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Name Sec
2,4-13 /55 16 /10
MATH 251 Honors Final Spring 2010
14 121 17 /10
Sections 200 Solutions P. Yasskin
Multiple Choice: (5 points each. No part credit.) 15 /10 | Total /106

Honors students, skip this question. Do not bubble anything on the scantron.

At the point (x,y,z) where the line T(t) = (1-1,t,2—-2t) intersects the plane x-2y+ 3z = 16,

we have x+y+z=

a. -2

b. 2

c. 3

d. 5 Correct Choice
e. 16

Plug the line into the plane and solve for t:
Q-t)-2(t)+3(2-2t) =16 -%t+7=16 t=-1
Plug back into the line:
xy,2)=(1-tt2-2t)=(2,-1,4) So x+ty+z=5

Honors students, skip this question. Do not bubble anything on the scantron.




4. Find the zintercept of the plane tangent to the surface X =1 atthe point (2,3,6).
z

a. 6
1
b. 3
c. 5
d -5
e. —6  Correct Choice
—ﬁ = Xﬁ—x_ _’: = ii—l
F_ Z iF (Z,Z’ ZZ> N |(236) (2’3, 6)
NoX =N 141y 1,15, 19 _1pg_ 1,-1,,1,_
NeX=N-P 2x+3y 62 22+33 66 52 2x+3y 1
z=3x+2y—-6  zinterceptis c = 6.

5. The temperature in an ideal gasis givenby T = K% where « is a constant,
P is the pressure and p is the density. At a certain point Q = (3,2,1), we have
PQ =8  OPQ) = (4-2-4)
pQ=2  OpQ =(-142)
So at the point Q, the temperatureis T(Q) = 4x and its gradientis CIT(Q) =

a. «(-8.56,9)
b. «(4,-9,-6) Correct Choice
c. «(3,2,-2)
o x(42)
-1
e. x(-3:2)

By chain rule: (Think about each component separately.)
= 0T OTR, - kPp- kPP, = K4 -2 _4)- K8
OT = o 0P + 5 Cp < = s Clp S (4.-2,-4) s (-1,4,2)

=x(2,-1,-2) +«(2,-8,-4) = k(4,-9,-6)



6. If the temperature in aroomis T = xyZ, find the rate of change of the temperature
as seen by a fly who is located at (3,2,1) and has velocity (1,2,3).

a. 32

b. 36

c. 44 Correct Choice

d. 48

e. 52

% :v-ﬁﬂ@m = (1,2,3) - (Y2, x2, 2092 5,y = (1,2,3) - (2,3,12) = 44

7. Find the volume below z = xy above the region between the curves y = 3x and y = x2.
a. 81

b.

Correct Choice

o
» oo‘% I\)‘% °°|8 ">||°—\° N

33X =X = x=0,3

ve i Paae [ ] o092 s [958 T - 3(3-

8. Compute _U e ¥ dxdy over the disk enclosed in the circle x2+y? = 4,
C

Wl

T (1 _ ot

a. 2(1 e™)

b. n(l-e*) Correct Choice
P

c. e

d. ne™

e. 2re™

” e ¥ dxdy= J'zﬂ Is e"’rdrde = Zn[—%e‘rz}z =r(l-e™)



Find the mass of 2loops of the helical ramp
parametrized by
ﬁ(r,@) = (rcosf,rsing,40) for r <3

if the density is p = (/x? +y?2.

a. 40r
b. 1207
c. 200«

500
d. 3 7
e. %n Correct Choice

7 J k N = 8 x 8 = (4sind) - j(4cosf) + K(r cos?0 + r sin?0)

é =|(cosd, sng, 0) = (4sinf,-4coso,r)
€ = | (-rsing, rcosd 4) IN| = /16sin?%0 + 16cos0 +1 = J16+12  p=r

A= [[pds=[[p|N|drdo = jg”jzr./lsﬂz drdo = %(16+r2)3’2|z = 4L (125-64) = 241

. Find the flux of F = (y,—x,2) through the helical ramp of problem 9 oriented up.

a. 4r
8

b. 37r

c. 216r

d. 1087 Correct Choice
1024

e. —3 T

I_:) = (yy_X,l) = (FSiHO,—rCOSO,Z) I_:) . F\] = 4rsin20+4r00520+2r = 6r
2 Aa_ 2 © _[4r (3 _ 913 _
[[F-dS=[[F-Ndrdo = [ " [ 6rdrdo = 4x[3r?]; = 108x

. Compute _[Siﬁ .d% for F= (2xy,x?) along the curve T(t) = ((2 +t2)es"™, (1 + t2)esn? ),

HINT: Find a scalar potential.

a. 12

b. 14  Correct Choice
c. 22

d. 2

e. 15-4/2

F=@yd=Offorf=xy [>7F.dé= | Si Of - 08 = £(3,2) - f(2,1) = 322 - 221 = 14

(21)



12.

13.

Compute §(2xsi ny — 5y)dx + (x?cosy — 4x) dy

counterclockwise around the cross shown. y
HINT: Use Green’s Theorem. 2
a. -45

1
b. -10
c. 5 Correct Choice o7
d. 10
e. 45

oy

Green’s Theorem says :f Pdx+ Qdy= H(%—g - E) dxdy
dR R

Here P =2xsiny-5y and Q = x?cosy — 4x.
So 0xQ - 0yP = (2xcosy — 4) — (2xcosy - 5) = 1.
So ”(OXQ— d,P)dxdy = jj ldxdy= area =5

R R

Compute J'J. OxF.dS for F= (~yz xz,xy2
S

over the quartic surface z = (x2 +y?)* for z< 16

oriented down and out. The surface may be parametrized by

R(r,0) = (rcosd,rsing,r)

HINT: Use Stokes' Theorem.

a.

b.
C.
d.

e.

-128z7  Correct Choice
—64n

-32rn

32

64r

Stokes’ Theorem says J'J. OxF.dS= § F.dd
S

oR

The boundary is the circle x?>+y? =4 with z= 16 which may be parametrized by
T(0) = (2cosh,2sin6,16). The velocity is V = (-2sinf,2cosh,0).

Since the surface is oriented down and out, the circle must be traversed clockwise.

So reverse the velocity: V = (2sing,-2cos6,0).
F = (-yzxzxy?) F(()) = (-32sin0,32sin0,64coshsing)

F.V

= —64sin%0 — 64cos?0 = —-64

§ﬁ-d§= z”ﬁ-Vde = —j§”64d9 = ~1287
R

X, L



14.

Work Out: (Points indicated. Part credit possible. Show all work.)

—

(21 points) Verify Gauss’ Theorem _[” 0.Edv = _UIE -dS
v v

for the vector field F = (4x2,4yz,7%) and the solid V
above the cone C givenby z= /x2+y?

or parametrized by R(r,0) = (rcosf,rsiné,r),

below the disk D givenby x?+y?><9 and z=3.
Be sure to check and explain the orientations.

Use the following steps:

a. (4 pts) Compute the volume integral by successively finding:

O.F, dV, ma-ﬁdv
\Y

O.F=428+428+428 = 1222  dV = rdrdfdz
= 2 3 3 3 3
.U;[ﬁ -Fdv = _[0 Iojr 123rdzdrop = 2nj0[3z4]irrdr = 2”.[0(35 - 3r4)rdr

= 27{35% - 3%]; = 2n(377 - 376) = 735(3- 1) = 1458

b. (8 pts) Compute the surface integral over the disk by parametrizing the disk and
successively finding:
Rr.0), &, &, N F(Rr.0) [[F-dS
D

ﬁ(r,e) = (rcosf,rsing, 3)

i 7k
é =| (cosf, snh, 0

€ = (-rsind, rcosH, 0)

N =8 x 8 = 1(0) - 5(0) + k(r cos?0 + rsin29) = (0,0,r)
We need N to point up which it does.

F=(@24727) F(R(,0)) = (4rcosh27,4rsin0 27,81)

ijﬁ-diQ,: ijﬁ .Ndrdo = jj”jjsudrde = 27{81%}2 = 7297



Recalll. F = (4x2,4y2,z*) and C is the cone parametrized by
R(r,0) = (rcos6,rsing,r).
(7 pts) Compute the surface integral over the cone C by successively finding:
&, & N F(Rr.0), [[F-dS
C

ﬁ(r,@) = (rcosf,rsing,r)

A

7 5k
é =| (cosf, sno, 1)
€ = (-rsind, rcosH, 0)
N = & x & = 1(-rcosf) - j(rsing) + k(r cos?d + r sin29) = (-r cosd, -rsiné,r)
We need N to point down (out of the volume). Reverse N = (rcos6,rsing,-r)
F = (4x2,4y2,2) ﬁ(ﬁ(r,@)) = (4rcosfr3,4rsingr3,r*)
-N = 4r5cos20 + 4r5sin?0 — r5 = 3r®

=
[[-ds= [[7 - Reras = [ [Tarsaran = 235 | = 20(&) = 720%

—

(2 pts) Combine _UIE .dS and _UIE .dS to get Hﬁ -dS
D Cc Y

jjﬁ-d§= jjﬁ-d§+jjﬁ-d§= 7297 + 7291 = 1458%
oV C

D

which agrees with part (a).



15. (10 points) Find the average value of the function f(x,y,z) = x> +y? +Z°
within the solid cylinder x?+y2<9 for 0<z<4

- IIIde IIIldV= Igj'z”jzrdrdedz: 36z = 7R?H

fave = J.HldV

[[[fav = j;‘j;jz(ﬂ +22)rdrdodz = 2;:[3[% +22%13:0dz = 2;:[3(% +32)dz

4
} = 27(81 + 96) = 354
z=0

2
16. (10 points) Find the value(s) of R so that the ellipsoid Z—z + % + ;—Z = R?
is tangent to the plane %x + %y +2z = 36.
HINT: Their normal vectors must be parallel.
2
Let f=2—2+%+§—2 and g=lx+ﬁy+2z.

_(2x % 2z (1 4 -
if'(42’32’22) Pg=(3.52) Df=2lg
2x 1 X _,4 2z _

22 A > 3 A 3 5 A2
X=4L y=6A z=44

36=§x+%y+22=%-4/l+%-6/1+2-4/1=18/1 = A1=2

x=8 y=12 z=8

_xE LY LA 8 122, 8 - _
RZ—F"‘?"‘?—Z‘F?"‘?—4+16+16—36:>R—6



17. (10 points) The equation xy = wz defines a 3-dimensional surface in R*.
It may be parametrized by

(w,X,y,2) = ﬁ(u,v,@) = (ucosh,using,vcosh,vsing).
Consider the portion S of this 3-surface inside the 3-sphere w?+x?+y?+27? < 9.
HINT: What does the 3-sphere equation say about the parameters u, v, and 6?

a. Find the 3-volume of the 3-surface S

HINT: Successively find &, &, &, N, |N| V. Be very careful with signs.

T j k i
e, =|(cos§ snd 0 0)
é=(0 0 cosfd  sing)
€ =|(-usind ucosd -vsind vcosh)
sing 0 0 cost 0 0
N=T 0 cos§ snd |-j 0 cosd  sind
ucosf -vsind vcoso -usin@ -vsin® vcosH
cosf  snd 0 cosf  snd 0
+kl 0 o sng |-I o 0  cosh
—usinf® ucosf vcosH —usind ucosf -vsind

Expand the T and j determinants on the first row and the k and{ determinants on the
second row:

- ) cosf sinf coso sinf
N =1sné - jcosf

-vsind vcosH -vsind vcosH

coso sing coso sinf

-using ucosé

-ksino +1 cosf

-using ucosé

= (vsinf,—-vcosH,-using,ucosh)

|KI| = Jv2sin20 + v2cos20 + u2sin20 + u2cos20) == /vZ + U2
V= m|ﬁl| dudvd = m JvZ+u2 dudvd

The limitson u and v are determined the 3-sphere equation:
W2 + X2 +y2 + 72 < 9 = u?c0s?0 + u?sin?d + v2cos?0 + v2sin?d = > +v2 < 9

So uand v are constrained to a circle of radius 3 and it is useful to switch to
polar coordinates:

u=rcosep Vv=rsing dudv=rdrdp with 0<r<3 O0<o¢p<2r

WIFE =



TRICKY PAR T .

It is tempting to let the range of 6 values be 0 < 6 < 2z, but this actually double
covers the surface.

To see this, notice that the point with (u,v,0) = (a,b,y) has rectangular coordinates
(w,X,y,2) = (acosy,asiny,bcosy,bsiny)
while the point with (u,v,0) = (-a,—-b,y + ©) has rectangular coordinates
(W, x,y,2) = (-acos(y + r),—asin(y + n),—bcos(y + x),-bsin(y + z)) = (acosy,asiny,bcosy,bsiny)
which is exactly the same point. So either

i. u and v coveronly half of the circleand 0<6 <2z, OR
ii. u and v coverthewholecircleand 0<60 <z only.
We will use the second option.

NO LOSS OF CREDIT IF YOU MISS THIS TRICKY PART. s
ONE POINT EXTRA CREDIT IF YOU GET THIS TRICKY PART. ...

So:

_(r 27 3 5 _ r_3 3 _ 2
v=["[" [ P rdrdpdo = (n)(zn)[ 5 }O = 187
Eind the flux of F = (zx-y,—x,w+2) throughthe 3-surface S oriented by your
N.
HINT: Successively find ﬁ(ﬁ(u,v,@)), F.N, _U_[Ié .dV.
Recall: The surfaceis (w,X,y,z) = ﬁ(u,v,@) = (ucosh,using,vcosH,vsing)
ﬁ(ﬁ(u,v,@)) = (zx-Yy,~X,W+2) = (vsing,using — vcosh,-using,ucoshd + vsing)
From part (a): N = (vsing,-vcosH,-using, ucosb)
F .+ N = v2sin?0 — vcos(using — vcosd) + u2sin2) + ucosf(ucosé + vsing)

= v2sin?0 + v2cos?d + u?sin?d + u? cos?d — veosH(usind) + ucosf(vsing) = v2 + u? = r?

m‘ﬁ -dV = mﬁ -Ndudvad = Igﬁﬂﬁrzrdrdq’de - (”)(2”)[%}2 - %nz

10



