Name Sec
1-10 /60 12 /15
MATH 251 Exam 2 Spring 2010
11 /10 13 120
Sections 511 Solutions P. Yasskin
Multiple Choice: (6 points each. No part credit.) Total /105
1. The point (2,1) is a critical point of the function f(x,y) = x3 = 3x2 + xy? — 4xy + 3x + 4y.
Use the Second Derivative Test to classify this critical point.
a. Local Maximum
b. Local Minimum  Correct Choice
c. Inflection Point
d. Saddle Point
e. Test Fails
fx(xy) = 3x> —6x+y?> -4y +3 fx(2,1) =0
fy(X,y) = 2xy—-4x +4 fy(2,1) =0
fxx(x, y) = 6X - 6 fxx(z, 1) = 6 > 0
fyy(X,y) = 2x fw(2,1) = 4
f(Xy) =2y—-4 fy(2,1) = -2
D = fudfy — 3 D(2,1)=6-4-(-2)2=20>0 Local Minimum
1exry
2. Compute jo _[0 jo Xy dz dy dx
1
a 45
1 .
b. ic Correct Choice
1
c 35
2
d- 15
3
e 25
1 pex ry 1 px y (X0 _lxy3x _ x4 _X51_1
.[ojoj‘oxdedydxz IoIo[XyZ]FOdydx_ Iojoxy dde— IO[T} dx = Io ?dx B [E}o - 15

y=0




3. Find the mass of the tetrahedron with vertices (0,0,0), (1,0,0), (0,2,0) and (0,0,4),
if the density is p = x.

a. Correct Choice

b.

wlo wlh W

o
w

e. 4

3 of the 4 planes are the coordinate planes. The 4th plane is z =4 -4x -2y which intersects
the xy-planeat z=4-4x-2y=0 or y=2-2x. Themassis

M = J'_U pdV = _[; j(z)_zx jg_4x_2y x dz dy dx= j(l) _[s_zx X(4 — 4x — 2y) dy dx = j(l) X[ 4y = 4xy - y?] ;:sx dx

_ ! _ _ _ (9 _ 92 — (Y a3 _ ay? _[va_ 83 27*
—jox(4(2 2X) — 4x(2 - 2x) - (2 - 2X) )dx—_[o(4x 8x2 + 4x) dx = [x 3 + 2X ]0
—1-840=-1
=1 3+2 3

4. Find the volume of the solid below z=4-x?-y? above the xy-plane.
a
b. 2n
c. 4n
d. 8¢  Correct Choice
e. 16r

o A e e R e ST R

5. Find the average of the function f = z? within the solid below z = 4-x?-y? above the xy-plane.

a 4
8r
b. 5
c. % Correct Choice
16
d. 3
64n
e =3
21 (2 (412 2 53 74-° 2 (4-r2)3 (4-r2)* ?
- 2 — z = =~ 7 = - <
_U_[de—_[O _[OIO zerdzdrdd —27rj0|: 3 ]O rdr 27rj0 3 rdr = 2r e i
= L(44) = A f = '['dev = 64r 1 = 8
12 3 ave Vv 3 8r 3



6. Find the volume below z =y above the region between

the x-axis and the upper half of the cardioid r = 1 - cosé.

1
a' 12 T T
1
b. 6
2
¢ 3
d. % Correct Choice
8
€ 3

V:J'J'ydA:jgj(l)_cosersinerdrde:j [%]lmegngdg j Mgngdg

3
:[(1—0059)4}”_ 24 _ 4
0

12 T 12 7 3

7. Compute m‘ eC**2)* v over the hemisphere x2+y2+72 <9 with z2 0.

T (27 _
Z(e”-1)
T 27
b. 36
c. 2?’T(e27 -1)  Correct Choice
d. ZLe”
Ar (27 _
e. 3 (ec" - 1)

m e(e2)* gy = J'sn _[le _[2 e’’p2sinpdpdpdd = Zn[ } [- COS(D:I 2 - ?’T(e27 1)

8. Compute §|3 .dg for the vector field F = (-y2, x2,2%)
around the circle T(0) = (2cos6,2sinb,8).

a. —256rn
b. -128x7
c. 128z
d. 256r
e. 5127 Correct Choice

(-2sin0,2cosh,0) I?(?(G)) = (-128sin0,128cosh,512)

V=
§F - 8= > TF v = | 2”(25asin29 + 256005%0) df = jf) 25600 = 5127



9. Find the area of the piece of the surface z=xy for (x,y) in the semicircle
x2+y?<9 for y=0.

HINT: Parametrize the surface as ﬁ(u,v) = (u,v, ?7??).
a. %(103’2 -1) Correct Choice
b. 2L (10%2 - 1)

c. I
d. 18«
e. 36r

ﬁ(u,v) = (u,v,uv)

T 5 k
&=L 0 vy N=i0-v)-ju-0)+k1)=(-v,-ul) [N]=+uZ+1
é =0, 1, u

A=_U1dS=”|Kl|dudv=”,/v2+u2+1dudv switch to polar:
5 (3 (r2+1* 7’
A=_[0J'0,/r2+1rdrd0=n|:T:| = %(103’2—1)

0

10. The hyperbolic coordinate system given by
=TI (es -S — I (oS — oS
x—2(e+e) y 2(e e®)
covers the quarter plane shown.
Find its Jacobian factor.

a. r(es+e®)
b. rlee-e=
. %(e28 +e7%)
d. %le25 - e

e. r Correct Choice

0X ﬂ licstosy Lias_as
. ‘ oy [ _ || or ar || _|| 2E&*E) FE-€7)
o(r,s) X ﬂ %(es -e™) %(es +€7)

0s 0s

= | L (as —<\2 _ I (pSs _ a5)2| =
4(e+e) 4(e e®) r



Work Out: (Points indicated. Part credit possible. Show all work.)

11. (10 points) Find the dimensions and volume of the largest rectangular solid box which sits on the
xy-plane and has its upper vertices on the paraboloid z = 4 —4x? - y?,

METHOD 1: Eliminate a Variable

V=LWH L=2x W=2y H=2z=4-4x2-y?
Maximize V = 4xy(4 — 4x? — y?) = 16xy — 16x3y — 4xy?
Vy = 16y — 48x%y — 4y® = 4y(4 - 12x2 -y?) = 0

Vy = 16x — 16x3 — 12xy? = 4x(4 - 4x2 - 3y?) = 0

To have non-zero volume we need x # Oand y # 0. So

12x2+y2 =4  3.Eql-Eq2: =8  x=3
4x2 +3y? = 4 3-EQ2-Eq1: 8y? =8 y=1
2
L=1 w=2 H=4-41)-@2=2 v=4

METHOD 2: Lagrange Multipliers

V = LWH L = 2x W= 2y H=z

Maximize V =4xyz subjectto g=z+4x>+y2 =14
OV = (4yz4xz4xy) Og= (8x,2y,1) DV = Alg

dyz = A8X 4 322 "
z= z=8x
Axz= A2y = y y o5 g=z+4x2+y2=z+ £ +£ =272=4
4xz = 8xy? zZ=2y? 2 2
Ixy = A

z=2 8%¢=2 X

l2= =
22y2y1

L=1 W=2 H=2 V=4



12.

13.

(15 points) Find the mass and center of mass of the

solid sphere of radius % sitting on the xy-plane,

given in spherical coordinates by p = cose,

if the mass density is § =z

<
I

[[Toav =17 [;7 1 pecso pesinpdpdocd = 22 [ £ | cospsinods

0 =0

- [ i _xf[_coe 1™ | & 1712 =
=5 [, cospsngde = 2[ 6 Lzo‘ 2o+ 3]= 5

X =y =0 bysymmetry

My = [[Jzsdv = [ [ [ p2cos?p p2sing dpdpdd = 2@3’2[%5}“’3‘” costosinpdo
p=0

nl2
N LI _2n[_ 0% 1™ _2nfg, 17 -
= J'O cos'psingdy = 5[ 3 J =5 [0+8}— 0

»=0

(20 points) Compute _[LD O xF.dS for the vector field F = (-y2, x2,2%)

over the paraboloid z=2x?+2y? for z< 8 oriented down and out.
Follow these steps. Be sure to check the orientation.

A

7 J ok
OxF=| 9, o, 8, =10-2x2—j0--2y2) +k(z? - -22) = (~2xz,-2yz,22%)
-yz? xzZ2 7
Parametrize the surface as ﬁ(r,@) = (rcosf,rsing, 2r?)
i j k
€ = | (cosf, sing,  4r)

o
I

(-rsinf, rcosf, 0)
N = 1(0 - 4r2cosf) — (0 — —4r2sing) + k(r cos?0 — —rsin29) = (-4r2cos, —4r2sind,r)
Reverse N = (4r2cosf,4r2sing,-r)

(ﬁ X ﬁ) (ﬁ(f,e)) = (-2xz,-2yz,27%) = (—Z(r cos@)(2r2),—2(r9n9)(2r2),2(2r2)2)
= (-4r3cos0,-4r3sing, 8r*)

(D% F) +N = -16r°cos?0 - 16r5sin?0 - 8r> = ~24r®

OxF.dS= ([ OxF-Ndrdo = — [~ [*24r5drdo = —2n[4r®]2 = -5121
-UP -UP Io 0 0



