
Non-convex Constrained Optimization 
with Many Stochastic Constraints

Tianbao  Yang
CSE@TAMU



Outline
• Problem Formulation  

• Penalty methods 

• Applications 



Problem Formulation



Functional Inequality Constrained Optimization

<latexit sha1_base64="35uw3i1+QWujSWl0JlFReGm+X1U="></latexit>

min
x

f0(x)

s.t. gi(x)  0, i = 1, . . . ,m

<latexit sha1_base64="8MmpVMnPI7OHmgt/GbpsdMOHUcs=">AAACEnicbVDLSgMxFM34rK2Pqks3wSq0IGVG8LERiiK4rGAfMDMMmTTThmYeJJliHfoNbvwVXbhQpFtX7vwQXZtOu9DWA4GTc+7l3nvciFEhdf1Tm5tfWFxazqxkc6tr6xv5za26CGOOSQ2HLORNFwnCaEBqkkpGmhEnyHcZabjdi5Hf6BEuaBjcyH5EbB+1A+pRjKSSnHzJc/TibQmeQctHsuO68NJJrDsi0cBMrQOY/kq2ky/oZT0FnCXGhBQqe19Pw17uu+rkP6xWiGOfBBIzJIRp6JG0E8QlxYwMslYsSIRwF7WJqWiAfCLsJD1pAPeV0oJeyNULJEzV3x0J8oXo+66qHO0tpr2R+J9nxtI7tRMaRLEkAR4P8mIGZQhH+cAW5QRL1lcEYU7VrhB3EEdYqhSzKgRj+uRZUj8sG8flo2uVxjkYIwN2wC4oAgOcgAq4AlVQAxjcg0fwAl61B+1Ze9OG49I5bdKzDf5Ae/8B75egNw==</latexit>

f0(x) = E⇣ [f0(x, ⇣)]

<latexit sha1_base64="wSYoE3lmjfSh3qHvYpGrfGF1YlI=">AAACEnicbVDLSgMxFM34rK2PUZduglVoQcqM4GMjFEVwWcE+oB2GTJppQzMPkkxpGfoNbvwVXbhQpFtX7vwQXZuZdqGtBwIn59zLvfc4IaNCGsantrC4tLyymlnL5tY3Nrf07Z2aCCKOSRUHLOANBwnCqE+qkkpGGiEnyHMYqTu9q8Sv9wkXNPDv5DAkloc6PnUpRlJJtl7s2LQwKMIL2PKQ7DoOvLbj1oDadNRMrSOY/oqWreeNkpECzhNzSvLlg6+ncT/3XbH1j1Y7wJFHfIkZEqJpGqG0YsQlxYyMsq1IkBDhHuqQpqI+8oiw4vSkETxUShu6AVfPlzBVf3fEyBNi6DmqMtlbzHqJ+J/XjKR7bsXUDyNJfDwZ5EYMygAm+cA25QRLNlQEYU7VrhB3EUdYqhSzKgRz9uR5Ujsumaelk1uVxiWYIAP2wD4oABOcgTK4ARVQBRjcg0fwAl61B+1Ze9PGk9IFbdqzC/5Ae/8BiFCglQ==</latexit>

gi(x) = E⇠i [gi(x, ⇠i)]

is large
<latexit sha1_base64="4TfQRyOksIucEJUZwpme2ryc9kc=">AAAB6HicbZDLSgMxFIbP1Fsdb1WXboJFcFVmBC8bsejGZQv2Au1QMmmmjU0yQ5IRytAncONCEbf6MO7diG9j2rrQ1h8CH/9/DjnnhAln2njel5NbWFxaXsmvumvrG5tbhe2duo5TRWiNxDxWzRBrypmkNcMMp81EUSxCThvh4GqcN+6o0iyWN2aY0EDgnmQRI9hYqyo6haJX8iZC8+D/QPHi3T1P3j7dSqfw0e7GJBVUGsKx1i3fS0yQYWUY4XTktlNNE0wGuEdbFiUWVAfZZNAROrBOF0Wxsk8aNHF/d2RYaD0Uoa0U2PT1bDY2/8taqYnOgozJJDVUkulHUcqRidF4a9RlihLDhxYwUczOikgfK0yMvY1rj+DPrjwP9aOSf1I6rnrF8iVMlYc92IdD8OEUynANFagBAQr38AhPzq3z4Dw7L9PSnPPTswt/5Lx+AzhjkDg=</latexit>m

Non-convex

Non-convex

Non-smooth

Non-smooth



KKT solutions

<latexit sha1_base64="Ri5tjMxK6QBsd4Yu3lLUucVHvbM="></latexit>

0 2 @f0(x) +
mX

k=1

�k@gk(x)

<latexit sha1_base64="iRA81WV0HNFvbvbyQ0hw1TNeBXk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM7QIFaUkgo9l0Y3LCvYBTQiT6aQdOpnEmYkYQnHjJ/gLblwo4tavcNe/cfpYaOuBC4dz7uXee/yYUaksa2jkFhaXllfyq4W19Y3NLXN7pyGjRGBSxxGLRMtHkjDKSV1RxUgrFgSFPiNNv3818pv3REga8VuVxsQNUZfTgGKktOSZe12vX344hA4jdxBax9AJIoEYg33PLFkVaww4T+wpKVWLztHzsJrWPPPb6UQ4CQlXmCEp27YVKzdDQlHMyKDgJJLECPdRl7Q15Sgk0s3GLwzggVY6UO/WxRUcq78nMhRKmYa+7gyR6slZbyT+57UTFVy4GeVxogjHk0VBwqCK4CgP2KGCYMVSTRAWVN8KcQ8JhJVOraBDsGdfnieNk4p9Vjm90WlcggnyYB8UQRnY4BxUwTWogTrA4BG8gDfwbjwZr8aH8TlpzRnTmV3wB8bXD4QimJU=</latexit>

gk(x)  0, 8k
<latexit sha1_base64="/AZlbhpOo4/5WWm8FEAM/XRDbcI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDi1CRSmJ4GMjFN24rGAf0IQwmUzaIZMHMxMxhC7duPYv3LhQxK2f4K5/4/Sx0NYDA4dzzuXOPW7CqJCGMdQKC4tLyyvF1dLa+sbmlr690xJxyjFp4pjFvOMiQRiNSFNSyUgn4QSFLiNtN7ge+e17wgWNozuZJcQOUS+iPsVIKsnR9y2mwh5yAthzgurDIbyExjG0/JgjxmDg6BWjZowB54k5JZV62Tp6HtazhqN/W16M05BEEjMkRNc0EmnniEuKGRmUrFSQBOEA9UhX0QiFRNj5+JABPFCKB9Vu9SIJx+rviRyFQmShq5Ihkn0x643E/7xuKv0LO6dRkkoS4ckiP2VQxnDUCvQoJ1iyTBGEOVV/hbiPOMJSdVdSJZizJ8+T1knNPKud3qo2rsAERbAHyqAKTHAO6uAGNEATYPAIXsAbeNeetFftQ/ucRAvadGYX/IH29QPjrJr3</latexit>

�kgk(x) = 0, 8k

<latexit sha1_base64="MTseC4tD/mmvQic13z9jUdnSJNU=">AAAB/nicbVDLSsNAFJ34rPUVXys3g0VwVRLBx7LoxoWLCvYBTSiTyU07dDKJMxOxhIK/4saFIm5d+wnu/Bunj4W2Hhg4nHMP984JUs6Udpxva25+YXFpubBSXF1b39i0t7brKskkhRpNeCKbAVHAmYCaZppDM5VA4oBDI+hdDv3GPUjFEnGr+yn4MekIFjFKtJHa9p4HD2aLwh43oZB4HbjDTtsuOWVnBDxL3AkpVXavP6uy0K q27S8vTGgWg9CUE6VarpNqPydSM8phUPQyBSmhPdKBlqGCxKD8fHT+AB8aJcRRIs0TGo/U34mcxEr148BMxkR31bQ3FP/zWpmOzv2ciTTTIOh4UZRxrBM87AKHTALVvG8IoZKZWzHtEkmoNo0VTQnu9JdnSf247J6WT25MGxdojALaRwfoCLnoDFXQFaqiGqIoR0/oBb1aj9az9Wa9j0fnrElmB/2B9fEDCeCXzA==</latexit>

9� � 0
<latexit sha1_base64="gqArBnAC3AWygfv4M/AuhaizXGc=">AAACCXicbVC7TgJBFJ3FF+ILtbSZQEwwRrJL4qMk2tiJiTwSlpDZ4QITZmfXmVkDAVobWz/DxkJjbP0DO/7G4VEoeJKbnJxzb+69xws5U9q2R1ZsaXlldS2+ntjY3NreSe7ulVQQSQpFGvBAVjyigDMBRc00h0oogfgeh7LXuRr75QeQigXiTvdCqPmkJViTUaKNVE9id9DFJ9j1iMRdd1DPuRzu8U3GhVAxHoijejJtZ+0J8CJxZiSdT7nHz6N8r1BPfruNgEY+CE05Uarq2KGu9YnUjHIYJtxIQUhoh7SgaqggPqhaf/LJEB8apYGbgTQlNJ6ovyf6xFeq53um0ye6rea9sfifV41086LWZyKMNAg6XdSMONYBHseCG0wC1bxnCKGSmVsxbRNJqDbhJUwIzvzLi6SUyzpn2dNbk8YlmiKODlAKZZCDzlEeXaMCKiKKHtELekPv1pP1an1Yn9PWmDWb2Ud/YH39AJvUnAM=</latexit>

kx� x̄k2  O(✏)
<latexit sha1_base64="NMRu5CjIzM1S7JDNWLXwxV6jZ+c="></latexit>

dist(0, @f0(x̄) +
mX

k=1

�k@gk(x̄))  ✏

<latexit sha1_base64="cblEGLkzuw1NzI5hwulm5//jiTQ=">AAACEnicbVDJSgNBEO1xjXGLevTSJAgJkTAjuByDXjxGMAtkhqGnU0ma9PSM3T1iCPkGL/kVLx4U8erJW/7GznLQxAcFj/eqqKoXxJwpbdtja2V1bX1jM7WV3t7Z3dvPHBzWVJRIClUa8Ug2AqKAMwFVzTSHRiyBhAGHetC7mfj1R5CKReJe92PwQtIRrM0o0UbyMwXc7Pi9vBsQiZ8Knl/ELocH7EKsGI/EKXbbkSSc456fydklewq8TJw5yZWzbnE0LvcrfubbbUU0CUFoyolSTceOtTcgUjPKYZh2EwUxoT3SgaahgoSgvMH0pSE+MUoLm92mhMZT9ffEgIRK9cPAdIZEd9WiNxH/85qJbl95AybiRIOgs0XthGMd4Uk+uMUkUM37hhAqmbkV0y6RhGqTYtqE4Cy+vExqZyXnonR+Z9K4RjOk0DHKojxy0CUqo1tUQVVE0TN6QW/o3RpZr9aH9TlrXbHmM0foD6yvH8gkn04=</latexit>

[gk(x̄)]+  ✏, 8k

<latexit sha1_base64="620z3O3h2Rt4wQPAZbcuJbWWeEM="></latexit>

|�kgk(x̄)|  ✏, 8k

Nearly epsilon-KKT solution



Related works
• Proximal-point based methods

– Ma et al. (2020) and Boob et al. (2023)

• Switching gradient methods
–  Huang & Lin (2023)

• Augmented Lagrangian Method
– Li et al. 2022 

• Penalty-based methods
– Alacaoglu & Wright (2024), Liu & Xu (2025) 



Summary of Existing Results

Gap 1: State-of-the-art complexity only applies to Equality constraints and Smooth Problems

Gap 2: How to efficiently handle Many constraints 



Turing Inequality into Equality
<latexit sha1_base64="35uw3i1+QWujSWl0JlFReGm+X1U="></latexit>

min
x

f0(x)

s.t. gi(x)  0, i = 1, . . . ,m

<latexit sha1_base64="gU/YHQ0kHdg2fnc05/PdKKwKUXc="></latexit>

min
x,s

f0(x)

s.t gi(x) + si = 0, si � 0, 8i

<latexit sha1_base64="UwvONOzEZU3Q50ZrAEFlPUyWzZ8="></latexit>

min
x,s

f0(x)

s.t gi(x) + s2i = 0, 8i

Conversion requires second-
order condition of constraints

Conversion requires boundness 
of constraints
Li et al. 2021 Ding & J Wright 2023



Our results 
• Smooth obj & constraints
– Single-loop, momentum-style, constraint sampling 
– State-of-the-art 

• Weakly convex obj & constraints
–  Double-loop, momentum-style, constraint sampling 
–  State-of-the-art 

<latexit sha1_base64="AYSrWkjpNiyCy7Sljaik2ciKeuk=">AAACC3icbVA9SwNBEN3zM8avqKXNkSDEJtyJRsugjZ0RzAfkYtjbzCVL9vaO3TkhHOlt/Cs2ForY+gfs/DduPgpNfDDweG+GmXl+LLhGx/m2lpZXVtfWMxvZza3tnd3c3n5dR4liUGORiFTTpxoEl1BDjgKasQIa+gIa/uBq7DceQGkeyTscxtAOaU/ygDOKRurk8jeegACLXqAoS91R6kGsuYjk/dnIU7zXx+NOruCUnAnsReLOSIHMUO3kvrxuxJIQJDJBtW65ToztlCrkTMAo6yUaYsoGtActQyUNQbfTyS8j+8goXTuIlCmJ9kT9PZHSUOth6JvOkGJfz3tj8T+vlWBw0U65jBMEyaaLgkTYGNnjYOwuV8BQDA2hTHFzq8361KSCJr6sCcGdf3mR1E9KbrlUvj0tVC5ncWTIIcmTInHJOamQa1IlNcLII3kmr+TNerJerHfrY9q6ZM1mDsgfWJ8/Nb2bLQ==</latexit>

O

(
1

ω5

)



Theory



Penalty Methods penalty func.

Square hinge penalty Hinge penalty Smoothed Hinge penalty

<latexit sha1_base64="JttMOAUE8/Wf2UWcEPtqakn/2Ak=">AAACCHicbVDLSsNAFJ34rPUVdenCYBFakJIUXxuh6MZlBfuAJpbJdNIOncmEmYm0hCzd+CtuXCji1k9w5984bbPQ1gMXDufcy733+BElUtn2t7GwuLS8sppby69vbG5tmzu7DcljgXAdccpFy4cSUxLiuiKK4lYkMGQ+xU1/cD32mw9YSMLDOzWKsMdgLyQBQVBpqWMeBEUXdbkqXbqBgChx0qSSugwOi8Nju3Rf6ZgFu2xPYM0TJyMFkKHWMb/cLkcxw6FCFErZduxIeQkUiiCK07wbSxxBNIA93NY0hAxLL5k8klpHWulaARe6QmVN1N8TCWRSjpivOxlUfTnrjcX/vHasggsvIWEUKxyi6aIgppbi1jgVq0sERoqONIFIEH2rhfpQB6J0dnkdgjP78jxpVMrOWfn09qRQvcriyIF9cAiKwAHnoApuQA3UAQKP4Bm8gjfjyXgx3o2PaeuCkc3sgT8wPn8Avn+Yhw==</latexit>

f(·) = 1

2
max(x, 0)2

<latexit sha1_base64="hFG521QNk8ljqiLnHjBP6WDg4L8=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAgtSEnE10YounFZwT6gCWUymbRD5xFmJtIS+ituXCji1h9x5984bbPQ1gMXDufcy733hAklSrvut7Wyura+sVnYKm7v7O7t2wellhKpRLiJBBWyE0KFKeG4qYmmuJNIDFlIcTsc3k399hOWigj+qMcJDhjscxITBLWRenYprvgoErp64zM4qoxO3WrPLrs1dwZnmXg5KYMcjZ795UcCpQxzjShUquu5iQ4yKDVBFE+KfqpwAtEQ9nHXUA4ZVkE2u33inBglcmIhTXHtzNTfExlkSo1ZaDoZ1AO16E3F/7xuquPrICM8STXmaL4oTqmjhTMNwomIxEjTsSEQSWJuddAASoi0iatoQvAWX14mrbOad1m7eDgv12/zOArgCByDCvDAFaiDe9AATYDACDyDV/BmTawX6936mLeuWPnMIfgD6/MHDTeTKg==</latexit>

f(·) = max(x, 0)

<latexit sha1_base64="i5iCXXDv4YrFV/7txKdk9cTtzS4="></latexit>

f(x) =

8
><

>:

x� ✏
2 if x � ✏,

x2

2✏ if 0 < x < ✏,

0 o.w

<latexit sha1_base64="pYXkEoTT7fWiBKLXBRekkoWiCyg="></latexit>

min
x

f0(x) +
ω

m

m∑

k=1

f(gk(x))



Theory 
• Squared Hinge Penalty

<latexit sha1_base64="p/LW75Us4fCXAmPwHK98pjjh5d0="></latexit>

�min(rg(x)) � �, 8max
k

gk(x) > 0

Regularity condition

epsilon-KKT solution

<latexit sha1_base64="OP1K41i7Uy2232YmMx7Z2A0Q3j4="></latexit>∥∥∥∥∥→f0(x) +
ω

m

m∑

k=1

→gk(x)[gk(x)]+

∥∥∥∥∥

2

2

↑ ε2

<latexit sha1_base64="NRPLcsChPtphgxPabtOFLTwQYSw=">AAACGHicbVA9SwNBEN3z2/gVtbRZDII28S4EtRFEGzsjGBVyMext5pIle7vH7pwQjvwMG/+KjYUitun8N25iCr8eDDzem2FmXpRKYdH3P7yp6ZnZufmFxcLS8srqWnF949rqzHCocy21uY2YBSkU1FGghNvUAEsiCTdR72zk39yDsUKrK+yn0ExYR4lYcIZOahX3Q9PV9JhehBJi3A1jw3ieDPIQUiukVmEbJLK7yiA0otPFvVax5Jf9MehfEkxIiUxQaxWHYVvzLAGFXDJrG4GfYjNnBgWXMCiEmYWU8R7rQMNRxRKwzXz82IDuOKVNY21cKaRj9ftEzhJr+0nkOhOGXfvbG4n/eY0M46NmLlSaISj+tSjOJEVNRynRtjDAUfYdYdwIdyvlXeayQZdlwYUQ/H75L7mulIODcvWyWjo5ncSxQLbINtklATkkJ+Sc1EidcPJAnsgLefUevWfvzXv/ap3yJjOb5Ae84ScI36Bu</latexit>

ω = O

(
m

εϑ2

)



Theory 
• Hinge Penalty

Regularity condition

Nearly epsilon-KKT solution

<latexit sha1_base64="Tw3axstwWfm7teXsDi/tHFiF0xU="></latexit>

dist

(
0,

1

m

m∑

k=1

ω[gk(x)]+

)
→ ε

m
, ↑x ↓ V

<latexit sha1_base64="qu9zPQ9Q3BbRrURKUMnhdwgf7kQ="></latexit>

→x↑ x̄→2 ↓ O(ω)

dist

(
0, εf0(x̄) +

ϑ

m

m∑

k=1

εf(gk(x̄))

)
↓ ω

<latexit sha1_base64="Zc6JsqWMjsqtnPtlGCtUq1aTp/I=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIlzAjQb0IQS/ejGAWyITQ06lJmvQsdNcIYcgXePFXvHhQxKtnb/6NneWgiQ8KHu9VUVXPi6XQaNvfVmZldW19I7uZ29re2d3L7x80dJQoDnUeyUi1PKZBihDqKFBCK1bAAk9C0xteT/zmAygtovAeRzF0AtYPhS84QyN180VXDSJ6SW9dCT6WXF8xngbj1O2BRDZ2legP8KSbL9hlewq6TJw5KZA5at38l9uLeBJAiFwyrduOHWMnZQoFlzDOuYmGmPEh60Pb0JAFoDvp9J0xLRqlR/1ImQqRTtXfEykLtB4FnukMGA70ojcR//PaCfoXnVSEcYIQ8tkiP5EUIzrJhvaEAo5yZAjjSphbKR8wkwiaBHMmBGfx5WXSOC07Z+XKXaVQvZrHkSVH5JiUiEPOSZXckBqpE04eyTN5JW/Wk/VivVsfs9aMNZ85JH9gff4AC22cJA==</latexit>

ω = O

(
m

ε

)



Theory 
• Smoothed Hinge Penalty

Regularity condition

Nearly epsilon-KKT solution

<latexit sha1_base64="kZ9+J1XpyZtyFhwA9bRONfhS440="></latexit>

dist
(
0, ωg(x)→v

)
→ ε↑v↑2, ↓x ↔ V, ↓v ↔ Rm

<latexit sha1_base64="qu9zPQ9Q3BbRrURKUMnhdwgf7kQ="></latexit>

→x↑ x̄→2 ↓ O(ω)

dist

(
0, εf0(x̄) +

ϑ

m

m∑

k=1

εf(gk(x̄))

)
↓ ω

<latexit sha1_base64="Zc6JsqWMjsqtnPtlGCtUq1aTp/I=">AAACDnicbVDJSgNBEO2JW4xb1KOXxhCIlzAjQb0IQS/ejGAWyITQ06lJmvQsdNcIYcgXePFXvHhQxKtnb/6NneWgiQ8KHu9VUVXPi6XQaNvfVmZldW19I7uZ29re2d3L7x80dJQoDnUeyUi1PKZBihDqKFBCK1bAAk9C0xteT/zmAygtovAeRzF0AtYPhS84QyN180VXDSJ6SW9dCT6WXF8xngbj1O2BRDZ2legP8KSbL9hlewq6TJw5KZA5at38l9uLeBJAiFwyrduOHWMnZQoFlzDOuYmGmPEh60Pb0JAFoDvp9J0xLRqlR/1ImQqRTtXfEykLtB4FnukMGA70ojcR//PaCfoXnVSEcYIQ8tkiP5EUIzrJhvaEAo5yZAjjSphbKR8wkwiaBHMmBGfx5WXSOC07Z+XKXaVQvZrHkSVH5JiUiEPOSZXckBqpE04eyTN5JW/Wk/VivVsfs9aMNZ85JH9gff4AC22cJA==</latexit>

ω = O

(
m

ε

)



Comparison
Square hinge penalty Hinge penalty Smoothed Hinge penalty

smoothness

Lipchitz 

Constant
penalty



Algorithms



Challenges

<latexit sha1_base64="iqkXzKUQ7mcT5H5DT9m7Sw0nJRU=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCuykzItVl0Y3LCvYB7TBk0kwbmskMSUYspSs3/oobF4q49Rvc+Tem7Sy09UDg3HPu5eaeIOFMacf5tnIrq2vrG/nNwtb2zu6evX/QVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ76rXsqFYvFnR4l1ItwX7CQEayN5NvHXYEDjlFY6vvD0kO5nNXzyreLTsWZAS0TNyNFyFD37a9uLyZpRIUmHCvVcZ1Ee2MsNSOcTgrdVNEEkyHu046hAkdUeePZGRN0apQeCmNpntBopv6eGONIqVEUmM4I64Fa9Kbif14n1eGlN2YiSTUVZL4oTDnSMZpmgnpMUqL5yBBMJDN/RWSAJSbaJFcwIbiLJy+T5lnFrVaqt+fF2lUWRx6O4ARK4MIF1OAG6tAAAo/wDK/wZj1ZL9a79TFvzVnZzCH8gfX5A9lYl3c=</latexit>

→f(gk(x))→gk(x)

<latexit sha1_base64="+A2gpWP37gMNR25exI/N21Jo6VY=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARW5CSiFTBTdGNywr2Ak0Ik+mkHTqZhJmJtIS+hBtfxY0LRdwK7nwbp21Abf1h4Oc753Dm/H7MqFSW9WXklpZXVtfy64WNza3tHXN3rymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3A9qbfuiZA04ndqFBM3RD1OA4qR0sgzTxyOfIZgUOp5g9LwEjpDeuwNyuWM/1ANPbNoVayp4KKxM1MEmeqe+el0I5yEhCvMkJQd24qVmyKhKGZkXHASSWKEB6hHOtpyFBLpptOrxvBIky4MIqEfV3BKf0+kKJRyFPq6M0SqL+drE/hfrZOo4MJNKY8TRTieLQoSBlUEJxHBLhUEKzbSBmFB9V8h7iOBsNJBFnQI9vzJi6Z5WrGrlertWbF2lcWRBwfgEJSADc5BDdyAOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgEulpz4</latexit>

→f(gk(x; ω
→
k))→gk(x; ωk)

biased
Finite-sum Coupled 

Compositional 
Optimization (FCCO)
Wang et al. (ICML ’22), Jiang et al (NeurIPS ’22), Hu et al. (NeurIPS ’23), 
Wang & Yang (ICML’25), Chen et al (NeurIPS ‘25)

<latexit sha1_base64="pYXkEoTT7fWiBKLXBRekkoWiCyg="></latexit>

min
x

f0(x) +
ω

m

m∑

k=1

f(gk(x))



Stochastic Algorithm: smooth case

<latexit sha1_base64="b6E45lidd2pzSvAwaJa1JEVT2H0="></latexit>

uk,t+1 =

{
(1→ ω)uk,t + ωgk(xt; εk,t) + ω→(gk(xt; εk,t)→ gk(xt↑1; εk,t)) k = kt
uk,t o.w

<latexit sha1_base64="iqkXzKUQ7mcT5H5DT9m7Sw0nJRU=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCuykzItVl0Y3LCvYB7TBk0kwbmskMSUYspSs3/oobF4q49Rvc+Tem7Sy09UDg3HPu5eaeIOFMacf5tnIrq2vrG/nNwtb2zu6evX/QVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJ76rXsqFYvFnR4l1ItwX7CQEayN5NvHXYEDjlFY6vvD0kO5nNXzyreLTsWZAS0TNyNFyFD37a9uLyZpRIUmHCvVcZ1Ee2MsNSOcTgrdVNEEkyHu046hAkdUeePZGRN0apQeCmNpntBopv6eGONIqVEUmM4I64Fa9Kbif14n1eGlN2YiSTUVZL4oTDnSMZpmgnpMUqL5yBBMJDN/RWSAJSbaJFcwIbiLJy+T5lnFrVaqt+fF2lUWRx6O4ARK4MIF1OAG6tAAAo/wDK/wZj1ZL9a79TFvzVnZzCH8gfX5A9lYl3c=</latexit>

→f(gk(x))→gk(x)
<latexit sha1_base64="kQHw3UKg9s0hlvpmrWuyj496/rc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBQym7UtSLUPTisYL9gHYp2Wy2Dc0ma5ItlNLf4cWDIl79Md78N6btHrT1wcDjvRlm5gUJZ9q47reTW1vf2NzKbxd2dvf2D4qHR00tU0Vog0guVTvAmnImaMMww2k7URTHAaetYHg381sjqjST4tGME+rHuC9YxAg2VvKHN165y0NpdBnFvWLJrbhzoFXiZaQEGeq94lc3lCSNqTCEY607npsYf4KVYYTTaaGbappgMsR92rFU4JhqfzI/eorOrBKiSCpbwqC5+ntigmOtx3FgO2NsBnrZm4n/eZ3URNf+hIkkNVSQxaIo5chINEsAhUxRYvjYEkwUs7ciMsAKE2NzKtgQvOWXV0nzouJdVqoP1VLtNosjDydwCufgwRXU4B7q0AACT/AMr/DmjJwX5935WLTmnGzmGP7A+fwBeQSRRQ==</latexit>

k = 1, . . . ,m

<latexit sha1_base64="KRHxysST1B6xKpWG17d/tS8/0/8=">AAACFHicbVDLSgMxFM34rPU16tJNsIhCaZmRom6EohuXFewDOkPJpJk2NMkMSUYoQz/Cjb/ixoUibl24829MO7PQ1gMXTs65l9x7gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Gbqtx+IVDQS93ocE5+jgaAhxUgbqWeXvQHiHJ3AK+iFEuFUVNxJ6lYyeQLL0IUVmL16dsmpOjPAReLmpARyNHr2l9ePcMKJ0JghpbquE2s/RVJTzMik6CWKxAiP0IB0DRWIE+Wns6Mm8NgofRhG0pTQcKb+nkgRV2rMA9PJkR6qeW8q/ud1Ex1e+ikVcaKJwNlHYcKgjuA0IdinkmDNxoYgLKnZFeIhMtlok2PRhODOn7xIWmdV97xau6uV6td5HAVwCI7AKXDBBaiDW9AATYDBI3gGr+DNerJerHfrI2tdsvKZA/AH1ucP7zScPg==</latexit>

ω→ =
n→ 1

1→ ω
+ 1→ ω

MSVR



Stochastic Algorithm: smooth case

<latexit sha1_base64="tj6+ucfwPK7YdTO8tY17Iq+552E=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUimVGfG2EohuXFewD2mHIpGkbmswMyR2hDv0AN/6KGxeKuPUD3Pk3ptMutPVA4OScc0nu8SPBNdj2t5VZWFxaXsmu5tbWNza38ts7dR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+4HrsN+6Z0jwM7mAYMVeSXsC7nBIwkpcvSC+BkjPCl7joHLV9BuQQSw9wCacX/OCBSdllOwWeJ86UFNAUVS//1e6ENJYsACqI1i3HjsBNiAJOBRvl2rFmEaED0mMtQwMimXaTdJkRPjBKB3dDZU4AOFV/TyREaj2UvklKAn09643F/7xWDN0LN+FBFAML6OShbiwwhHjcDO5wxSiIoSGEKm7+immfKELB9JczJTizK8+T+nHZOSuf3p4UKlfTOrJoD+2jInLQOaqgG1RFNUTRI3pGr+jNerJerHfrYxLNWNOZXfQH1ucP1feY+w==</latexit>

mt+1 = (1� �)mt + �zt
<latexit sha1_base64="LPMbCu6DnPIEtjzaWNk6Mz6c8Mw=">AAACCnicbVC7TsMwFHV4lvIKMLIYKqSyVAmiwFjBwkaR6ENqQuW4TmrVcSLbQaqizCz8CgsDCLHyBWz8DW6aAVqOdKWjc+7Vvfd4MaNSWda3sbC4tLyyWlorr29sbm2bO7ttGSUCkxaOWCS6HpKEUU5aiipGurEgKPQY6Xijq4nfeSBC0ojfqXFM3BAFnPoUI6Wlvnlw43g0CKqOLxBO7Sx1SCwpi/h9Pcud475ZsWpWDjhP7IJUQIFm3/xyBhFOQsIVZkjKnm3Fyk2RUBQzkpWdRJIY4REKSE9TjkIi3TR/JYNHWhlAPxK6uIK5+nsiRaGU49DTnSFSQznrTcT/vF6i/As3pTxOFOF4ushPGFQRnOQCB1QQrNhYE4QF1bdCPEQ6FKXTK+sQ7NmX50n7pGaf1eq3p5XGZRFHCeyDQ1AFNjgHDXANmqAFMHgEz+AVvBlPxovxbnxMWxeMYmYP/IHx+QMcB5qL</latexit>

O

✓
1

✏5

◆

<latexit sha1_base64="pYXkEoTT7fWiBKLXBRekkoWiCyg="></latexit>

min
x

f0(x) +
ω

m

m∑

k=1

f(gk(x))

<latexit sha1_base64="iixHm8cuoCAu+mBa6gCh1ei5+II="></latexit>

zt = →f0(xt; ωt) + ε→f(ukt,t+1)→gkt(xt; ϑ
→
kt
)



Stochastic Algorithm: non-smooth case

<latexit sha1_base64="LPMbCu6DnPIEtjzaWNk6Mz6c8Mw=">AAACCnicbVC7TsMwFHV4lvIKMLIYKqSyVAmiwFjBwkaR6ENqQuW4TmrVcSLbQaqizCz8CgsDCLHyBWz8DW6aAVqOdKWjc+7Vvfd4MaNSWda3sbC4tLyyWlorr29sbm2bO7ttGSUCkxaOWCS6HpKEUU5aiipGurEgKPQY6Xijq4nfeSBC0ojfqXFM3BAFnPoUI6Wlvnlw43g0CKqOLxBO7Sx1SCwpi/h9Pcud475ZsWpWDjhP7IJUQIFm3/xyBhFOQsIVZkjKnm3Fyk2RUBQzkpWdRJIY4REKSE9TjkIi3TR/JYNHWhlAPxK6uIK5+nsiRaGU49DTnSFSQznrTcT/vF6i/As3pTxOFOF4ushPGFQRnOQCB1QQrNhYE4QF1bdCPEQ6FKXTK+sQ7NmX50n7pGaf1eq3p5XGZRFHCeyDQ1AFNjgHDXANmqAFMHgEz+AVvBlPxovxbnxMWxeMYmYP/IHx+QMcB5qL</latexit>

O

✓
1

✏5

◆

Strongly 
convex

Weakly convex à Convex FCCO, Double loop

<latexit sha1_base64="pYXkEoTT7fWiBKLXBRekkoWiCyg="></latexit>

min
x

f0(x) +
ω

m

m∑

k=1

f(gk(x))

<latexit sha1_base64="jUbFukq/p3H9vKn1hTzdN5t3gjs="></latexit>

min
x

max
y

f0(x) +
ω

m

m∑

k=1

ykgk(x)→ f→(yk)



Experiments



Continual Learning
GPT-3 à GPT-4 à GPT-4o à o1 à o3

Reasoning 

Writing

o1 is not better 
for writing

Catastrophic Forgetting



Continual learning with Zero-forgetting 
Constraint

Target Task Objective
<latexit sha1_base64="VnBB/SLz3tdp0j/oB4eWH+nP2tk="></latexit>

wnew = argminw F (w)

s.t. Lk(w)  Lk(wold), k = 1, . . . ,m

Protected task Loss

Non-convex Constrained Optimization



Autonomous Driving



Squared hinge vs Smoothed Hinge



Learning with ROC Fairness 
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