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Abstract

Let n1 < mg < --+ < ny be non-negative integers. In a private
communication Brian Conrey asked how fast the number of real zeros
of the trigonometric polynomials T (#) = Zjvzl cos(n;0) tends to oo
as a function of N. Conrey’s question in general does not appear to
be easy. Let P, (S) be the set of all algebraic polynomials of degree
at most n with each of their coefficients in S. For a finite set S C C
let M = M(S) := max{|z| : z € S}. It has been shown recently
that if S C R is a finite set and (P,) is a sequence of self-reciprocal
polynomials P, € P, (S) with |P,(1)| tending to oo, then the number
of zeros of P, on the unit circle also tends to co. In this paper we
show that if S C Z is a finite set, then every self-reciprocal polynomial
P € P,(S) has at least

c(logloglog |P(1)])'™ — 1

zeros on the unit circle of C with a constant ¢ > 0 depending only
on e > 0 and M = M(S). Our new result improves the exponent
1/2 — ¢ in a recent result by Sahasrabudhe to 1 — . Sahasrabudhe’s
new idea [66] is combined with the approach used in [34] offering an
essentially simplified way to achieve our improvement. We note that
in both Sahasrabudhe’s paper and our paper the assumption that
the finite set S contains only integers is deeply exploited.
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1 Introduction and Notation.

Research on the distribution of the zeros of algebraic polynomials has a long
and rich history. In fact, most of the papers [1]-[74] in our list of references
are just some of the papers devoted to this topic. The study of the number
of real zeros of trigonometric polynomials and the number of unimodular
zeros (that is, zeros lying on the unit circle of the complex plane) of algebraic
polynomials with various constraints on their coefficients is the subject of
quite a few of these. We do not try to survey these in our introduction.

Let S C C. Let P,(5) be the set of all algebraic polynomials of degree
at most n with each of their coefficients in S. An algebraic polynomial P of
the form

n

(1.1) P(z) =) a;, a;€C,

J=0

is called conjugate-reciprocal if
(12) Ej:an_j, j:O,l,...,n.

Functions T of the form
T(t) = a0+ Y (ajcos(jt) + Bsin(jt)),  a;,B; €R,
j=1

are called real trigonometric polynomials of degree at most n. It is easy to
see that any real trigonometric polynomial T of degree at most n can be
written as T'(t) = P(e")e™™ , where P is a conjugate-reciprocal algebraic
polynomial of the form

2n
(1.3) P(z)=) a;2", a;€C.
j=0

Conversely, if P is conjugate-reciprocal algebraic polynomial of the form
(1.3), then there are §; € R, j = 1,2,... n, such that T" defined by

T(t) = P(e")e ™ = a, + Y 2|a 5| cos(jt + 6;)
j=1

is a real trigonometric polynomial of degree at most n. A polynomial P of
the form (1.1) is called self-reciprocal if

(1.4) a; = ap_j, j=0,1,....n.
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If a conjugate-reciprocal algebraic polynomial P has only real coefficients,
then it is obviously self-reciprocal. If the algebraic polynomial P of the form
(1.3) is self-reciprocal, then

T(t) := P(e"Me ™ = a, + Z 2aj4,, cos(jt).

i=1

In this paper, whenever we write “P € P,(S) is conjugate-reciprocal” we
mean that P is of the form (1.1) with each a; € S satisfying (1.2). Similarly,
whenever we write “P € P,(S) is self-reciprocal” we mean that P is of
the form (1.1) with each a; € S satisfying (1.4). This is going to be our
understanding even if the degree of P € P,(S) is less than n. It is easy to
see that P € P, () is self-reciprocal and n is odd, then P(—1) = 0. We call
any subinterval [a,a + 27) of the real number line R a period. Associated
with an algebraic polynomial P of the form (1.1) we introduce the numbers

NC(P) :=|{j € {0,1,...,n} :a; # 0}].

Here, and in what follows |A| denotes the number of elements of a finite set
A. Let NZ(P) denote the number of real zeros (by counting multiplicities)
of an algebraic polynomial P on the unit circle. Associated with an even
trigonometric polynomial (cosine polynomial) of the form

T(t) = Zaj cos(jt)

we introduce the numbers
NC(T) :=|{j € {0,1,...,n} : a; # 0}].

Let NZ(T') denote the number of real zeros (by counting multiplicities)
of a real trigonometric polynomial 7" in a period. Let NZ*(T") denote the
number of sign changes of a real trigonometric polynomial 7" in a period.
The quotation below is from [8]. “Let 0 < n; < ng < --- < ny be integers.
A cosine polynomial of the form T'(0) = Z;VZI cos(n;#) must have at least
one real zero in a period. This is obvious if n; # 0, since then the integral
of the sum on a period is 0. The above statement is less obvious if n; = 0,
but for sufficiently large N it follows from Littlewood’s Conjecture simply.
Here we mean the Littlewood’s Conjecture proved by Konyagin [45] and
independently by McGehee, Pigno, and Smith [55] in 1981. See also pages
285-288 in [19] for a book proof. It is not difficult to prove the statement
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in general even in the case ny = 0 without using Littlewood’s Conjecture.
One possible way is to use the identity

Z%%):o

See [46], for example. Another way is to use Theorem 2 of [56]. So there is
certainly no shortage of possible approaches to prove the starting observa-
tion of this paper even in the case n; = 0.

It seems likely that the number of zeros of the above sums in a period
must tend to co with N. In a private communication Conrey asked how
fast the number of real zeros of the above sums in a period tends to co as a
function N. In [15] the authors observed that for an odd prime p the Fekete
polynomial

p—1 k
foz) =2 (p) #
k=0
(the coefficients are Legendre symbols) has ~ kop zeros on the unit circle,
where 0.500813 > k¢ > 0.500668. Conrey’s question in general does not
appear to be easy.

Littlewood in his 1968 monograph ‘Some Problems in Real and Com-
plex Analysis [52] poses the following research problem (problem 22), which
appears to still be open: ‘If the n,, are integral and all different, what is
the lower bound on the number of real zeros of SV _ cos(n,,0)? Possibly
N — 1, or not much less. Here real zeros are counted in a period. In fact no
progress appears to have been made on this in the last half century. In a
recent paper [8] we showed that this is false. There exist cosine polynomials
SN cos(ny,f) with the n, integral and all different so that the num-
ber of its real zeros in a period is O(N*/1°(log N)'/%) (here the frequencies
Ny = N (N) may vary with N). However, there are reasons to believe that
a cosine polynomial 2%:1 cos(n,,0) always has many zeros in a period.”

Let
L, = {P : P(z) = Zajzj, a; € {—1, 1}} )
=0

Elements of £,, are often called Littlewood polynomials of degree n. Let
Ky = {P: P(z) = Zajzj, a; € C, |ag| = |a,| =1, |a;| < 1} .
=0

Observe that £, C K. In [11] we proved that any polynomial P € I, has
at least 8n'/?logn zeros in any open disk centered at a point on the unit
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circle with radius 33n~'/2logn. Thus polynomials in K, have quite a few
zeros near the unit circle. One may naturally ask how many unimodular
roots a polynomial in /C,, can have. Mercer [56] proved that if a Littlewood
polynomial P € L, of the form (1.1) is skew reciprocal, that is, a; =
(=1)’a,_; for each j = 0,1,...,n, then it has no zeros on the unit circle.
However, by using different elementary methods it was observed in both [27]
and [56] that if a Littlewood polynomial P of the form (1.1) is self-reciprocal,
that is, a; = a,_; for each j = 0,1,...,n, n > 1, then it has at least one
zero on the unit circle. Mukunda [58] improved this result by showing that
every self-reciprocal Littlewood polynomial of odd degree has at least 3
zeros on the unit circle. Drungilas [21] proved that every self-reciprocal
Littlewood polynomial of odd degree n > 7 has at least 5 zeros on the
unit circle and every self-reciprocal Littlewood polynomial of even degree
n > 14 has at least 4 zeros on the unit circle. In [4] two types of Littlewood
polynomials are considered: Littlewood polynomials with one sign change in
the sequence of coefficients and Littlewood polynomials with one negative
coefficient, and the numbers of the zeros such Littlewood polynomials have
on the unit circle and inside the unit disk, respectively, are investigated.
Note that the Littlewood polynomials studied in [4] are very special. In [§]
we proved that the average number of zeros of self-reciprocal Littlewood
polynomials of degree n is at least n/4. However, it is much harder to give
decent lower bounds for the quantities NZ, := minp NZ(P), where NZ(P)
denotes the number of zeros of a polynomial P lying on the unit circle
and the minimum is taken for all self-reciprocal Littlewood polynomials
P € L,. It has been conjectured for a long time that lim,, .., NZ, = oc.
In [34] we showed that lim,,_,., NZ(P,) = oo whenever P, € L, is self-
reciprocal and lim, . |P,(1)] = oo. This follows as a consequence of a
more general result, see Corollary 2.3 in [34], stated as Corollary 1.5 here,
in which the coefficients of the self-reciprocal polynomials P, of degree at
most n belong to a fixed finite set of real numbers. This result also follows
from the independent recent work of Sahasrabudhe [66]. In [7] we proved
the following result.

Theorem 1.1. If the set {a; : j € N} C R is finite, the set {j € N:a; # 0}
is infinite, the sequence (a;) is not eventually periodic, and

T,(t) = Zaj cos(jt),

then lim,,_,., NZ(T,) = co.
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In [7] Theorem 1.1 is stated without the assumption that the sequence
(a;) is not eventually periodic. However, as the following example shows,
Lemma 3.4 in [7], dealing with the case of eventually periodic sequences
(a;), is incorrect. Let

i
L

To(t) :=cost+cos((4n+ 1)t) + » (cos((4k + 1)t) — cos((4k + 3)t))

e
Il

1+ cos((4n + 2)t)

+ cost.
2cost

It is easy to see that T, (t) # 0 on [—m, 7| \ {—n/2,7/2} and the zeros of
T, at —m/2 and /2 are simple. Hence 7,, has only two (simple) zeros in
a period. So the conclusion of Theorem 1.1 above is false for the sequence
(a;) with ap := 0, a1 1= 2, a3 := —1, ag, := 0, agey1 = 1, agpys = —1
for every k = 1,2, .... Nevertheless, Theorem 1.1 can be saved even in the
case of eventually periodic sequences (a;) if we assume that a; # 0 for
all sufficiently large j. See Lemma 3.11 in [34] where Theorem 1 in [7] is
corrected as

Theorem 1.2. Ifthe set{a; : j € N} C R is finite, a; # 0 for all sufficiently
large 7, and

T,(0) = 3 4y cos(jt).
=0
then lim,,_,., NZ(T,) = co.

It was expected that the conclusion of the above theorem remains true
even if the coefficients of T}, do not come from the same sequence, that is,

T,(t) = Z a;n cos(jt) ,
=0
where the set

S:={aj,:7€{0,1,...,n},neC} CR

is finite and
lim |[{j € {0,1,....n}, a;n # 0}| = 0.

Associated with an algebraic polynomial

P(z):Zajzj, a; € C,
=0
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let
NCy(P):=[{u:0<u<n—k+1 au+aurr+ -+ aus 70} .
In [34] we proved the following results.

Theorem 1.3. If S C R is a finite set, Py, € Py,(S) are self-reciprocal
polynomials,

and

for every k € N, then

lim NZ(Py,) = lim NZ(T,) = oc.

n—oo n—o0

Some of the most important consequences of the above theorem obtained
in [34] are stated below.

Corollary 1.4. If S C R is a finite set, P, € P,(S) are self-reciprocal
polynomials, and
lim |P,(1)| = oo,

n—oo

then
lim NZ(P,) = c©o.

n—oo
Corollary 1.5. Suppose the finite set S C R has the property that

S+ 8+ -4+ 5, =0, 81,89,...,8; €S, implies sy =893 =---=5,=0,

that is, any sum of nonzero elements of S is different from 0. If P, € P,(.5)
are self-reciprocal polynomials and

lim NC(P,) = oo,
n—oo

then
lim NZ(P,) = co.
n—oo

J. Sahasrabudhe [66] examined the case when S C Z is finite. Exploiting
the assumption that the coefficients are integer he proved that for any finite
set S C Z a self-reciprocal polynomial P € P,,(S) has at least

¢ (logloglog |P(1)|)Y* ™ — 1
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zeros on the unit circle of C with a constant ¢ > 0 depending only on
M = M(S) := max{|z| : z € S} and ¢ > 0.

Let ¢(n) denote the Euler’s totient function defined as the number of
integers 1 < k < n that are relative prime to n. In an earlier version of his
paper Sahasrabudhe [66] used the trivial estimate ¢(n) > y/n for n > 3 and
he proved his result with the exponent 1/4 — ¢ rather than 1/2 — . Using
the nontrivial estimate ¢(n) > n/(8loglogn) in [65] for all n > 3 allowed
him to prove his result with 1/2 —e.

In the papers [7], [34], and [66] the already mentioned Littlewood Con-
jecture, proved by Konyagin [45] and independently by McGehee, Pigno,
and Smith [55], plays a key role, and we rely on it heavily in the proof of
the main results of this paper as well. This states the following.

Theorem 1.6. There is an absolute constant ¢ > 0 such that

/2#
0 j=

m

. iAjt
E a;e
=1

dt > cylogm

whenever Ay, Ag, ..., A\, are distinct integers and ay,as, ..., a, are complex

numbers of modulus at least v > 0. Here ¢ = 1/30 is a suitable choice.

This is an obvious consequence of the following result a book proof of
which has been worked out by Lorentz and DeVore, see pages 285-288 in
[19].

Theorem 1.7. If \{ < Ay < --- < A\, are integers and ay,as,...,a, are

complex numbers, then

/2#
0 j=

m

. iAjt
E a;€e
=1

1 = oyl
dt > — =
—30;]‘

Associated with a finite set S C C we will use the notation M = M(S) :=
max{|z| : z € S} throughout the paper.

2 New Results.

The goal of this paper is to improve the exponent 1/2 — e to 1 — ¢ in
Sahasrabudhe’s lower bound in [66] mentioned in Section 1. Sahasrabudhe’s
new idea is combined with the approach used in [34] offering an essentially
simplified way to achieve our improvement.

Let, as before, NZ(T') denote the number of real zeros (by counting mul-
tiplicities) of a real trigonometric polynomial 7" in a period. Let NZ*(T')
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denote the number of sign changes of a real trigonometric polynomial 7" in
a period. Obviously NZ(T") > NZ*(T).

Theorem 2.1. If S C Z is a finite set, P € Pa,(S) is a self-reciprocal
polynomial,

T(t) := P(e")e ™,

then
—1

NZH(T) > ( c ) logloglog |P(1)]

1 +1log M ) loglogloglog|P(1)]

with an absolute constant ¢ > 0, whenever |P(1)| > 16.

Let, as before, NZ(P) denote the number of real zeros (by counting
multiplicities) of an algebraic polynomial P on the unit circle.

Corollary 2.2. If S C Z is a finite set, P € P,(S) is a self-reciprocal

polynomial, then

NZ(P) > ( c ) logloglog |P(1)]

1+1log M ) loglogloglog|P(1)|

with an absolute constant ¢ > 0, whenever |P(1)| > 16.

This improves the exponent 1/2 — e to 1 — € in a recent breakthrough
result [66] by Sahasrabudhe. We note that in both Sahasrabudhe’s paper
and this paper the assumption that the finite set S contains only integers
is deeply exploited. Our next result is an obvious consequence of Corollary

2.2.

Corollary 2.3. If the set S C 7Z is finite,
T(t) :Zajcos(jt), a; €5,
=0

then

NZ*(T) > <

c log log log |T'(0)|
1+ log M ) loglogloglog|T(0)]

with an absolute constant ¢ > 0, whenever |T(0)| > 16.
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3 Lemmas.

Our first four lemmas are quite similar to some of the lemmas used in [34],
but some modifications in the formulation of these lemmas and their proofs
are needed.

Lemma 3.1. If S C C s a finite set, k € N,

Skpi={s1+s2+---+s,: 5, € SU{0}},

= min |z],
z€5,\{0}
P € Py,(S), H(z) :=2*—1, and
(3.1) NC(PH) < pu,

then

5 2
it 2 _mpM
/_(SIP(6 )l dt > oo 10g(NCy(P)) — —
)

for every 6 € (0, ).

Proof of Lemma 3.1.
We define

=0
so that H(z) = G(2)(z — 1). As P € Py, (S5) and the set S is finite, the set
Sk is also finite. By Theorem 1.6 there is an absolute constant ¢ > 0 such
that

—~

2T
(3.2) / (PG)(e)| dt > 3—70 log(NC(PG)) > 3—70 log(NCy(P)).
0
We define
My, == M(Sk) = max{|z| : z € Sp} < kmax{|z]|: 2 € S} < kM.

Combining this with (3.1) we have

it — it <
[(PG)(e")] o] [(PH)(e")| < P
_ pkM kM B
2] = pg 0 LU

It follows that

2
(3.3) / (PG)(e)| dt < 2n ™M _ T kM
(= [=5.3] 20 0
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Now (3.2) and (3.3) give

/|P (") dt > — /|PG )(e™)] dt
=E( [ircena- [ e

w2ukM
> _

m2uM
> — .
> L log(NCy(P)) - T2

O

Lemma 3.2. If S C R is a finite set, P € Py, (S) is self-reciprocal, k € N,
H(z) :=2"—1, (3.1) holds,

T(t) := P(e")e™™, R(z) := / T(t)dt,
0
and 0 < § < (2k)7Y, then

n[1a§<(S |R(x)| < 42k(pn+ 1)M .

Proof of Lemma 3.2.

Let )
z):Zajzj, a; €5,
=0
be self-reciprocal. We have
T(t) = a, + Z 2aj4,, cos(jt), a; € S5.

j=1
Observe that (3.1) implies that
(3.4) {iin+k<j<2n a; #aj1} < p.
We have

R(z) = a,z + Z 2010 ST S,m(]x) .

j=1 J

Now (3.4) implies that

v) = aw+ Y Fu(x)
m=1
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where )
T 2405 S0 ((fn 4 k) T)
Fe(x) = — -
#(@) ;) F——

with some A,,, € S, m = 1,2,...,u, j,, € N, and n,, € N, where v <
k(p+ 1) (we do not know much about j,, and n,,). Since S C [-M, M], it
is sufficient to prove that

41
Fm <_> :1a2>"-> )
xg[lggfﬂl #@) <5 m u

that is, it is sufficient to prove that if jo € N and

v

= Jotik
then
(3.5) F(2)| ) <2
. max €T = Imax X —_— .
z€[—6,6] z€[0,6) - 2

Note that the equality in (3.5) holds as F' is odd. To prove the inequality
in (3.5) let z € (0,4], where 0 < § < (2k)~!. We break the sum as

(3.6) F=R+S,
where
—~  sin((jo + jk)z)
R(x) = : -
(=) ; Jo+ gk
jot+jk<z~!
and
—~  sin((jo + jk)z)
S(z) = - - .
() ; Jo+ gk
z=l<jo+ik
Here

sin((jo + jk)z)

otk <(z7'+1)|z] <14+ |

where each term in the sum in the middle is estimated by

sin((jo + jk)x)
Jjo+ gk

= |l

< ‘ (jo + jk)x)
| Jo+ gk
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and the number of terms in the sum in the middle is clearly at most ! +1.
Further, using Abel rearrangement, we have

Sy = -Doe) | Bule) Bj(x)< . . )

Jo 4+ vk o+ uk jo+ik o+ (G+ Dk

7 <jo+jk
with .
J
Bj(x) := Bjx(x) := Y _sin((jo + hk)z)
h=0

and with some u, v € Ny for which 271 < jo+(u+1)k and 27! < jo+(v+1)k.
Hence,

B,(z B,(x
S@) <| 2@ || Buld)
Jo + vk Jo +uk
(3.8) ! ( 1 1 )
+ Bj(x ‘ — = = ‘ .
; e T VRS
z~r<jo+jk

Note that x € (0,4], 0 < § < (2k)7!, 27! < jo+ (w+ 1)k, and w € Ny imply

7 <go+ (w+ 1k <20 +wk)  if w>1,

and
dk<d'<azl<jo+k fw=0,
and hence
(3.9) L o
) Jo +wk — )

Observe also that z € (0,6] and 0 < § < (2k)~" imply that 0 < z < k™!

Hence, with 2z = ¢ we have

J J
|Bj(z)| = |Im (sz°+hk) < sz°+hk =
h=0 h=0 h=0
+1)k
(3.10) _ | L= 2UHR 11— 2UHDK, b 2
1—2F |~ |1 —2F| = |1 — 2*|
< 2 < il
— 2sin(kx/2) ~ kx’

Combining (3.8), (3.9), and (3.10), we conclude

T T T o
A1 < —9 —2 —r < —,
(3.11) |S () < I+k:a: x+k:a: x < ?
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Now (3.6), (3.7), and (3.11) give the inequality in (3.5) as 3/2 + 67/k <
41/2. O
Our next lemma was used in [34] in the same form. To prove it by

contradiction is a simple exercise.

Lemma 3.3. If R is a continuously differentiable real-valued function on
the interval [—4,6], § > 0,

5
L ::/ |R'(z)| dx and N = max |R(z)|,

then there is an n € [—N, N] such that R —n has at least L(2N)™" distinct
zeros in [—0,9].

Lemma 3.4. If S C R is a finite set, k € N,
Sk::{sl—l-SQ—l-"'—l-Ski SjESU{O}},

‘= min |z],
zeSp\{0}
P € Py, (S) is self-reciprocal, T(t) := P(e)e™™ H(z):=2*—1, and (3.1)
holds, that 1s,
NC(PH) < p,

then

NZH(T) > (

37—0 log(NCy(P)) — 2k7r2,uM> (84K (p + 1)M)~" .

Proof of Lemma 3.4.
Let 0 < := (2k)~!. Let R be defined by

Observe that |T'(z)| = |P(e™)| for all € R, and hence Lemma 3.1 yields

that
/_Z\R’(:cﬂd:c :/_Z\T(x)\dx: /_Z\P(e”)\dx

2
vy M

> L log(NCy(P)) - Tk

-1 _ okr?

= 30k log(NCk(P)) — 2km*ubl |

while by Lemma 3.2 we have

max |R(z)| < 42k(p+ 1)M .
z€[—0,0]



The number of unimodular zeros of self-reciprocal polynomials 15

Therefore, by Lemma 3.3 there is an n € R such that R — n has at least

(307 loB(NCL(P)) — 2km*ud ) (84k(u+ 1)A) ™"

distinct zeros in [—d, d]. However, T'(z) = (R — n)'(x) for all x € R, and

hence

NZ*(T) > (l log(NCy,(P)) — 2l<;7r2,uM> (84k(p+ 1)M)~!

30

follows by Rolle’s Theorem. O

The following lemma, in which the assumption S C Z is crucial, is simple
to prove. It is stated as Lemma 9 in [66]. Its straightforward proof given in
[66] is reduced to the fact that a determinant of integer entries is an integer,
and hence if it is not 0, then its modulus is at least 1.

Lemma 3.5. Forb € N let A be a b x b invertible matrix with entries from
S CZ. If Ax = y with

= (2(1),2(2),...,2(d) €C’ and y= (y(1),y(2),...,y(d)) € C,
then
max{|z(1)], [2(2)],.... [2(@)[} < MY max{|y(1)], [y(2)], ., [y},
where M := M(S) := max{|z| : z € S}.
For integers 1 < b < N we call
(z(1+7),22+7),...,2(b+7r)eC,  r=0,1,...,N—b,

the b-tuples of
(z(1),z(2),...,2(N)) e CV.

The following lemma is Lemma 10 in [66].

Lemma 3.6. For u,v,b,t € N, let S C Z be a finite set such that v —u >
S| + 3b, and let

(x(u+1),z(u+2),...,x(v)) € S".
Let V' denote the linear space spanned by the b-tuples
(z(r+1),2(r+2),...,2(r+b) €S, r=u,u+1,...,0—0b,
over R. If dim(V') =t < b, then there are

(zj(u+0b),2;(u+b+1),...,2;(v—b)) € Cov2+ j=12...t,
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such that
x(r) =z1(r) + x2(r) + - + (1), re€u+buv—>b,

where
(zj(u+b),2;(u+b+1),...,2;(v—10b)) € Cu2H

are periodic with period o; < 16tloglog(t + 3) for each j =1,2,...,t

Let f be a continuous, even, real-valued function on K := R (mod 2)
which changes sign on (0, 7) exactly at t; <ty < --- <t4, d > 1. We define
the companion polynomial () of f by

d
Qe .= (—1)r2? H (cost — cost;),
j=1
where p € {0,1} is chosen so that f(t)e~"“Q(e) > 0 for all t € (-7, 7).
Observe that

d
= )P H z—e e i Z b2
7j=1
is a monic self-reciprocal algebraic polynomial of degree 2d with real coef-
ficients and with constant term 1. Observe that

2w

Qe < e ()| < 4,

te[0,2m

bl =|—
(3.12) il ‘27r 0
j=0,1,...,2d.

Associated with m € N let d,,, := LCM(1,2,...,m). It is shown in [65] that
d,, < 3™ holds for all m € N, and this upper bound will be useful for us
later in this paper. We remark though that lim,, ,. d,,/e¢™ = 1 holds and
it is equivalent to the Prime Number Theorem, see [73].

Lemma 3.7. Suppose S C Z is a finite set, P € Po,(S) is self-reciprocal,
and T(t) == P(e®)e™™ has exactly 2d > 2 sign changes in (—m, 7). Let Q
be the companion polynomial of T (so the degree of the monic self-reciprocal

algebraic polynomial @Q is 2d) and let

2n+2d,, +2d

(3.13) F(z):=P(2)(z" - 1)’Q(z) = > a;2,

i=0

where m = |32dloglog(2d + 3)|, and let

(Ge0,2n+2dy +2d] :a; #0} = {jy < jo <+ < jg}
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If 1 <r < s <q are integers and
(3.14) laj,| < (4M)72(2d + 1)~ 1/2 kelrs|,

then
s—1 < (|S]+2)"* +6d+3,

where |S| denotes the number of elements in the set S.

Proof of Lemma 3.7.

Let

S* = {81—822 S1, S9 ESU{O}}CZ
and

S* = {81—822 S1,82 € S*} CZ.

Obviously
(3.15) [ < (IS|+1)% ST ISP < (S| + 1),
and
(3.16) M(S™) <2M(S*) <4M(S)=4M .

Put b := 2d + 1. Suppose to the contrary that

(3.17) s—r>(]S|+2)""* +3b.
Let
2n+dm
G1(2) == P(2) (2% — 1) := Z ;2 a; €57,
j=0
and

2n+2dm

(3.18) Go(2) == G1(2)(2% — 1) = P(2) (2% —1)? = Z 8,2

where

(319) 5]' =054, —Q; GS**, j:O,l,...,2n+2dm,

with

O{j_dm = O, a2n+dm+j+1 = O, ] = O, 1, ey dm —1.

17

Observe that Gy € Payi24,, (5*). Let V denote the linear space spanned by

the b-tuples

(Bjs Bists -+ s Birv-1) s J € jrds —b+1],
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over R. Using Lemma 3.5 with S := §**, (3.14), (3.16), and the fact that the
polynomial @) of degree 2d is monic, we can deduce that dim(V') =¢ < b. It
follows from (3.15) and (3.17) that

Js—Jr>s—1 > (IS +2)"*% 4+ 3b > |S*|™ + 3b.

Ast <b=2d+1, we have |16t loglog(t+ 3)] < |32dloglog(2d + 3)| = m.
Applying Lemma 3.6 we obtain that

(Bjo+bs Bttt - - 5 Bja—bt1)
is periodic with period d,,, that is,
(3.20) Brvdyw =Br, 7T E[r+bjs—dn—b+1].
We claim that
(3.21) Bu =0, u € [Jr+b,js —b—|S"|dn] .

Indeed, if 8, # 0 for some u € [j, +b, js —b—|S*|d,], then (3.19) and (3.20)
give
h

h
au"f‘hdm = Ofu _I_ : : (au+]dm - au"f‘(j_l)dm) = Ofu - § ﬁu'f‘]dm
Jj=1 Jj=1

—oan—hBu€S,  h=0,1,....|5,

exhibiting |S*| 4+ 1 distinct elements of S*, which is impossible. It follows
from (3.13), (3.18), and (3.21) that

a; =0, J € [Jr +2b,js — b—|S*|d) .
hence, recalling d,,, < 3™ and (3.15), we obtain

s —1 < |S¥|dy + 3b < |S*|3™ +3b < (|S| + 1)*(]S] + 2)"™ + 3b
< (|8 +2)*"* + 3b,

which contradicts (3.17). In conclusion

s—r < (|S|+2)**2 1 3b = (|S]| +2)*"" +6d + 3.

Lemma 3.8. Under the assumptions of Lemma 3.7 we have

log ¢ < 607 (8M)*+1(2d + 1)3/2(|S] + 2)*™*2 1+ 6d + 3).
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Proof of Lemma 3.8.
Let L := (|S| +2)**2 +6d + 3, and r := |q/L]|. Observe that

P(eit)e—int(eidmt . 1)26—idth(eit)e—idt

is real and nonnegative for all ¢ € R. Combining this with Theorem 1.7 and
Lemma 3.7 we obtain

21
/ P(eit)e—mt(eidmt . 1)2€—idth(eit)e—idt dt
0

- / ") (et — 12Q(eM)] e

1 |aj, |
> > 17Jk1
(3.22) ~30 k= 30 4 >

>_—(4M)724(2d + 1)~ V2L  og(r + 1) .

On the other hand, using orthogonality, (3.18), 8, +d,,—j € S**, and (3.12)
we have

2T J
(3.23) / P(eit)emimt (eidnt _ 1)2midntQ(eit)e it g =27 Z Brva b,
: 0

j=—d
<2m(2d + 1)(4M)4%.

Combining (3.22) and (3.23) we conclude
1

%(4M)‘2d(2d + 1) 2L  og(r 4 1) < 2m(2d + 1)(4M)4?,

and hence
logq < log(r + 1) + log L < 607 (8M )+ (2d + 1)/,
< 60m(8M)* (2 + )" (S| + 2)" 4 6d + 3)
O

Our final lemma follows easily from Lemma 3.6.

Lemma 3.9. If S C Z is a finite set, P € P,(S), 0 # R is a polynomial
of degree at most u with real coefficients,

NC(PR) <gq,

v = [16uloglog(u + 3)|, k := d, = LCM(1,2,...,v), and H(z) = 2¥ — 1,
then
NC(PH) < p:=(qg+1)(k+|S|"™ +3(u+1)+2).
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4 Proof of the New Results.

Proof of Theorem 2.1.

Suppose S C Z is a finite set, P € Py, (5) is self-reciprocal, and T'(t) :=
P(e")e™" has exactly 2d sign changes in (—m, 7). Without loss of generality
we may assume that d > 2 otherwise we study the self-reciprocal polynomial
P € Py, (S defined by P(z) := (22 + 1)P(z), where M(S) = 2M(S) = 2M
and P(1) := 2P(1). Let Q be the companion polynomial of T". Let

2n+2dm+2d
F(z):=P(2)(z" = 1)’Q(z) = > a;#,
7=0
where m := |32dloglog(2d + 3)]. Let
{7 €0,2n+2d,, +2d] s a; #0} =1 {j1 < jo < -+ <Jg}-

Lemma 3.8 together with |S| +2 < 2M(S)+3 = 2M + 3 < 5M and
4m + 2d + 3 < bm implies

log ¢ < 60m(8M)* L (5M)*™+2(2d + 1)4+3/2 4 1807 (8M)*H+ (2d + 1)45/2
and hence

(4.1) log ¢ < 240m(8M)>™(2d + 1)4+5/2

Applying Lemma 3.9 with u := 2d,,, + 2d, we have

(4.2) NC(PH) < p:= (qg+1)(dy + |S["T +3(u+1) +2)

with v := [16uloglog(u + 3)], k := d,,, and H(z) = zF — 1. Observe that if
S C Z and

Ski={s1 484+ 5 €SU{0}},

then
1 <~ :=min{|z|: z € S, \ {0}}.

Lemma 3.4 gives
(4.3) log(NC(P)) < 2520k (1 + 1)kM (2d) + 60k*7*uM .

Using m := [32dloglog(2d + 3)|, u := 2d,, + 2d, v := |16uloglog(u + 3)],
k=d, <3 d,<3m" (41), (4.2), |S| <2M(S)+1 =2M + 1, and the
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inequality a + b < ab valid for all a > 1 and b > 1, we obtain
log(2520k(p + 1) M (2d) + 60k*7* M) < log(2520k%(pu + 1)M(2d 4 1))
<8+ 2logk +log(p+ 1) + log M + log(2d + 1)
<8+ 2logk +log(q + 1) + log d, + log(|S[“**) + log(3u + 6)
+log M + log(2d + 1)
<8+ 2(log 3)v + log 2 + 2407 (8M)¥™(2d 4 1)4+%/2 + (log 3)v
+ (u+ 1) log(2M + 1) + log(3u + 6) + log M + log(2d + 1)
<9+ 2(log 3)16ulog log(u + 3) + 2407 (8M)*™(2d + 1)4+5/2
+ (2-3™+2d+1)log(2M + 1)
+ (log2 + 3(log 3)m) log(2d + 1) log(2M + 1) 4 log M + log(2d + 1),
and hence
log(2520k (1 + 1) M (2d) + 60k>*7% M)
<9+ 3(log 3)16(2 - 3" 4 2d) log log(2 - 3™ + 2d)
+2407 (8M)*™(2d + 1)4%/2 4 (2. 3™ + 2d 4 1) log(2M + 1)
+(log 2 + (log 3)m) log(2d + 1) log(2M + 1) + log M + log(2d + 1) .

Combining this with (4.3) and m := [32dloglog(2d + 3)]| gives that there
is an absolute constant ¢; > 0 such that

(4.4) logloglog NCy(P) < ¢1(dlog(d + 1) + dloglog(2d + 1)(1 + log M)) .

It is easy to see that

RIP(D| - kM |P(1)]
> = — .
NC(P) > o k

Therefore if |P(1)] > 2kM, then NCy,(P) > 3|P
lows from (4.4) after a straightforward calculus. If
lows from k := d, < 3V, v := |16uloglog(u+3)],
and m := |32d loglog(2d + 3)] that
logloglog|P(1)| <logloglog(2kM) < ¢5(1 + log M) log(d + 1)
<co(1+log M)(2d + 1),

—~

=

1)], and the theorem fol-
P(1)| < 2kM, then it fol-
= 2d,,+2d < 2-3"+2d,

IS

with an absolute constant ¢y > 0, and the theorem follows. 0
Proof of Corollary 2.2.

Let S C Z be a finite set. If P € Py, (S) is self-reciprocal, then the corollary

follows from Theorem 2.1. If P € Ps,,1(S) is self-reciprocal, then P e

Pay42(S*) defined by

P(2) := (2 4+ 1)P(2) € Pa,12(S")
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is also self-reciprocal, where the fact that S C Z is finite implies that the
set

S*i={s1+s2: 51,80 € SU{0}} CZ,

is also finite. Observe also that
M(S*) =max{|z| : z € S} =2max{|z]| : 2 € S} = 2M(5) = 2M

and
P(1) =2P(1).

Hence applying Theorem 2.1 to Pe Pav12(S*), we obtain the statement of

the corollary for P € Py, 41(S) from Theorem 2.1 again. O]
Proof of Corollary 2.3.

The corollary follows from Theorem 2.1 and the fact that for every trigono-

metric polynomial T" of the form

T(t) :=ap+ Zaj cos(jt), a; € 7L,

=1

there is a self-reciprocal algebraic polynomial P of the form
P(2) = 2ap2" + Z a; (2" +2"77), a; € 7,
j=1

such that
2T (t) := P(e)e ™.
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