THE UNIFORM CLOSURE OF NON-DENSE
RATIONAL SPACES ON THE UNIT INTERVAL

TAaMAS ERDELYI

ABsTRACT. Let P, denote the set of all algebraic polynomials of degree at most n with real
coefficients. Associated with a set of poles {a1,a2,... ,an} C R\[—1, 1] we define the rational
function spaces

n
b
Pn(a‘laCLQ?"'7aTL):: ff(x):bo—'_z J I bOablv"'abneR
j=1

oc—aj

Associated with a set of poles {a1,a2,...} C R\[—1, 1], we define the rational function spaces
oo
P(ai,az2,...):= U Prn(at,az,...,an).
n=1

It is an interesting problem to charcterize sets {a1, az, ...} C R\[—1, 1] for which P (a1, a2, ...)
is not dense in C[—1, 1], where C[—1, 1] denotes the space of all continuous functions equipped
with the uniform norm on [—1,1]. Akhieser showed that the density of P(a1,as,...) is
characterized by the divergence of the series 3~ >° | \/a2 — 1.

In this paper we show that the so-called Clarkson-Erdés-Schwartz phenomenon occurs in
the non-dense case. Namely, if P(a1,az2,...) is not dense in C[—1, 1], then it is “very much
not so”. More precisely, we prove the following result.

Theorem. Let {a1,a2,...} C R\ [—1,1]. Suppose P(a1,az,...) is not dense in C[—1,1],

that 1is,
[e @)
Z \Jaz — 1< oo.
n=1

Then every function in the uniform closure of P(a1,az2,...) in C[—1,1] can be extended
analytically throughout the set C\ {—1,1,a1,az2,...}.
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Throughout this paper ||f||4 will denote the uniform norm of a continuous function f
on a set A C C. Let P, denote the set of all algebraic polynomials of degree at most n
with real coefficients. Associated with a set of poles {a1, as,...,a,} C R\ [—1, 1] we define
the rational function spaces

b.
Prlai,as, ... a,) = : =b J__ by,by,...,b, €R
(a1,a2,. .. an) fif@) 0+;x—aj 0, b1
Note that every f € P,(a1,as,...,a,) can be written as f = p/q with

pEP, and q(x) = H (x —aj).

Jj=1

Associated with a set of poles
{al,ag,...} CR\ [—1,1],

we define the rational function spaces
o0
Play,as,...) = U Prlai,as, ... a,).
n=0

It is an interesting problem to charcterize sets {ai,as,...} C R\ [—1,1] for which
P(a1,az,...) is not dense in C[—1,1], where C[—1, 1] denotes the space of all continuous
functions equipped with the uniform norm on [—1, 1]. Akhieser presents the answer (which
is recaptured in [BE], see Corollary 4.3.4 on page 208) in his book by proving the following
result.

Theorem (Akhieser). Let {aj,a9,...} C R\ [-1,1]. Then P(ai,aq,...) is dense in
C[—1,1] if and only if

o0
Z\/a%—lzoo.
n=1

In this paper we show that the so-called Clarkson-Erdés-Schwartz phenomenon occurs
in the non-dense case. Namely if P(ay,as,...) is not dense in C[—1, 1], then it is ”very
much not so”. More precisely, we prove the following result.

Theorem 1. Let{aj,as,...} C R\[-1,1]. Suppose P(a1,as,...) is not dense in C[—1,1],
that is,

o

Z Va2 —1<oo.

n=1
Then every function in the uniform closure of P(ai,az,...) in C[—1,1] can be extended
analytically throughout the set C\ {—1,1,a1,as,...}.

Theorem 1 follows immediately from our main result below.
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Theorem 2. Suppose (a;) is a sequence with each a; € R\ [-1,1]. Suppose

(e ]
Zw/a?—1<oo.
J=1

Then there is a constant C, depending only on n > 0 and the sequence (a;) such that

IF < Cyll Flli-1.

for every f € P(ay,az,...) and z € C\ {ay,aq,...} such that the distance dist(z,{—1,1})
between the point z and the set {—1,1,a1,a2,...} is at least n > 0.

Theorem 2 is the key observation of this paper. Theorem 1 follows immediately from
Theorem 2. Indeed, suppose the sequence ( f,,) with f,, € P(a1, aq,...) converges uniformly
on [—1,1]. Then it is also uniformly Cauchy on [—1, 1]. By Theorem 2 it remains uniformly
Cauchy on any compact set K C C\ {—1,1,a1,a2,}. Theorem 1 now follows from the
well known theorem in complex analysis stating that a uniformly convergent sequence of
analytic functions on a compact set K has an analytic limit function on K.

From now on we focus on proving Theorem 2. First an extremal function for the problem
is introduced and then some nice properties of the extremal function is established in
Lemma 1.

Let zp € C\ ([-1,1]U{a1,as9,...,a,}) be fixed. A simple compactness argument shows
that there exists a function 0 # f* € P,(a1,as,...,ay,) such that
(1) ’f* (ZO>’ _ sup ’f(z())’ )
1f*l=1.1]  o<feP,(ar.as,....an) If =1,
Lemma 1. Suppose f* € P,(a1,asz,...,ay,) satisfy (1). Then the following statements
hold.

(i) The function f* equioscillates on [—1,1] at least n times. That is, there are
<< <z, <1

such that .
f*(:z:j) = i(—l)JHf*H[,Ll], i=12,...,n.

(i) f* has only real zeros. All but at most one zeros of f* are in (—1,1).

Proof. The proof of (i) can be given by a standard variational method. Assume that
statement (i) of the lemma is false. Let x; € [—1,1] be the smallest number such that
f*(x1) = £||f*|l{=1,1- Let x2 € [x1,1] be the smallest value for which f*(z2) = —f*(x1).
Inductively, let zj € [zg_1,1] be the smallest value such that f*(xy) = —f*(zx-1), k=
2,3,...,m, and assume that there is no ;41 € [T, 1] such that f*(z;,41) = —f*(zm).
By our indirect assumption, we have m < n — 1. Choose y1,¥2, ... ,Ym_1 SO that

1 <Y1 <2 <Y <3<+ < Typy—1 < Ym—1 < Ty, -
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We define
gm+1(7) = (¥ — 20)(x — Z0)(z —y1) (@ — y2) - (T — Ym—1) -
Then ¢,+1 € Py, and for sufficiently small € > 0 either

* Q’m+1(x)
f (l')+5(l’_a1)(w—a2>.“($—an) EPn(al,ag,... ,an)

or

* qm+1(x)
x)—¢€
f (@) (x—a1)(x—az) - (x—an)
contradicts the extremality of f* Hence Part (i) is proved. To see Part (ii) we can argue
as follows. By using the Intermediate Value Theorem, Part (i) implies that all but at most
one zero of f* are in (—1,1). Since f* € P,(a1,as9,...,a,) can be written as f* = p/q
with

S Pn(al,ag, PN ,an)

n

pepeP, and  glz)=][](@—ay),

j=1
we conclude that the only possibly remaining zero of f* is also real. [

Our next tool is the bounded Bernstein-type inequality below for non-dense rational
spaces P(a1,as,...). This is proved in [BE] (see Corollary 7.1.4 on page 323) and plays
an important role in the proof Theorem 2.

Lemma 2. Suppose {ai,as,...,a,} C R\ [-1,1]. Then
, 1 AEVE A
|f(@)] < > [f1l=1,1

VI-a? \ = v — a4

for every f € Py(ai,as,...,a,) and x € (—1,1).
In fact, to prove Theorem 2, we will need the following consequence of the above lemma.

Corollary 3. Suppose (a;) is a sequence with each a; € R\ [—1,1]. Suppose

C’::Z,/a?—1<oo.
j=1

2C
()] < m“f“[—u]

Then

for every f € P(ay,as,...) and x € (—1,1).
Now we are ready to prove Theorem 2.
Proof of Theorem 2. We fix n € N and zp € C\ ([-1,1]U{a1,aq,...,a,}). It is sufficient

to prove the lemma for rational functions

f € Sgn(al,ag, e ,an) = Pzn(al, —a1,02, —A2,... ,0n, —an) .
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Without loss of generality we may assume that Re(zp) > 0 and Im(zp) # 0. By Lemma
1 we may assume that f € So, (a1, a9, ... ,a,) equioscillates on [—1, 1] at least 2n times.
That is, there exist —1 <z < x5 < -+- < 9, < 1 such that

flag) === ll--
Hence there are y; € (zj,xj41),j=1,2,...,2n—1, o, yo € R, and o € {0, 1} such that

w0 @) (@ = )
(2) f(l')_ (:c2—a%)(x2—a%)---(:c2_a%) .

Assume that ¢ = 1 and yo € R\ [—1, 1], the remaining cases are similar (in fact easier).
Let k£ be chosen so that

1 <l’2<'~'<l’k<0§$k+1 < Tpyo < -+ < Tap .
Observe that |k — n| < 2, otherwise
f(x) = f(—z) € San(ar, az, ... ,ay,)

has at least 2n + 2 zeros by counting multiplicities. By using the Mean Value Theorem
and Corollary 3 we have

(3) (o1t 1) — (55 +1) =y -y = L) @) 2

(&) RG]
1 — £2)3/2 , 3/2
Z( é,y) Z(mj—i—ol) ) .]:]-727' ,k_17

with suitable numbers &; € (z;,x;41). Similarly

(4) @) — £()]
) (1) = s — = @) = f@)] 2
(1= @jp) = (1 =2)) = 21— 2; &) &)
(1-¢&)%? S (1—x541)%?
C - C ’

>

j=k+1,k+2,...,n,

with suitable numbers &; € (zj,2,41). Let m € N. It follows from (3) that the set

. 1 1
K,, = {jE{l,Q,...,k—l}:m<l'j+1gm}

has at most 6C + 2 elements. Indeed, if j € K,,, then (3) implies

(zj+1)3/2 1 1 /1 1
, 1) —(z;+1)> > > (= - ——
(@jrr+1) = (@5 +1) 2 C “Cm+1)3 = 6C \m2 (m+1)2)°
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and our claim follows. Therefore

k—1 [
1
(5) ' 1(:cj+1 < (6C +2) Zm— 2C + 4
1= m=1

Similarly, it follows from (4) that the set
_ . 1
Ly = J€{k+1,k—|—2,...,n}.ﬁ<1_xj§_

has at most 6C + 2 elements. Indeed, if j € L,,, then (4) implies

(1 — ;)32 1 1 /1 1
1—2)—(1—2irq) > > > = - ——
(1=ay) = (1 =) 2 C ~—C(m+1)3 — 6C 2]

and our claim follows. Therefore

2n

=1
(6) § (1—2;) <(6C+2) E — <120 + 4.
m
j=k+1 m=1

Now, combining (5), (6), and the interlacing property

1< <y <@ <y2 < < Top—1 < Yon—1 < Ta, <1,

we obtain
k
(7) D (yj+1) <120 +8
j=1
and
2n—1
(8) Y (1-yy) <120 +12.
j=k+1

Using the condition for the non-denseness of P(aq,as,...), we have

o0

(9) (a2 - 1) <clz,/

Jj=1

where C; and Cjy are constants depending only on the sequence (a;). Observe that if
yo € R\ [—1,1], then z —yo = A(z+1) + B(1 —x) with some constants A and B satisfying
AB > 0. Writing the factor x — yo in (2) as the sum of the terms A(z + 1) and B(1 — z),
with some constants A > 0 and B > 0 satisfying

(10) AB >0,
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we obtain

(11) f(z) = fi(@) + fal),
where

—an B D@ —y) (2~ yani)
(12) filz) = A(xQ_a%)(xQ_a%)‘”(xg_a%)7
and
(13) fo(w) = ap L= D@ =y (2= yony)

(% —af)(2? —a3) -~ (2? —a3)
and AB > 0 implies
i@ < [f@)] and  [fa(z) < [f(x)], xel-1,1].

Assume now that || f[[j—1,1 < 1. Then [|fi|[=11) < 1 and | f2llj—=1,1) < 1. By E.7 on page
153 in [BE], for the factors A« in (11) and Ba in (12), we have

(14) aA < Cs| filli=1,11 < Csll fllj=1, < C3,
and
(15) aB < Cs| fallj=1,1 < Cs| flli=1,1] < C3,

with a constant C'3 > 0 depending only on the sequence (a;) (this exercise can be eas-
ily solved by using the explicit formula for the Chebyshev “polynomial” for the space
Pn(ay,as,...,a,) on [—1,1] and by observing that for every fixed k = 0,1,... ,n, in the
extremal problem o

k

Nl
where the supremum is taken for all “polynomials” f € P, (a1, as,... ,ay) of the form
f(z) =b0+zn: bi . bo,bi,... by ER,
T
the extremal “polynomial” is the Chebyshev “polynomial” for the space P, (a1, as, ..., an)

n [—1,1] (in fact, we need this observation only when k = 0). This latter observation
can be easily seen by a standard zero-counting argument by noting that if one drops an
element from the system

1 1 1
(16) {]—7 ) P }7
r—ay T —as T — Qp




then the remaining elements form a Chebyshev system on [—1,1] («¢A and aB are the
coefficients of the basis element 1 in f; and f,, respectively if one writes them as the linear
combinations of the basis elements in (16)).

Observe that (7), (8), and |k — n| < 2 imply

k
(17) H!Zo—yﬂ—H] 2o+ 1 (yj+1>’§’20+1‘k+11_[<1

j=1 j=1
S |ZO + 1|n+304

+1
“|)
Z0+1

and

(18)

2n—1 2n—1 1_y
H ‘ZO_yy‘—H’1_20 (1= yj)| <1 — 2" H ( '1 ;

— 2z
j=k+1 j=k+1 0
< |1 . z0’n+304

)

with some constant Cy > 0 depending only on the sequence (a;) and |1 — 22|. Further, it
follows from (9) that

(19) H\Zo—az\—H! (af =1 =1z - 1" ]]

J=1 j=1
= C5|Zo — 1"

with some constant C5 > 0 depending only on (a;) and the distance between z, and
{-1,1,+ay, £as,...}. The theorem now follows from (2) and (10)—(19). O
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