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MATH 251 Exam 2 Version H Fall 2017
Sections 200 Solutions P. Yasskin 14 15 16 /15
Multiple Choice: (5 points each. No part credit.) Total /110

1. Find the equation of the plane tangentto z =x?y+x? at (x,y) = (1,2).
The :z-interceptis:

a. c=-6

b. c=6

c. ¢ =-12  Correct Choice
d c=12

e. c=-24

Solution: a=1 and b =2.
f=xy+x? A1,2)=6
fo=2xy+y?  fi(1,2) =8
fr=x*+2xy  f,(1,2) =5
So the tangent plane is
z=f1,2) +£x(1,2)(x - 1) + /,(1,2)(y - 2)
=6+8x-1)+5(0-2)
=8 +5y—-12
So the :z-interceptis ¢ = —12.

2. Find the plane tangent to the ellipsoid 36x2 + 9y? + 4z = 108 at the point (x,y,z) = (1,2,3).

a. 6x+3y+2z=18  Correct Choice

b_ L_i_l_*_l:l

6 3 2 3
c. 6x+12y+ 18z = 84
d 2, Y , z _ 1

6 T12 718 T 2
e. 36x+9y+4z = 18

Solution: F = 36x2 + 9y + 422 VF = (72x, 18y, 82) N=VF = (72,36,24)

| 1,2,3
The plane is N-X=N-P whichis -
(72,36,24) « (x,y,z) = (72,36,24) - (1,2,3)
72x + 36y + 24z = 216
6x +3y+2z =18




3. If flx,y) = xcos(y) + ysin(x), which of the following is INCORRECT?

a. fy = cos(y) +ycos(x)

b. f, = —xsin(y) + sin(x)

C. fu = —ysin(x)

d. fi, = sin(y) + cos(x)  Correct Choice
e. fix = —sin(y) + cos(x)

Solution: f,, = f,. So one of those must be wrong. It's f,, because [cos(y)]' = —sin(y).

4. A support beam is constructed using four struts whose lengths are w, x, y and z. The strength
of the beamis § = w?x +y?z. Ifthe currentlengthsare w=1, x=3, y=2 and z=1, then
the current strength is S = 123 + 221 = 7. Use differentials (i.e. the linear approximation) to estimate
how much the strength increases, AS, if the lengths increase by Aw =0.1, Ax=0.2, Ay =0.2
and Az =0.3.

a. 3.5
b. 2.8  Correct Choice
c. 2.1
d 1.4
e. 0.8

Solution:

~ dS = 0S8 a8 9S8 5,4 OS
AS = dS 8wdw+ 8xdx+ 8ydy+ 8zdz

= 2wxdw + w?dx + 2yzdy + y?* dz
—6(0.1)+1(0.2) +4(0.2)+4(0.3) =.6+2+8+1.2=2.8

e
5. In the coutour plot at the right, 4
which point is the saddle point? Q

a. (1.5,3.5)
b. (5,-1)

c. (3.5,1.5) Correct Choice ‘y

d. (5,-3.5)

o (1589 @

Solution: (a), (d) and (e) are in the middle of "circles", so they are maxima or minima.
(b) is in "parallel lines", so it's a sloped area. (c) is in the middle of "hyperbolas", so it is the saddle
point.




6. Use the linear approximation to the function f{(x,y) = ,/x*> +y? to estimate y3.9? +3.22.

a. 5.73
b. 5.40
c. 5.10
d. 5.04 Correct Choice
e. 5.02
Solution: f(x,y) = /x* +? f(4,3) = J4>+32 =5

4 4

filxy) = —=2— fr43) = ——— =%

x2 +y? J42+32 5

y 3 3

flxy) = —— H43) = ——— =%

g x2 +y? g J42+32 5

fun@y) = f43) + (4.3 - 4 +[,(43)0-3) =5+ -+ T -3)
J3.92+3.22 = f13.9,3.2) ~ fun(3.9,3.2) = 5+.8(—.1) +.6(.2) = 5.04

7. A weather balloon is currently located at (x,y,z) = (20,30,10) and has velocity v = (3,1,2).
At the current time, it measures that the pressure is P =.96 atm and has gradient

vp - (OP OP 0P\ _
VP—<ax, o az> (.01,.02,.03)

Find the rate of change of the pressure as seen aboard the balloon.
a. 0.12
b. 0.11  Correct Choice
c. 0.10
d. 0.09
e. 0.08

Solution: 42 —3.Vp = 3(.01)+ 1(.02) +2(.03) = 0.11

daprP
dt



8. Ham Duet is flying the Centurion Eagle through a nebula where the density of cloaking sparkles

9.

is 0 =xyz. If Ham’s current positionis P = (1,1,2), find the rate of change of the density in
the direction toward the point Q = (-1,3,3).

a. % Correct Choice
2

b. 3

c. 1
4

d. 3
S

e. 3

Solution: Since we want the direction toward @, we need the directional derivative of § using a
unit vector. The vector from P to Q is PO =Q-P = (-2,2,1). Its magnitude and direction are

Fol - et s el (R.14)

The gradient of the density is Vo = (yz,xz,xy). At P thisis _V'5|P =(2,2,1). So the directional
derivative is

Ham Duet is flying the Centurion Eagle through a nebula where the density of cloaking sparkles
is 6 =xyz. If Ham’s current positionis P = (1,1,2), in what unit vector direction should he
travel to increase the cloaking sparkles as fast as possible?

» (3-34)

o (3-34)

o (334)
2 2

e. <l 2 %> Correct Choice

Solution: The direction of maximum increase is the direction of the gradient.

VS = (yz,xz,xy) _V’5|P=<2,2,1> Vo) = Ja+a+T =3

<!

u= | §| :%<272>1>:<%’%’%>

<!



10. If F = (x?y,)%z,2%), then V.F =

2 =2 x2

T

2xy +2yz+2zx  Correct Choice

o

2xy —2yz + 2zx
d. (2xy,2yz,2zx)
e. (2xy,—2yz,2zx)

Solution: V.F = 0x(x?y) + 0,(y%2) + 0.(z%x) = 2xy + 2yz + 2zx

1. If F = (2,)%2,2%), then VxF =
a. 2 +z22-x?

b. (—?%,2%2,—x?)

c. (-y*,—z?,—x*)  Correct Choice

d. (2xy,2yz,2zx)

e. (2xy,—2yz,2zx)

1}
Solution: Vx F = o, 0, 0. | =i0-y*)-j(*-0)+ ;}(0 —x2) = (2,22, -x2)

12. If F = (x2,)%2,2%), then V.VxF =

_y2 _Z2 _x2

2

T

-2 +z2—x

o

2y —2z+2x
d 2y+2z+2x

e. 0 Correct Choice

- -

Solution: V-VxF =0 for any vector field with continuous second derivatives.



13. Find a scalar potential, f, for the vector field F= (yz + 6x,xz — 4y, xp).
Then £2,2,2)-f(1,1,1) =
a. 1
b. 2
c. 5
d. 10  Correct Choice
e. 15

Solution: To solve _V)fz F, we mustsolve  0,f=yz+6x, Of = xz — 4y, 0.f = xy.

The first says f = xyz+3x* + g(y,z). Then the second says 0,f = xz + 0,g = xz — 4y.
So g=-2y?+h(z), or f=xyz+3x?-2y*+h(z). Thenthe third says 0./ =xy+h'(z) = xy.
So h=C. Consequently, f=xyz+3x>-2y*+C.

£2,2,2)-f(1,1,1) = (8+12-8)—(1+3-2) = 10

Work Out: (15 points each. Part credit possible. Show all work.)

14. (15 points) Find all critical points of the function f(x,y) = x* — 12x + 3x)2.
Then use the second derivative test to classify each as a
local minimum, local maximum or saddle orsay the test fails.

Solution: £, =3x?2-12+3)2 =0 fy=6xy=0
fy=6xy =0 leads to 2 cases:

Casel: x=0: f,=-12+3y*=0 = y =2 = critical points: (0,2), (0,-2)
Case2: y=0: f,=3x>-12=0 = x =12 = critical points: (2,0), (-2,0)
Sex = 6x Sy = 6x S =6y

Yy | fu | fw | fw | D | Classification
210 0 | 12 |-144 | saddle
0 |-12|-144 | saddle
12 {121 0 144 | local minimum

N OO =
|
N
S

=210 |-12|-12| O 144 | local maximum




15. (15 points) For each limit, either prove the limit does not exist or prove it does exist and give its limit.

2

a. lim —2—
(2)=(00) x2 +y
Solution: Switch to polar coordinates:  x = rcosf®  y = rsinf
2 3 )
lim =2 = |jm £20080SIN6 _ jim co50sin’0
2)=(00) x2 +y2  r—0 r r—0
Since r — 0 and cosfsin’f is bounded, the limit is 0.
More precisely, since —1 < cossin’0 < 1, we have — < rcossin?0 < r.
Since lin%(—r) = lin%(r) = 0, by the pinching theorem, lir%rcosesin20 = 0 also.
2
b. lim —2
()= (00) x2 +y
2
. " . 2,2 , 2
Solution: lim zy T = hm% = 11111L42 = Q =0
ymx X2+ x—0 x2 + m*x x—=0 1 +m?x 1
x—0
2 2.,2
. X .
lim zy 7 = lim 3:)74 -1
w2 X2yt =0yt 2
x—0

Since the limit is different from 2 directions, the limit does not exist.



16. (15 points) Find the point on the plane 2x -2y -z = 18 thatis closest to the origin.
You may use either the Eliminate a Variable method or the Lagrange Multiplier method.

Solution 1: Eliminate a Variable Method:

We minimize the square of the distance:
f=D*=x*+y>+2°
subject to the constraint z = 2x — 2y — 18. We substitute the constraint into f:
f=x2+y2+(2x-2y-18)?
We setthe x and y derivatives equalto 0 and solve for x and y.
fr=2x+402x—-2y—-18) = 10x—-8 —-72 =0
fr=2y—-42x-2y—-18) = 8+ 10y +72 =0

Equivalently:
Sx —4y = 36
—4x + 5y = -36
Multiply the first equation by 4 and the second equation by 5 and add:
20x — 16y = 144

—20x + 25y = —-180
9y = =36 = y=-4
We substitute back:
S5x—-4(-4) = 36 = x=4
z=2(4)-2(-4)-18 =2
So the closest pointis (x,y,z) = (4,-4,-2).

Solution 2. Lagrange Multiplier Method:

We minimize the square of the distance:
f=D?=x*+y*+7z?

subject to the constraint g = 2x -2y —z = 18. The gradients are:

Vf = (2x,2y,2z) Vg = (2,-2,-1)
The Lagrange equations _V>f= l%g are

2x =2 2y = =21 2z =-A
Consequently, A =x = -y =-2z. We substitute these into the constraint:
18=2x-2y—z=-4z-4z-2z=-9z = z==2

So x=4 and y = -4. Sothe closest pointis (x,y,z) = (4,—4,-2).



