
Name Sec

MATH 251 Exam 2 Spring 2010

Sections 511 Solutions P. Yasskin

Multiple Choice: (6 points each. No part credit.)

1-10 /60 12 /15

11 /10 13 /20

Total /105

1. The point (2, 1) is a critical point of the function f(x,y) = x3 − 3x2 + xy2 − 4xy + 3x + 4y.
Use the Second Derivative Test to classify this critical point.

a. Local Maximum

b. Local Minimum Correct Choice

c. Inflection Point

d. Saddle Point

e. Test Fails

fx(x,y) = 3x2 − 6x + y2 − 4y + 3 fx(2, 1) = 0

fy(x,y) = 2xy − 4x + 4 fy(2, 1) = 0

fxx(x,y) = 6x − 6 fxx(2, 1) = 6 > 0

fyy(x,y) = 2x fyy(2, 1) = 4

fxy(x,y) = 2y − 4 fxy(2, 1) = −2

D = fxxfyy − fxy
2 D(2, 1) = 6 ⋅ 4 − (−2)2 = 20 > 0 Local Minimum

2. Compute ∫0

1

∫0

x

∫0

y
xydzdydx

a. 1
12

b. 1
15

Correct Choice

c. 1
20

d. 2
15

e. 3
20

∫0

1

∫0

x

∫0

y
xydzdydx= ∫0

1

∫0

x
xyz

z=0

y
dydx = ∫0

1

∫0

x
xy2 dydx = ∫0

1 xy3

3 y=0

x

dx = ∫0

1 x4

3
dx = x5

15 0

1
= 1

15

1



3. Find the mass of the tetrahedron with vertices (0, 0, 0), (1, 0, 0), (0, 2, 0) and (0, 0, 4),
if the density is ρ = x.

a. 1
3

Correct Choice

b. 4
3

c. 8
3

d. 3

e. 4

3 of the 4 planes are the coordinate planes. The 4th plane is z = 4 − 4x − 2y which intersects
the xy-plane at z = 4 − 4x − 2y = 0 or y = 2 − 2x. The mass is

M = ∫∫∫ ρdV = ∫0

1

∫0

2−2x

∫0

4−4x−2y
xdzdydx= ∫0

1

∫0

2−2x
x(4 − 4x − 2y)dydx = ∫0

1
x 4y − 4xy − y2

y=0

2−2x
dx

= ∫0

1
x 4(2 − 2x) − 4x(2 − 2x) − (2 − 2x)2 dx = ∫0

1
(4x3 − 8x2 + 4x)dx = x4 − 8x3

3
+ 2x2

0

1

= 1 − 8
3

+ 2 = 1
3

4. Find the volume of the solid below z = 4 − x2 − y2 above the xy-plane.

a. π

b. 2π

c. 4π

d. 8π Correct Choice

e. 16π

V = ∫∫∫ 1dV = ∫0

2π

∫0

2

∫0

4−r 2

1 rdzdrdθ = 2π ∫0

2
(4 − r 2 )rdr = 2π 4r 2

2
− r 4

4 0

2
= 2π(8 − 4) = 8π

5. Find the average of the function f = z2 within the solid below z = 4 − x2 − y2 above the xy-plane.

a. 4
5

b. 8π
5

c. 8
3

Correct Choice

d. 16
3

e. 64π
3

∫∫∫ f dV = ∫0

2π

∫0

2

∫0

4−r 2

z2 rdzdrdθ = 2π ∫0

2 z3

3 0

4−r 2

rdr = 2π ∫0

2 (4 − r 2 )3

3
rdr = 2π

(4 − r 2 )4

3(−2)4
0

2

= π
12

(44 ) = 64π
3

fave = ∫∫∫ f dV

V
= 64π

3
1

8π
= 8

3

2



6. Find the volume below z = y above the region between

the x-axis and the upper half of the cardioid r = 1 − cosθ.

a. 1
12

b. 1
6

c. 2
3

d. 4
3

Correct Choice

e. 8
3

V = ∫∫ ydA = ∫0

π

∫0

1−cosθ
r sinθ rdrdθ = ∫0

π r 3

3 r=0

1−cosθ
sinθdθ = ∫0

π (1 − cosθ)3

3
sinθdθ

= (1 − cosθ)4

12
0

π

= 24

12
= 4

3

7. Compute ∫∫∫ e x2+y2+z2 3/2
dV over the hemisphere x2 + y2 + z2 ≤ 9 with z ≥ 0.

a. π
3

(e27 − 1)

b. π
3

e27

c. 2π
3

(e27 − 1) Correct Choice

d. 2π
3

e27

e. 4π
3

(e27 − 1)

∫∫∫ e x2+y2+z2 3/2
dV = ∫0

2π

∫0

π/2
∫0

3
eρ3

ρ2 sinϕdρdϕdθ = 2π eρ3

3 0

3

− cosϕ
0

π/2 = 2π
3

(e27 − 1)

8. Compute ∮ F⃗ ⋅ ds⃗ for the vector field F⃗ = (−yz2,xz2,z3 )

around the circle r⃗(θ) = (2 cosθ, 2 sinθ, 8).

a. −256π

b. −128π

c. 128π

d. 256π

e. 512π Correct Choice

v⃗ = (−2 sinθ, 2 cosθ, 0) F⃗(r⃗(θ)) = (−128 sinθ, 128 cosθ, 512)

∮ F⃗ ⋅ ds⃗ = ∫0

2π
F⃗ ⋅ v⃗dθ = ∫0

2π
(256 sin2θ + 256 cos2θ)dθ = ∫0

2π
256dθ = 512π
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9. Find the area of the piece of the surface z = xy for (x,y) in the semicircle
x2 + y2 ≤ 9 for y ≥ 0.
HINT: Parametrize the surface as R⃗(u,v) = (u,v, ???).

a. π
3

(103/2 − 1) Correct Choice

b. 2π
3

(103/2 − 1)

c. 9π

d. 18π

e. 36π

R⃗(u,v) = (u,v,uv)

î ̂ k̂

e⃗u = (1, 0, v)
e⃗v = (0, 1, u)

N⃗ = î(0 − v) − ̂(u − 0) + k̂(1) = (−v, −u, 1) N⃗ = v2 + u2 + 1

A = ∫∫ 1dS = ∫ ∫ N⃗ dudv = ∫ ∫ v2 + u2 + 1 dudv switch to polar:

A = ∫0

π

∫0

3
r 2 + 1 rdrdθ = π

(r 2 + 1)3/2

3
0

3

= π
3

(103/2 − 1)

10. The hyperbolic coordinate system given by

x = r
2

(es + e−s) y = r
2

(es − e−s)

covers the quarter plane shown.

Find its Jacobian factor.

a. r(es + e−s)

b. r es − e−s

c. r
2

(e2s + e−2s)

d. r
2

|e2s − e−2s|

e. r Correct Choice

J = ∂(x,y)
∂(r,s) =

∂x
∂r

∂y
∂r

∂x
∂s

∂y
∂s

=
1
2

(es + e−s) 1
2

(es − e−s)
r
2

(es − e−s) r
2

(es + e−s)
= r

4
(es + e−s)2 − r

4
(es − e−s)2 = r
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Work Out: (Points indicated. Part credit possible. Show all work.)

11. (10 points) Find the dimensions and volume of the largest rectangular solid box which sits on the
xy-plane and has its upper vertices on the paraboloid z = 4 − 4x2 − y2.

METHOD 1: Eliminate a Variable

V = LWH L = 2x W = 2y H = z = 4 − 4x2 − y2

Maximize V = 4xy(4 − 4x2 − y2 ) = 16xy − 16x3y − 4xy3

Vx = 16y − 48x2y − 4y3 = 4y(4 − 12x2 − y2 ) = 0

Vy = 16x − 16x3 − 12xy2 = 4x(4 − 4x2 − 3y2 ) = 0

To have non-zero volume we need x ≠ 0 and y ≠ 0. So

12x2 + y2 = 4

4x2 + 3y2 = 4

3⋅Eq1−Eq2:

3⋅Eq2−Eq1:

32x2 = 8

8y2 = 8

x = 1
2

y = 1

L = 1 W = 2 H = 4 − 4 1
2

2
− (1)2 = 2 V = 4

METHOD 2: Lagrange Multipliers

V = LWH L = 2x W = 2y H = z

Maximize V = 4xyz subject to g = z + 4x2 + y2 = 4

∇⃗V = (4yz, 4xz, 4xy) ∇⃗g = (8x, 2y, 1) ∇⃗V = λ∇⃗g

4yz = λ8x

4xz = λ2y

4xy = λ


4yz = 32x2y

4xz = 8xy2


z = 8x2

z = 2y2
g = z + 4x2 + y2 = z + z

2
+ z

2
= 2z = 4

z = 2 8x2 = 2 x = 1
2

2y2 = 2 y = 1

L = 1 W = 2 H = 2 V = 4
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12. (15 points) Find the mass and center of mass of the

solid sphere of radius 1
2

sitting on the xy-plane,

given in spherical coordinates by ρ = cosϕ,

if the mass density is δ = z.

M = ∫∫∫ δdV = ∫0

2π

∫0

π/2
∫0

cosϕ
ρcosϕρ2 sinϕdρdϕdθ = 2π ∫0

π/2 ρ4

4 ρ=0

cosϕ

cosϕ sinϕdϕ

= π
2 ∫0

π/2
cos5ϕ sinϕdϕ = π

2
− cos6ϕ

6 ϕ=0

π/2
= π

2
0 + 1

6
= π

12

x̄ = ȳ = 0 by symmetry

Mxy = ∫∫∫ zδdV = ∫0

2π

∫0

π/2
∫0

cosϕ
ρ2 cos2ϕρ2 sinϕdρdϕdθ = 2π ∫0

π/2 ρ5

5 ρ=0

cosϕ

cos2ϕ sinϕdϕ

= 2π
5 ∫0

π/2
cos7ϕ sinϕdϕ = 2π

5
− cos8ϕ

8 ϕ=0

π/2
= 2π

5
0 + 1

8
= π

20

z̄ = Mxy

M
= π

20
12
π = 3

5

13. (20 points) Compute ∫∫P
∇⃗ × F⃗ ⋅ dS⃗ for the vector field F⃗ = (−yz2,xz2,z3 )

over the paraboloid z = 2x2 + 2y2 for z ≤ 8 oriented down and out.
Follow these steps. Be sure to check the orientation.

∇⃗ × F⃗ =
î ̂ k̂

∂x ∂y ∂z

−yz2 xz2 z3

= î(0 − 2xz) − ̂(0 − −2yz) + k̂(z2 − −z2 ) = (−2xz, −2yz, 2z2 )

Parametrize the surface as R⃗(r,θ) = (r cosθ, r sinθ, 2r 2 )

î ̂ k̂

e⃗r = (cosθ, sinθ, 4r)
e⃗θ = (−r sinθ, r cosθ, 0)

N⃗ = î(0 − 4r 2 cosθ) − ̂(0 − −4r 2 sinθ) + k̂(r cos2θ − −r sin2θ) = (−4r 2 cosθ, −4r 2 sinθ, r )

Reverse N⃗ = (4r 2 cosθ, 4r 2 sinθ, −r )

∇⃗ × F⃗ R⃗(r,θ) = (−2xz, −2yz, 2z2 ) = −2(r cosθ)(2r 2 ), −2(r sinθ)(2r 2 ), 2(2r 2 )2

= (−4r 3 cosθ, −4r 3 sinθ, 8r 4 )

∇⃗ × F⃗ ⋅ N⃗ = −16r 5 cos2θ − 16r 5 sin2θ − 8r 5 = −24r 5

∫∫P
∇⃗ × F⃗ ⋅ dS⃗ = ∫∫P

∇⃗ × F⃗ ⋅ N⃗drdθ = − ∫0

2π

∫0

2
24r 5 drdθ = −2π[4r 6 ]

0
2 = −512π
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