Name

MATH 172 Exam 3 Spring 2023 1-7 /35 13 120
Sections 502 Solutions P. Yasskin
8-12 /50 | Total /105
Multiple Choice: (5 points each. No part credit. Circle your answers.)
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1. L = hmJ =
n—0 L " i
n>  n’
a. 3
b. 0
c. 2 Correct
d. 3
e. diverges
Solution: Forlarge n, %>% So:
n n
4 9 4 9
lim 221 _ i n on’ 4 %_4—0_2
n%LJri n%L+i? ;151302;_2+()_
n2 n3 n2 I’l3 n
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2. L= hm(%) Inn _
“\n
a. 4
b. In4
c. —In4
d. e* Correct
e. diverges
2
Solution: InL = lim 1n(i) Inn _ 11mL1n(L) —lim =4 _ 4 Sop = e
n—00 n2 n—» lnn nZ n—x  Inn
3. L= %erolonz[l —cos(%)} =
1
a. 5 Correct
b. 2
c. 2
_1
d. 3
e. diverges
Solution: Let = % Then use I'Hopital’s Rule:
. _ l—cost I'H sing H . cost _ 1
Jimn?[1-cos(5) ] = | iy m=r = Im=5- =7
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. divergent  Correct

ion: o= 2 _ 16 _22_ 4 -4 '
Solution: a = 79 r=4 = Ir| = 3 >1  divergent

6. Z[arctan(n) —arctan(n+1)] =

n=1

_n
a. -2
b. —% Correct
.0
ya
4
n
e. Z

k
Solution: §; = Z[arctan(n) —arctan(n + 1)]

n=1
= [arctan | — arctan2] + [arctan2 — arctan3] + --- + [arctank — arctan(k + 1)] = arctan 1 — arctan(k + 1)
S = limS; = ,llill%[arctanl —arctan(k+1)] = % - % - _%



0 k
7.0f S=> a, and Si=Y a, = £=L, whatis a?
n=2 n=2

At
HINT: Whatare S, and Si—Si1?

a ar= A

b. ax :k;kl

c. ar=

d. a; = k(++1)

e. ap= #_1) Correct
Solution: Since S; = k;kl we compute Sy = %

k k-1
Then on the one hand, Sy—Sk1 = Za" - Za" = ay
=2 =2

~ k=1 k-2 _ (kK =2k+1) - (k* - 2k) _ 1
and on the other hand, Sk — Si A k1 k(k—1) k(k—1)

1
k(k—1)

So ay =

Short Answer: (10 points each. No part credit. Circle your answers.)

For each series, circle  Convergent or Divergent  and circle the test you used.
(Most series have more than one acceptable test. Only circle one!)

For a Comparison or Absolute Convergence Test, write the Comparison series or the Related
Absolute series and the write the name of the test you used for that series.

For a Divergence or Integral or Limit Comparison or Ratio Test, compute the required limit or integral.
For a Simple Comparison Test, check the required inequality.

o0

: Z; n3/2Jﬁ—1 Convergent Divergent
a. Geometric Series f. | Simple Comparison Test
b. Telescoping Series g. |Limit Comparison Test
c. n' Term Divergence Test h. Alternating Series Test
d. |Integral Test i. Absolute Convergence Test
e. p-Series Test j. Ratio Test
Comparison or Absolute Series Its test:

Any required limit or integral or inequality:
Solution: For Integral: r_Jn dn = [lln(;ﬁ/2 - I)To =

2 n3/2 -1 3 2
Compare to : Z % harmonic p —series L = lim nm‘/ﬁ_ 7 % =1 0<L<ow
n=2
. n n . . n
For Simple: n3/2‘/__ T ’;/372 = % ForLimit: L = lim nm‘/__ " % =1 0<L<w



10.

o0

arctann

2
= l1+n

a. Geometric Series

b. Telescoping Series

c. n' Term Divergence Test

d. | Integral Test

e. p-Series Test

Comparison or Absolute Series

Convergent

f. | Simple Comparison Test

g. |Limit Comparison Test

h. Alternating Series Test
i. Absolute Convergence Test
j- Ratio Test

Its test:

Divergent

Any required limit or integral or inequality:

Solution: For Integral: I —arctan2n
o l+n
Or compare to Z%# p-series
n=0

For Limit Comparison L = lim

n=0 1 4 p2

0
E nle™
n=1

a. Geometric Series

b. Telescoping Series

c. |n™ Term Divergence Test

d. Integral Test

e. p-Series Test

Comparison or Absolute Series

arctann 2n* _ 4

= [ Garctann)’ | = %(%)2

For Simple Comparison alr"tﬂ < l%

+ n? 2 n

- 0<L<ow

Convergent

f. Simple Comparison Test

g. Limit Comparison Test
h. Alternating Series Test

i. Absolute Convergence Test

j- | Ratio Test

Its test:

Divergent

Any required limit or integral or inequality:

Solution: For Divergence:
. . n+1)! gn .
For Ratio:  lim it 1) e lim
n—0 en+1 n! n—®0

limnle™ = lim 2 ———%---
n—oo n

(n+1)
e

n (n—1) 1

= > 1

= o0 since oo product of numbers > 1.



12.

. Z 3,,211 Convergent Divergent

n=1

a. Geometric Series f. Simple Comparison Test

b. Telescoping Series g. |Limit Comparison Test

c. n' Term Divergence Test h. Alternating Series Test

d. Integral Test i. Absolute Convergence Test

e. p-Series Test j- | Ratio Test

Comparison or Absolute Series Its test:

Any required limit or integral or inequality:

Solution: For Ratio:  lim —2— _3"-1 _ 2

n—00 3n+1 _ 1 on 3
For Limit Comparison: ~ Compare to Z % which is a convergent geometric series.
n=1
_ T 2" 3" _
L—%Lrglo3,1_12n—l 0<L<wo
Z(—l)”ﬁ% Convergent Divergent
n

n=1

a. Geometric Series f. Simple Comparison Test

b. Telescoping Series g. Limit Comparison Test

c. n Term Divergence Test h. Alternating Series Test

d. Integral Test i. |Absolute Convergence Test

e. p-Series Test j- Ratio Test
Comparison or Absolute Series Its test:

Any required limit or integral or inequality:

Solution: absolute series is Z |Sl—n3n| which converges by Simple Comparison with Z %
n el n

n=1
whichisa p-serieswith p =3 > 1 since < —=.

sinn| 1
n? n’



Work Out: (Points indicated. Part credit possible. Show all work.)
4

13. (20 points) Consider the recursively defined sequence a1 =5 - ar with a; =2

a.

(5 pts) Assuming the limit exists, find the possible values of the limit.

Solution: Assuming the limit exists, let L = lima,. Then lima,. =L also.
Taking the limit of the recurrsion relation, we have

L= —% = [?=5L-4 = [>-50L+4=0 = (L-1)L-4)=0

So if the limit exists, it mustbe L =1 or L = 4.

(2 pts) (Fill in the blanks.) Compute the first 3 terms of the sequence:
ay = ay = az =

Solution: a4, = 2 a =3 as = % ~ 3.67

(2 pt) (Fill in the blanks.) The sequence appears to be bounded
below by and above by
Solution: below by 2 (or anything less), above by 4 (or anything more).

(4 pts) Use induction to prove the sequence is bounded below and above by your answers.

Solution: We show 1l <a, <4

Initialization step: l<a =2<4

Induction step: Assume 1 < a; <4. Then

1 o1 44 __ _ _4 _ _4

ar > 4 and -4 < ar < 1 and 5-4<5 a; <5 1 or 1<5 ak<4'
So l<ap <4

1>

(1 pt) (Circle one.) The sequence appears to be increasing  decreasing.

Solution: | increasing decreasing.

(4 pts) Use induction to prove the sequence is increasing or decreasing.

Solution: We show  a, < au:
Initialization step: ap=2<a; =3
Induction step: Assume a; < ap- Then

1 1 4 ___4 i __4
a aeT and ar < " and 5- <5 TR

SO a1 < Apan-

(2 pt) What do you conclude about the limit of the sequence? Why?
What theorem are you using?  (This must be sentences.)

Solution: By the Bounded Monotonic Sequence Theorem, the sequence has a limit.
Since the limit mustbe 1 or 4 anditincreases from 2, the limit mustbe L = 4.



14. (16 points)
Solution:

1 Jn

- done
n 22 1

20 #22 div simp or lim comp w

20#9 conv integ or simp or lim comp w 1/nr2 ~ Arctann

1 + n?
20 #34 div div or ratio nle™ done

20 #18 conv ratio or lim comp w (%)n 3,12—11
1

21#13 conv  rel abs (—1)”% comp to -5

(-1)"4"

21 #6 div div or ratio yrE—

done



