that Bernstein’s classical inequalities are contained in Theorem 1, 2, and 3
as limiting cases, by taking

{a® o, oy cCc\D

in Theorems 1 and 3 so that hm |a( )| = oo for each j = 1,2,--- ,n, and by taking

{a{¥ al ,~-ﬂ$}CC\R

gﬂj = a;k) and li}m |Im( )| = oo foreach j =1,2,--- ,n.
Further results can be obtained as limiting cases by fixing a1,az2, -+ ,am, 1 <m <

n, in Theorems 1 and 3, and by taking

in Theorem 2 so that a

{alaaQ;' o a’mva’gjilva’gfi»QW' ' 5a£7,k)} C C\D

so that hm |a( )| = oo for each j =m+1,m+2,--- ,n. One may also fix the poles
1,02, - am, Ant1, g2y 5 OGntm, 1 < m < n, in Theorem 2 and take

k k k k
{alv"' amaagni-lu"'ua;)van-l‘l?"' a"+m7a§z-|)-m+17"' aén)}CC\R

so that agizj = Eg-k) and hm |Im( )| = oo foreach j = m+1,m+2,-

Several interesting corollanes of the above three theorems can be obtained. We
formulate only one of these.
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Corollary 6. Suppose {a1,az, -+ ,a,} C C and
1 < R <|ajl, ji=12--n

Then

1
_1n||f||(9D7 z € 0D,

for every f € Pi(a1,az, -+ ,an;0D). For a fired zg € 0D equality holds if and only
if

a1 =as=---=a, = Rz
and f = ¢Sy, c € C, where S, is the Blaschke product associated with the poles
as, ]: 1527"' ,

3. Proofs.

To prove Theorem 1 we need the following result (see [9, p. 38] for instance).

Interpolation Theorem. Let V be an n + 1 dimensional subspace over C of
C(Q), the linear space of complex-valued continuous functions defined on a compact
Hausdorff space @, and let L # 0 be a linear functional on V. Then there exists
distinct points x1, x2, -+, z, in @, where 1 < r < 2n+ 1, and nonzero real numbers

€1,C2," - ,Cp s0 that
ks

L(f)y= _cif(xj), feV

j=1

and

L] := max c
H || 0LfEV Hf Z|J|

Proof of Theorem 1. For the reason of symmetry it is sufficient to prove the theorem
when z = 1. Without loss of generality we may assume that

(1) Re (S| #2

the other cases follow from this by a limiting argument. Let @ := 9D (with the
usual metric topology),

V= P’rcz(a’l;aQa e 7a’n7aD)
and
L(f)=f'(1), feW

We show in this situation that n+ 1 < r in the Interpolation Theorem. Suppose to
the contrary that » < n. By the Interpolation Theorem there are r distinct points
T1,%2, - , &, on OD so that

@) Pn(Dgn(1) — g, (1 chpn

: pn € Py,
Qn(l) j
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where
(3) qn(2) == H(z —aj).
j=1
We claim that z; # 1 for each j = 1,2, ,r. Indeed, if there is an index j so that

x; = 1, then the Interpolation Theorem implies that

T

pn(z) = (+1)"" H(z —xj) € P

j=1

has a zero at 1 with multiplicity at least 2, a contradiction. Applying (2) to the
above p,, we obtain

Pr(D)an(1) = ¢, (1)pa(1) = 0,
and since p,(1) # 0 and ¢, (1) # 0, this is equivalent to

or in terms of the zeros of p, and g,

1 n—r . 1
@) Z1—aj: 2 +Z1—xj'

Jj=1 j=1

Since z; € 0D and z; #1, j=1,2,---,r, we have

(5) R‘e( ! )Z%v j:1,2,"','f'.

1—{Ej

It follows from (4) and (5) that

1 n
Re Zl—aj 25

Jj=1

which contradicts assumption (1). So n 4+ 1 < r, indeed.

_A simple compactness argument shows that there is a function f € V so that
Ifllop =1 and |L(f)| = ||L||. The interpolation Theorem implies

|f($])|:1, j:1727"'7r'
Hence, if
r3 ﬁn ~ c
f:q_7 pnepn7 qn(z):H(z—aj),
then

(6) h(z) = a2 ~ lau(2)? <0, z€dD
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and
(7) h(z;) =0, j=1,2---r
Note that t(0) := h(e?) € T," vanishes at each 6;, where 0; € [0,27) is defined by
;= ei j=1,2,--- 7. Because of (6), each of these zeros is of even multiplicity.
Hence, n + 1 < r implies that ¢t € 7, has at least 2n + 2 zeros with multiplicities,
therefore ¢(f) = 0. From this we can deduce that h(z) = 0 for every z € 9D, so
(8) Ipn(2) = lan(2)l, 2z € 0D.
We have

2" Bn(2)55(2) = [Ba(2)|* = |an(2)* = 27"qn(2)an (2), 2 €D,
so by the Unicity Theorem of analytic functions
ﬁnﬁz = anz'

[ From this it follows that there is a constant 0 # ¢ € C so that

3 Pn(2) T2 - 1/a;
flz) = =c
qn(2) 31;[1 z—
with some m < n and
aj=ag, j=1,2,---.m, 1<k <ky<--<ky<n
A straightforward calculation gives
: FO|_ I\ 1 1
Fol= 22 = Y (e -
f(l) =1 - /aJ —Qy
- Joy? 1 la;> —1 1 — a;|?
= — | < e — PR i
D e A P P e D P vy
j=1 j=1 j=1
Iaj‘>l ‘aj|<1

which finishes the proof. [

Proof of Theorem 2. Observe that if
2n

hn(0) == [ [ sin((0 — a;)/2) € T
j=1

and t, € T,¢, then there are ps, € P35, and qo, € P3,, so that

hn(0)  qon(e®)e=™mf  qo,(ei?)’
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where
2n
Gan(2) =c H(z —e')
j=1
with some 0 # ¢ € C. Therefore the theorem follows from Theorem 1. O

Proof of Theorem 3. The result follows from Theorem 1 by the substitution

(z+27h).

N | =

Tr =

Proof of Theorem 4. The function

.z +1
z—1

maps 0D\ {1} = {2 € C: |z =1, =z # 1} onto the real line. A straightforward
calculation shows that the inequality of the theorem follows from Theorem 1 by the
above substitution. [

Proof of Theorem 5. By Corollary 3.3. of [2] we have

9) (1= 43)9" (%0)* + Bn(40)*9(y0)* < Bn(y0)*llgllf_1 1
for every g € Pl (b1,b2, -+ ,bn;[—1,1]) and yo € [—1, 1], where

{b1,b2,--- ;b } CC\ [~1,1]

B, (yo) :=Re i 7"1)?_1

bj — Yo

and

3 Yo € [_171]7
J=1

with the choice of root in , /b? — 1 determined by
|bj — b? — 1| < 1.

Let {a1,a2, -+ ,a,} CC\R, z7€R, and
f E Pn(al,GQ,"' 7an;R)

be fixed. Let a € R be chosen so that |zo| < a, let yo := x¢/a € (—1,1), b; :=

a;/a, j=1,2,--- ,n, and
9(x) := flax) € Pp(by, b2, -+, bn;[—1,1]).
Applying (9) with the above g and yg, we obtain

(1= y0)*a®f'(20)* + Bu(y0)* f(20)* < Bu(y0)*[lf 10,
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SO
a* — I(QJ / 2 2 1 2 2
(10) 5 (20)" + (a7 Bu(y0))"f(0)” < (@™ Bn(yo))"[lfll&
where
n b2 —1
J
11 lim o "B, = lim Re
( ) oo (yO) a4 too ; CL(bJ — yO)
= lim Re i (aj/a)” ~ 1
a—+00 - a; — Xo
j=1 J
N S e
a—+00 = a; — Xo
R n_ 1 sign (Im (, [a? — l—aj)) (@; — xo)
= e —
= [@j — ol
n I ) N
= mies) By (o)
— |a; — xo?
J=1""

(note that the map a — +/(a;/a)? —1—a;/a is a continuous map on (0, o) taking

only nonreal values, and
Im (1/a§ -1 —aj) <0

follows from ‘aj —/a5 - 1‘ < 1 and Im(a;) > 0.) Therefore, taking the limit on
(10) when a — 400, we obtain the theorem by (11).

Proof of Corollary 6. The inequality follows from Theorem 1 since R < |a;| and
|20/ = 1 imply

12—
la;] 1<R+1

i=1,2,--- . n.
|(Lj—20|2_Ff—17 J [ L
Now assume that f # 0 satisfies
z R+1 P
' (z0)| = Ro1 [ fllop =1,

for some zg € OD. Then we obtain from Theorem 1 that

la;?—1  R+1
laj —z0?  R—-1’

j:172a"'7na

therefore
a; = Rz, j7=12---,n.
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Now observe that 1 < R <|a;|, j=1,2,---,n, implies

so the proof of Theorem 1 yields that f = ¢S, le| = 1, where S, is the Blaschke
product associated with {a1,as,- - ,an}.

On the other hand, if zg € 9D, a3 =as = --- = a, = Rzg, S, is the Blaschke
product associated with {a1,as, - ,a,} and f =¢S,, ¢ € C, then
R+1 R+1
/ = — =

and the proof is finished. O
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