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ABSTRACT. We study the classes

n
En = f:f(t):ZajeAjt, aj, ; €C o,
j=1

n
EF = f:f(t):Zaje’\jt, aj,\j €C, Re(N;) >0, ,
j=1

and

n
Tn=RF:ft)=> ajei' a; €C, A1 <Ag < < An
j=1
A highlight of this paper is the asymptotically sharp inequality
1FO)] < (L +en)3nf e 2l y00y,  f € Tn,

where €, converges to 0 rapidly as n tends to co. The inequality

o

ozfeTn 1flla0,1) —

is also observed. Our results improve an old result of GG. Haldsz and a recent result of G. Kés.
We prove several other essentially sharp related results in this paper.

1. INTRODUCTION AND NOTATION

The well known results of Nikolskii assert that the essentially sharp inequality

1P|z, =1,1] < e(p, Q)nz/p_Q/q||P||Lp[—1,1]
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holds for all algebraic polynomials P of degree at most n with complex coefficients and for
all 0 < p < q < oo, while the essentially sharp inequality

||Q||Lq[—7r,7r] < C(pv Q>n1/p_1/q||Q||Lp[—7r,7r]

holds for all trigonometric polynomials ) of degree at most n with complex coefficients
and for all 0 < p < ¢ < co. The subject started with two remarkable papers, [25] and [29].
There are quite a few related papers in the literature, and several books discuss inequalities
of this variety with elegant proofs; see [4] and [13], for example. In this paper we focus on
the classes

En =X f:ft)=> ajed', a;\;€Cy
j=1
Ef =0 Ff) =) a;eM", aj, A €C, Re(X;) =05,
j=1

E, =< f:f(t) :Zajexjt, a;j,\j € C, Re(A;) <0, ,
j=1

and

7;LZ: f:f(t):Zaje“‘jt,ajeC, /\1</\2<"'<)\n
j=1

These classes were studied in several publications; see [21], [23], [24], and [32], for example.
For the sake of brevity let

[ f]la == sup [ f(t)]
teA

for a complex-valued function f defined on a set A C R. Section 19.4 of Turan’s book [32]
refers to the following result of G. Halasz:

|f(0)|§6n5Hf’[0,1]7 fEE:,
where ¢ > 0 is an absolute constant. This was improved recently by G. Kés [21] to
om. +
(1) SO <10 =" n? | flon, S EEL,

where cn? is the best possible size of the factor in this inequality. He also proved that

(12) |f<0)| < 2n||f||L2[0,1] ) f S 57_1'_7

where cn is the best possible size of the factor in this inequality. The technique used in

[21] is based on integrating discrete inequalities similar to Turan’s first and second main

theorems in the theory of power sums. This technique was also used by Tijdeman as it was
2



demonstrated, for example in Section 27 of Turdn’s book [32]. This answers a question of
S. Denisov asked from me in e-mail communications. I was not aware of the above results
when I started to write this paper. In this paper we recapture the above inequalities with
better constants for all f € 7,,. Namely we prove that

(1.3) FOI < en®|flleiony.  f€Ta,
with ¢ =24 log4 +¢, = 3.3862... and
(1.4) FO < enllflleoy,  f€Tn,

with ¢ = (2 + log4 + €n)1/2 = 1.8401..., where ¢,, converges to 0 rapidly as n tends to
0o. S. Denisov [12] has just proved that the constant ¢ = (2 + log4 + ¢,)*/? = 1.8401 ...
can be further improved to ¢ = w/2 = 1.5707... in (1.4). Denisov’s approach also uses a
Haldsz-like construction first, which may be found in [20] and it also appears as Lemma
10.8 in [29], but after that it employs a duality argument and an old result of Lachance,
Saff, and Varga [22], which is not used by Kés. We note that Denisov’s improvement of
(1.4) can also be seen for all f € £ by modifying Kés’s approach. Indeed, it is proved in
[22] that

k+1
o2+ : P(0)=1, P(1)=0, PePp} = <Sec %) ,

oy, := min {||P(e")] 1

where Pj; denotes the set of all algebraic polynomials of degree at most k with complex
coefficients. Hence there are polynomials Hy € Py such that H;(0) =1 and

k+1 2
1E(€)ll0,2m) < <Sec 2k + 1)) P <8k o <k2)> '

Using the above Hj, € Py instead of the Hy, € Py in Kdés’s proof satisfying only

; 2
I ljozs) < exp (£ )

we get Denisov’s improvement of (1.4) can be extended to all f € £, that is,

(1.5) PO < F 1oy, fEES

In Section 2.2 the infinite-finite range inequality

o) In
/ FORe dt < (1+20)? / e di
0 0

is stated for every f € £, in particular, for every f € T,,, where (1+¢,)? := 1+8190e~"/10.
As a consequence we prove that

FO) < (A +en)3nf e P01, fE€T,
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where ¢, is the same as before, and for every \; < Ay < -+ < A, there is an f € T, of the
form

(1.6) ft) = Zaje”‘jt, a; € C,
j=1

such that
1£(0)] > 3n | f(£)e"?| L,p0,1) -

Other Nikolskii-type inequalities comparing the L,[0, 1] and L4[0, 1] norms of exponential
sums f € 7T, are also established in Section 2.1 We use quite different techniques based
on the knowledge of Miintz-Legendre orthonormal polynomials studied in [9] and Section
3.4 of [4]. We obtain interesting Markov-type inequalities as well for the derivatives of
exponential sums f € 7,, but such a Markov-type inequality cannot depend only on n, it
depends on the exponents \; < Ao < --- < A,. We also examine how far our estimates are
from being sharp, and it turns out that our main results proved in this paper are essentially
sharp. Most importantly, the inequality

|£(0)]

sup T—o——— >N
07_éf€7;L ||f||L2[071]

is also observed in Section 2.1. The inequality

[F(O)] < nll fll a0,

for every f € £ of the form
(1.7) FO) =) aeMt, g €R, 0\ <Ay <-r < Ay,
j=1

is stated in Section 2.3. This inequality is sharp. We suspect that the above inequality
holds for all f € T, or perhaps for all f € £ at least with n replaced by (1 + &, )n, where
€, tends to 0 as n tends to oo. Markov-Nikolskii-type inequalities for 7, are established
in Section 2.4. Markov-Nikolskii-type inequalities for f € &, with nonnegative exponents
are formulated in Section 2.5. We claim that

FO)] < (14e0) 372 0% fll g0

for every f € & of the form (1.7), where the quantity ¢,, (determined exactly in the proof)
tends to 0 an n tends to oo. This inequality is sharp. Section 2.6 offers an essentially sharp
pointwise Nikolskii-type inequality for &,,, namely we claim that

( (n—2)log? )”QS wp W S( 2n )”2

4 mln{y - a, b— y} 0Zf€En ||f||L2[a,b] mln{y - a, b— y}
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for every y € (a,b). In Section 2.7 we offer the Bernstein-type inequality
/0 < 2600+ n+ 1) [ fll

for every f € T, of the form (1.6), where

(1.8) A= max |\, A <A << Ay

1<j<n
This inequality is sharp up to the factor 2e. Namely, for every real number A > 0 and
integer n > 1 there is an f € 7, of the form (1.6) with (1.8) such that

1
1O 2 7 A+n=3)[Ifll-1-

In Section 2.8 the Markov-type inequality

n 1/2
1 N[0,y < (1 +¢n) <108n5 + Ai) £ 10,1

k=1

for every f € 7, of the form (1.6) is established, where the quantity &, ( determined
exactly in the proof) tends to 0 an n tends to co. We record an observation showing how
far the above Markov inequality is from being sharp. Markov-type inequalities for &£, and
Tr in Lo[0, 00) with the Laguerre weight are established in Section 2.9. Our Theorem 2.9.1
extends Lubinsky’s Theorem 3.2 in [23] from the case of exponential sums with purely
imaginary exponents to the case of exponential sums with complex exponents. Our only
result in Section 2.10 is a version of Theorem 2.9.1, a Markov-type inequality for &, in
L5[0, 00) without a weight. We prove our new results in Section 4. Lemmas needed in the
proofs of our new results are stated and proved in Section 3. Combining Turan’s power
sum method with results in [10], [11], and [18], we may be able to prove other interesting
results in the future. We close the paper with an Appendix listing results closely related
to our new results in this paper. Theorems 5.1-5.6 have been proved by subtle Descartes
system methods which can be employed only in the case of exponential sums with real
exponents but not in the case of complex exponents. The reader may find it useful to
compare the results in Section 5 with the new results of the paper.

Throughout the paper Py, denotes the set of all algebraic polynomials of degree at most
n with complex coefficients, and P,, denotes the set of all algebraic polynomials of degree
n with real coefficients. Observe that

eist -1
t= lim .
e—0+ 1€

and the remark below follows immediately.
Remark 1.1. For every P € P _; there are fj, € 7T, of the form

eiEkt _ 1 .
frt@)=P| ——— |, e >0, lim g, =0,
1€k k— o0

such that
dim [(fu(t) ~ P(t)e " ljo,00) = lim [[(f7.(t) = P'(t))e " [ljo,00) = 0.
—00 k— o0
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2. NEw RESuULTS

2.1. NIKOLSKII-TYPE INEQUALITIES FOR 7,

In Section 5 we review certain Nikolskii-type and Markov-Nikolskii type inequalities
known for exponential sums with only real exponents A;; see Theorems 5.1, 5.2, 5.3, and
5.4. What happens to Nikolskii-type inequalities if we consider exponential sums with
purely imaginary, or more generally, arbitrary complex exponents? Answering a question
of Sergey Denisov (e-mail communications) in this section first we establish a new Nikolskii-
type inequality for exponential sums in 7,. Observe that while our constant (8 + ¢,,) in
Theorem 2.1.1 is not as good as m/2 or even 2, there is a rapidly decreasing weight function
w(t) = e~ ™ in Theorem 2.1.1 pushing the L2[0, 1] norm down at the right-hand side.

Theorem 2.1.1. We have
1FO) < 8+ en) 2 nllf(t)e | 10,11 feT,

where (8 + €,)'/? 1= 8/2(1 4 2e72")V/2 and for every \y < Ao < --- < A, there is an
f € Tn of the form (1.6) such that

F(0)] > 82| f(t)e™ " || L0, -

Our next theorem recaptures Kés’s inequality (1.1) with a constant better than ¢ = 2
but not as good as ¢ = 7/2. The constant specified in our theorem below seems to be the
limit of what our essentially different method based on the explicit form of Miintz-Legendre
orthonormal polynomials gives.

Theorem 2.1.2. Let vp:=2+1logd <~v < 4. We have

FO)] < (v+e) 0l fETn,

where

(’y+€n)1/2 _ 71/2(1 + 5—26—6%)1/2’ 5= Y —8% '

Observe that if f € T, and g(t) = f(—t), then g € T,,. Hence the extension of Theorem
2.1.2 formulated by our next couple of theorems follows easily.

Theorem 2.1.3. We have

™
1fllf0,1) < 5 1221017 5 feT,.

Theorem 2.1.4. We have

™

2/q
o< (5) Mlzon,  fe€Ta, ac(02].



Theorem 2.1.5. We have

7m>2/q—2/p

10 < (5

5 1fllz,00,1 feT,, 0<g<p<oo, ¢<2.

Note that the case ¢ = 1 of Theorem 2.1.4 improves Koés’s inequality (1.1) to

m2n?
1fllo,1 < 1 112017 5 fe’,.
Theorem 2.1.6. We have
O
p n

ozreTn 1fllzapo,) —

Theorem 2.1.7. There is an absolute constant ¢ > 0 such that

Y (0]

e > (1 4 gn)?/e, q € (0,00).
0Zf€Tn ||f||Lq[0,1]

Remark 2.1.8. It remains open what are the right extensions of Theorems 2.1.4 and 2.1.5
to ¢ > 2. Note that Theorem 5.8 implies that

£ (0)] 1/2

Sup T = CgNn

2 ; q € (0,00),
0ZfETn HfHLq[O,l]

with a constant ¢, > 0 depending only on ¢ > 0. Hence
fO)  _mn

0
cqn1/2§ sup Mg sup i < —.
ozfeTn IfllL00) ~ ozrern 1fllLajo,) — 2

In particular, Theorems 2.1.4 cannot remain true for ¢ > 4. Nevertheless, we can prove
the following two results.

Theorem 2.1.9. We have
F(0)] < (8+en) 2 egn' | f()e ™ L0, fETn, q€(2,00),

where €, 1is the same as in Theorem 2.1.1 and

g2\ /e
Cq = 2—q .

HfH[O,l] < (8 + 671)1/2611711/2_‘_1/(]||f||Lq[0,1] 5 f € 7;1 , g€ (27 OO) )

Theorem 2.1.10. We have

where €, is the same as in Theorem 2.1.1 and c, is the same as in Theorem 2.1.9.
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2.2. AN INFINITE-FINITE RANGE INEQUALITY FOR 57: WITH AN APPLICATION
Our next theorem is an infinite-finite range inequality for all f € &, .

Theorem 2.2.1. We have
() In
| rwpeta e [ irapeta
0 0

for every f € £, in particular, for every f € Ty, where (14 ,)% := 1 +8190e~"/10,

The theorem below establishes an asymptotically sharp version of Kés’s inequality
|f(0)] < 2n|f[l1,0,1) in the presence of the rapidly decreasing weight function w(t) =
e~9"/2 pushing the L»[0, 1] norm down at the right-hand side.

Theorem 2.2.2. Let g, be the same as in Theorem 2.2.1. We have
IF(0)] < (L+en)3nllf(Be™ ™| Ly00y, € Tn,

and for every \y < Ay < -+ < A, there is an f € T, of the form (1.6) such that

£ > 3n /(e || 0,1y

2.3. A SHARP NIKOLSKII-TYPE INEQUALITY
FOR f € &, WITH NONNEGATIVE EXPONENTS

Our next theorem establishes the best constant in the inequality |f(0)] < enl|f||L,0,1]
for functions f in a subclass of &,.

Theorem 2.3.1. We have
| £(O)] < nllfllLyg0,]

for every f € £ of the form
f(t)zzajekjt, a; €ER, 0< A\ <A< <Ay
j=1
This inequality is sharp.

2.4. MARKOV-NIKOLSKII-TYPE INEQUALITIES FOR 7,

The next theorem establishes an essentially sharp result when |f(0)| is replaced by
|/(0)] in Theorem 2.2.2.

8



Theorem 2.4.1. Let ¢, be the same as in Theorem 2.2.1. We have

/ 3/2 - Ak ’ 12 v —9nt/2
ol <2 re)n (Y (55) +6-02)) O™ 10

k=1

for every f € T, of the form (1.6), and for every \y < Ay < --+ < A\, there is an f € T,
of the form (1.6) such that

' 3/2 - Ak ’ 2 v —9nt/2
£/0)] > 27n (Z((%)w@—n)) £ 1o

k=1

The next theorem establishes an essentially sharp result when |f/(0)| is replaced by
|.f'{l[0,1) in Theorem 2.4.1.

Theorem 2.4.2. Let ¢, be the same as in Theorem 2.2.1. We have

1/2
n by 2
170 < 27 (14 20) /2 <Z (2 () +8<k—1>2)> 11220

k=1
for every f € T, of the form (1.6).

To formulate our next observation, given n € N and 7 > 0, we introduce the classes

(2.4.1) %(7]) = {f:f(t):Zaje”‘ft, ajEC, 0</\1</\2<"'<)\n§77}.
j=1

Theorem 2.4.3. We have
|£(0)]

sup e > (1+¢5) 3712 n8
ozreTu(m) Il L2p0.1]

for every n € N and for every n > 0, where & (determined exactly in the proof) is a
quantity tending to 0 an n tends to oco.

2.5. MARKOV-NIKOLSKII-TYPE INEQUALITIES
FOR f € &, WITH NONNEGATIVE EXPONENTS

Our next theorem records how large | f'(0)| can be if || f||z,[0,1] = 1 for exponential sums
f € &, with nonnegative exponents.

Theorem 2.5.1. We have
F/(0)] < (1+25) 37203 fl Lyjo.1)
for every f € & of the form

f(t>zzaj€>\jt, ajE]R,OS/\1<)\2<...<)\n’
j=1

where the quantity €, (determined exactly in the proof) tends to 0 an n tends to co. This
inequality is sharp.



2.6. A POINTWISE NIKOLSKII-TYPE INEQUALITY FOR &,

The upper bound of the theorem below follows from Lemma 3.5 proved in [7]. We
couple this upper bound with a matching lower bound.

Theorem 2.6.1. We have

( (n —2)log2 )”2< wp W ( 2n )”2
32 min{y — a,b — y} ~ozreen 1fllLafap) — \min{y —a,b—y}

for every y € (a,b) C R.

The theorem below shows a lower bound for

W)
p .
0ZfETn ||f||L2[a,b]

However, there is a gap between the lower bound of Theorem 2.6.2 and the upper bound
of Theorem 2.6.1.

Theorem 2.6.2. There is an absolute constant ¢ > 0 such that
n'/? n 1f(y)]
¢ min , < sup g —
{ (min{y —a,b— y})1/4 (b—a)/? 0 feTu(m I1f 1| Lafa
for every n > 0 and for every y € |a,b] C R, where the classes T, (n) are defined by (2.4.1).

Note that for 0 < 11 < 12 we have T, (1) C T, (n2), so the statement of Theorem 2.6.2
gets stronger as n > 0 gets smaller since the constant ¢ > 0 in Theorem 2.6.2 is absolute
(independent of n, a, b, y and 7).

2.7. AN ESSENTIALLY SHARP BERNSTEIN-TYPE INEQUALITY FOR 7T,

Our next theorem may be viewed as an essentially sharp (up to the constant 2e) Bern-
stein type inequality for all f € T, at least in the middle of the interval [—1, 1].

Theorem 2.7.1. We have
1f(0)] < (A+2e(n+ 1) | fll{=1,1
for every f € T, of the form (1.6), where

(2.7.1) A= max |)\j|, AL <A <<\,
1<j<n

This inequality is sharp up to the factor 2e. Namely, for every real number A > 0 and
integer n > 1 there is an f € T, of the form (1.6) with (2.7.1) such that

1
7O 2 7 A +n=3)[Ifll-1-

Theorem 2.7.1 should be compared with Theorem 5.6 establishing an essentially sharp
Bernstein-type inequality for the classes

FE, = {f : f(t) = ap -l-Zaje)‘ft, aj,)\j c R} .
j=1
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2.8. MARKOV-TYPE INEQUALITY FOR T,
Our next theorem offers a Markov-type inequality for all f € 7, on [0, 1].
Theorem 2.8.1. Let ,, be the same as in Theorems 2.2.1, 2.4.1, and 2.4.2. We have

[0,1] »

n 1/2
£ (0)] < (1+en) <27n5+zki> 171
k=1

and

[0,1] »

n 1/2
1 N0,y < (1 +en) <108n5 + Ai) /]

k=1
for every f € T, of the form (1.6).
The theorem below shows how far Theorem 2.8.1 is from being sharp.

Theorem 2.8.2. We have

/
sup | f(0)] S 9n— 1)?
oz feT, () |1 lo.1]

for every n € N and for every n > 0, where the classes T, (n) are defined by (2.4.1).

Note that for 0 < n; < 12 we have T, (n1) C Tn(n2), so the statement of Theorem 2.8.2
gets stronger as n > 0 gets smaller.

Theorem 2.8.1 should be compared with the p = ¢ = oo case of Theorem 5.3 estab-
lishing an essentially sharp Markov-Nikolskii type inequality for the classes F(A,,), where
associated with a set of A,, := {\og, A1,..., A} of distinct real numbers

(2.8.2) E(A,) :=span{e? Mt . Mty =< f: f(t) = Zajexjt, aj €R
§=0

2.9. MARKOV-TYPE INEQUALITIES FOR &,, AND
Tn IN L3[0,00) WITH THE LAGUERRE WEIGHT

In this section we use the norm

£l = ( Al dt)m .

Our first result extends Lubinsky’s Theorem 3.2 in [23] to the case when the exponents
are not necessarily purely imaginary.
11



Theorem 2.9.1. We have

1/2
1702 < | ma (A1 4 { D (1= 2Re(dy)) D (1= 2Re(M)) /112
T J=1 k=j+1

for every f € &, of the form
t):ZajeAft, CLj,)\jE(C, Re()\j)<1/2.

The “empty sum” from k =n + 1 to k = n above is meant to be 0.
The theorem below recaptures Lubinsky’s Theorem 3.2 in [23].
Theorem 2.9.2. We have

)\ /2
W%S@%WH@%J)>Mb

for every f € T, of the form (1.6).
Our next result shows how far Theorems 2.9.2 and 2.9.1 are from being sharp.

Theorem 2.9.3. We have

i\ 172
Hf,||2 2 ( . ™ ) 1
sup > | n*+ ( 2sin
ozfreTn(m) I1f 2 An — 2

for every n > 0, where T, (n) is defined by (2.4.1).

The proof of Theorem 2.9.3 depends heavily on a result of Turdn. Improving a result
of E. Schmidt, Turdn [31] showed that

S]] ( oo )_1
M, := sup = ( 2sin
ozfer, fll2 An +2

and the extremal polynomial is

F0 =3 (s 527 ) L.

Jj=1

where P,, is the set of all algebraic polynomials of degree at most n with real coefficients
and L; is the j-th Laguerre polynomial.

We remark that the quantity
—t |

M. — maXe[o,00) |f'(t)e
nk 1= Sup —
0#fEP, MaXte(0,00) |f(E)e™|

was examined by Sklyarov [30], who proved that
8Fnlk! k 8Fn!k!
L < M,, o
(n—k:)!(Qk)!( Qn) ES L R)(2k)]
for all integers n > 1 and k£ > 1.
12



2.10. MARKOV-TYPE INEQUALITIES FOR &, IN L2|0, 00)

Our only result in this section is a version of Theorem 2.9.1, a Markov-type inequality
for £, in L2[0, 00) without a weight. Let

oo 1/2
11| Lafonce) = ( / |f’(t)\2dt) |

Theorem 2.10.1. We have
1/2

n

1 n
Mﬂﬁ ;Regj) S Re(M) 1 £1lza10.00)

k=j+1

1
120,000 < | 5 + max

for every f € £, of the form
f(t):Zaje’\jt, aj,)\j eC, Re()\]) <0.
j=1
The “empty sum” from k =n + 1 to k = n above is meant to be 0.

3. LEMMAS

Our first lemma is due to Turdn; see E.6 b] on page 297 of [4]. In fact, this inequality
plays a central role in Turan’s book [32] as well.

Lemma 3.1. We have

19(0)] < (

for every ae > 0 and g > 0.

2e(a+ B)\"
20N gloarar. g2

In fact, we will need the following consequence of Lemma 3.1.

Lemma 3.2. We have
2et\ "
< _
oara < (55 1

2e(t —a)\"
o< (ZX)
for everya>0,d >0 andt > a+d.

Proof of Lemma 3.2. Let f € £, . Let g € &' be defined by g(z) := f(t — x). Associated
with a > 0,d > 0,t > a+d we define a :=t — (a +d), f := d. Applying Lemma 3.1 with
g € ET we get

01 = o) < (XY gl

2e(t —a)\" 2et\"
~ (22D Wl < (%) Wl

[a,a+d] » f € 87:7

O

Our next lemma states the first inequality of part c] of E.2 coupled with part d] of E.2
on page 286 of [4]; see also Corollary 3.3 in [8].
13



Lemma 3.3. We have

1/2
n

1PN za10 — \ i

for every Miintz polynomial 0 #£ P of the form
P(x) =Y a;e™, a5\ €C, Re() > -1/2,
j=1

and for every y € [0,1]. This inequality is sharp when y = 1.
Using the substitution z = e~! Lemma 3.3 implies the following.
Lemma 3.4. We have

1/2

FOI< | D (1—2Re(A))) 1F e 2| 10,00)

=1

for every f € &, of the form
f(t) = ZajeAjt a; € C, Re()j) <1/2.
j=1

This inequality is sharp.
The next lemma is from [7].

Lemma 3.5. We have

na 1/2
FIE(F) W lap-spras  FEEn,
for every y € R and 6 > 0.

Our next lemma states the second inequality of part c] of E.2 coupled with part d] of
E.2 on page 286 of [4]; see also Corollary 3.3 in [9].

Lemma 3.6. We have

1/2
3/2P, n k—1 9
2% k=1 j=1

for every y € [0,1] and for every Miintz polynomial 0 Z P of the form
P(z) =Y a;z™, a;, )\ €C, Re(;) > —1/2.
j=1

This inequality is sharp when y = 1.

Using the substitution z = e~! Lemma 3.6 implies the following.
14



Lemma 3.7. We have

1/2

|/(0)] - bt 2
£ 110,00, = 2 (1+2Re(Ar)) }Ak + ) (14 2Re();))

J=1

for every exponential sums 0 % f of the form
Ft) =Y aje™t, aj, 0 €C, Re(\;) <1/2.
j=1

This inequality is sharp.

Associated with a set A, := {Xo, A\1,..., Ay} of distinct real numbers let
E(A,) :=span{eMt eMt Mty =< f:f(t) = Zaje’\jt, a; € R
§=0

The heart of the proof of our Theorem 2.3.1 is the following pair of comparison lemmas.
The proof of the next couple of lemmas is based on basic properties of Descartes systems,
in particular on Descartes’ Rule of Sign, and on a technique used earlier by P.W. Smith
and Pinkus. Lorentz ascribes this result to Pinkus, although it was P.W. Smith [27] who
published it. I have learned about the method of proofs of these lemmas from Peter
Borwein, who also ascribes it to Pinkus. The proofs of these lemmas are stated as Lemmas
3.3 and 3.4 in [17], where their proofs are also presented. Section 3.2 of [4], for instance,
gives an introduction to Descartes systems. Descartes’ Rule of Signs is stated and proved
on page 102 of [4].

Lemma 3.8. Let A, :={0g < < -+ <0p} and 'y :={y <71 < - <yn} be sets of
real numbers satisfying 6; < v; for each j =0,1,...,n. Let a,b,c € R, a < b<c. Letw
be a not identically 0, continuous function defined on [a,b]. Let g € (0,00]. We have

[ P(c)] [P(c)|

sup — < sup _
0Z£PcE(A,) HPwHLq[a,b] 0#£PcE(T,,) ||Pw||Lq[a,b]

Under the additional assumption §,, > 0 we also have

<1 [P _ |[P'(c)|
p ———>—< sup "
02PeE(A) IPW L ab) ~ ozrerm,) IPW|lL,jab

Lemma 3.9. Let A, :={dp <01 < -+ <p} and Ty, :={y <71 < -+ <y} be sets of
real numbers satisfying 6; < v; for each j =0,1,...,n. Let a,b,c € R, c <a <b. Let w
be a not identically 0, continuous function defined on [a,b]. Let q € (0,00]. We have
P P
@ Pl
0£PeE(A) [PWlL e — ozperm,) [PW|L,0,b)
15



Under the additional assumption vy < 0 we also have

Q)| Q)]

sup —_— > sup —_—
0zqeE(a) QWL 0y — ozoerm,) QW L, b

An entire function f is said to be of exponential type 7 if for any € > 0 there exists a
constant k() such that |f(z)| < k(e)e(™t9)I*l for all z € C. The following inequality may
be found on p. 102 of [2] and is known as Bernstein’s inequality; see also [3] and [14]. It
can be viewed as an extension of Bernstein’s (trigonometric) polynomial inequality (see p.
232 of [4], for instance) to entire functions of exponential type bounded on the real axis.

Lemma 3.10 (Bernstein’s inequality). We have
sup | f'(t)] < Tsup|f(t)].
teR teR

for every entire function f of exponential type T > 0 bounded on R.

The reader may find another proof of the above Bernstein’s inequality in [26, pp. 512
514], where it is also shown that an entire function f of exponential type 7 satisfying

|f'(to)| = 7sup | £(¢)]

teR

at some point t5 € R is of the form

f(z)=ae™ +be"*,  aeC, beC, la| + |b| = sup | £(t)].
teR

Our next lemma is stated as Theorem 6.1.5 on page 282 of [4]; see also Theorem 3.4 in
[9].

Lemma 3.11. We have

1/2
[P (%) ,0,1] 2 .
ZM | +Z (1+2Re();)) > (1+2Re(A\))
TP oo, 2
for every Miintz polynomial O #£ P of the form
(3.1) P(z) =) a;z™, a;,\; €C, Re();) > —1/2.

The “empty sum” from k =n + 1 to k = n above is meant to be 0.

In fact, a simple change in the proof (in either references) gives the following.
16



Lemma 3.12. We have

1/2
2P’ ()] Lafo,1) - -
= < max ||+ (14 2Re();)) (14 2Re(Ax))
Ploon =22 M (2 N2

for every Miintz polynomial 0 # P of the form (3.1). The “empty sum” from k =n+1 to
k = n above is meant to be 0.

Proof of Lemma 3.12. Let P be a Miintz polynomial of the form (3.1). We have
P(a:):ZakL}g, a, € C,
k=1

where
L; € span{a™, 22, ... 2%}
denotes the kth orthonormal Miintz-Legendre polynomials on [0, 1] associated with
A2

span{z™, 2?2 ... 2},

introduced in Section 3.4 of [4] (the spans here are taken over C). Without loss of generality
we may assume that

(3.2) 1P|y =Y lax)*=1.
k=1

As it is observed on page 283 of [4], we have

n n

zP'(z) =Y | ajA;j+/1+2Re(N;) > axy/1+2Re(X) | L}(2)
j=1 k=j+1
Hence
(3.3) 2P ()| Lo10,11 < 1R Lojo,17 + 1] 2af0,17 5
where .
R(QZ) = Z aj)\jL;f
j=1
and

S(z) = z”: \/1+ 2Re(};) z”: apy/1+2Re(\) | Lj(x).
=1 k=j+1
17



Using the orthonormality of {L},j =1,2,...,n} on [0,1] and then recalling (3.2), we can
deduce that

1/2 1/2
(3.4) 1R 2500,1) = Z\%‘MQ Slfgjagn\)\ﬂ > la |
< max |Aj].
1<j<n

Further, combining the orthonormality of {L},j = 1,2,...,n} on [0, 1] with applications
of the Cauchy-Schwarz inequality to each term of the first sum and then recalling (3.2) we
obtain that

n

(3.5) IS1I7 100 = Y (1 +2Re(); Z ary/1+ 2Re(\;)

Jj=1 k=j+1
Z (1+42Re();)) Y (1+2Re(A))
j=1 k=j+1

The lemma now follows from (3.3), (3.4) and (3.5). O

4. PROOFS OF THE NEW RESULTS

Proof of Theorem 2.1.1. Let f € T,. Applying Lemma 3.5 with y € [n,7n] and § := n, we
have

11t 7n < WSl zot0.8m) -

Combining this with Lemma 3.2 we get

2 —t 2t *" 2 —t et \*" 2 —t
[f)]Fe™" < e [ f 7y | €77 < 3 1F 1 Z000,8n] | €

< e_t/2||f||%2[0,8n] ), t>8n.

ot 2n
h(t) = — —t/2
0= () ¢
is decreasing on the interval [8n, c0), hence
2n 2n 2n
et ¢ et —t/2 \ —t/2 8e —4dn_—t/2
_ < — < | =
(3n) e " < ((?m) e e =3 e e

2 2\ ™

g(%) §e_t/2, t>8n.
e

18
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Hence

> o0 8n
[ iroretar < (e a) 1l <27 [ 0P ar
8 8n 0

n
This implies that

8n

/ 1F(O)Pe b dt < (14 2e72") / |F()|2e™t dt.
0 0
Combining this with Lemma 3.4 we get

O] < (1 +2e7) Y20l 2| £ (£)e™"5| yjo,8m)

Transforming this inequality linearly from the interval [0, 8n] to the interval [0, 1], we get
the first statement of the theorem.

The second statement of the theorem follows from the second statement of Lemma 3.4.
Indeed, for every fixed \y < Ay < -+ < A, there is a 0 # f € T, of the form (1.6) such
that

1£(0)] > n 2 [ F(£)e 2| Ly0.00) > 021 F ()™ 2| Ly0.8n] -

Transforming this inequality linearly from the interval [0, 8n] to the interval [0, 1], we get
the second statement of the theorem. [

Proof of Theorem 2.1.2. Let vy :=2+1logd <y <4 and § := (v —9)/8 < 1/8. Observe
that 79 < v < 4 implies that 0 < § < 1/8 and hence

=25 > v9— 20y —1/4 > 2.

Combining this with the Mean Value Theorem we obtain

1
1 —1 —260) <20 20— =9.
ogy — log(y — 20) < S5 <5
Therefore
2+log4+2log7_725—7—1—75:(%—7)+2(log7—log(7—25))+75
< —8)+20+46=-20<0,
hence
y 2
4.1 4e? 70D <1,
b ‘ (7—25) ’ -

Let f € 7T,. By Lemma 3.5 we have

||f||[25n,('y—5)n] < 5_1||f||%2[0,7n] :
19



Combining this with Lemma 3.2 we get

_5 2n
fOPe < ((%) Hfu[%n,m_é)n])

—1 2et o 2 —t
<0 =200 1f 7 0,m) | €

<o e o EZ 0

Here we used the fact that

is decreasing on the interval [y,o0) C [2(1 — §)~!, 00), which, together with (4.1) yields

2n 2n 2n
(&) ' << ") 6(6_m> 6<< “39) eW_M) a
7 —20)n 7= 7=

Hence

[ istopeta <o ( | e dt) 112 0.0m
n n

yn
<o totem0m / |f(t)[*dt.
0

This implies that

yn

| rpetas a5y [ R,
0 0
Combining this with Lemma 3.4 we get
LFO)] <021 F()e Pl 1a0,00) < 021+ 2| f Lyf0.9m) -

Transforming this inequality linearly from the interval [0,~n] to the interval [0, 1], we get
the theorem. [J

Proof of Theorem 2.1.3. Let y € [—1,1]. Transforming the inequality of Theorem 2.1.1
(with the constant 7/2 rather than (y + ,)'/2) linearly to the intervals [0,y] and [y, 1],
respectively, we get

2
s (3) [ irors
20



and
-oiwrs () [ 1rora

Adding these, we conclude that

swrs () [ 1rora.

and the theorem follows. O

Proof of Theorem 2.1.4. Let f € T, and ¢ € (0,2]. Using Theorem 2.1.3 we obtain

1
_ﬂWMMMzﬂ(/M@&@

/2

(/ £ IWM%ﬁﬁ) .

1155 < S5 1195

1/2

and hence

and the theorem follows. O

Proof of Theorem 2.1.5. When p = oo and ¢ € (0, 2], the theorem follows from Theorem
214. Let 0 < g < p<oo,q<2 and f € T,. Based on Theorem 2.1.4 the proof of the
theorem is fairly routine. We have

W= [ 1f0Pae< [ 1sorisifs

I

(r—q)2/q
<A1 o MU < IS o (5)

(p—a)2/q
< (%) 112 o1

and by taking the pth root of both sides the theorem follows. [J

1A

Proof of Theorem 2.1.6. The remark following Theorem 7.17.1 on page 182 of [28] asserts

that P
P(1 _
0zpep, |Pllra-1,1  ozpep, [[PllLo[-1,1
Transformation this linearly from [—1, 1] to [0, 1], we get

PO _ |P

sup sup
0ZPEP,_1 ||P||L2[O,1] 0ZPEP,_1 ||P||L2[0,1]

Now the theorem follows from Remark 1.1. O
21



Proof of Theorem 2.1.7. 1t is well-known; see Theorem 2.1 in [19] or the guided exercise
E.19 on page 413 of [4], for instance, that there is an absolute constant ¢ > 0 such that

P(1 Pli-
wp PO _ Pl 10

02peP, 1Pz, ~1.11  ozper, IPllL =11

for every ¢ € (0,00). Transforming this linearly from [—1,1] to [0, 1] we get that there is
an absolute constant ¢ > 0 such that

P P
sup \PO)] 1Pl0,1)

0£PeP,_1 1Pz 01  ozper. i IPlL, 0]

for every g € (0,00). Now the theorem follows from Remark 1.1. [

Proof of Theorem 2.1.9. Let q € (2,00) and let 1/p := (¢—2)/q, that is, 1/p+1/(q/2) = 1.
Using Theorem 2.1.1 and Holder’s inequality, we have

1
FO)P §(8-%€n)73t/i\f@jﬁe_”ie_”tdt
0

<(8+en)n? (/O (1£®)[%e™™) q/2dt) (/ \e—"t\pdt) p,

hence
1\ P
SO < B+ )2l f(E)e™™ |2, 0. <ﬁ)
<@B+e) 0l f()e ™| L,00) (q — 2) o
at 2qn
< (84 20) " eqn T F(D)e |1 0.1
O

Proof of Theorem 2.1.10. Let y € [0,1]. Transforming the inequality of Theorem 2.1.9
linearly to the intervals [0, y] and [y, 1], respectively, we obtain that

yIFI < (840 P2ent )" [ o) a
0

and

q 1
(1= D)W < (842 e 210)" [ peyae.

Adding these we conclude that

1
q ] )2 ’ 1/2+1/q)? 9dt
717 < ((8+2,) o )" [ iy



and the theorem follows. O

Proof of Theorem 2.2.1. Let f € £,. Let § := 1/91 and n := 1/90. By Lemma 3.5 we
have

£ 5n,2-8ym) < 07 I f 1l 220,20 -

Combining this with Lemma 3.2 we get

2n 9 2n .
FB)Pe < ((@f—gi;)n) r|fr|%5n,<2_5>n]) S((ﬁ) 5‘1||f||%2[o,zn]> ¢

<ot et " et /2” |f(x)|e™ dx t>2n
- (2 — 25)77/ 0 ’ - '

Integrating on [9n, oo], we get
(4.2)

/9:0 FO))Petdt < 57 (/: (QE%M)% et dt) </02n|f(x)|2e_m das)
=07 () e ) () ([ o)
<ot (/gj et dt) </02n |f(x)]?e™™ da:)

2n
<5 ipTlem v (/ |f(x)]?e™™ daj) .
0

Here we used the fact that

2et an 9
- n_ (n—1)t
h(t) : <7(2 — 25)n) e"e

is decreasing on the interval [9n, c0), hence recalling that § := 1/91 and n = 1/90, we have

sup h(t) < ((9'1)e>2ne—(8.9)n62n _ e(210g(9.1)—|—2—8.9+2)n < 60 —1.
t>9n

It follows from (4.3) that
[e’e) 2n
| iropeta<omeon ([T ket ar)
In

hence

/ Tl Petdt < (14 5 e ( / " @) e dw) |
0 23 0



O
Proof of Theorem 2.2.2. Let f € T,. Lemma 3.4 yields that

F(0)* <n /OOO |F(t)Pe "t dt .

Combining this with Theorem 2.2.1 we have

FO)P < (1+20)%n / " F)etat.

Transforming this inequality from the interval [0,9n] to the interval [0, 1], we obtain

1£(0)]2 < (1 +¢e,,)%9n? /1 |F(u)]? e ™ du.
0

The second statement of the theorem follows from the second statement of Lemma 3.4.
Indeed, for every fixed \y < Ao < -+ < A\, there is a 0 Z f € T, of the form (1.6) such
that

1£0) = n2 (| F()e 2| Laf0.0e) > 22 F ()™ || oj0.0m] -

Transforming this inequality linearly from the interval [0,9n] to the interval [0, 1], we get
the second statement of the theorem. [

Proof of Theorem 2.3.1. Observe that

e—0+ £

Hence it follows from Lemma 3.8 in a routine fashion that it is sufficient to prove the
inequality only for polynomials P € P,,_;, where P,,_1 denotes the set of all polynomials
of degree at most n—1 with real coefficients, and this has been done in the proof of Theorem
2.1.6. The sharpness of the theorem also follows from the proof of Theorem 2.1.6. [J

Proof of Theorem 2.4.1. Let f € T, be of the form (1.6), and let g € 7, be defined by
g(9Int) := f(t). By Theorem 2.2.1 we have

) In
| lawPetar< e [ lgnpetar,
0 0
Combining this with Lemma 3.7 we get
| £/(0)] =9nlg'(0)]

n 2 1/2
<9n (Z <<;—Z) + (k- 1)2)) lg®)e™ "2l 10,00

9 1/2
Ak 2 —t/2
O + (k - 1) ||g(t>€ ||L2[O,9n]

9 1/2
Ak 2 1/2 —9nu/2
o t(k-1) 3n2|| f(u)e | 250,1] -
24



The second statement of the theorem follows from the second statement of Lemma 3.7.
Indeed, for every fixed \; < Ao < --- < A, there is a g € T, such that f € 7, defined by
g(9nt) := f(t) is of the form (1.6) and

|1(0)] =9nlg'(0))]

n 2 1/2
=9n (; ((3%) + (k — 1)2>> lg()e™"? || 1 10,00)
n 2 1/2
>9n (Z ((3—2) + (k - 1)?)) 302 £ ()2 1o

k=1
U

Proof of Theorem 2.4.2. Let y € [0,1]. Transforming the inequality of Theorem 2.4.1
linearly to the intervals [0, y] and [y, 1], respectively, we obtain that

n 2 1/2 y
Y ()2 < 27%(1 +&,)%n® (; <<%) + (k- 1>2>) /0 | (t)|? dt
and

(- 1) < 272<1+en>2n3<n ((%) +<k—1>2)>

k=

/2
/ )2t
Yy

Using the first inequality above if y € [1/2, 1] and the second inequality above if y € [1/2,1]
we conclude that

n )\k 2 1
1 >|2sz72<1+an>2n3( (2 ok +8<k—1>2>) £ dt,
’ > (2 (se) |

and the theorem follows. O

Proof of Theorem 2.4.3. By Remark 1.1 we have

(0 P’(0
(4.3) sup /O _ “ |P'(0)] '
ozfreTe 1fllza0,1)  ozpere | 1PllLsj0.1

n—1

Let P, € P, be the n-th orthonormal Legendre polynomial on the interval [0, 1], that is,

1
/ Po(@)Por(2) dz = By 1.
0
where 0y, ., = 1 if n =m and 0, ,,, = 0 if n # m. Recall that

(4.4) PL0) = (—D)*k(k+1)(2k+1)Y2,  k=0,1,....
25



This can be seen by combining (4.21.7), (4.3.3), and (4.1.4) in [27] and by using a linear
transformation from the interval [—1, 1] to the interval [0, 1]. As a consequence of orthonor-
mality, the Cauchy-Schwarz inequality, and (4.4) it is well known (see E.2 on page 285 of
[4], for instance) that

(4.5)
n—1 1/2 n—1 1/2
su PO _ > P(1)? = E2(k+1)%(2k + 1
b hr—— = | R = YRk 122k + 1

—(L4e5)372nb.

Combining (4.3) and (4.5) gives the theorem. [

Proof of Theorem 2.5.1. It follows from Lemma 3.9 in that it is sufficient to prove the
inequality of the theorem for exponential sums f € E(A,_1), where

A, = A;—l = {(50 <O << 5n—1}
with
0j == je, 7=0,1,... ,n—1
and ¢ > 0 is sufficiently small. Observe that

et — 1
t = lim ,
e—0 g

hence for every P € P,,_; there are f;, € E(A* ) of the form

nawzp(fﬂ‘l), e >0

€k

such that

1 = Plioy = lim i = Plloy = 0.

Hence, it is sufficient to prove the inequality of the theorem only for polynomials P € P,,_;.
Therefore (4.5) gives the theorem. [

Proof of Theorem 2.6.1. The upper bound follows from Lemma 3.5; see [7] for a proof. To
see the lower bound we proceed as follows. Let P,, € P,, be the n-th orthonormal Legendre
polynomial on the interval [—1, 1], that is,

u/d Po(@) Pan(2) dt = Gy

-1

where 0, ,,, = 1 if n =m and d,,,, = 0 if n # m. Let

(4.6) Q(z) = Pr(0)Py(x)
k=0
26



We have
(4.7) QN1 =D Pe(0)* and  |Q(0)] =) Pu(0),

hence

||Q||%2[—1,1] k=0

It is well known (see p. 165 of [28], for example) that P, (0) = 0 if k is even, and
P(O) = 2 k=3\? (k-1
R k—2 k
g§ 45 k—4 k-3 k—2Fk—1
34 k—=3k—-2)\k—-1 &k

>2k+1
- 4k

>

N =

if k£ is odd. Combining this with (4.6) and (4.7) gives

QP n-2
Q17 1y 4

Let f(t) = Q(2e~t — 1)e~*/2. We have

| f(log2)] _ 1Q(0)] S (”—2)1/2.
[ fllzoj0,00)  2Y2 (@ g1y~ 8Y/2

Transforming the above inequality linearly from the interval [0, c0) to [a, c0) and (—o0, b],
we get the the lower bound of the theorem. [J

Proof of Theorem 2.6.2. Theorem 2.1 of [19] implies that there is an absolute constant
¢ > 0 such that

cmin{%, n}< sup M?
(1—y?)/ 0£PeP,r I1PllLa1-1,1

for every y € [—1, 1]. Hence the theorem follows from Remark 1.1. O

Proof of Theorem 2.7.1. Let f € T, be of the form (1.6) with (2.7.1). Let m be an integer
such that n < 2m. We define the ent1re function of type A + 2m by

o(2) = £(2) (Sm)zm .

z
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By Bernstein’s inequality we have

(4.8) 17/ (0)] = [g"(0)] < (A + 2m) Sup g ()] -

Lemma 3.2 implies that

n . 2m
(4.9) |g<t>|s<@) ||f||[o,261('smt') < pamy g

2e t

0,2¢] = ||f||[0,2€]7

and, as |sint| <t for all ¢ > 0, obviously
(4.10) g < [f@)],  tel0,2e].
Combining (4.9) and (4.10) we have

(4.11) sup |g(t)| < |||
te[0,00)

[0,2€] »

and similarly

(4.12) sup [g(t)] < [[fll—2¢,01 -
te(—o00,0]

Using (4.8), (4.11), and (4.12), we conclude

£/ 0)] < (A +2m) [[fll[-2¢,2¢ -

Transforming the above inequality linearly from the interval [—2e, 2¢] to the interval [—1, 1],
and choosing m so that n = 2m if n is even, and n + 1 = 2m if n is odd, we get the upper
bound of the theorem. To see the sharpness of the upper bound up to the factor 2e,
we pick f(t) :=sin M\t if A > n > 2, and f(t) = T,,(¢ ' sin(et)) with a sufficiently small
e > 0, where T}, is the Chebyshev polynomial of degree m defined by T, (cos ) = cos(mb),

6 € [0,27), and m is the largest odd integer such that 2m +1<n. O

Proof of Theorem 2.8.1. Let y € [0,1]. Let f € T, be of the form (1.6). Transforming the
inequality of Theorem 2.4.1 linearly from the interval [0, 1] to the intervals [0, y] and [y, 1],

respectively, we obtain that

v )P <27 (14 &) n? <Z <(§—2) +<k—1>2)> /0 e gy

k=1

<27% (1 +¢e,)* n? <Z <<%) +(k—1)2)> % If]

k=1
28

2
[0,9]



and

(1—9)°1f"(y)?

<(1+e,)*n? ( Y ((%)2 + (k — 1)2>> /Oy | f (u)|2e 9=/ (=v) gy

k=1

<27 (146,08 (Z ((%) +<k—1>2>) 21

k=1

2
[y,1] -

Using the second inequality with y = 0, we get the first inequality of the theorem. Using
the first inequality above if y € [1/2,1] and the second inequality above if y € [0,1/2] we

get
)P < 27201 4 2%’ (Z ((3—;) bl 1)2)> o I

k=1

2
[0,1]>

and the first statement of the theorem follows. O

Proof of Theorem 2.8.2. Let Q,, € P,, be defined by Q,(z) = T,,(2x — 1), where T, is the
Chebyshev polynomial of degree n on [—1, 1] defined by T,,(cos @) = cos(nf) . As

[PL(0)] = 2n® = 22| Pylljo,1).

the theorem follows from Remark 1.1. [J

Proof of Theorem 2.9.1. This follows from Lemma 3.12 by the substitution z = e~t. 0O
Proof of Theorem 2.9.2. This follows from Theorem 2.9.1 immediately. [

Proof of Theorem 2.9.3. Let g € P,,_1 be defined by

o) :2 (sin 577 ) 2ato).

where L; is the jth Laguerre polynomial. Associated with n > 0 we define f(t) := e™*g(t).
We have

F1(#) = e (f'(t) +inf (1)),

1) -\

2 2 . ™

=\|n + (2 sin )

1711 ( 2

follows from the result of Turdn [31] stated in Section 2.9 after Theorem 2.9.3. Using
Remark 1.1 we can easily see that there are 0 # fi € 7, (n) such that

and

lim |[fx — fll2=0  and lim [|fz — f'll2=0,
k—o0 k—o0
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and hence

N 172
[ERIP [ f5ll2 5 ( .o ) !
sup 2 sup = | n°+ | 2sin )
ozfeTn(n 1fll2 ~ wen [ fell2 An —2
[
Proof of Theorem 2.10.1. Observe that if 0 # f € £ is of the form
Ft)=>"a;eMt a;, A €C, Re(\;) <0,
j=1

then g € &, defined by g(t) = f(t)e*/? is of the form

g(t) =" a;eMt, aj A € C, Re(A)) < 1/2.
j=1

Now an application of Theorem 2.9.1 to g gives

I((F@e2 + 5 FBe) e 2| o ny 16 ()2 110,00

1 (t)et/2e=t/2] 1, 0,00) — llg®)e2 ]| L,g0,00)
1/2
< A 1—l— i 1—-2R )\~—|—1 i 1—2Re [ A L
= X 1N T g , “\VT 3 : C\ M3
Jj=1 k=j+1
hence
1/2
1 220,000 _ 1 ‘ - -
= < — 4+ max [\, +=|+2 Re(\; Re(\g
Pl — 2 55|V 2 Relh) 3, Re(h)

5. APPENDIX

The paper is self-contained without the results listed in this section. The results below
are closely related to our new results in this paper. Theorems 5.1-5.6 have been proved by
subtle Descartes system methods which can be employed in the case of exponential sums
with only real exponents but not in the case of complex exponents. The reader may find

it useful to compare the results in this section with the new results of the paper.
Associated with a set A, := {Xo, A\1,..., Ay} of distinct real numbers let

E(A,) :=span{e? Mt Mty =L ff(t) = Zajekft, aj €R
§=0

The following result was proved in [15].
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Theorem 5.1. Suppose A, :={ Ao, \1, ..., \n} is a set of distinct nonnegative real num-
bers. Let 0 < q < p < oo. Let pu be a non-negative integer. There are constants
c1=c1(p,q, ) > 0 and co = ca(p, q, 1) depending only on p, q, and pu such that

u+1/q—=1/p u+1/9—1/p

n (1)
Z)\j < sup Hf HL( 00,0] < ¢y Z)\ ,
=0

0zreBEWMy) Iy (=000

where the lower bound holds for all 0 < ¢ < p < oo and pu > 0, while the upper bound holds
when =0 and 0 < q<p < oo, and when p>1,p>1, and 0 < ¢ < p < oo. Also, there
are constants ¢c1 = ¢1(q, p) > 0 and co = c2(q, u) depending only on q and p such that

u+l/q p+1l/q

n (u)
Z Aj < sup ‘f ) < ¢y Z Aj
§=0

0£fEE(An )||f||Lq( 0,y]

forall0 < qg<oo, u>1, andy € R.
Extending the main result of [1], in [16] we proved the following couple of theorems.

Theorem 5.2. Suppose A, = {Ao, A\1,...,\n} is a set of distinct real numbers. Let
0<q<p<oo abéeR, and a < b. There are constants c3 = c3(p,q,a,b) > 0 and
¢y = c4(p, q,a,b) depending only on p, q, a, and b such that

1/q—1/p N 1/q—1/p

c3 n2+2|)\j| < sup 7”}0”%[&’17] <ecy n2—i—Z|)\j|
j=0 j=0

0zfer(A,) 1 l2yab)

Theorem 5.3. Suppose A, := {Ao,A1,...,\n} is a set of distinct real numbers. Let
0<q<p<oo abéeR, and a < b. There are constants cs = c5(p,q,a,b) > 0 and
¢ = c6(p, q,a,b) depending only on p, q, a, and b such that

14+1/q—1/p . 14+1/q—1/p

. L,
i [ n2+ 3l < swp Mmledd o f2 g, ,
j=0 j=0

0ZfEE(An) ||f||Lq[a,b]

where the lower bound holds for all 0 < q < p < oo, while the upper bound holds when
p>1land 0 < qg<p<oo.

Using the Lo, norm on a fixed subinterval [a 4+ 0,b — ] C [a,b] in the numerator in
Theorem 5.2, we proved the following essentially sharp result in [7]. For the sake of
brevity let

[f]la == sup [ f(t)]
teA

for a complex-valued function f defined on a set A C R.
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Theorem 5.4. Let a,b € R, a < b. If A, := { )Xo, A\1,..., \n} s a set of distinct real
numbers, then the inequality

1/p
n—+1
Wllossa-a <87 (%52 ) 17y

holds for every f € E(A,), p>0 and § € (0,%(b— a)).

The key to Theorem 5.4 is the following Remez-type inequality proved also in [7]. For
the sake of brevity let

FE, = {f : f(t) = ag + Zaje’\jt, aj,)\j c R}
j=1

and
En(s)={fe€Ey:m({ze[-11]:|f(z)| <1}) =2 - s},

where m(A) denotes the Lebesgue measure of a measurable set A C R.

Theorem 5.5. Let s € (0, %} . There are absolute constants c; > 0 and cg > 0 such that

exp(cy min{ns, (ns)*}) < sup |f(0)| < exp(cg min{ns, (ns)?}).
fEEL(s)
An essentially sharp Bernstein-type inequality for E,, is proved in [5].
Theorem 5.6. Let a,b € R, a <b. We have

| 01 ) o — 1
- < sup < — , y € (a,b).
e— T Ty —a. 0= 9] = oorbe, 1fles = minfy —a,b— g} (a.0)

Having real exponents A; in Theorems 5.1-5.6 is essential in the proofs using subtle
Descartes system methods. There are other important inequalities proved for the classes
E(A,,) associated with a set A,, := {Aog, A\1,..., A} of distinct real exponents; see [6], for
instance, where the proofs are using Descartes system methods as well.

Let V,, be a vector space of complex-valued functions defined on R of dimension n + 1
over C. We say that V,, is shift invariant (on R) if f € V,, implies that f, € V,, for every
a € R, where f,(z) := f(z —a) on R. Associated with a set A, := { Ao, A1,... , A} of
distinct COMPLEX numbers let

E°(A,,) :=span{et Mt . M = f: f(t) = ZajeAjt, a; € C
§=0

Elements of E°(A,,) are called exponential sums of n+1 terms. Examples of shift invariant
spaces of dimension n + 1 include E¢(A,,). In [8] we proved a result analogous to Theorem
5.4 for exponential sums with complex exponents A;, in which case Descartes system
methods cannot help us in the proof.
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Theorem 5.7. Let a,b € R, a < b. Let V,, C Cla,b] be a shift invariant vector space of
complez-valued functions defined on R of dimension n+ 1 over C. We have

2 n+1 1/p
I lerso-a <27 (S5 ) 1l

for every f € V,,, p€(0,2], and § € (0: %(b - a)) , and

1/2
n—+1 _
1 fllfasso—s < 242 <—5 ) (b—a)P= D fll1 0]

for every f € Vi, p>2, and § € (0, %(b— a)) .

It is well known by considering the case of algebraic polynomials of degree n that, in
general, the size of the factor (n + 1)*/? in Theorem 5.7 cannot be improved for p € (0, 2].
On the other hand, for p > 2 the size of the factor (n + 1)1/2 in the inequality

n+1 1/2
fliosso-n <27 (“F) i fleen
n+1 1/2 -
<2/ (220) T - ) B

cannot be improved. This can be seen by taking lacunary trigonometric polynomials; see
the theorem below from [33, p. 215].

Theorem 5.8. Let (k;) be a strictly increasing sequence of nonnegative integers satisfying
kj+1>(]1]€j, 17=12...,

where a > 1. Let .
Qn(t) =) cos(2rkj(t—0,,)),  0jn €R.
j=1

There are constants Aq o > 0 and By o > 0 depending only on q and « such that
Aq,oznl/2 < ||Qn||Lq[O,1] < quanl/z
for every n € N and q > 0.
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