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Problem Formulation




Functional Inequality Constrained Optimization

Non-convex Non-smooth

fo(z) = E¢[fo(z, C)]

Non-convex Non-smooth
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KKT solutions

Nearly epsilon-KKT solution
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Related works

 Proximal-point based methods
— Ma et al. (2020) and Boob et al. (2023)

 Switching gradient methods
— Huang & Lin (2023)

« Augmented Lagrangian Method
— Lietal. 2022

 Penalty-based methods
— Alacaoglu & Wright (2024), Liu & Xu (2025)




Summary of Existing Results

Reference Loop Constraints Smoothness Convexity Complexity
(Alacaoglu & Wright, 2024)  Single Loop 9()=0 fo, g NC (fo,9)
(Li et al.|[2024b) Double Loop fo, g NC (fo,9)
(Ma et al.,2020) Double Loop none WC (fo,9)
(Boob et al.| |2023) Double Loop none C (fo, )
(Huang & Lin/ [2023) Single Loop none C (fo), C (9)
(Liu & Xu, 2025) Single Loop none C (fo,9)
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Gap 1: state-of-the-art complexity only applies to Equality constraints and Smooth Problems
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Gap 2: How to efficiently handle Many constraints




Turing Inequality into Equality

fmxiﬂ fo(z)

S.T.

f

\.

min  fo(z)

x,s

st gi(x)+s;,=0,8 > O,W)

Conversion requires boundness

of constraints
Li et al. 2021
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min  fo(x)

x,s

st gi(x)+ 87 = O,Vz’J

Ding

Conversion requires second-
order condition of constraints Ai HMEI

& J Wright 2023



Our results

 Smooth obj & constraints
— Single-loop, momentum-style, constraint sampling
— State-of-the-art

 Weakly convex obj & constraints
— Double-loop, momentum-style, constraint sampling
— State-of-the-art







Penalty Methods
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Square hinge penalty
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Smoothed Hinge penalty
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Theory

» Squared Hinge Penalty

Regularity condition
omin(Vg(x)) > 5,Vm}3x gr(x) >0

epsilon-KKT solution




Theory

 Hinge Penalty (e~ 2ll> < O(c)
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Theory
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« Smoothed Hinge Penalty

Regularity condition
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Nearly epsilon-KKT solution




Comparison

Square hinge penalty Hinge penalty = Smoothed Hinge penalty

smoothness

Constant
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Challenges
min fo(x) + =" f(gn(a))
k=1

X

Finite-sum Coupled VF(gk(x))Vgr (@)

Compositional biased
Optimization (FCCO) v £ (g, (2: £1))V g (; &5

Wang et al. (ICML '22), Jiang et al (NeurlPS '22), Hu et al. (NeurlPS ’23),
Wang & Yang (ICML’25), Chen et al (NeurlPS ‘25)




Stochastic Algorithm: smooth case
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Stochastic Algorithm smooth case

min fo(z) + £ Zf e
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Stochastic Algorithm' non-smooth case

pigk

Strongly
convex

m
mmm max fo(x Z gk () — f(yx)

Weakly convex = Convex FCCO, Double loop O <i>
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Continual Learning
GPT-3 > GPT-4 > GPT-40 > 01 - 03

Human preferences by domain: o1-preview vs GPT-40
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Catastrophic Forgetting
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Continual learning with Zero-forgetting
Constraint

Non-convex Constrained Optimization

(W — arg min., F(w TargetTaskObjective\
new g wW

S.t. Lk(W) < Lk(wold)a k = 1, ceey N

\ Protected task Loss )




Autonomous Driving

Target_1

Accuracy (%)

Lt

Snowy Rainy Partly cloudy Overcast Foggy Average




Squared hinge vs Smoothed Hinge

Target Foggy | Target Foggy
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Learning with ROC Fairness

Adult

—— SOX(SH, p=2800)
SONX(H, p=20)
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