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Abstract. Let P, (2) = Y_j_, arnz" € C[z] be a sequence of unimodular polynomi-
als (Jag,n| =1 for all k, n) which is ultraflat in the sense of Kahane, i.e.,

lim max‘(n—i— D)~Y2P,(2)] — 1’ =0.

n—oo |z|:1

For continuous functions f defined on [0, 27], and for ¢ € (0, 00), we define
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We also define

We prove the following conjecture of Queffelec and Saffari, see (1.30) in [QS2]. If
g € (0,00) and (P,) is an ultraflat sequence of unimodular polynomials P,, of degree
n, then for f,(t) := Re(P,(e®)) we have
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where I' denotes the usual gamma function, and the ~ symbol means that the ratio
of the left and right hand sides converges to 1 as n — oco. To this end we use results

from [Erl] where (as well as in [Er2], [Er3], and [Er4]) we studied the structure of
ultraflat polynomials and proved several conjectures of Queffelec and Saffari.
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2 ULTRAFLAT POLYNOMIALS

1. INTRODUCTION AND THE NEW RESULT

Let D be the open unit disk of the complex plane. Its boundary, the unit circle
of the complex plane, is denoted by dD. Let

IC'n, = {pn:pn(z)_zakzk; a’keca |a’k|_1} :
k=0

The class K,, is often called the collection of all (complex) unimodular polynomials
of degree n. Let

£, = {pn pa(2) = 3 aks, an e {—1,1}} .
k=0

The class L,, is often called the collection of all (real) unimodular polynomials of
degree n. By Parseval’s formula,

27
/ |Pa(e)|2 dt = 27 (n + 1)
0
for all P, € K,,. Therefore

min |P,(2)] < vn+1 < max |P,(2)].
2€0D 2€0D

An old problem (or rather an old theme) is the following.

Problem 1.1 (Littlewood’s Flatness Problem). How close can a unimodular
polynomial P, € IC,, or P, € L,, come to satisfying

(1.1) \P.(2)| =vn+1, z€dD?

Obviously (1.1) is impossible if n > 1. So one must look for less than (1.1),
but then there are various ways of seeking such an “approximate situation”. One
way is the following. In his paper [Lil] Littlewood had suggested that, conceivably,
there might exist a sequence (P,) of polynomials P,, € K,, (possibly even P, € L)
such that (n + 1)7'/2|P,(e™)| converge to 1 uniformly in ¢t € R. We shall call
such sequences of unimodular polynomials “ultraflat”. More precisely, we give the
following definition.

Definition 1.2. Given a positive number ¢, we say that a polynomial P, € IC,, is
e-flat if
1-e)Vn+1<|P(2)|<(1+e)vVn+1, z€dD.
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Definition 1.3. Given a sequence (e,,) of positive numbers tending to 0, we say
that a sequence (Py,) of unimodular polynomials Py, € KCp, is (en, )-ultraflat if each
P,, is (en,)-flat. We simply say that a sequence (P, ) of unimodular polynomials
P,, € Ky, is ultraflat if it is (en, )-ultraflat with a suitable sequence (ey, ) of positive
numbers tending to 0.

The existence of an ultraflat sequence of unimodular polynomials seemed very
unlikely, in view of a 1957 conjecture of P. Erdés (Problem 22 in [Er]) asserting
that, for all P, € KC,, with n > 1,

(1.2) max |P,(2)| > (1+e)vn+1,

z2€0D

where € > 0 is an absolute constant (independent of n). Yet, refining a method of
Korner [K6], Kahane [Ka] proved that there exists a sequence (P,) with P, € I,
which is (g, )-ultraflat, where &, = O (n="/17/Iogn) . (Kahane’s paper contained
though a slight error which was corrected in [QS2].) Thus the Erdds conjecture (1.2)
was disproved for the classes IC,,. For the more restricted class £, the analogous
Erdés conjecture is unsettled to this date. It is a common belief that the analogous
Erdés conjecture for £, is true, and consequently there is no ultraflat sequence of
polynomials P, € £,,. An interesting result related to Kahane’s breakthrough is
given in [Be]. For an account of some of the work done till the mid 1960’s, see
Littlewood’s book [Li2] and [QS2].

Let (g5,) be a sequence of positive numbers tending to 0. Let the sequence (P,)
of unimodular polynomials P,, € K,, be (&,)-ultraflat. We write

(1.3) P,(e™) = R, (1) . R, (t) = |P.(e)], teR.

It is a simple exercise to show that «,, can be chosen so that it is differentiable on
R. This is going to be our understanding throughout the paper.

The structure of ultraflat sequences of unimodular polynomials is studied in
[Erl], [Er2], [Er3], and [Erd] where several conjectures of Saffari are proved. Here,
based on the results in [Erl], we prove yet another conjecture of Saffari and Queft-
elec, see (1.30) in [QS2].

For continuous functions f defined on [0, 27], and for ¢ € (0, 00), we define

[ fllq == (/(J2F|f(t)|qczt)

1/q

We also define

0o = li = t)|.
10w i= i 1, = max 17(e)
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Theorem 1.4. Let ¢ € (0,00). If (P,) is an ultraflat sequence of unimodular
polynomials P, € K,,, and q € (0,00), then for f,(t) := Re(Py,(e)) we have

r q+1 1/q
falla ~ (ﬂ%) n!/?

and

, r
172k~ | oo

where I' denotes the usual gamma function, and the ~ symbol means that the ratio
of the left and right hand sides converges to 1 as n — oo.

We remark that trivial modifications of the proof of Theorem 1.4 yield that
the statement of the above theorem remains true if the ultraflat sequence (P,) of
unimodular polynomials P, € K, is replaced by an ultraflat sequence (P,,) of
unimodular polynomials P,, € Kp,,, 0 <nj <ng <....

2. PROOF OF THEOREM 1.4

To prove the theorem we need a few lemmas. The first three are from [Erl].

Lemma 2.1 (Uniform Distribution Theorem for the Angular Speed).
Suppose (P,) is an ultraflat sequence of unimodular polynomials P, € K,,. Then,
with the notation (1.3), in the interval (0,27, the distribution of the normalized
angular speed o, (t)/n converges to the uniform distribution as n — oo. More
precisely, we have

meas({t € [0,27] : 0 < a),(t) < nx}) = 27z + Y, (x)

for every x € [0,1], where lim, o max,ejo.1) [7n(2z)| = 0. Also, (as it was first
observed by Saffari [Sa]), we have

(2.5) dan <l (t) <n—dpn
with suitable constants 6, converging to 0.

Lemma 2.2 (Negligibility Theorem for Higher Derivatives). Suppose (P,)
is an ultraflat sequence of unimodular polynomials P, € IC,,. Then, with the nota-
tion (1.8), for every integer r > 2, we have

(r) < r
02%2)2(77 |an )] < Yn,rT

with suitable constants vy, » > 0 converging to 0 for every fixedr =2,3,....



ULTRAFLAT POLYNOMIALS 5

Lemma 2.3. Let ¢ > 0. Suppose (P,) is an ultraflat sequence of unimodular
polynomials P,, € KC,,. Then we have

1 2m

q
— LT dt = ——— + 5, g0
7 o |an( )| q+1 + 1‘1” )

and as a limit case,
max |a), ()] =n+d.n.

0<t<2m
with suitable constants 6, 4 and 6,, converging to 0 as n — oo for every fized q.

Our next lemma is a special case of Lemma 4.2 from [Er1].

Lemma 2.4. Suppose (P,,) is an ultraflat sequence of unimodular polynomials P, €
K. Using notation (1.3), we have

’ _ 3/2 _
0gé%)éﬂ|Rn(t)| = dp,n’' =, m=12,...,

with suitable constants 6, converging to 0 as n — oo.

The next lemma follows from the ultraflatness property (see Definition 1.3) and
Lemma 2.4.

Lemma 2.5. Let g € (0,00). We have

I1fallg = /0 ’ [n72(1 4+ 6,(t)) cos(an(t))| dt

and
27
1fulld = /O n!/2 (1 4 m (t)) sin(om (£))ad, (8) + s (/2| dt

with some numbers 6,,(t), nu(t), and nk(t) converging to 0 uniformly on [0, 27] as
n— 0o.

Finally we need the technical lemma below that follows by a simple calculation.

Lemma 2.6. Assume that A,B € R, ¢ > 0, and I C [0,27] is an interval. Then
/ | cos(Bt + A)|?dt = K(q)meas(I) + 61(A, B, q)
I

and
/ |sin(Bt + A)|?dt = K(q)meas(I) + d2(A, B, q),
I

where, by (6.2.1), (6.2.2), and (6.1.8) from [AS] (see pages 258 and 255), we have

: ()
— intl? dt —
21K (q) : /0 |sint|? dt FE+1)vr
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and
101(A, B, q)|,162(A, B,q)| < 7B~ '.

Proof of Theorem 1.4. By Lemma 2.5 it is sufficient to prove that

2w g+1
(2.1) /0 | cos(av, (1))]|? dt ~ 21K (q) := %
2
and
2w
) [ st K0

First we show (2.1). Let € > 0 be fixed. Let K,, := *y;é#l, where v, 2 is defined
in Lemma 2.2. We divide the interval [0, 27] into subintervals

m— 1)K, mK, 2mn
Iy = [am—1,0m) :i= [( n) . ), m=12 ..., N—1:= {K—nJ’

and (V- 1K

Iy :=[an_1,an) := [ — ) )

n

For the sake of brevity let

Amfl = o‘n(a’mfl)a m:172a"' aNa
and

Byt = al (am-1), m=1,2,...,N.

Then by Taylor’s Theorem

len (t) = (Am—1 + Ba—1(t = am—1)| < vn,2n?(Kn/n)? < vnovms - < ls

for every t € I,,, where lim,,_, %11/ 22 = 0 by Lemma 2.2. Hence the functions

|COS(A0+Bo(t—CL0))|q, tGIl,
|COS(A1 +B1(t—a0))|q, telsy,
Grq(t) ==

|COS(AN71+BN,1(t—£LN,1>)|q, tely,

and
Foq(t) :=|cos(an(t)|?

satisty
(2.3) lim sup |Gy q(t) — Fnq(t)=0.

N0 tel0,27)
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Therefore, in order to prove (2.1), it is sufficient to prove that

2
(2.4) / Gpq(t)dt ~ 2K (q).
0
By using Lemma 2.5, if |B,,,—1| > ne, then
Gq(t) dt — K(q)meas([m)’ <=,
I, ne

Therefore lim,,_,~, K, = co implies

(2.5)
T 2n T
zm:/lm Gg(t) dt—K(q);meas(Im) <N—< <K—n 1) —
< (),
where the summation is taken over all m = 1,2,... | N for which |B,,—1| > ne, and

where (17 (g)) is a sequence tending to 0 as n — co. Now let
Epe = U I,.
m: |B7n71 ‘S’H,E

If | By—1| < ne, then we obtain by Lemma 2.2 that

—1/4
n

)2
n

K
0 (0] < [ Bruoa| + =2 max|all(t)] < [Bua| + —2—7,0n” < 2ne

for every t € I, if n is sufficiently large. So
Ene C{tel0,2n]:|a)(t)] < 2ne}
for every sufficiently large n. Hence we obtain by Lemma 2.1 that
meas(E, ¢ ) < dwe + 1.7 (e),
where (n)*(¢)) is a sequence tending to 0 as n — oo. Combining this with 0 <

Gn,q(t) <1,t€]0,2m), we obtain

(2.6)

3 / Gt = K (q) Y mens(Ly)| < (44" €)1+ K (g).

where n is sufficiently large and the summation is taken over all m = 1,2,... | N
for which |Bp,—1| < ne. Since € > 0 is arbitrary, (2.4) follows from (2.5) and (2.6).
The proof of (2.1) is now finished.

Now we prove (2.2). Let € > 0 be fixed. Let the intervals I,,, and the numbers
Ay, and By, m=1,2,..., N, as in the proof of (2.1). We define

|sin(Ag + Bo(t — ao))|?, tel,
|sin(A1 + By (t — ao))lq, tel,y,
Gnq(t) ==

|sin(AN_1 +BN_1(t—aN_1))|q, tely
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and
Fpq(t) :==|sin(a, (t)|?.

Similarly to the corresponding argument in the proof of (2.1), we obtain (2.3). Let

|sin(Ao + Bo(t — ao))|*|n" " Bo |4, tel,
|sin(A1 +Bl(t—a0))|q|nlel|q, tely,
Gnyq(t) =
|sin(AN,1—|—BN,1(t—aN,l))|q|nleN,1|q, tely
and
Fyy o(8) := |sin(an (8))|*[n " oy, ()7 .
We have
(2.7) Grq(t) = G q(t)Hpq(t),
where
|nilBO|q7 tEIIu
|7’L71.Bl|q, te IQ;
H, 4(t) =
In"'By_1]%, tely.
It follows from Lemma 2.2 that
I~y ()] = I~ B ] = [In ™y ()] — I~y ()|
—1/4

1 2 3/4
Y2l = Yp 2

K
< L max|n "t (t)| <

FY'n,,Q
n tel, n

for every t € I,,. Since lim,, o 72{24 = 0, we obtain that

(2.8) lim  sup |H,q(t) — |n"ta,(t)|7] =0.
N0 tefo,2m)

Now observe that

(2.9) sup |sin(a,(#)|? <1
te[0,27)

and by Lemma 2.1 we have

(2.10) sup |n"tal (1)]9 < 2¢
te[0,27)

for all sufficiently large n. Now (2.3), (2.8), (2.9), (2.10), and (2.7) imply

lim sup |thq(t> - F;,q(t” =0.

N0 tel0,27)
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Therefore, in order to prove (2.2), it is sufficient to prove that

2m
2K
(2.11) a; (1) dt ~ rkla).
0 ’ q+ 1
As a special case of (2.10), we have
In"'B,,_1]? <2, m=1,2,...,N,

for all sufficiently large n. Hence, if n is sufficiently large and |B;,—1| > ne, then,
with the help of Lemma 2.6, we obtain that

. Gy () dt — K (q)meas(Ip,)|n~ " Bp_1]?| < 2‘1”15 .
Therefore lim,,_,~, K, = co implies
(2.12)
0
G q(t)dt — K L) |n ' By _1]1] < 29N —
S a0t~ K(a) S mens(hln™ B < 20N
2mn T
<29 —+1 ) —
- (Kn + ) ne
< q(E),
where the summation is taken over all m = 1,2,... | N for which |B,,_1| > ne, and

where (7}, ,(¢)) is a sequence tending to 0 as n — co. Now let

Ene:= |J Inm.

m:|Bp,—1|<ne
As in the proof of (2.1) we have
meas(E,, ¢) < 4me + 1.7 (e),

where (n}*(¢)) is a sequence tending to 0 as n — oco. Combining this with (2.9)
and (2.10), and recalling the definition of G, ,, we obtain

(2.13)

Z/l G ,(t)dt — K(q) Y _meas(Ly)|n~" By
< (4me +n,7(€))2°(1 + K(q)) ,

where n is sufficiently large and the summation is taken over all m = 1,2,... N
for which |By,—1| < ne. Since £ > 0 is arbitrary, from (2.12) and (2.13) we obtain
that

27 2
(2.14) / G, () dt ~ K(q) H, q(t)dt
0 0
However (2.8) and Lemma 2.3 imply that
27 27
(2.15) Ho (1) dt ~ n—q/ ! ()7 dt ~ 2"
0 0 q+1

The statement under (2.11) now follows by combining (2.14), and (2.15). As we
have remarked before, (2.11) implies (2.2). O
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